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Introduction

1 [Kotikov, 1991], [Remiddi, 1997]
IntrOd UCtlon [Gehrmann, Remiddi, 2000]

Differential equations are a powerful approach to computing master integrals.

The effectiveness of differential equation methods is especially striking when applied to

polylogarithmic integral families that (often) admit an e-factorized (canonical) basis.
[Henn, 2013]

 Numerical approaches to solving differential equations can be efficient, precise, and

may extend to cases beyond multiple polylogarithms or elliptic generalizations thereof.

e.g.: [Lee, Smirnov, Smirnov, 18], [Mandal, Zhao, '19], [Moriello, '19],
[Bonciani, Del Duca, Frellesvig, Henn, MH, Maestri, Moriello, Salvatori, Smirnov, '19],
[MH "20], [Abreu, Ita, Moriello, Page, Tschernow, Zeng '20], [Liu, Ma, '21]

In this talk, | will review the iterative series expansion method for solving differential

equations and present some recent developments.



Introduction

Differential equations

« We consider a family of scalar Feynman integrals:

l n+m —a; B
I — / H ddk Hi:n—l—l Nz d= dint — 2¢
A1ye - sQnim 2 - o 5 5 .
' 1=1 H'?zl D?C,L Dz = —(q; + m; — 10

and a basis of master integrals I. Taking derivatives on kinematic invariants and

: : N [Kotikov, 1991], [Remiddi, 1997]
masses, denoted x;, and performing IBP reductions, we obtain: [Gehrmann, Remiddi, 2000]

Op, I = M, ({z;},6) T

]

« We aim to solve these differential equations. Since they are of Fuchsian type, they admit

convergent (generalized) power series solutions (See e.g.[1212.4389], [1411.0911]
[1702.04279))



Introduction

Canonical differential equations

 In many cases the differential equations can be brought into a canonical form:

[Henn, 2013]
See also:

OB OA - , - o [Lee, 1411.0911]
=€ B, dB=e¢dAB [Prausa, 1701.00725]

855‘7; 8:132 [Gituliar, Magerya, 1701.04269]
[Meyer, 1705.06252]
[Dlapa, Henn, Yan, 2002.02340]

- Consider aline:  «:[0,1] — CI®
T = (7331 (.’IJ), IR a')/mﬁ(ffz'))

. o0 —»(J) _ The boundary conditions must
° Then Order-by-order we have: B(.’B, E) — Z B (33) 6'7 still be determined in some way.
j=—N
1 v
—(2 —(2—1 — (7
5%01) = / A B Vaz+ B (0)
0
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Series expansion methods
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Series expansions (canonical basis)

Let us expand the matrix as a power series: A, = 2"

i Co2? +0 (x”“)]

p=0

Using integration-by-parts, we can write:

/%log(af:)” — n—ll— - log ()" / ™ log(x)" = ™t Z cjlog(z)? (form # —1)

Thus, all the integrations can be performed in terms of (generalized) series expansions:

B(k) == ZZcmnx log(z)™, c¢un€C, 0>2reQ

n=0m=0

We may similarly integrate non-canonical systems in terms of series expansions (but we leave

out the details here.)



Series expansion methods

Series expansion method

Set up a linear system of differential equations.

Reduce multi-scale problems to single-scale by integrating along a one-dimensional

contour.

Split up the contour into multiple segments such that series expansions converge on

each segment.

Find series solutions of the integrals along each segment, and fix boundary conditions

by matching neighboring segments.

Cross thresholds by assigning +ié to logarithms and algebraic roots in the solutions.



Series expansion methods

(History) Series expansions

* This strategy was demonstrated in [F. Moriello, 1907.13234] for the computation

of planar integrals relevant to H+j production in QCD at NLO

A B C D

Figure 1: The four planar integral families contributing to two-loop H+j-production in

QCD.

