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Warm-up: Electro-Weak Instantons

• Yang-Mills vacuum has a nontrivial structure 


• The saddle-point at the top of the barrier       
is the sphaleron. New EW scale ~ 10 TeV 


• Transitions between the vacua change B+L 
(result of the ABJ anomaly):                     
Delta (B+L)= 3 x (1+1) ;  Delta (B-L)=0


• Instantons are tunnelling solutions between 
the vacua. They mediate B+L violation


• 3 x (1 lepton + 3 quarks) = 12 fermions      
12 left-handed fermion doublets are 
involved


• There are EW processes which are not 
described by perturbation theory!

Esph = csph
mW

↵W
⇡ 10TeV

B+L=0 B+L= 6

q + q ! 7q̄ + 3l̄ + nWW + nZZ + nhH
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QCD Instantons

• Yang-Mills vacuum has a nontrivial 
structure 


• Instantons are tunnelling solutions 
between the vacua.


• At the classical level there is no barrier 
in QCD. The sphaleron is a quantum 
effect


• Transitions between the vacua change 
chirality (result of the ABJ anomaly). 


• All light quark-anti-quark pairs must 
participate in the reaction                  


• Not described by perturbation theory.

Esph = csph
mW

↵W
⇡ 10TeV
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group, while the opposite chirality fermions qL and q̄R belong to the other irrep. Fermion
mass terms are of the form m q̄LqR + h.c.

We will consider the instanton-dominated QCD process with two gluons in the initial
state,

g + g ! ng ⇥ g +

NfX

f=1

(qRf + q̄Lf ) . (2.1)

Note that the number of gluons ng in the final state is not fixed and can become large even
for the leading-order instanton effect, i.e. at the leading order of the instanton perturbation
theory. On the other hand, the fermionic content of the reaction (2.1) is fixed. The process
(2.1) is written for the instanton of topological charge Q = 1, and as the result it contains
precisely one right-handed quark and one anti-particle of the left-handed quark for each
light flavour in the final state. No fermions of opposite chirality, i.e. no left-handed quarks
and anti-right-handed quarks appear on the r.h.s. of (2.1); this being the consequence of
the fact that one-instanton fermion zero modes exist only for q̄L and qR, as dictated by
the Atyiah-Singer index theorem for the Dirac operator in the instanton background. This
fermion counting [11] is also in agreement with the Adler-Bell-Jackiw anomaly.

There are precisely Nf of q̄LqR pairs. We will see that in the kinematic regime relevant
to our applications the condition ⇢�1 & mf restricts the number of flavours that are counted
as light to Nf = 4 and Nf = 5. The analogous to (2.1) process that is induced by an anti-
instanton configuration, is obtained by interchanging the right-handed and the left-handed
chirality labels of the fermions.

We can also have quark-initiated instanton processes; they are obtained from (2.1) by
inverting two of the outgoing fermion legs in the final state into incoming anti-fermions in
the initial state, giving for example,

uL + ūR ! ng ⇥ g +

Nf�1X

f=1

(qRf + q̄Lf ) , (2.2)

uL + dL ! ng ⇥ g + uR + dR +

Nf�2X

f=1

(qRf + q̄Lf ) . (2.3)

Instanton contributions to all such 2 ! many processes (2.1)-(2.3) are computed in the
semiclassical approach by expanding the path integral expression for the corresponbding
scattering amplitude around the instanton and integrating over the instanton collective
coordinates as well as over all field fluctuations around the instanton [10? ].

From now on we will concentrate the process (2.1) with two gluons in the initial

state and will aim to comment on the quark-initiated processes later.

At the leading order in the semiclassical expansion around the instanton, the scattering
amplitude describing the 2 ! ng + 2Nf process (2.1) is obtained by:

1. Plugging the instanton solution,

Aµ = Ainst
µ (x) , q̄Lf =  (0)(x) , qRf =  (0)(x) , (2.4)
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QCD Instantons

2 Instanton Cross-section Calculation

2.1 QCD instanton preliminaries

Instanton [8] is the solution of the classical equations of motion in Euclidean spacetime;
for QCD the instanton field configuration involves the gluon component Ainst

µ as well as
the fermion components – the fermion zero modes  (0). The QCD instanton of topological
charge Q = 1 has two fermion zero modes for each of the f = 1, . . . , Nf light quark flavours;
they correspond to the Weyl fermions q̄Lf and qRf . Light flavours are those that can be
resolved by the instanton of size ⇢, that is with their masses mf  1/⇢.2 In our notation
the chiral fermions q̄L and qR belong to the same irreducible representation of the Lorentz
group, while the opposite chirality fermions qL and q̄R belong to the other irreducible
representation. Fermion mass terms are of the form m q̄LqR + h.c.
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fermion counting [4] is also in agreement with the Adler-Bell-Jackiw anomaly.

There are precisely Nf of q̄LqR pairs. We will see that in the kinematic regime relevant
to our applications the condition ⇢�1 & mf restricts the number of flavours that are counted
as light to Nf = 4 and Nf = 5. The analogous to (2.1) process that is induced by an anti-
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the initial state, giving for example,
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2The instanton size ⇢ will ultimately be set by the energy (or other relevant kinematical variables) of
the scattering process, as will become clear below.
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Instanton-induced processes with 2 gluons in the initial state:

arbitrary

(tends to be large ~1/alpha_s)

All light flavours of quark-antiquark 

pairs must be present. Light =>
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The amplitude takes the form of an integral over instanton collective coordinates. 

The classical result (leading order in the instanton perturbation theory) is simply:

semiclassical suppression

(’t Hooft) factor by the instanton action

Instanton contributions to all such 2 ! many processes (2.1)-(2.3) are computed in the
semiclassical approach by expanding the path integral expression for the corresponding
scattering amplitude around the instanton and integrating over the instanton collective
coordinates as well as over all field fluctuations around the instanton [12].

From now on we will concentrate on the process (2.1) with two gluons in the initial state.
Quark-initiated processes can be evaluated analogously, giving partonic cross-sections of
a similar order of magnitude in the semiclassical approximation. It is however the gluon-
initiated process (2.1), that will give the dominant contribution to the hadronic instanton
cross-section thanks to large contributions of gluon parton distribution functions in the
low-x region.

At the leading order in the semiclassical expansion around the instanton, the scattering
amplitude describing the 2 ! ng + 2Nf process (2.1) is obtained by:

1. Plugging the instanton solution,

Aµ = Ainst
µ (x) , q̄Lf =  (0)(x) , qRf =  (0)(x) , (2.4)

into external legs of the corresponding Green’s function, so that it reads,

Gng+2+2Nf (x1, . . . , xng+2, y1, . . . y2Nf ) = (2.5)
Z

DAµ[DqDq̄]Nf Ainst
µ1

(x1) . . . A
inst
µng+2

(xng+2) 
(0)(y1) . . . 

(0)(y2Nf ) e
�SE ,

2. Fourier transforming (2.5) to the momentum space to obtain G̃(p1, p2; k1, . . . , kng+2Nf ),
where pi (kj) are the momenta of the incoming (outgoing) particles,

3. Taking all momenta on-shell and performing the LSZ reduction for all external legs
of the Green’s function G̃.

The outcome of this procedure is that the instanton contribution to the n-point am-
plitude at the leading order is recast as an effective n-point vertex involving ng + 2 gluons
and 2Nf quarks,

A 2!ng+2Nf ⇠

Z
d4x0 d⇢D(⇢) e�SI

hng+2Y

i=1

Aai inst
LSZ (pi,�i)

i h2NfY

j=1

 (0)
LSZ(pj ,�j)

i
. (2.6)

Here D(⇢) is the instanton density, SI is the instanton action, and the field insertions
are given by the LSZ-amputated instanton solutions for gluons (see Eq. (2.22) below) and
similarly for fermions. Because of the fully factorised structure of the field insertions in the
leading order instanton expression (2.6), there are no correlations between the momenta
of the external legs, apart from the usual momentum conservation constraint. Emission
of individual particles in the final state is independent from one another apart from the
usual conservation laws. Hence in the CoM frame, the instanton vertex (2.6) describes the
scattering process into a spherically symmetric multi-particle final state.
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solutions of the Dirac equation in the A
a inst
µ instanton background, �µDinst

µ  
(0) = 0. The

Euclidean action of the BPST instanton is,

S[Ainst
µ ] = SI =

8⇡2

g2
=

2⇡

↵s(µr)
, (2.3)

where for the later convenience we have included the dependence of the coupling constant
on the RG scale µr. For more detail on instantons and their applications relevant to the
material in this section, an interested reader can consult a selection of review articles in
Refs. [12–16]. Our presentation in sections 2.1 and 2.2 follows a recent overview of QCD
instanton calculus in Ref. [1].

2.1 QCD instantons and scattering amplitudes

The scattering amplitude for the 2 ! ng + 2Nf instanton-generated process (1.1) is com-
puted by expanding the path integral around the instanton field configuration (2.1).

The amplitude takes the form of an integral over the instanton collective coordinates,

A 2!ng+2Nf =

Z
d
4
x0

Z 1

0
d⇢D(⇢) e�SI

ng+2Y

i=1

A
inst
LSZ(pi; ⇢)

2NfY

j=1

 
(0)
LSZ(pj ; ⇢) . (2.4)

The integral (2.4) is over the instanton position x
µ

0 and the scale-size collective coordinate
⇢, and it involves the instanton density function D(⇢), the semiclassical suppression factor
e
�SI by the instanton action (2.3), and the product of vector boson and fermion field

configurations, one for each external leg of the amplitude, computed on the instanton
solutions, and LSZ-reduced.

The instanton density D(⇢) in (2.4) arises from computing quadratic fluctuation deter-
minants in the instanton background in the path integral. This is a one-loop effect in the
perturbation theory around the instanton and the result is given by [5] ,

D(⇢, µr) = 
1

⇢5

✓
2⇡

↵s(µr)

◆2Nc

(⇢µr)
b0 , (2.5)

where  is the normalisation constant of the instanton density in the MS scheme [17–19],

 =
2 e5/6�1.511374Nc

⇡2(Nc � 1)!(Nc � 2)!
e
0.291746Nf ' 0.0025 e0.291746Nf , (2.6)

and b0 = (11/3)Nc � (2/3)Nf .

