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QSFP 2021 Neutrino Physics

! -decay: Fermi Theory  (1)β
We can derive the electron spectrum of the process �  from first 
principles in Quantum mechanics:


• Assume free particle states: 

� 


 

• We can assume the interaction to be point-like:


�

n → p + e− + ν̄e

| i⟩ = |n⟩ ⇒ ψi(x1, x2, x3, x4) = ei ⃗p n⋅ ⃗x 1

| f ⟩ = |p, e−, ν̄e⟩ ⇒ ψf(x1, x2, x3, x4) = ei ⃗p p⋅ ⃗x 2 ei ⃗p e⋅ ⃗x 3 ei ⃗p ν⋅ ⃗x 4

VW(x1, x3, x3, x4) = GF δ(3)( ⃗x 1 − ⃗x 2) δ(3)( ⃗x 2 − ⃗x 3) δ(3)( ⃗x 3 − ⃗x 4)

�2

New interaction constant
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! -decay: Fermi Theory (2)β
The matrix element for this process is given by


�  


Inserting the expression and integrating over �  yields


� 


With the matrix element we can compute the decay rate of the process using 
Fermi’s golden rule:


�  

With the density of states


⟨i |VW | f ⟩ = ∫ d3x1…d3x4 ψ*i VW(x1, x2, x3, x4) ψf

x1, x2, x3

⟨i |VW | f ⟩ = GF ∫ d3x4 ei ( ⃗p p+ ⃗p e+ ⃗p ν− ⃗p n)⋅ ⃗x 4 = (2π)3 GF δ(3)( ⃗p p + ⃗p e + ⃗p ν − ⃗p n)

dΓif = 2π |Vif |
2 ρ(Ei)

�3

ρ(Ei) = δ(Q − Ee − Eν)
d3pp

(2π)3

d3pe

(2π)3

d3pν

(2π)3
with Q = mn − mp
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! -decay: Fermi Theory  - Exercise β
Exercise 1. Using Fermi’s golden rule find an expression for the electron spectrum in 
the beta decay, i.e. �  

Hint 1: Remember that � 


Hint 2: Integrate first over the proton momentum �  and use the relation


� ,


where V is a normalisation volume that can be set to 1.


Hint 3: Integrate over �   and substitute �   using the relations


�  

dΓif /dEe

∫ dx δ(x − a) f(x) = f(a)

pp

∫ d3pp δ(3)( ⃗p p + ⃗p e + ⃗p ν − ⃗p n) δ(3)( ⃗p p + ⃗p e + ⃗p ν − ⃗p n) = δ(3)(0) =
V

(2π)3

pν pe

d3pν = 4π E2
ν dEν

d3pe = 4π p2
e dpe = 4π E2

e − m2
e Ee dEe

�4
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! -decay: Fermi Theory  - Exercise β
Exercise 1. Solution: Starting with Fermi’s golden rule and using Hint 2 we obtain the 
expression:


�   

Next, we integrate over the neutrino momentum �  using the first part of Hint 3 since it 
cannot be measured:


�  


Finally, substituting �  using the second part of Hint 3 we arrive at


�  


or 


�  

dΓif =
G2

F

(2π)5
δ(Q − Ee − Eν) d3pe d3pν

pν

dΓif =
G2

F

(2π)5
δ(Q − Ee − Eν) d3pe 4π E2

ν dEν =
G2

F

8π4
(Q − Ee)2 d3pe

dpe

dΓif =
G2

F

2π3
(Q − Ee)2 E2

e − m2
e Ee dEe

dΓif

dEe
=

G2
F

2π3
(Q − Ee)2 E2

e − m2
e Ee
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! -decay: Fermi Theory (3)β
The expression we obtained from our quantum mechanics calculation exactly 
describes the measured � -decay electron spectrum 


This allows to extract the Fermi constant �  from the spectrum and determine it  
to 


�  


β

GF

GF ≈ 1.15 × 10−5 GeV−2

�6

dΓif

dEe
=

G2
F

2π3
(Q − Ee)2 E2

e − m2
e Ee
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Inverse ! -decayβ
With the methods developed before we can also find an expression for the

inverse � -decay, or neutrino-proton scattering � .


We proceed exactly analogous, but with the initial and final states as

 


� 


Assuming the proton to be at rest � , we can derive the cross section from


� 


Inserting the expression for �  from before and integrating over �  yields the 
simple expression for the total cross section (neglecting �  and taking � )


�  

β ν̄e + p → n + e+

| i⟩ = | ν̄e, p⟩ ⇒ ψi(x1, x2, x3, x4) = ei ⃗p ν⋅ ⃗x 1 ei ⃗p p⋅ ⃗x 2

| f ⟩ = |n, e+⟩ ⇒ ψf(x1, x2, x3, x4) = ei ⃗p n⋅ ⃗x 3 ei ⃗p e⋅ ⃗x 4

⃗p p = 0

dσ = 2π |Vif |
2 δ(Eν + mp − En − Ee)

d3pe

(2π)3

d3pn

(2π)3

Vij pn
me mn ≈ mp

σtot ≈
G2

F

π

E2
ν mp

2Eν + mp
�7



QSFP 2021 Neutrino Physics

Inverse ! -decay - Exerciseβ
Exercise 2. Using the expression for the neutrino-proton scattering cross section


�  


give a rough estimate for the expected cross section of reactor neutrinos with an 
energy of �  MeV. Express your results in units of  barn and cm � .