« Simultaneously, in a larger collaboration, we applied these methods to the

computation of non-planar H+j integrals: NG nnst NG /

k1—ps ka—p3

5 7 L
éﬂol +p2 kl_pg‘ 1 —ka+ps

6

[R. Bonciani, V. Del Duca, H. Frellesvig, J. M. Henn, MH, L. kl‘

/ .\kl—k‘Q / 2 katp1+p2
. . . . 5 4
Maestri, F. Moriello, G. Salvatori, V. A. Smirnov] 2 Z — —

A ki1+p1 k1—Fka—pa ﬁL } ‘p1+pz+1&\

\
[Bonciani et al, 1907.13156]  [Frellesvig et al, 1911.06308]



Series expansion methods

Example: H+j integrals

1 2

3
P12
10,11 12 13
P12 P13 Pr
P4 P4 P4
P3 P2 P2
18,19,20 21,2223 4,25,26
pr P2 pi '?54 P1
P3 P2
33,34 ° 35,36 37,38
P1 Pi Pi Pa
j2p) P4 P2 P2
D3 P3 P4 P3
47-51 52 53
P2 P2 :X
Y241 P13 p1 p2
P3 P4 P4 P3 N2
62-65 66,67 68-73

(family F)

P12/ N\p12 P13/ \P13  p23/ \Po3
45 6,7 8,9
D23 /P4 P13
D2 P13 P2
P3 2 p4’l
14 15,16 17
iP4 D13
P13 D2 13‘_13<>124 P2 P4
P2
27 28,29,30 31,32
2! P2 D1
%>& %>124 P3 P4
P3 D3 P2
39,40 41,42,43 44,45,46
P2 N pi Do
pr Py P pi s
p p pz \?4
54 55 56,57 58-61

Elliptic sectors
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Series expansion methods

DiffExp

A general implementation of these methods is implemented in the Mathematica package
DiffExp, introduced in arXiv:2006.05510, (available at https://gitlab.com/hiddingm/diffexp )

DiffExp accepts a system of differential equations of the form
8 . ~ o0
—f({S}0) = A f({S} o) Aulz,e) =) Al ()
Js —
for which the matrix entries are combinations of rational and algebraic functions

It enables one to numerically integrate various multi-scale Feynman integrals at arbitrary points

in phase-space, and at precisions of tens of digits (or higher)

Various new packages are also showing up, e.g. SeaSyde and AMFlow, implementing new ideas

and techniques.


https://gitlab.com/hiddingm/diffexp

Series expansion methods

Special functions c@. ua= [ 7560 et for azec

weight n

 Let us see how we can use DiffExp for evaluating MPLs. Note that:

G(1,2;2) 0 7= 0 /G(1,2;2)
0. G(%2) | =10 0 G(2; 2)
1 0 0 0 1

 For which the boundary conditions are (0,0,1) at z = 0.

« After building a wrapper function, we can evaluate any MPL.:
G[1, 2, 3] /. G- GEvaluate // AbsoluteTiming
{e.210704, (-3.770321147614654297611933 + @. x 10%/ i) +9.59146 x 10 %° pm |

G[-1+I,1/2,1/4] /.G - GEvaluate // AbsoluteTiming

{@. 224892, (-0.037843655542722548767317976280272 - ©.032401313158193018998614285553716 1) + 2.91955 x 10 ** pm}



Series expansion methods

Special functions

» Under normal circumstances, the timing lacks behind GiNaC.

 But, in edge cases, we can beat GiNaC:

G[1l, 2, 3, 4, 5] /. G -» GEvaluate // AbsoluteTiming Ginsh[G[1, 2, 3, 4, 5], I{X"x}] // AbsoluteTiming

G[1, 2, 3, 4, 5, 6] /. G- GEvaluate // AbsoluteTiming Ginsh[G[1, 2, 3, 4, 5, 6], {x~x}] // AbsoluteTiming

G[i, 2, 3, 4,5, 6, 7] /. G- GEvaluate // AbsoluteTiming Ginsh[G[1, 2, 3, 4, 5, 6, 7], {Xx- x}] // AbsoluteTiming

G[1, 2,3, 4,5, 6, 7, 8 /. G- GEvaluate // AbsoluteTiming Ginsh[G[1, 2, 3, 4, 5, 6, 7, 8], {x-x}] // AbsoluteTiming
Gf1,2,3,4,5,6, 7,8, 9] /. G- GEvaluate // AbsoluteTiming Ginsh[G[1, 2, 3, 4, 5, 6, 7, 8, 9], {x > x}] // AbsoluteTiming