Expressions for the LHZ-reduced instanton field insertions on the right hand side of
the integral in (2.4) are obtained from the momentum-space representation of the instanton
solution (2.2),

A
a inst
LSZ (p,�) = lim

p2!0
p
2
✏
µ(�)Aa inst

µ (p) = ✏
µ(�) ⌘̄aµ⌫p⌫

4i⇡2⇢2

g
e
ip·x0 , (2.7)

– 4 –

• the integrand: a product of bosonic and fermionic components of the instanton field configurations

• the factorised structure implies that emission of individual particles in the final state is uncorrelated 

and mutually  independent.


[this is correct at the LO in instanton pert. theory approximation]

I LO Instanton vertex
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The Optical Theorem approach: to include final state interactions

  VVK & Ringwald 1991

I I

• Cross-section is obtained by |squaring| the           
instanton amplitude.


• Final states have been instrumental in 
combatting the exp. suppression.


• Now also the interactions between the        
final states (and the improvement on the point-
like I-vertex) are taken into account. 


• Use the Optical Theorem to compute Im part 
of the 2->2 amplitude in around the   
Instanton-Anti-instanton configuration.


• Varying the energy E changes the dominant 
value of I-Ibar separation R. At R=0 instanton 
and anti-instanton mutually annihilate.


• The suppression of the EW instanton cross-
section is gradually reduced at lower R(E).

6

Keeping a careful track of the powers of ⇢, the resulting integral in (2.11) is proportional
to the following expression (we note that the integral over the instanton position

R
d
4
x0

gives the delta function of the momentum conservation which we drop, along with the
overall constant and ⇢-independent factors),

A 2!ng+2Nf ⇠

Z 1

0
d⇢ (⇢2)ng+2+Nf�5/2

e
�↵s(1/⇢)

16⇡ E
2
⇢
2 log(E2

⇢
2)� 2⇡

↵s(1/⇢) . (2.12)

The integral is no longer divergent in the IR limit of large ⇢ and can be evaluated and the
resulting expression for the amplitude can be used to compute the instanton cross-section.
In the following section we will obtain the instanton cross-section in a more efficient manner
using the Optical theorem approach in the following section (Sec. 2.2).

Before we conclude this section, we would like to comment on the structure of the
leading-order instanton expression (2.11). Note that the integrand on the right hand side
of (2.11) contains a simple product of bosonic and fermionic components of instanton field
configurations, one for each external line of the amplitude. Such fully factorised structure of
the field insertions implies that at the leading order in instanton perturbation theory there
are no correlations between the momenta of the external legs in the instanton amplitude.
Emission of individual particles in the final state are mutually independent, apart from the
overall momentum conservation. The expression in (2.11) looks like a multi-particle point-
like vertex integrated over the instanton postion and size. Thanks to its point-like structure,
the instanton vertex in the centre of mass frame describes the scattering process into a
spherically symmetric multi-particle final state. The number of gluons ng is unconstrained
and can be as large as is energetically viable [20, 21] (in practice, the dominant contribution
will come from hngi ⇠ 4⇡/↵s � 1), and a fixed number of quarks (a qLq̄R pair for each
light quark flavour).

2.2 The Optical theorem approach

To compute a total parton-level instanton cross-section �̂
inst
tot for the process gg ! X, we

use the optical theorem to relate the cross-section to the imaginary part of the forward
elastic scattering amplitude computed in the background of the instanton–anti-instanton
(IĪ) configuration,

�̂
inst
tot =

1

E2
ImA

IĪ

4 (p1, p2,�p1,�p2) , (2.13)

where E =
p
ŝ =

p
(p1 + p2)2 is the partonic CoM energy.

For reader’s convenience in Appendix A we outline main steps of the formalism to
represent the forward elastic scattering amplitude as the integral over collective coordinates
of the instanton–anti-instanton field configuration following the valley method approach
developed in [7, 8, 22–25].

For our purposes it is sufficient to simply note that the instanton–anti-instanton gauge
field is a trajectory in the topological charge zero sector of the field configuration space

– 6 –



• Instanton — anti-instanton valley configuration has Q=0; it interpolates between 
infinitely separated instanton—anti-instanton and the perturbative vacuum at R=0 

• Exponential suppression is gradually reduced at lower R (Energy-dependent)            
• no radiative corrections from hard initial states included in this approximation

The Optical Theorem approach: to include final state interactions

into external legs of the corresponding Green’s function, so that it reads,

Gng +2+2 Nf (x1, . . . , xng +2 , y1, . . . y2Nf ) = (2.5)
!

DAµ[DqDøq]Nf Ainst
µ1

(x1) . . . Ainst
µn g +2

(xng +2 ) ! (0) (y1) . . . ! (0) (y2Nf ) e! SE ,

2. Fourier transforming (2.5) to the momentum space to obtain ÷G(p1, p2; k1, . . . , kng +2 Nf ),
where pi (kj) are the momenta of the incoming (outgoing) particles,

3. Taking all momenta on-shell and performing the LSZ reduction for all external legs
of the Green’s function ÷G.

The outcome of this procedure is that the instanton contribution to the n-point ampli-
tude at the leading order is recast as an e! ective n-point vertex involving ng +2 gluons and
2Nf quarks. Because of the fully factorised structure of the field insertions in the leading
order instanton expression (2.5), there are no correlations between the kinematics of the ex-
ternal legs, apart from the usual momentum conservation constraint. The instanton vertex
describes the scattering process into a spherically symmetric multi-particle Þnal state.

The instanton production cross section for the process (2.1) can then be obtained in
the usual way by squaring the scattering amplitude and integrating over the (ng + 2Nf )-
particle phase space including the relevant symmetry factors. This program was developed
and implemented in the classic high-energy instanton papers [21–23] (for a review see [24])
in the context of the electroweak theory for (B + L)-violating processes.

2.2 The optical theorem on the instantonÐanti-instanton conÞguration

An equivalent and arguably more direct way to obtain a total instanton production cross
section " inst

tot for the process gg ! X, is to use the optical theorem, and compute an
imaginary part of the 2 ! 2 forward elastic scattering amplitude, A I øI

4 (p1, p2, " p1, " p2),
in the background of an instanton–anti-instanton configuration, following the approach
initiated in [25, 26],

" (cl) inst
tot =

1
s

Im A I øI
4 (p1, p2, " p1, " p2)

#
1
s

Im
! "

0
d#

! "

0
dø#

!
d4R

!
d! D(#)D(ø#) e! SI øI Kferm $

Ainst
LSZ(p1) Ainst

LSZ(p2) Ainst
LSZ(" p1) Ainst

LSZ(" p2) , (2.6)

We shall now introduce and describe all the ingredients appearing on the r.h.s of this
expression. The integrals are over all collective coordinates of the instanton–anti-instanton
configuration: # and ø# are the instanton and anti-instantonsizes; Rµ is the separation
between the I and øI positions in the Euclidean space and, finally, ! is the 3 $ 3 matrix
that specifies the relative I øI orientation in the SU (3) colour space.

The instanton density appearing in the integration measure in (2.6) is given by the
1-loop expression [10],

D(#, µr) = $
1
#5

"
2%

&s(µr)

# 6

(#µr)b0 (2.7)
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where µr is the renormalization scale,b0 = 11 ! 2/ 3Nf , and the constant ! (computed in
the MS scheme) is,

! " 0.025e0.291746Nf , so that ! N f =4 " 0.008, ! N f =5 " 0.01. (2.8)

The exponential factor e! SI øI in (2.6) is the semiclassical suppression factor of the
process by the action of the instantonÐanti-instanton conÞguration,

SI øI = SI + SøI + Uint (" , ø" , R, ! ) , (2.9)

where SI = SøI = 2!
" s (µr ) is the action of a single (anti)-instanton, and Uint (" , ø" , R, ! ) is

the interaction potential between the instanton and the anti-instanton. The interaction
potential can be repulsive or attractive, depending on the choice of the relative orientation
! . In the steepest-descent approximation, the integrand in (2.6) will be dominated by the
saddle-point solution that extremises the function in the exponent. This corresponds to the
maximally attractive interaction channel, i.e. the value of ! for which ! Uint (" , ø" , R, ! ) is
maximal, or equivalently, the action SI øI is minimal (for Þxed R and " , ø" ).

The general expression for the action as the function ofR, " , ø" was computed in [26]
using the form of the instantonÐanti-instanton valley conÞguration [27Ð29] dictated by the
conformal invariance of classical Yang-Mills theory. For the maximally attractive relative
orientation, the action takes the form [26],

SI øI (" , ø" , R) =
4#

$s(µr )
öS , (2.10)

öS =
6z2 ! 14

(z ! 1/z )2 !
17
3

! log(z)
!

(z ! 5/z )(z + 1 /z )2

(z ! 1/z )3 ! 1
"

, (2.11)

where öS is the so-called normalised action, deÞned such thatöS # 1 in the limit R/ " 1,2 # $ ,
and z is a conformal ratio of the instanton collective coordinates,

z =
R2 + " 2 + ø" 2 +

#
(R2 + " 2 + ø" 2)2 ! 4" 2ø" 2

2" ø"
. (2.12)

Since the saddle-point solution respects the symmetry between the instanton and the anti-
instanton, at the saddle-point we have" = ø" , and the action (2.11) becomes the function
of of a single variable%= R/ " ,

SI øI (" , ø" , R) =
4#

$s(µr )
S(%) , (2.13)

where
S(%) = öS(z(%)) , and z =

1
2

$
%2 + %

#
%2 + 4 + 2

%
. (2.14)

At large separations,%% 1, the expression (2.11) for the instantonÐanti-instanton action
simpliÞes and reduces to the well-known in the early instanton literature result,

S(%) & 1 ! 6/ %4 + 24/ %6 + . . . (2.15)

Ð 6 Ð

(anti)-instanton 

separation

(anti)-instanton 

     sizes 


instanton-anti-instanton 

     action


(see next slide)
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into external legs of the corresponding Green’s function, so that it reads,

Gng +2+2 Nf (x1, . . . , xng +2 , y1, . . . y2Nf ) = (2.5)
!

