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State-of-the-art methods for

multi-loop MS counterterms

R*(local&global) 5-loop QCD,...
Massive tadpoles 5-loop QCD,...
Graphical functions ~ ¢# up to 7 loops




This talk: focus on R* approach

Formalism
> Hopf algebra

Automation " Applications

Tensor reduction Scalar EFT




What is R*?

A generalisation of BPHZ to Euclidean IR divergences
[1982 Chetyrkin, Tkachov; Smirnov]

R*(I") = finite

A

an offshell Feynman diagram By adding counter-terms associated
to UV- or IR- divergent subdiagramg



2-loop example
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General structure at L loops
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General structure at L loops
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UV counterterm



General structure at L loops

Z Z(S )« I'/S\ S
SCI,SCT
Sméz@
UV counterterm
( N Z(3 )« T/S\ S)
SCI’, SCF
SNS=0

IR counterterm

Z(Dy) = —K( ST Z(8) % Z(S) #Ty/S\ s)
SCI(,SCTg
SNS=0 10



Hopf algebraic formulation of R*

with M Borinsky and R Beekveldt
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Hopf algebraic formulation of R*

with M Borinsky and R Beekveldt

Introduce IR and UV coactions for IR and UV divergent graphs:

AUV Z Yuv 03¢ I‘/f)/UV A.I/\P/{l Z Ymm X F/ﬂ)/mm

yuv el Yrom CT Lﬂﬁg

= TR
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Hopf algebraic formulation of R*

with M Borinsky and R Beekveldt

Introduce IR and UV coactions for IR and UV divergent graphs:

AUV Z Yuv 03¢ I‘/f)/UV A.I/\P/{l (F) — Z Ymm X F/ﬂ)/mm
yuv el Ymm CT \gﬂ'ﬁ#ﬁ
= 7R

The coactions are co-associative:
(AUV 24 ld) @) AIR = (ld & AIR) @) AUV
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Hopf algebraic formulation of R*

with M Borinsky and R Beekveldt

Allows to rewrite the original R*-operation:
RT)=m'Y o (Z® ¢ Z) o (idoART) o AUY(T)

=YY Z(uv) 6(mm) Z(T /70y /)

YUV (;]-_1 Yrmm (;P;fﬁ.frUV
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Hopf algebraic formulation of R*

with M Borinsky and R Beekveldt

> UV and IR counterterms are related via the antipode
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Hopf algebraic formulation of R*

with M Borinsky and R Beekveldt

> UV and IR counterterms are related via the antipode
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R* Automation

lts mostly just recursion and EI

basic graph theory algorithms

Z(F):-K( > Z(8)x2(8)«T/S\
iy
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R* Automation

And Taylor expansion

n'Z(H z<g>) (LoD

71=1
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R* Automation

And Taylor expansion
1 o
L 7o = S (Ie) 2ql o
. ( J=

> Reduce higher degree divergences
to logarithmic ones

> log counterterms are independent
of external kinematics, allows for arbitrary IRR

dPk 1 @ dPk 1
@\ —Q - / mD/2 ((k+Q)2 I —k) = {k /@\ L ] k2:1/ﬂp/2 (k 4+ Q)2(k2)1+(L—1)e
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R* Automation

And Taylor expansion

nvZ(H z<g>) (LoD

Cons j=1
> Many terms+and many indices are created in the
process.

> Tough tensor reductions of vacuum integrals!
> For the 5-loop beta function required up to rank ~18
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Tensor Reduction: basic problem

I/‘lfl-..,un — Z g)u’a(l))u“o(2)“g/‘l’a(n—l)/‘l’a(n)Io_(l)“'o_(n)
oeSy

- Number of scalar coefficients:  |S5| = —-——7 = (n — !
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Tensor Reduction: basic problem

I/vbl...lin — Z g)u’a(l))u“o(2)“g/‘l’a(n—l)/‘l’a(n)Io_(l)“'o_(n)

cesSy
: | nl
> Number of scalar coefficients: |S%| = PR = (n — 1)!!
n 2 4 6 8 10 12 14 16 18 20

Sy 1 3 15 105 945 10,395 135,135 2,027,025 34,459,425 654,729,075

- l.e. Passarino-Veltman reduction would lead to solving a
dense 135,135x135,135 linear system at rank 14!
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Tensor reduction: Projectors
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Tensor reduction: Projectors

Define projector P(o) = PHe)-Ha(n) such that P(o) - g(o') = 650

then
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Tensor reduction: Projectors

General Ansatz  P(0) = »  c(0,0") g(o”)
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Tensor reduction: Projectors

General Ansatz  P(0) = »  c(0,0") g(o”)

We constrain the coefficients using symmetry
(stabilizer) group of g(o): 4

L/
So X -+ % Sy X Sy / 3 \
Va Yo ¥ Y 1

uipo Juspeg -+ - Ypn—1pn ___—n
N n—1
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Tensor reduction: Projectors

The orbit partition formula:

k sums over orbits:

P(g) — E Ck E g(T) C, : sets of permutations
which are related by internal
f k T7€CL(0) symmetry group.
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Tensor reduction: Projectors

The orbit partition formula:

k sums over orbits:

P(O') — Z Ck Z g(T) C, : sets of permutations

| which are related by internal
k T7€CL(0) symmetry group.