G[ri, 2, 3, 4, 5,6, 7, 8, 9, 10,
11, 12, 13, 14, 15, 16, 17, 18, 19, 20] /. G » GEvaluate // AbsoluteTiming

{0.091646, 1.6095226224403311158810149666544926923}

0.390622, 0.71789987161399442910474431842108605647 i
{1.08976, (1.60952262244033111588101496665449269230020513047 + 0. x10 *° i) +3.70371x10 *® pm} { ’ =

45 a8 {2.40738, -0.26582341298336027219930343877387480812}
{1 .67828, (0 .x10777 +0.71789987161399442910474431842108605646469682529 J'L) +5.19787 x 10" pm}

I {14.3798, -0.0841723822988754201685446103049463215116 1}

{2.41852 , (-0.26582341298336027219930343877387480773417067112 + 0. x 107°° i) +4.73081x 10748 pm}

{84.4906, 0.023286104182601022207577211044712622530}
{3 .32486, (0 .x107% - 0.084172382298875420168544610304946321745592846631 1'1) +2.6084x10 % pm}
{4.45558 s (0 .023286104182601022207577211044712620080786210006 + 0. x 10 1 1'1) +6.62625x10 pm}

{26.3489, (0.x107" - 4.6560546132501809204467164540854133971365381x10 ** i) + 3.59355x 10 > pm}



Series expansion methods

Special functions

« We can also evaluate generalized hypergeometric functions, such as the Appell

functions. For example, we have with Fi(z,y) = Fi(a, by, b, c;z,9)

O*Fy (z,y 0*Fy(z,y OF (z,y OF (z,y
m(l—a:)%—l—y(l—m)%y)—l—[c—(a—l—bl—1—1):19] 18(3; ) — b1y 1(‘53; ) —aby Fi(z,y) =0
azFl(may) azFl(may) aFl(way) 8F1($7y)
l—y)——— 1— — b 1 —b — aby F =0
y(1-y) Y +z(1-y) 920y +lc—(a+b+1)y 9y 2T aby F1 (z,y)
: : . 0 0 1
« This can be combined into: Fi(z,y) , . Fi(,y)
O | OyFi(z,y) | = |7 = = OyF1(,y)
—ct+z+az+h (ltalby
0, Fy(z,y) R L e = A STC )
Fi(z,y) 0 1 0 Fi(z,y)
abs (z—2y)bi+(z2—y) (—cty+aytyds) (—1+z)ab,
ay ayFl (ZL', y) — | y—? : (t1+yg)fy(—mJ—rgy) = (—14+y)y(—z+y) ayFl(ma y)
BwFl(a:,y) 0 —mb—_ly mb__zy 6$F1($,y)



Series expansion methods

Special functions

« Using the boundary conditions (1,ab,/c, ab;/c) at x = y = 0, we may use DiffExp to evaluate

the Appell F1 for arbitrary (real) x, y.

» Forexample, Fy(1,1/2,-3/2,5;3/20,1/2) :

Lo ab2 abil
F1BoundaryConditions = {1, —_—, —}
C

/.{a-»1,bl>1/2,b2-5-3/2, c->5}//
(o}

PrepareBoundaryConditions[#, {x1-»>3/20x, y1>1/2x}] &;

Res = TransportTo[F1BoundaryConditions, F1BoundaryConditions[[1]]]; // EchoTiming
Res[[2, 1, 1]] +pmRes[[3, 1, 11] // N[#, 40] &

0.437219

4- 0.8683725567150101477163534326556218507347 + 1.78536x 10 >* pm

 Although the timing is not quite competitive with Mathematica's inbuilt function, this

approach is straightforward to generalize to other hypergeometric functions.
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Boundary conditions



Boundary conditions

Boundary conditions

* In order to solve a system of differential equations, we need to provide boundary conditions at

some appropriate kinematic point or limit.