DAµ[DqDøq]Nf Ainst
µ1

(x1) . . . Ainst
µn g +2

(xng +2 ) ! (0) (y1) . . . ! (0) (y2Nf ) e! SE ,

2. Fourier transforming (2.5) to the momentum space to obtain ÷G(p1, p2; k1, . . . , kng +2 Nf ),
where pi (kj) are the momenta of the incoming (outgoing) particles,

3. Taking all momenta on-shell and performing the LSZ reduction for all external legs
of the Green’s function ÷G.

The outcome of this procedure is that the instanton contribution to the n-point ampli-
tude at the leading order is recast as an e! ective n-point vertex involving ng +2 gluons and
2Nf quarks. Because of the fully factorised structure of the field insertions in the leading
order instanton expression (2.5), there are no correlations between the kinematics of the ex-
ternal legs, apart from the usual momentum conservation constraint. The instanton vertex
describes the scattering process into a spherically symmetric multi-particle Þnal state.

The instanton production cross section for the process (2.1) can then be obtained in
the usual way by squaring the scattering amplitude and integrating over the (ng + 2Nf )-
particle phase space including the relevant symmetry factors. This program was developed
and implemented in the classic high-energy instanton papers [21–23] (for a review see [24])
in the context of the electroweak theory for (B + L)-violating processes.

2.2 The optical theorem on the instantonÐanti-instanton conÞguration

An equivalent and arguably more direct way to obtain a total instanton production cross
section " inst

tot for the process gg ! X, is to use the optical theorem, and compute an
imaginary part of the 2 ! 2 forward elastic scattering amplitude, A I øI

4 (p1, p2, " p1, " p2),
in the background of an instanton–anti-instanton configuration, following the approach
initiated in [25, 26],

" (cl) inst
tot =

1
s

Im A I øI
4 (p1, p2, " p1, " p2)

#
1
s

Im
! "

0
d#

! "

0
dø#

!
d4R

!
d! D(#)D(ø#) e! SI øI Kferm $

Ainst
LSZ(p1) Ainst

LSZ(p2) Ainst
LSZ(" p1) Ainst

LSZ(" p2) , (2.6)

We shall now introduce and describe all the ingredients appearing on the r.h.s of this
expression. The integrals are over all collective coordinates of the instanton–anti-instanton
configuration: # and ø# are the instanton and anti-instantonsizes; Rµ is the separation
between the I and øI positions in the Euclidean space and, finally, ! is the 3 $ 3 matrix
that specifies the relative I øI orientation in the SU (3) colour space.

The instanton density appearing in the integration measure in (2.6) is given by the
1-loop expression [10],

D(#, µr) = $
1
#5

"
2%

&s(µr)

# 6

(#µr)b0 (2.7)
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where µr is the renormalization scale,b0 = 11 ! 2/ 3Nf , and the constant ! (computed in
the MS scheme) is,

! " 0.025e0.291746Nf , so that ! N f =4 " 0.008, ! N f =5 " 0.01. (2.8)

The exponential factor e! SI øI in (2.6) is the semiclassical suppression factor of the
process by the action of the instantonÐanti-instanton conÞguration,

SI øI = SI + SøI + Uint (" , ø" , R, ! ) , (2.9)

where SI = SøI = 2!
" s (µr ) is the action of a single (anti)-instanton, and Uint (" , ø" , R, ! ) is

the interaction potential between the instanton and the anti-instanton. The interaction
potential can be repulsive or attractive, depending on the choice of the relative orientation
! . In the steepest-descent approximation, the integrand in (2.6) will be dominated by the
saddle-point solution that extremises the function in the exponent. This corresponds to the
maximally attractive interaction channel, i.e. the value of ! for which ! Uint (" , ø" , R, ! ) is
maximal, or equivalently, the action SI øI is minimal (for Þxed R and " , ø" ).

The general expression for the action as the function ofR, " , ø" was computed in [26]
using the form of the instantonÐanti-instanton valley conÞguration [27Ð29] dictated by the
conformal invariance of classical Yang-Mills theory. For the maximally attractive relative
orientation, the action takes the form [26],

SI øI (" , ø" , R) =
4#

$s(µr )
öS , (2.10)

öS =
6z2 ! 14

(z ! 1/z )2 !
17
3

! log(z)
!

(z ! 5/z )(z + 1 /z )2

(z ! 1/z )3 ! 1
"

, (2.11)

where öS is the so-called normalised action, deÞned such thatöS # 1 in the limit R/ " 1,2 # $ ,
and z is a conformal ratio of the instanton collective coordinates,

z =
R2 + " 2 + ø" 2 +

#
(R2 + " 2 + ø" 2)2 ! 4" 2ø" 2

2" ø"
. (2.12)

Since the saddle-point solution respects the symmetry between the instanton and the anti-
instanton, at the saddle-point we have" = ø" , and the action (2.11) becomes the function
of of a single variable%= R/ " ,

SI øI (" , ø" , R) =
4#

$s(µr )
S(%) , (2.13)

where
S(%) = öS(z(%)) , and z =

1
2

$
%2 + %

#
%2 + 4 + 2

%
. (2.14)

At large separations,%% 1, the expression (2.11) for the instantonÐanti-instanton action
simpliÞes and reduces to the well-known in the early instanton literature result,

S(%) & 1 ! 6/ %4 + 24/ %6 + . . . (2.15)

Ð 6 Ð

where µr is the renormalization scale,b0 = 11 ! 2/ 3Nf , and the constant ! (computed in
the MS scheme) is,

! " 0.025e0.291746Nf , so that ! N f =4 " 0.008, ! N f =5 " 0.01. (2.8)

The exponential factor e! SI øI in (2.6) is the semiclassical suppression factor of the
process by the action of the instantonÐanti-instanton conÞguration,

SI øI = SI + SøI + Uint (" , ø" , R, ! ) , (2.9)

where SI = SøI = 2!
" s (µr ) is the action of a single (anti)-instanton, and Uint (" , ø" , R, ! ) is

the interaction potential between the instanton and the anti-instanton. The interaction
potential can be repulsive or attractive, depending on the choice of the relative orientation
! . In the steepest-descent approximation, the integrand in (2.6) will be dominated by the
saddle-point solution that extremises the function in the exponent. This corresponds to the
maximally attractive interaction channel, i.e. the value of ! for which ! Uint (" , ø" , R, ! ) is
maximal, or equivalently, the action SI øI is minimal (for Þxed R and " , ø" ).

The general expression for the action as the function ofR, " , ø" was computed in [26]
using the form of the instantonÐanti-instanton valley conÞguration [27Ð29] dictated by the
conformal invariance of classical Yang-Mills theory. For the maximally attractive relative
orientation, the action takes the form [26],

SI øI (" , ø" , R) =
4#

$s(µr )
öS , (2.10)

öS =
6z2 ! 14

(z ! 1/z )2 !
17
3

! log(z)
!

(z ! 5/z )(z + 1 /z )2

(z ! 1/z )3 ! 1
"

, (2.11)

where öS is the so-called normalised action, deÞned such thatöS # 1 in the limit R/ " 1,2 # $ ,
and z is a conformal ratio of the instanton collective coordinates,

z =
R2 + " 2 + ø" 2 +

#
(R2 + " 2 + ø" 2)2 ! 4" 2ø" 2

2" ø"
. (2.12)

Since the saddle-point solution respects the symmetry between the instanton and the anti-
instanton, at the saddle-point we have" = ø" , and the action (2.11) becomes the function
of of a single variable%= R/ " ,

SI øI (" , ø" , R) =
4#

$s(µr )
S(%) , (2.13)

where
S(%) = öS(z(%)) , and z =

1
2

$
%2 + %

#
%2 + 4 + 2

%
. (2.14)

At large separations,%% 1, the expression (2.11) for the instantonÐanti-instanton action
simpliÞes and reduces to the well-known in the early instanton literature result,

S(%) & 1 ! 6/ %4 + 24/ %6 + . . . (2.15)
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  Yung; VVK & Ringwald 

• Exponential suppression is gradually reduced at lower and lower             
• no radiative corrections from hard initial states included in this approximation

Þrst term as R
!

s at the saddle-point. Furthermore, the symmetry between the instanton
and anti-instanton conÞguration in the forward elastic scattering amplitude dictates that
the saddle-point value of! will be equal to ø! . So, in obtaining the saddle-point solution,
we can setø! = ! and search for the extremum of the Ôholy-grailÕ function,

F = R
!

s "
4"

#s(µr )
S(R/ ! ) "

#s(µr )
8"

! 2s log(s/µ 2
r ) , (2.22)

that appears in the exponent in (2.21).
To emphasise the applicability of the saddle-point approximation to the integral (2.21),

we chose the rescaled dimensionless integration variables,

÷! =
#s(µr )

4"

!
s! , $ =

R
!

, (2.23)

and write the holy-grail function ( 2.22) as,

F =
4"

#s(µr )
F (÷! , $) , F = ÷! $ " S($) " ÷! 2 log(

!
s/µ r ) . (2.24)

Instanton calculations are based on a semi-classical approach that is valid in a weak-coupling
regime, hence the overall factor 4!

" s (µr ) # 1 in front of F justiÞes the steepest descent
approach where the integrand in (2.21) is dominated by the the saddle-point ofF (÷! , $) in
(2.24).

Before proceeding to solve the sdalle-point equations that extremise the holy-grail func-
tion F above, we would like to comment on how to select the value of the renormalisation
scaleµr . Recall that the integrand in (2.21) contains the factor,

(! µr )b0 (ø! µr )b0 e! 4!
" s ( µ r ) = e! 2!

" s (1 / #) ! 2!
" s (1 / ø#) , (2.25)

where (! µr )b0 and (ø! µr )b0 come from the instanton and the anti-instanton measureD(! )

and D(ø! ), and the factor e! 4!
" s ( µ r ) accounts for the instanton and the anti-instanton action

contributions in the the dilute limit. The r.h.s. of ( 2.25) is RG-invariant at one-loop, it
does not depend on the choice ofµr , instead the scale of the running coupling constant is
set at the inverse instanton and anti-instanton sizes.

There are two methods for Þxing the RG scale that one can follow; they both should give
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Then after Þnding the saddle-point solution for$ and ÷! we setµr = 1 / ! at the saddle-
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into external legs of the corresponding Green’s function, so that it reads,

Gng +2+2 Nf (x1, . . . , xng +2 , y1, . . . y2Nf ) = (2.5)
!