Compare your result to Thomson scattering of a photon on a non-relativistic 
electron, � .


Hint: 1 barn �

σtot ≈
G2

F

π

E2
ν mp

2Eν + mp

Eν ≈ 1 2

σThomson ≈ 10−24 cm2

≡ 10−24 cm2 = 2.57 × 103 GeV−2

�8
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Inverse ! -decay - Exerciseβ
Exercise 2. Solution  Since �  we can further approximate  (we don’t have 
to)


�  


Inserting the numbers then yields


� 


The neutrino-proton scattering cross section is 20 (!) orders of magnitudes 
smaller than Thomson scattering. We need huge detectors and large fluxes to 
detect neutrinos!

Eν ≪ mp

σtot ≈
G2

F

π
E2

ν

σtot ≈ 4 × 10−17 GeV−2 ≈ 10−5 fb ≈ 10−44 cm2

�9
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Neutrino detection
Exercise 3. Consider a research nuclear reactor with a power of 
�  which mainly has � . If an average of 6 neutrinos are 
emitted from each fission, what would be the neutrino flux at a location 150 m 
away from the core?


Hint: The reaction is  � , 

and the atomic masses for each element are: 


� ,

� , 

� ,

� . 


� 


Hint 2: � 


Preactor = 20 MW 235
92 U

235
92 U +1

0 n →144
55 Cs +90

37 Rb + 21
0n

m(235U) = 235.044u
m(144Cs) = 143.932u
m(90Rb) = 89.915u
m(1

0n) = 1.009u

1u = 931.5 MeV

1 MW ≈ 6.25 ⋅ 1018 MeV/s

�10
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Neutrino detection
Exercise 3. Solution


The excess mass is given by the difference between the fission products and the 
fuel: � , 
and the energy released in each fission is then 


� 


The neutrino flux will be given by


� 


Δm = 235.044u + 1.009u − 143.932u − 89.915u − 2.018u = 0.188u

ΔE = Δmc2 = 0.188 ⋅ 931.5 MeV = 175.1 MeV

ϕν =
6 ⋅ Nfission

4πL2Δt
=

6 ⋅ Preactor

4πL2ΔE
= 1.5 ⋅ 109 cm−2 s−1
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Neutrino detection
Exercise 4. If we wanted to detect these reactor neutrinos through inverse beta 
decay (IBD), how much mass of the liquid scintillator �  would we need to 
have an event rate of about � ?


Hint1: Remember that the IBD cross section on free protons is 
� , and the event rate would be given by 


� . 


Hint2: Assume that the number of free protons per molecule is given by the 
number of �  atoms


The molar mass for �  is � 


Avogadro’s number is � 


C18H30
10 events/day

σIBD ∼ 10−44cm2

NIBD/Δt = ϕνσIBDNtargets

H

C18H30 MC18H30
= 246.4 g/mol

NA = 6.022 × 1023/mol

�12
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Neutrino detection
Exercise 4. Solution


The number of free protons would be given by the number of hydrogen atoms in 
the �  molecule times the number of molecules. Thus


�  


Using the previously calculated flux and cross section, we find


�  

C18H30

Ntargets = 30 ⋅
mdetector

MC18H30

⋅ NA

mdetector =
NIBD

ϕνσIBDΔt
⋅

MC18H30

30NA
≈ 105 tons

�13
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Neutrino detection
Exercise 5. Apart from IBD, there are other processes through which neutrinos 
can interact with matter. A particularly interesting one is coherent neutrino 
nucleus scattering (CEνNS), in which low energy neutrinos interact with the whole 
atomic nucleus instead of interacting with individual nucleons. 


How large would a detector made of CsI(Na) need to be to observe an event rate 
of about � ?


Compare this to the previous detector relying on IBD.


Hint: The CEνNS cross section on Cs for neutrinos with �  is 
� .


The molar mass of CsI is � 


10 events/day

Eν ∼ 2 MeV
σCEνNS ∼ 10−40 cm2

MCsI = 259.8 g/mol

�14
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Neutrino detection
Exercise 5. Solution


Now we only want to know the number of Cs atoms in our detector. Thus


�  


Using the previously calculated flux and cross section, we find


�  

Ntargets =
mdetector

MCsI
⋅ NA

mdetector =
NCEνNS

ϕνσCEνNSΔt
⋅

MCsI

NA
≈ 333 kg
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