 Various possibilities exist:

 Analytic results using expansion by regions [See works by Beneke and Smirnov], [Jantzen, Smirnov, Smirnov, 1206.0546]

Determine boundary conditions by imposing the absence of pseudo-thresholds [See e.g. works by Henn]

Numerical boundary conditions for a finite basis using pySecDec / FIESTA

The auxiliary mass flow method and AMFlow [Liu, Ma, 2107.01864]

The “iterative Feynman trick” method discussed in this talk! [MH, J. Usovitsch, 2206.14790]

* Note that asymptotic limits have to be taken carefully in order to get consistent results in

dimensional regularization.



Boundary conditions

Boundary conditions in asymptotic limits

 Typically, we consider a limit where most of the external scales vanish, such that

the Feynman integrals simplify as much as possible. "

« However, we can not in general commute the limit and the integration. » »O—'

 Let’s consider the example of the massive bubble: m
—p —\/4m2
eVE€ p 1 210g ( /——p _ /—4m2 )
1l —e /d k1 2 o 2 2 O(e)
VT (—k2 + m2) (—(h—l—p) +m2) V —p*\/4m?2 — p?
2 (log (—p?) —1
* In the limit m? = x, with x 1 0, we obtain: ~ — (log (~p l 08(2)) + O(x)



Boundary conditions

Boundary conditions in asymptotic limits

Suppose we took the limit inside the integrand. This yields:

yme (5 d/2 —1 1 _ 2 _210g(_p2) E
© ( d/) /ddkl(_kf) (—(kl +p)2) p’e p? o)

The kinematic singularity has been transformed into a dimensionally regulated pole, yielding

a different result than before!

The situation becomes clearer if we consider the limit in closed form in e:

YE€ 1 | : 2\ "€ ['(—¢)2
.e /ddkl 5 ~U _E'}'EEF(;) E( p ) ( E) —|— 2:{:_1:_
(—k2 4+ m?2) (— (k1 + p) +m2) p I'(—2e)

We reproduce either result by taking only the Taylor series part, or also including the term

proportional to x ¢!



Boundary conditions

Boundary conditions

» The problem of finding boundary conditions numerically has been significantly Auxiliary mass flow:
- [Xiao Liu, Yan-Qing Ma, 1801.10523]
advanced by the auxiliary mass flow method. [Xiao Liu, Yan-Qing Ma, Wei Tao,

Peng Zhang, 2009.07987]

» The central idea is to deform integrals by a complex mass:
AMFlow package:

Lie / L 4Py, .D;{’jfflﬂ DY | [Xiao Liu, Yan-Qing Ma, 2201.11669]
1 inP/2 (D +i01)" - (Dg +i0T)™
J
mod (¢ ) [ dPe; 1');(1:?1 - D™ '
TinP/2 (D1 + A xin)™ -+ (Dk + Ak x in)™

» The original topology is recovered by: I(e) = lim I;“Od(e, n).

n—0
« And solved via: aifmd(e, n) = Ale, n)med(G, 1)
n
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Direct integration

“Direct” integration

« Consider a scalar Feynman integral: Where:
[ ddk n 1 d:dint — 2¢€
V: Vn({s'wmz} d) f d .
: 31:11 '[,71'% };[1 DJJ Dz = _qz2 -+ mf — 40

A formula by Feynman tells us that:

v—1 vp—1 _ n _
1 T'(v) /1 - r ...x) (5(1 2 i1 azj)
(¥n) Jo (

D’ljl D;” F(Vl)...r x1Dp+ ... —|—.’BnDn)y

?

 This gives the well-known Feynman parametrization:

T'(v—1d/2) Yy s .
Iyl,...,un HJ 1F VJ) (Hd$3 ) fV 142 5 1—236]




Direct integration

Direct integration & differential equations _

[MH, Moriello, 1712.04441], [Papadopoulos, Wever, 191 0.06275j
* Alternatively, we may apply the formula recursively to two propagators:

Dy =x1D1 + (1 — 21) Do
D193 = €9 D15 + (1 — x2) D3

Dy .n=xn 1Dy (n-1)+ (1 —2p1)Dy

« And we define a collection of integral families:

[ d n
() - (1] d’k; \ __,, [T 0%
Iyl".',ynn — /( | ) i )Dl...(li+1) ' Dj fOI' 0 S H < n - 2,




Direct integration

Direct integration & differential equations

« Example: n = 4 propagators

(0) : ddkj —V1 V2 Vs Vs
L) v =1,..=[|]] — |P1"Dy"D;" D,

j=1 T2
[ d
d’k;
1 —v1 V—V2 YV
ILEI.)..V4 /(H ) dJ)DlleS D,

l d
dk;
3 J —1
-[151.)..1/4 = /( 4 )D1234
j=1 12

* The orange terms may be added to maintain the same number of propagators / numerators

for IBP reductions.