DAµ[DqDøq]Nf Ainst
µ1

(x1) . . . Ainst
µn g +2

(xng +2 ) ! (0) (y1) . . . ! (0) (y2Nf ) e! SE ,

2. Fourier transforming (2.5) to the momentum space to obtain ÷G(p1, p2; k1, . . . , kng +2 Nf ),
where pi (kj) are the momenta of the incoming (outgoing) particles,

3. Taking all momenta on-shell and performing the LSZ reduction for all external legs
of the Green’s function ÷G.

The outcome of this procedure is that the instanton contribution to the n-point ampli-
tude at the leading order is recast as an e! ective n-point vertex involving ng +2 gluons and
2Nf quarks. Because of the fully factorised structure of the field insertions in the leading
order instanton expression (2.5), there are no correlations between the kinematics of the ex-
ternal legs, apart from the usual momentum conservation constraint. The instanton vertex
describes the scattering process into a spherically symmetric multi-particle Þnal state.

The instanton production cross section for the process (2.1) can then be obtained in
the usual way by squaring the scattering amplitude and integrating over the (ng + 2Nf )-
particle phase space including the relevant symmetry factors. This program was developed
and implemented in the classic high-energy instanton papers [21–23] (for a review see [24])
in the context of the electroweak theory for (B + L)-violating processes.

2.2 The optical theorem on the instantonÐanti-instanton conÞguration

An equivalent and arguably more direct way to obtain a total instanton production cross
section " inst

tot for the process gg ! X, is to use the optical theorem, and compute an
imaginary part of the 2 ! 2 forward elastic scattering amplitude, A I øI

4 (p1, p2, " p1, " p2),
in the background of an instanton–anti-instanton configuration, following the approach
initiated in [25, 26],

" (cl) inst
tot =

1
s

Im A I øI
4 (p1, p2, " p1, " p2)

#
1
s

Im
! "

0
d#

! "

0
dø#

!
d4R

!
d! D(#)D(ø#) e! SI øI Kferm $

Ainst
LSZ(p1) Ainst

LSZ(p2) Ainst
LSZ(" p1) Ainst

LSZ(" p2) , (2.6)

We shall now introduce and describe all the ingredients appearing on the r.h.s of this
expression. The integrals are over all collective coordinates of the instanton–anti-instanton
configuration: # and ø# are the instanton and anti-instantonsizes; Rµ is the separation
between the I and øI positions in the Euclidean space and, finally, ! is the 3 $ 3 matrix
that specifies the relative I øI orientation in the SU (3) colour space.

The instanton density appearing in the integration measure in (2.6) is given by the
1-loop expression [10],

D(#, µr) = $
1
#5

"
2%

&s(µr)

# 6

(#µr)b0 (2.7)
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Figure 2 . The plot on the left shows the contribution arising from fermion zero modes! ferm for
a single light ßavour (solid line). The dashed line is the large separation approximation

!
2

(1+ ! 2 / 2) 3 / 2 .

The plot on the right shows the corresponding contributions to the fermion prefactorKferm in (2.16)
for Nf = 5 .

from the instanton solution in the coordinate space and Fourier-transforming it, we get
after taking the on-shell limit p2 ! 0,

Aa inst
µ (x) =

2" 2

g

ø#a
µ! (x " x0)!

(x " x0)2((x " x0)2 + " 2)
"!

4i$2" 2

g

ø#a
µ! p!

p2 eip i áx0 . (2.18)

Here x0 is the instanton centre and ø#a
µ! is the Õt Hooft symbol [10]. The LSZ reduction of

the expression on the r.h.s. of (2.18) amounts to initial state prefactor of the form,

Ainst
LSZ (p1) Ainst

LSZ (p2) Ainst
LSZ (" p1) Ainst

LSZ (" p2) #
!

2$2

g
" 2$

s
" 4

eiR á(p1+ p2) . (2.19)

The contribution eiR á(p1+ p2) arises from the exponential factorseip i áx0 from the two instanton
and two anti-instanton legs, which upon the Wick rotation to the Minkwoski space becomes
eR0

!
s. This concludes our overview of of the ingredients appearing on the r.h.s. of (2.6).
Combining all these contributions allows us to express (2.6) in the form,

%(cl) inst
tot #

1
s

Im
&2$4

4

#
d"
" 5

#
dø"
ø" 5

#
d4R

#
d!

!
2$

' s(µr )

" 14

(" 2$
s)2(ø" 2$

s)2 Kferm

(" µr )b0 (ø" µr )b0 exp
!

R0
$

s "
4$

' s(µr )
öS(z)

"
, (2.20)

where Kferm was deÞned in (2.16)-(2.17) and öS(z) in (2.11).
We note that the expression on the r.h.s of (2.20) is of correct dimensionality ensured

by the factor of 1/s , with the remaining integral being dimensionless. The integrations over
the collective coordinateRµ, " , ø" and ! of the instantonÐanti-instanton conÞguration are
to be carried in the steepest descent approach, i.e. by Þnding the saddle-point extremum
of the expression in the exponent. It is easy to see that the relativeI øI separation R is a
single negative mode2 Ð by reducing the value ofR, the I øI action decreases as the instanton

2In fact, thanks to the eR 0
!

s factor in ( 2.20), the saddle-point solution is along the R0 direction with
R1,2,3 = 0 . Hence at the saddle-point R = R0.
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fermion prefactor 

from Nf qq-bar pairs


whereR = x0 ! øx0 is the separation between the instantonÐanti-instanton centres, and the
factors 1/3 and 1/2 arise from averaging over the three3 SU(2) isospin components and two
polarisations ! .

This reasoning leads to the following expression for the four external gluons appearing
on the r.h.s. of (2.18),

Ainst
LSZ (p1) Ainst

LSZ (p2) Ainst
LSZ (! p1) Ainst

LSZ (! p2) =
1
36

!
2" 2

g
#2

"
s!

" 4

eiR á(p1+ p2) . (2.22)

The contribution eiR á(p1+ p2) arises from the exponential factorseip i áx0 and e" ip i áøx0 from the
two instanton and two anti-instanton legs, which upon the Wick rotation to the Minkowski
space becomeseR0

#
s! . This concludes our overview of of the ingredients appearing on the

r.h.s. of (2.6).
Combining all these contributions allows us to express (2.6) in the form,

ö$(cl) inst
tot #

1
s! Im

%2" 4

36á4

#
d#
#5

#
dø#
ø#5

#
d4R

#
d!

!
2"

&s(µr )

" 14

(#2
"

s!)2(ø#2
"

s!)2 Kferm

(#µr )b0 (ø#µr )b0 exp
!

R0
"

s! !
4"

&s(µr )
öS(z)

"
, (2.23)

where Kferm was deÞned in (2.16)-(2.17) and öS(z) in (2.11).
We note that the expression on the r.h.s of (2.23) is of correct dimensionality ensured

by the factor of 1/s , with the remaining integral being dimensionless. The integrations over
the collective coordinateRµ, #, ø# and ! of the instantonÐanti-instanton conÞguration are
to be carried in the steepest descent approach, i.e. by Þnding the saddle-point extremum
of the expression in the exponent. It is easy to see that the relativeI øI separation R is a
single negative mode4 Ð by reducing the value ofR, the I øI action decreases as the instanton
and anti-instanton attract one another. Carrying out the Gaussian integrations over the
ßuctuations around the saddle-point atR$ will result in an imaginary-valued expression,
thus furnishing the required imaginary part of the integral in (2.23) as required by the
optical theorem [25].

It is well-known, however, that the expression for the cross-section in (2.23) su! ers from
a severe infrared problem arising from instantons of large size,# $ % . In QCD, unlike the
electroweak theory, there are no scalar Þelds whose VEVs would cut o! integrations over
large # in (2.23). The expression in (2.23) was obtained using the leading-order semiclas-
sical expansion around the instantonÐanti-instanton conÞguration. At the classical level,
QCD is of course scale-invariant, so there is no surprise that the leading-order semiclassi-
cal expression does not Þx the instanton size. To break classical scale-invariance we need
to include quantum corrections that describe interactions of the initial state gluons. This
corresponds to allowing for ßuctuations around the four (anti)-instanton Þelds appearing in

3The instanton and anti-instanton conÞgurations we are suing live in the same SU(2) subgroup of the
colour SU(3), hence we are summing the Õt Hooft eta symbols overa = 1 , 2, 3 rather than a = 1 , . . . , 8.

4In fact, thanks to the eR 0
"

s!
factor in ( 2.23), the saddle-point solution is along the R0 direction with

R1,2,3 = 0 . Hence at the saddle-point R = R0.
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But the instanton size has not been stabilised.

In QCD - rho is a classically flat direction —
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Figure 4 . The classical contribution and the leading-order correction to the2 ! n gauge-boson
amplitude in the instanton background. Each tadpole represents an insertion of the instanton
gauge Þeld into the path integral, and the shaded blob corresponds to the vector-boson propagator
Gab

µ ! (p1, p2) in the instanton background.

in the preceding section these quantum e! ects have been accounted for by the! w
16" (! 2 +

ø! 2)E 2 log
!
E 2/m 2

W

"
term in the holy grail function.

3.1 Quantum corrections from vector bosons

We Þrst consider the instanton-generated2 ! n process in a pure gauge theory. The
classical result and the leading order correction in the instanton perturbation theory to
this amplitude are shown in Fig. 4. We are concentrating here on quantum corrections
due to initial state particles; other interactions involving initial-Þnal and Þnal-Þnal state
interactions are already accounted for in the optical theorem approach.

In order to capture the high-energy behaviour of the perturbative expansion around the
instanton, we need the expression for the gauge-Þeld propagator in the instanton background
in the high-energy limit. The required result was derived by Mueller in [26]. Starting from
the full expression for the propagator from [27], upon continuation to Minkowski space and
taking the on-shell limit, p2

1 = 0 = p2
2, along with the high-energy limit, 2p1p2 = s " 1/ ! 2,

where ! is the instanton size, the result of [26] is,

Gab
µ# (p1, p2) ! #

g2! 2s
64" 2 log (s) Aa

µ (p1) Ab
# (p2) , (3.1)

where Aa
µ (p1) and Ab

# (p2) are the instanton solutions for the gauge Þelds in momentum
space. The key point of this expression is that in the high-energy limit the instanton vector
propagator is proportional to the product of the classical instanton Þelds Ð this fact will be
relevant for the resumation of these e! ects. The coe" cient in front of the instanton Þelds
involves the large quantity ! 2s logs which compensates for the smallness of the perturbative
coupling g2.