Example: Projector of ¢"'"?¢""* (G:12,3¢:4,126534)

PN1M2M3N4 = C1,1 Gurpo9uzus TC2 (gum3gu2u4+gu1u4gu2u3)

J
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Tensor reduction: Projectors

in preparation with J. Vermaseren, J Goode and Sam Teale

- Can label orbits (independent c,s) T :
by integer partitions of n/2 DG

> Integer partitions < cycle structure o
of bi-chord graphs o ~




Tensor reduction: Projectors

in preparation with J. Vermaseren, J Goode and Sam Teale

- Can label orbits (independent c,s) T :
by integer partitions of n/2 DG
> Integer partitions < cycle structure o
> N
of bi-chord graphs g o
> Qrbit partition tames growth of system —
size: >
n 2 4 6 8 10 12 14 16 18 20 grhitieghetsghars — 3/ \6 & [
[S# 1 3 15 105 945 10,395 135,135 2,027,025 34,459,425 654,729,075
p(y) 1 2 3 5 7 11 15 22 30 42 +$ 5

Extension to spinors in progress



Application: Scalar EFT

arxiv:2105.12742 with W Cao, T Melia and J Nepveu

Compute higher orders
both in loop and EFT
expansion with R*:

> (Great testing ground
for method

> Investigate non-
renormalisation 6 g 10 12
th eO re m S Mass dimension

® Real
= Complex

Loop order
w I

[\

[S—

O

4
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Scalar EFT Basics

- Lagrangian
L= £(4 (¢7 IL¢ + Z An-4 Z ~b(n b(n
n>4

- Basis of operators not unique
> Redundancies IBP and Field redefinitions

> Gouplings mix under n) n) (n)
renormalisation R =2 %6
j
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Complex scalar operators

at mass dimension 8

oY — L S—p—" » dots = complex fields

. > Circles= complex conjugate
OF) = —— oo to __;E fields

> Lines= contracted pair of

of = T, 705,708, derivatives
ote % g > Conformal Primaries:
1 1 1 oo 05 = o
TRCRPREEI R o = 2o+ (0 + 0f)
0F _ e o0 O (x,y) = (5 — y)OF) + 2008 + 200, — 420 — 420)
2 + (4y — 162) O} + (4y — 162)O5) + 4yO) + (362 — 8y)O)

)
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Anomalous dimension matrix

at mass dimension 8

- Most zeroes were expected by a selection rule by Bern et al.
> Two unexpected zeroes were found!

P odr g2 oY" g O 00 g O 0.
299 — 409¢> _ 24042 5425169 B 958351492 _88§6g n 1598594g2
+<2352<3 n 57;65)93 +<2304C3 4 5882) g +(4083§64c3 + 557%313)93 _ (713656443 T 928115093)93
4g — 12292 _ 679 142094 164g _ 9233g2
09+0g°+0g° ] 20216 i 6056 0
N +(216(3 + %)f _< 1 Gy 32§§ZO5>93 +< ] G 4 27142092691)93
Tor = 11g _ 29¢° _4g | 10579
9 3 5 | 5 3 180 3 540
0g +0g” + Og 0g9+09” + 703 _(32¢ 4+ 970911 /3 _(16¢ 4+ 10868 3
3 9720 )9 3 1215 )9
, 469  14557¢° _19 280992
0g + 0g? + 0g° 0g+0g° + 1;,33 ; 133(0)01 3 176? 715%9 3
+<96<3+ 2430 )9 _( 5+ “or30 )9

which multiplies the couplings of

{Oég)c ’ O((is)c’ 04(18)6(1,0) ’ 04(18)0(0,1)} .
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Similar at mass dimension 6

)¢ 6)c
g2 0y g O

[ 1ag— 255 (8166 + ) O] 5 + (216G + 42)g* )

_ (% — 2892¢4 + 23320¢5 + 882%) gt _ (78343 +8100C; + 14019 ) g4

6
-
13¢ 383 3
) —g+T—(36¢3+W)g
0g+0g2H-0g° [+ 2

\ 6 "‘(% — 1234 + 560¢5 + %)g‘l)

> The existence of upper right zero appears only in the
conformal primary basis — we have little understanding why

> The lower one seems basis independent and we have no idea
why it appears.
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and mass dimension 10

(10
.‘11010 .

509 — 172542

2

0gH-0g?

0g + 0g>

0g + 0g?

0g + 0g?
0

0g + 0g>

0g + 0g?

,(/:; Oél“)(

0g |- 11254

159 —
0g+0g2
0g+0g>
0g+0g?

0g + 0g?
0g + 0g?

38542
2

g° Oém)('(mm))

4125009 61613665g2

g° Oém)"(u.u).m

3300g 196552

2(9 (0,0,1,0)

1419009 67340252

(10)c
g Oo (0,0,0,4)

7
1474g i 83689g

359 67838992

6 15120
4g _ 331g2
3 630

159 _ 24710992
2 5040
0
0g+0g?
0g+0g2

7 6
2349 | 386467g>
+ 315
g , 24379g2
6 T 120"
_ 29 _ 5401¢?
3 945
_ g _ 412762
2 1680
0
2
0g+0g
0g+0g>
g+0g

7 14
3269 _ 4577¢%
7 7
Tg _ 28265g>
6 3024

149654
29 — 756
7g  31333¢2

2~ 71008
0

0g+0g2
0g-+0g?

o o o o o

(/O (10)c (1,0)

_500460g 313765159>
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7

43732g + 5863532¢°
— 315

1006g + 124957192
105 15120

41599 + 3146033g°
105 7560

1769g 243011¢%
+
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77092
o7 0
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Summary & Outlook

> R* formalism

> Discussed Hopf algebra framework to streamline operations,
e.g. IR counterterm via antipode relation

> Discussed high rank tensor problem with R*
> Presented an orbit partition formula for the projector
> In progress: extend to spinor indices

> Finally discussed application in Scalar EFT
> Two new zeros were found in mixing matrix
> In progress: Extending non-renormalisation thms to multi-linear mixing
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