The two initial-state vector bosons are represented in the instanton perturbation the-
ory as the product of two instanton Þeld conÞgurationsAa

µ (p1) Ab
# (p2), shown as the two

tadpoles on the left in the Þrst diagram in Fig. 4. The Þrst quantum correction to this
initial state comes from the propagator Gab

µ# (p1, p2), as shown in the second diagram in
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this amplitude are shown in Fig. 4. We are concentrating here on quantum corrections
due to initial state particles; other interactions involving initial-Þnal and Þnal-Þnal state
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In order to capture the high-energy behaviour of the perturbative expansion around the
instanton, we need the expression for the gauge-Þeld propagator in the instanton background
in the high-energy limit. The required result was derived by Mueller in [26]. Starting from
the full expression for the propagator from [27], upon continuation to Minkowski space and
taking the on-shell limit, p2
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Gab
µ# (p1, p2) ! #

g2! 2s
64" 2 log (s) Aa

µ (p1) Ab
# (p2) , (3.1)

where Aa
µ (p1) and Ab

# (p2) are the instanton solutions for the gauge Þelds in momentum
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# (p2), shown as the two
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Figure 4 . The classical contribution and the leading-order correction to the2 ! n gauge-boson
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Figure 4. The combined result of these two diagrams is the insertion of the factor,

!
1 !

g2! 2s
64" 2 logs

"
Aa

µ (p1) Ab
! (p2) , (3.2)

into the path integral to represent the 2-particle initial state in the corresponding (2 + n)-
point correlator.

In Ref. [18] Mueller computes the higher-order corrections to this result by summing
over all loop-level perturbative diagrams to orderN involving the two initial-state vector
bosons in the instanton background. The result is,

N#

r =1

1
r !

!
!

g2! 2s
64" 2 log (s)

" r

Aa
µ (p1) Ab

! (p2) . (3.3)

The equation is justiÞed in the limit ! 2s " # with g2 " 0 such that any power of g2! 2s
is counted as of order 1.

In the limit N " # we obtain the exponential factor,

exp
$
!

#w

16"
! 2E 2 log

%
E 2/m 2

W

&'
. (3.4)

The contribution of the Mueller term above to the cross-section is then,

exp
$
!

#w

8"
! 2E 2 log

%
E 2/m 2

W

&'
= exp

(
!

4"
#w

ö! 2$2

16
log($ " / #w)

)
, (3.5)

in agreement with the third term on the right hand side of the expression (2.22) that we
used in the previous section for holy grail functionF .

Can one formally justify taking the N " # limit in the expression (3.3)? To be able
to do this, we have to demonstrate that the sum in (3.3) correctly approximates instanton
perturbation theory for values of N greater than the critical value Ncrit $ " w

16# ! 2s. (This
critical value is given by the argument of the exponent, and for values ofr much above this
Ncrit each term term in the sum (3.3) is parametrically smaller than the exponent (3.4),
so it can be legitimately dropped.) The expression (3.3) was derived in [18] by retaining
only the most dominant terms in the high-energy limit s! 2 % 1. The N th term in ( 3.3)
follows from the (N ! 1)-loop level diagrams shown in Fig. 9 in Ref. [18]. To justify the
approximation where all sub-leading terms are not retained, it is required that! 2s/N 2 % 1.
Hence we can trust the sum in (3.3) only up to N <

*
! 2s. This implies the window for N

in the form [18],
#w

16"
! 2s < N <

*
! 2s . (3.6)

Mueller discusses this limit in the low-energy regime where the function in the exponent in
(3.4) is sub-leading relative to the other terms in the holy grail function (speciÞcally, it goes
as$8/ 3 relative to the leading contributions $4/ 3 where$ & 1). We want to consider instead
the high-energy regime$ ! 1 where the Mueller quantum e! ect (3.4) plays the dominant
role in cutting o! the instanton size. This implies that the magnitude of the Mueller term
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Include now higher order corrections in the high-energy limit:

  Mueller 1991
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where ! µ(" ) is the polarisation vector for a gluon with a helicity " . A similar expression
also holds for the LSZ-amputated fermion zero modes, in this case,# (0)

LSZ ! $ rather than
Ainst

LSZ ! $2 for the gauge Þeld.

Combining all the ingredients above, it is now easy to see that the$-integral in the
leading-order instanton amplitude (2.4) is power-like divergent Ð a well-known fact that
signals the breakdown of the leading-order instanton calculation in QCD at large distances
($ ! 1/ ! ) where the coupling becomes strong and the semi-classical approximation is
invalidated. Instantons are solutions to classical equations and unless quantum e! ects
due to Þeld ßuctuations around instantons are appropriately taken into account, there is
no scale in the microscopic QCD Lagrangian to cut-o! large values of the instanton size
Ð $ is a classically ßat direction. To break classical scale-invariance we need to include
quantum corrections that describe interactions of the external states. This amounts to
inserting propagators in the instanton background between pairs of external Þelds in the
pre-exponential factor in (2.2) and re-summing the resulting perturbation theory. The
dominant e! ect comes from interactions between the two initial hard gluons [9] (these are
the states that carry the largest kinematic invariant p1 áp2 = ös/ 2). In Ref. [10] Mueller
shown that these quantum corrections formally exponentiate and the resulting expression
for the resummed quantum corrections around the instanton generates the factor,

e! (! s (µr )/ 16" ) #2E 2 log E 2/µ 2
r , (2.8)

whereE is the partonic CoM energy,E 2 " ös. This exponential factor provides an automatic
cut-o! of the large instanton sizes and the instanton integral over$ can now be safely
evaluated.

To proceed, we need to select a value the renormalisation scaleµr . Recall that the
integrand in (2.2) contains the factor,

($µr )b0 e! 2!
" s ( µ r ) = e! 2!

" s (1 / #) , (2.9)

where ($µr )b0 comes from the instanton density and the factore! 2!
" s ( µ r ) accounts for the

contribution of the instanton action SI = 2"
! s (µr ) . The r.h.s. of (2.10) is RG-invariant at

one-loop, it does not depend on the choice ofµr , instead the scale of the running coupling
constant is set at the inverse instanton size. To take advantage of this and to remove large
powers of$ from the integrand, from now on and until the end of this section, we will set
the RG scale value at the instanton size,

µr = 1 / $ . (2.10)

The amplitude integrand including the MuellerÕs exponentiated quantum e! ect is given by,

A 2" ng +2 Nf = %
!

d4x0

! #

0

d$
$5

"
2&
' s

# 6

e! 2!
" s (1 / #) ! " s (1 / #)

16! #2E 2 log E 2#2

#
ng +2$

i =1

Ainst
LSZ(pi ; $)

2Nf$

j =1

# (0)
LSZ(pj ; $) (2.11)

Ð 5 Ð

13



Combined effect of initial and final states interactions in QCD

Mueller’s result for

quantum corrections 


due to in-in states 
interactions

Instanton size is cut-off by 

this is what sets the 


effective QCD sphlarenon scale
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Basically, in QCD one can never reach the effective 
sphaleron barrier — it’s hight grows with the energy. 


=> Among other things, no problems with unitarity. 

front of the exponent in (2.6). This amounts to inserting propagators in the instanton back-
ground between pairs of gluon Þelds in the pre-exponential factor in (2.6) and re-summing
the resulting perturbation theory. This programme has been carried out by Mueller in
[26, 35]. It was shown that the quantum corrections due to interactions of the initial states
exponentiate and the resulting expression for the resummed quantum corrections gives the
factor e! ! s " 2s! log s!

for the instanton, and the analogous factor for the anti-instanton in the
optical theorem expressions (2.6) and (2.23).

We thus obtain the quantum-corrected expression for the instanton production cross-
section,

ö! inst
tot !

1
s" Im

" 2#4

36á4

!
d$
$5

!
dø$
ø$5

!
d4R

!
d!

"
2#

%s(µr )

# 14

($2
"

s")2(ø$2
"

s")2 Kferm

($µr )b0 (ø$µr )b0 exp
"

R0
"

s" #
4#

%s(µr )
öS(z) #

%s(µr )
16#

($2 + ø$2) s" log
"

s"

µ2
r

##
.

(2.24)

The expression (2.24) is the key technical input on which the results this paper are
based. It combines the semi-classical instanton contribution to the total cross-section in-
cluding the e! ects of Þnal state interactions derived in Ref. [25], with the resummed quan-
tum corrections in the initial state that were computed by Mueller in Ref. [35]. It is easily
veriÞed that the initial state interactions quantum e! ect provides an exponential cut-o!
of the large instanton/anti-instanton sizes; the cut-o! scale is set by the (partonic) energy
scales" logs" of the scattering process, and further it contains a factor of%s, as it should
in the radiative corrections.

2.3 The saddle-point solution and the instanton cross-section

Now we can search for the saddle-point inRµ, $ and ø$ that extremises the function in the
exponent in (2.24). The instantonÐanti-instanton separation coordinate is stabilised along
the R0 direction due to the interplay between the R0

"
s" and # 4#

! s (µr )
öS(z) factors in the

exponent. The saddle-point is atR = R0, and to simplify our notation we will re-write the
Þrst term as R

"
s" at the saddle-point. Furthermore, the symmetry between the instanton

and anti-instanton conÞguration in the forward elastic scattering amplitude dictates that
the saddle-point value of$ will be equal to ø$. So, in obtaining the saddle-point solution,
we can setø$ = $ and search for the extremum of the Ôholy-grailÕ function,

F = R
"

s" #
4#

%s(µr )
S(R/ $) #

%s(µr )
8#

$2s" log(s"/µ 2
r ) , (2.25)

that appears in the exponent in (2.24).
To emphasise the applicability of the saddle-point approximation to the integral (2.24),

we chose the rescaled dimensionless integration variables,

÷$ =
%s(µr )

4#

"
s"$ , & =

R
$

, (2.26)
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2. The alternative approach is setµr = 1 / ! from the beginning. The function in the
exponent is (2.21) (note that we do not pull out the 4" / #s(! ) factor),

F = !$
!

s "
4"

#s(! )
S($) "

#s(! )
4"

! 2s log(
!

s! ) . (2.27)

We look for the saddle-point solutions of the equations%! F = 0 and %" F = 0 for the
variables $ and ! .

We have computed the instanton production cross-sections following both of these methods
and have found that the numerical results for &inst

tot as the function of
!

s are in good
agreement with each other. This demonstrates that our approach is stable against such
variations in the RG scale selection procedure.

In what follows we will concentrate on the second method where all the couplings are
from the beginning taken at the scale set by the characteristic instanton size. We now solve
the saddle-point equations%! F = 0 and %" F = 0 for (2.27) and Þnd,

!
!

s =
4"

#s(! )
dS($)

d$
, (2.28)

and

$ =
#s(! )

4"
!
!

s
!
2 log(!

!
s) + 1

"
+ 2b0

#
#s(! )

4"

$ 2

!
!

s log(!
!

s) "
2b0

!
!

s
S($), (2.29)

where we made use of the one-loop RG relation for the derivative of the running coupling,

%"

#
4"

#s(! )

$
= "

2b0

!
, %"

#
#s(! )

4"

$
=

#
#s(! )

4"

$ 2 2b0

!
. (2.30)

Our procedure for solving the saddle-point equations (2.28)-(2.29) is as follows. We in-
troduce the already familiar rescaled variable÷! = # s (" )

4$

!
s! , along with the new scaling

parameter,
u =

!
s! , (2.31)

and write (2.28)-(2.29) as,

÷! = S!($) , (2.32)

$ = ÷! (2 logu + 1) + 2 b0 ÷! 2 logu
u

"
2b0

u
S($). (2.33)

There are two saddle-point equations (2.28)-(2.29) to solve, to determine the two variables,

÷! =
#s(! )

4"

!
s! , $ =

R
!

. (2.34)

Their values as well as the Þnal result for the instanton cross-section of course depend on
the energy

!
s, which plays the role of the external input parameter. In practice, instead

of
!

s it is more convenient to characterise the process by the dimensionless input variable
u deÞned in (2.31).
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1. Extermise the holy-grail function

  in the exponent by finding a 

saddle-point in variables:
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We look for the saddle-point solutions of the equations%! F = 0 and %" F = 0 for the
variables $ and ! .

We have computed the instanton production cross-sections following both of these methods
and have found that the numerical results for &inst

tot as the function of
!

s are in good
agreement with each other. This demonstrates that our approach is stable against such
variations in the RG scale selection procedure.

In what follows we will concentrate on the second method where all the couplings are
from the beginning taken at the scale set by the characteristic instanton size. We now solve
the saddle-point equations%! F = 0 and %" F = 0 for (2.27) and Þnd,

!
!

s =
4"

#s(! )
dS($)

d$
, (2.28)

and

$ =
#s(! )

4"
!
!

s
!
2 log(!

!
s) + 1

"
+ 2b0

#
#s(! )

4"

$ 2

!
!

s log(!
!

s) "
2b0

!
!

s
S($), (2.29)

where we made use of the one-loop RG relation for the derivative of the running coupling,

%"

#
4"

#s(! )

$
= "

2b0

!
, %"

#
#s(! )

4"

$
=

#
#s(! )

4"

$ 2 2b0

!
. (2.30)

Our procedure for solving the saddle-point equations (2.28)-(2.29) is as follows. We in-
troduce the already familiar rescaled variable÷! = # s (" )

4$

!
s! , along with the new scaling

parameter,
u =

!
s! , (2.31)

and write (2.28)-(2.29) as,

÷! = S!($) , (2.32)

$ = ÷! (2 logu + 1) + 2 b0 ÷! 2 logu
u

"
2b0

u
S($). (2.33)

There are two saddle-point equations (2.28)-(2.29) to solve, to determine the two variables,

÷! =
#s(! )

4"

!
s! , $ =

R
!

. (2.34)

Their values as well as the Þnal result for the instanton cross-section of course depend on
the energy

!
s, which plays the role of the external input parameter. In practice, instead

of
!

s it is more convenient to characterise the process by the dimensionless input variable
u deÞned in (2.31).

Ð 11 Ð

2. Carry out all integrations using the steepest descent method evaluating the determinants 
of quadratic fluctuations around the saddle-point solution

 3. Pre-factors are very large — they compete with the semiclassical exponent which is very small!

front of the exponent in (2.6). This amounts to inserting propagators in the instanton back-
ground between pairs of gluon Þelds in the pre-exponential factor in (2.6) and re-summing
the resulting perturbation theory. This programme has been carried out by Mueller in
[26, 35]. It was shown that the quantum corrections due to interactions of the initial states
exponentiate and the resulting expression for the resummed quantum corrections gives the
factor e! ! s " 2s! log s!

for the instanton, and the analogous factor for the anti-instanton in the
optical theorem expressions (2.6) and (2.23).

We thus obtain the quantum-corrected expression for the instanton production cross-
section,
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(2.24)

The expression (2.24) is the key technical input on which the results this paper are
based. It combines the semi-classical instanton contribution to the total cross-section in-
cluding the e! ects of Þnal state interactions derived in Ref. [25], with the resummed quan-
tum corrections in the initial state that were computed by Mueller in Ref. [35]. It is easily
veriÞed that the initial state interactions quantum e! ect provides an exponential cut-o!
of the large instanton/anti-instanton sizes; the cut-o! scale is set by the (partonic) energy
scales" logs" of the scattering process, and further it contains a factor of%s, as it should
in the radiative corrections.

2.3 The saddle-point solution and the instanton cross-section

Now we can search for the saddle-point inRµ, $ and ø$ that extremises the function in the
exponent in (2.24). The instantonÐanti-instanton separation coordinate is stabilised along
the R0 direction due to the interplay between the R0

"
s" and # 4#

! s (µr )
öS(z) factors in the

exponent. The saddle-point is atR = R0, and to simplify our notation we will re-write the
Þrst term as R

"
s" at the saddle-point. Furthermore, the symmetry between the instanton

and anti-instanton conÞguration in the forward elastic scattering amplitude dictates that
the saddle-point value of$ will be equal to ø$. So, in obtaining the saddle-point solution,
we can setø$ = $ and search for the extremum of the Ôholy-grailÕ function,
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that appears in the exponent in (2.24).
To emphasise the applicability of the saddle-point approximation to the integral (2.24),

we chose the rescaled dimensionless integration variables,
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, (2.26)
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2nd more direct approach:  VVK, Milne, Spannowsky 

compute all (but one) collective coordinate 
integrals numerically using numerical techniques

2.4 The master integral

We now introduce dimensionless integration variables,

r 0 = R0E , r = | !R|E , (2.33)

y = " ø" E 2 , x = " / ø" , (2.34)

and use them to write down the instanton parton-level cross-sectionö#inst
tot integral in (2.24)

in the form,

ö#inst
tot (E ) =

1
E 2 Im

! + !

"!
dr0 er 0 G(r0, E ) , (2.35)

where

G(r0, E ) =
$2%4
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0
r 2 dr
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0
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$ 21/ 2 #
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$ 7/ 2

Kferm(z) exp
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&s
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&s

4%
x + 1 /x

4
y logy

$
. (2.36)

Here $, S(z) and Kferm(z) are given by (2.6), (2.20) and (2.22)-(2.23), and the conformal
ratio variable z is expressed in terms of our dimensionless variables via,

z =
1
2

(' + ( ' 2 ! 4)1/ 2) , where ' =
r 2

0 + r 2

y
+ x +

1
x

, (2.37)

in agreement with the the expression (2.19).

The Þnal ingredient we need is the expression (2.26) for the running couplings in terms
of the y variable,

4%
&s

(y; E ) =
4%

&s(E)
! b0 logy

=
4%

0.416
+ 2b0 log

E
1GeV

! b0 logy , (2.38)

as follows from (2.26) and (2.34). We will thus set 4!
" s

= 4!
" s

(y; E ) in the integrand (2.36)
(including the function in the exponent and the non-exponential terms in the integrant in
(2.36) ).

To compute the instanton cross-section (2.35) we Þrst numerically evaluate the integral
(2.36) and obtain the values for G(r0, E ) for a wide range of both arguments,r 0 and E.
After that we perform the Þnal integration over r0 in (2.35) by expanding the integrand in

ö#inst
tot (E ) =

1
E 2 Im

! + !

"!
dr0 er 0+log G(r 0 ,E ) , (2.39)

around the stationary point solution for r 0 of the function r0 +log G(r0, E ) in the exponent,

r 0(E ) : ( r 0 logG(r0, E ) = ! 1, (2.40)
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numerically evaluate (no saddle point approximation needed):

and use this to compute the final integral (in the saddle-point approximation to get Im):
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2nd Approach:  VVK, Milne, Spannowsky 

Results and partonic cross-section

!
ös [GeV] 50 100 150 200 300 400 500

"ng# 9.43 11.2 12.22 12.94 13.96 14.68 15.23
ö! inst

tot [pb] 207.33$ 103 1.29$ 103 53.1 5.21 165.73$ 10! 3 13.65$ 10! 3 1.89$ 10! 3

Table 1 . The instanton cross-section presented for a range of partonic C.o.M. energies
!

ös = E
and the mean number of gluons at this energy calculated using Eq. (2.46).

Emin [GeV] 50 100 150 200 300 400 500
! pøp" I 2.62 µb 2.61 nb 29.6 pb 1.59 pb 6.94 fb 105 ab 3.06 ab
! spøp=1.96 TeV
! pp" I 58.19µb 129.70 nb 2.769 nb 270.61 pb 3.04 pb 114.04 fb 8.293 fb
! spp=14 TeV
! pp" I 211.0µb 400.9 nb 9.51 nb 1.02 nb 13.3 pb 559.3 fb 46.3 fb
! spp=30 TeV
! pp" I 771.0µb 2.12 µb 48.3 nb 5.65 nb 88.3 pb 4.42 pb 395.0 fb
! spp=100 TeV

Table 2 . Hadronic cross-sections for QCD instanton processes at a range of colliders with di! erent
C.o.M. energies! spøp evaluated using Eq. (2.43). The minimal allowed partonic energy is Emin =!

ösmin .

Table 2. These are calculated using the usual formula

! pp" I (ös > ösmin ) =
! spp

ösmin

dx1dx2 f
"
x1, Q2#

f
"
x2, Q2#

ö! (ös = x1x2spp) (2.43)

where spp is the centre-of-mass energy of the hadron collider,ö! is the partonic instanton
cross-section andösmin is the minimum invariant mass squared of the produced system. NB
here we are only considering the gluon initiated process, otherwise we require a sum over
such integrals.

2.5 Mean number of Þnal state gluons

In our approach of computing the total partonic cross-section via the optical theorem in
(2.35), (2.36) we have already e! ectively summed over the number gluonsng in the Þnal
state. This sum can be uncovered by using the series expansion (2.31) of the exponent of
the instantonÐanti-instanton action on the right hand side of (2.36),

G(r0, E ) =
" 2#4

217

$
#
3

! #

0
r 2 dr

! #

0
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! #
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dy
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%
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ng =0

1
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(Uint )ng exp
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%
4#
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%
$s

4#
x + 1 /x

4
y logy

&
. (2.44)

The mean value ofng (i.e. the value that gives the dominant contribution to the integral)
is then easily found to be given by the expectation value of the interaction potential,

"ng# = "Uint #, (2.45)
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The mean value ofng (i.e. the value that gives the dominant contribution to the integral)
is then easily found to be given by the expectation value of the interaction potential,

"ng# = "Uint #, (2.45)

Ð 12 Ð
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hadronic total cross-section

!
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and the mean number of gluons at this energy calculated using Eq. (2.46).
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! pp" I 771.0µb 2.12 µb 48.3 nb 5.65 nb 88.3 pb 4.42 pb 395.0 fb
! spp=100 TeV
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If the instanton is recoiled by a high pT jet emitted from one 
of the initial state gluons => hadronic cross-section is tiny

The virtuality Q of an incoming gluon leg, induced by a no-zeropT , introduces a
multiplicative form-factor e! Q! into the instanton vertex. This is a well-known result
[25, 27, 31] that is a direct consequence of Fourier transforming the instanton Þeld to the
momentum space to obtainAinst

LSZ (q), where the momentumq has a large virtuality, Q2. For
the instanton cross-section one needs to compute,Ainst

LSZ (q) Ainst
LSZ (p2) Ainst

LSZ (! q) Ainst
LSZ (! p2),

in analogy with Eq. (2.18), which gives the overall form-factor,

exp (! Q(! + ø! )) = exp
!

!
Q
E

"
y (x + 1 /x + 2)

#
, (3.3)

that needs to be included in the integral (2.24). On the right hand side of this equation we
used our standard dimensionless variablesx and y deÞned in (2.33)-(2.34).

The second modiÞcation of the integral in (2.24), is that the the energy variable E
corresponds to the instanton vertex energyE =

"
s" deÞned in (3.2), which is smaller than

the overall invariant mass
"

ös of the parton-level process.

In summary, the instanton parton-level cross-sectionö" inst
tot (

"
ös, pT ) is computed as fol-

lows:

1. For each pair of physical variablesös, pT , introduce the auxiliary variables E and Q,

Q2 = pT

"
ös , E2 = ös ! 2Q2 . (3.4)

2. Numerically compute the integral,

÷G(r0, E, Q) =
#2$4
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(3.5)

and use it to evaluate the expression for the cross-section,

I (E, Q) =
1

E 2 Im
%+ #

!#
dr0 er 0 ÷G(r0, E, Q) , (3.6)

in the saddle-point approximation, as before.

3. The cross-section in physical variables is then obtained via,

ö" inst
tot (

"
ös, pT ) = I (E, Q)

)
)
)
Q2= pT

$
ös , E 2=ös! 2pT

$
ös

(3.7)

Table 3 presents the results for the instanton cross-section at parton level for a range
of partonic CoM energies

"
ös and for a Þxed value of the recoiled jet transverse momentum

pT = 150 GeV. The resulting cross-sections Þxed are negligibly small. To complement these
results we have also computed instanton cross-sections for the case wherepT is scaled with
the energy. Table 4 presents the results at parton level where the recoiled jet transverse
momentum is chosen aspT =

"
ös/ 3.

Ð 14 Ð

!
ös [GeV] 310 350 375 400 450 500

ö! inst
tot [pb] 3.42" 10! 23 1.35" 10! 18 1.06" 10! 17 1.13" 10! 16 9.23" 10! 16 3.10" 10! 15

Table 3 . The instanton partonic cross-section recoiled against a hard jet withpT = 150 GeV
emitted from an initial state and calculated using Eq. (3.7). Results for the cross-section are shown
for a range of partonic C.o.M. energies

!
ös.

!
ös [GeV] 100 150 200 300 400 500

ö! inst
tot [pb] 1.68" 10! 7 1.20" 10! 9 3.24" 10! 11 1.84" 10! 13 4.38" 10! 15 2.38" 10! 16

Table 4 . The cross-section presented for a range of partonic C.o.M. energies
!

ös = E where the
recoiled pT is scaled with the energy,pT =

!
ös/ 3.

From the results in Tables 4 and 3 we see that the cross-sections calculated for the
processes where the instanton recoils against a jet with large momentum are too small
to be observable at any present or envisioned high-energy collider. While increasing the
transverse momentum for objects that are di! cult to reconstruct by recoiling them against
a hard object is often a popular method to improve the sensitivity of the LHC to new
physics, see e.g. [32Ð35], the instanton shields itself from such an an option. Consequently,
the only way to obtain sensitivity to instantons is to disentangle their spherical radiation
proÞle, made of fairly soft jets, from SM QCD backgrounds.

4 Search for Instanton Events at Hadron Colliders

4.1 Topology of Instanton Events

Since the global event topology of instanton processes is spherically symmetric, and there-
fore distinctly di " erent from perturbative-QCD events, event shape observables [36] can be
a powerful way to identify these processes.

The sphericity tensor is deÞned as

S!" =
!

i p!
i p"

i!
i |pi |

2 , (4.1)

where " , # run over spatial indices andi runs over the number of particles. This tensor
will have three eigenvalues$1 # $2 # $3, with $1 + $2 + $3 = 1 . The sphericity observable
is then deÞned asS = 3

2 ($2 + $3). Sphericity takes values between 0 and 1 with higher
values denoting a higher degree of spherical symmetry. Therefore we would expect instanton
processes to have a higher sphericity than background processes which in general have some
angular dependence.

Spherocity is deÞned as

S0 =
%2

4
min

#n

" !
i |&p" ,i " &n|
!

i |&p" ,i |

# 2

, (4.2)

Ð 15 Ð
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• QCD instanton cross-sections can be very large at hadron colliders.


• Instanton events are isotropic multi-particle final states. Their event 
topology is very distinct (see Event shape observables next slide)


• Particles with large pT emitted from the instanton are rare. Especially 
hard to produce them at low partonic energies (for obvious kinematic 
reasons). Do not pass triggers.


• At higher (partonic) energies instanton events can pass triggers but 
have suppressed cross-sections.


• Alternative approach: consider instanton production in diffractive 
processes with one or two large rapidity gaps (LRG).

Phenomenology summary (so far)
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Hunting for QCD instanton at the LHC1

in the events with Large Rapidity Gaps2

V.A. Khozea,b, V.V. Khozeb, D.L. Milneb, M.G. Ryskina,b and V.A.3

Schegelskya4

a Petersburg Nuclear Physics Institute, NRC Kurchatov Institute,5

Gatchina, St. Petersburg, 188300, Russia6

b Institute for Particle Physics Phenomenology, University of Durham,7

Durham, DH1 3LE, UK8

Abstract: The possibility to observe medium heavy (! 50 GeV) instanton9

in di! ractive events at the LHC is considered. We show that there exist the10

kinematical domain (
!

i ET,i > 30 GeV,Nch > 25) where the instanton11

signal exceeds the background more than 10 times. In spite of the strong12

cuts the expected cross section is su" ciently large to study the instanton13

production in the events with Large Rapidity Gap at a rather low14

luminosities avoiding the pile-up problems.15

1 Introduction16

Instantons are non-perturbative classical solutions of Euclidean equations of17

motion in non-abelian gauge theories [1]. In the semi-classical limit, instan-18

tons provide dominant contributions to the path integral describe quantum19

tunnelling between di! erent vacuum sectors of the theory [2, 3, 4]. Over20

the years a number of phenomenological models and approaches were devel-21

oped where QCD instantons were either directly responsible for generating,22

or at least contributed to many key aspects of non-perturbative low-energy23

dynamics of strong interactions [5, 6, 7, 8, 9]. These include the role of in-24

stantons in breaking of theU(1)A symmetry and the spontaneous breakdown25

of the chiral symmetry, the formation of quark and gluon condensates, topo-26

logical susceptibility of the vacuum, and the non-perturbative generation of27

the axion potential. It can be argued that instanton-based models provide at28

least a qualitative description of the QCD vacuum, while their short-comings29

1
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Figure 2: Instanton production in a di ! ractive process with an LRG. The pomeron
exchange is shown by the thick doubled line. The red bar shows the range of!
considered in this paper.Y indicates the incoming proton position in rapidity. As
shown in the diagram secondaries will be produced outside this range but will not
be used when calculatingET or Nch.

momentum of thei -th particle and we sum over all particles observed in the
event within a given rapidity interval.

Finally recall that the decay of the instanton produces one additional pair
of each ßavour of light (mf < 1/ ! ) quark. So in the case of the signal we
expect to observe a larger number of strange and charm particles than in
background events.

9

Instanton cross-sections are large, but one needs to be creative in separating instanton

signal from large QCD background.


One such strategy is search for QCD instantons 

in diffractive events at the LHC: QCD background 

caused by multi-parton interactions can be

effectively suppressed by selecting events 

with large rapidity gaps


 


use multi-jet cuts


use low luminosity runs to avoid problems with large pile-up
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Figure 3: Multiplicity distribution of charged hadrons produced in the events
with the instanton (green) in comparison with the expected background (red).
The number of events is normalised to the integrated luminosityL = 1 pb ! 1 and
! ln(xP om) = 1 interval. We required events to have

!
i ET,i > 15 GeV and

Nch > 20, summing only over charged particles in the region 0< ! < 2 with
pT > 0.5 GeV, with an additional constraint that there is no charged particle in
this region with pT > 2 GeV (left Þgure), or no charged particle in the region
! 2 < ! < 2 with pT > 2.5 GeV (right Þgure).

considered as the total observed cross-section when/if one integrates over the
interval of xP om from 0.0018 to 0.005 (i.e.! ln(xpom) interval equal to 1).9

Our results are presented in Figs. 3 and 4. To further suppress the back-
ground we impose the following set of experimental selection criteria that
look realistic for the present ATLAS and CMS detectors. We exclude the
very low pT particles and consider only the secondary hadrons with trans-
verse momentumpT > 0.5 GeV produced within the 0 < ! < 2 rapid-
ity interval, as shown in Fig. 2. We select the events for which the to-
tal transverse energy of the charged secondaries (withpT > 0.5 GeV and
0 < ! < 2)10 is

!
i ET,i > 15 GeV and the number of corresponding charged

tracks Nch > 20. We also demand that there are no charged particles in this
region with pT > 2 GeV [left Figs. 3 and 4]. Plots on the right hand side in

9Note that in this region the dependence of single dissociation cross-section
d" /d ln(1/x P om ) is practically ßat as is shown in [25, 47, 48].

10We shifted the ! interval in the direction opposite to the LRG (or the leading proton
which has the negative rapidity) in order not to have gluons with too large x (where the
gluon density rapidly decreases with increasingx) from the pomeron PDF. Recall that for
xP om = 0 .003 the energy of the ÔincomingÕ pomeron is 21 GeV only.

16

Figure 4: Distribution over the transverse sphericity ST , Eq. (8), of the charged
hadrons produced in the events with the instanton (green) in comparison with
the expected background (red). The selection criteria used are the same as those
described in Fig. 3
.

Figs. 3-4 implement the constraint that no charged particles are present in
the region ! 2 < ! < 2 with pT > 2.5 GeV.

As is seen in Fig. 4 after the proposed cuts the instanton signal exceeds
the background by a factor of over (left) 8 (right) 4 and forST > 0.5 the
signal to background ratio S/B is even higher. Notably, in theNch > 20
region the expected cross-section is still rather large (" 1 nb). This allows
one to observe the instanton production in low luminosity runs without pile-
up problems.

The sphericity distribution is shown in Fig. 4. It is clearly seen that
while the background sphericity falls forST > 0.5 the instanton signal is
mainly concentrated atST " 0.7 ! 0.8. For ST > 0.8 the expected instanton
contribution is a factor of 10 greater than the background (for both sets of
selection criteria).

Finally, Fig. 5 shows the distribution over the number of neutral kaons.11

The selection criteria used are the same as those described in Fig. 3. As
expected the kaon multiplicity is larger in the events containing the instanton
and for NK 0 > 5 the S/B ratio is about 5 (for both sets of selection criteria).

11This can be observed via the (K 0)s # ! + ! ! decay.

17
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One can also consider central instanton production in diffractive events with two rapidity gaps:


Latest theoretical results look promising. More detailed phenomenological and ultimately 
experimental studies are needed and will hopefully follow.
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Figure 1: Semi-exclusive instanton production in a central di! ractive process with
two LRGs. (a): (gg) + ( gg) ! Instanton sub-process; (b): gluon-gluon fusion
sub-process similar to the Durham model [18]. The Pomeron exchange is shown
as a thick double line. Solid and dashed lines to the right of the instanton blob
denote gluon and quark jets while the dotted lines indicate the possibility of soft
gluon emission o! the incoming partons.

¥ instanton plus a spectator gluongs, such as,
IP + IP ! (gg) + g + gs ! Inst + gs,
IP + IP ! g + gs + g + gs ! gs + Inst + gs.

¥ Furthermore, large rapidity gaps can also formed by a photon exchange,

! + IP ! qøqs + ( gg) ! øqs + Inst ,
! + ! ! qøqs + qsøq ! øqs + Inst + qs.

The diagrams describing all these cases are shown in Figs. 1,2,3.

The photon-exchange initiated central instanton production processes
corresponding to Fig. 3 will be discussed in Section 4.

In Section 5 we present numerical estimates for the processes listed above
and also discuss the possibility to select events with a largepT jet formed
by the gluon or quark spectator. The large transverse momentum,pT , of
the jet is compensated by the instanton. This rejects contributions of large
size instantons and allows one to search for small size instantons in cleaner
theoretical settings. We present our conclusions in Section 6.
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Figure 2: Instanton production in central di ! ractive processes with two LRGs
and one (a) or two (b) spectator jets. Pomerons are represented by thick double
lines. Solid and dashed lines denote the gluon and quark jets and the dotted lines
indicate the possibility of soft gluon emission o! the incoming partons.

2 Gluons in the instanton background

Here we collect some useful formulae for the sum over polarisations and colour
indices of the initial state gluons computed on the instanton conÞguration.
These expressions will be relevant for computing elementary parton-level in-
stanton cross-sections for di! erent sets of initial gluon conÞgurations consid-
ered in this paper. SpeciÞcally, as can be inferred from Figs. 1a,1b,2a,2b, the
desired hadronic cross-sections! for these processes rely on the knowledge
of the following parton-level instanton cross-sectionsö! ,

! (1a) : ö! (gg)+( gg)! Inst , (2.1)

! (2a) : ö! g+( gg)! Inst , (2.2)

! (1b) & ! (2b) : ö! g+ g! Inst . (2.3)

Each elementary instanton cross-sectionö! is obtained via the optical the-
orem by computing the imaginary part of the forward scattering amplitude
in an instantonÐanti-instanton background. For example, for the instanton
cross-sectionö! g+ g! Inst with two gluons in the initial state, we have,

ö! g+ g! Inst (ös) =
1
ös

Im A I øI
4 (p1, p2, ! p1, ! p2) , (2.4)

where
"

ös =
!

(p1 + p2)2 is the partonic CoM energy, and the forward elastic

5
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Main sources of theoretical 
uncertainties

• QCD Instanton rates are interesting in the regime where they become large — lower 
end of partonic energies 20-80 GeV.  The weak coupling approximation used in the 
semiclassical calculation can be problematic. How to address: vary s’ minimal 
partonic energy cutoff. Or even better (when possible) to kill very low s’ with cuts.


• What is the role of higher-order corrections to the Mueller’s term in the exponent?


• Possible corrections to the instanton-anti-instanton interaction at medium instanton 
separations in the optical theorem approach.


• Non-factorisation of the determinants in the instanton-anti-instanton background in the 
optical theorem. (Instanton densities D(rho) do not factorise at finite R/rho ~1.5 - 2.)


• Choice of the RG scale = 1/rho. (can vary by a factor of 2 or use other prescriptions 
to test. In Ref. [1] we checked that )


• A practical point for future progress is to test theory normalisation of predicted QCD 
instanton rates with data. [The unbiased and un-tuned theory prediction is promising.]
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     HOW QCD instantons address criticism of EW sphaleron production 
in high-E collisions:

The sphaleron is a semiclassical conÞguration with

Sizesph ! m! 1
W , Esph = few " mW / ! W # 10 TeV.

It is Ômade outÕ of! 1/ ! W particles (i.e. it decays into ! 1/ ! W WÕs, ZÕs, HÕs).

2initial hard partons $ Sphaleron $ (! 1/ ! W )soft Þnal quanta

The sphaleron production out of 2 hard partons is unlikely.

Assumptions:
(1) the intermediate state had to be the sphaleron;
(2) the initial state was a 2-particle state;
(3) that one cannot create (! 1/ ! W )soft Þnal quanta from 2initial hard partons .
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the usual Euclideaninstanton. While theseobjects haveno evident topologicalmeaning, working
directly with Minkowski-continuedinstantonsis a convenientshorthandfor working in Euclideanspace
with ordinary instantons,then rotating the amplitudesback to Minkowski space where the LSZ
amputationprocedureis defined.We will seelater (section3.7) that the reasonMinkowski-continued
instantonshave mass-shellpoles is due to their structural similarity with Feynmanpropagators
GF(x, ~),~ being the instantonÕsposition.

How to explain the rapid initial growth in the B-violating crosssection?Mathematically,the reason
is easyto discern[25]. Look againatthe form of theHiggs componentof the instantonin momentum
space,eq. (2.11). Upon LSZ amputation,eachHiggs contributesa momentum-independentconstant,
namely2ir 2p2V, to the amplitude.(Thephasesexp(ik,. ~)just enforceoverall momentumconservation
when ~ is integratedover, so forget about them.) Therefore, on shell, the instantonacts like an
elementarymultiparticlevertex atwhich n~,Higgs lines meet.The absenceof momentumdependence
means that this vertex is pointlike, with no form factors to suppresshigh momentumtransfer. A
pointlike nh-point vertexwith ~h Ñ~ 1 Icc is highly nonrenormalizable,and like the old nonrenormaliz-
able four-Fermi theory of the weak interactions,leadsto a rapid growth in the crosssection which
violatesthe boundsimposedby unitarity if extrapolatedto sufficiently high energies.We havemadethis
argumentonly for Higgs productionbut a similar albeit more complicatedargumentis availablefor
gauge particles as well; at any rate the ÒHiggs-onlyÓcross section is a lower boundon the total
B-violating crosssection.

The pointlike on-shellbehaviorof amplitudesis an inevitableconsequenceof the 0(4) symmetryof
the instanton[27]. And so it was originally believedthat if a distortedinstantonwereusedinstead,one
with lower symmetry,the growth of would besharplycurtailed,ando-,~.would remainexponentially
tiny. Yet that is not necessarilytrue! Indeed,a particular class of distortedinstantons,where the
distortion is dueto the back-reactionof only thefinal-stateparticleson the instanton,will be discussed
in sections3.4Ñ3.6 below [28Ñ30].It will be seenthat despitethe lower symmetry, 0(3) instead of
0(4), o~in thisapproximationstill grows observablylarge at energies~45TeV [30],out of reachof the
SSCbut neverthelessformally of order ESPh

5I.
Thus,in the eventthatB violation turns out to be exponentiallysuppressedevenat severaltimesthe

sphaleronenergy, the initial-state quantamust play an essentialdamping role. What does physical
intuition suggestin this regard?The answeris, it dependson oneÕsphysicalpicture of what are the
essentialconfigurationsthat dominateo~.We outline two contrastingphysicalpicturesbelow:

Thepessimisticpicture. As the old sayinggoes,ÒYoucanÕtmakea fish in ap~colliderÓ(fig. 3). The
basic reasonis that a fish is a heavy extendedobject whose spatial extent is much greaterthan its
Comptonwavelength.It thereforeconsistsof a very large numberof soft quanta,eachone of which
should cost roughly a factor of a to produce. Now supposethat one conceivesof high-energyB
violation as happeningprimarily via sphaleronproduction,

2 hard initial quantaÑ~sphaleronÑÖ7rIa~soft final quanta. (2.21)

Fig. 3. ÒYoucanÕtmake a fish in a p~collider.Ó

  from Mattis PRpts 1991

But in QCD instantons are small

[A `small fish’ compared to the EW case]


This criticism does not apply 

to our QCD calculation 