Direct integration

Direct integration & differential equations

« Upon integration we find

I V1 + 1 _
1 (k-1) — ( ) dmmfcyl_l(]- - wﬁ,)yz 11-15':)-1/ v v
Vl"”’vn—(ﬁ:—l) F(Vl)r\(yz) 0 Y 1 29V/3 4. « s Un_g
assuming that v; and v, are positive.
* For subsectors, it holds that: For example:
(k—1) _ 7(8)
IOaOaVS:- « s Vn—(k-1) o IOaVS:- «sVn—k
(k—1) T (%)
v1,0,v3,. . “Vn—(k—1) T wli'gl IV13V3;. « o Un—g
(k—1) T (%)
0,1/2,1/3,. . '5Vn—(n—1) _ w]:'go IV23V31- . -5Vn—h‘,

» Thus, all integrals in step k — 1 are determined from integrals in step k.



Direct integration

Direct integration & differential equations

* Note that by iterating the integration formula, we find:

F(V) ] ! i—1 =1 (n—1)
I, ., = [/ deja®’ '(1— 2" | L
1,---’ n F(Vl)...F(Vn) ( \/()\ wjmj ( x])

J=1

» The recursion ends at a “generalized tadpole” integral:

~v—(l+1)d/2
) _ / li[ddkj po LU/ U
v d 1...n F(V) ji"”'_ld/z

j=1 im2

n—1
+ Where U and F are rescaled versions  z; — &} = [[ :
1=1

of the standard Symanzik polynomials: n—1
Tj— T = (1_$j_1)H$i forj=2,...,n—1
i=j
T, =z, = (1— 2, 1)



Direct integration

Direct integration & differential equations

« The recursion allows us to obtain boundary conditions for all families (k).

1. Set up a system of differential equations:

—(k) -
0, I =M,]I

(k)
2. Transport boundary conditions to obtain a piecewise solution between 0 < x;, < 1

3. Integrate the expansions according to the recursion formula:

_ F(Vl + Vz) 1 _ ~1 (k)
[y /d,i.,”111—,ﬁ.,"2 L"
15+ sVn—(k—-1) F(I/l)r(l/g) 0 Ll ( L ) V1+1v9,V3,. o o Un—k

 The first boundary condition is just:

LAk T(v—1d/2) U
0= (122, - et

j=1 iﬂ'% F(V) jf'y_ld/z

—(1+1)d/2




Direct integration

Regularization

* In general, there may be non-integrable singularities at the boundaries x, =
0,1ase - 0!
 (These are exactly the kinds of singularities that are resolved in the sector decomposition

method.)

« Decompose the integrand as follows nearx = x,, = 0
22 (1= 2) " . = 9(2) = go(@,€) + 3 g1 (x,€) + ...+ gy (w, €)

» Then we use the following regularization formula:

/Ocdma*b@gj(m) B /Ocda: (1af;bilb€) ( (2+ a:r be) 9;(z) — (1 — %)g}(m))




Direct integration

Regularization

 Singularities at the boundaries are also a problem for the limit formulas:

(k—1) _ 1K)
IOaOaVS:- « s Vn—(k-1) o I07V3:- «sVn—k
(k—1) — Tim 7
v1,0,v3,. . “Vn—(k-1) T wli'gll IV13V3;. « s Vn—k
(k—1) — Tim 7
0,1/2,1/3,. . '1Vn—(n—1) T mli'glo IV27V31- . -5V'n—h‘,

» The resolution is to keep only the Taylor series part
90(33, 6) _|_ i5a1+blsj (i?, E) | __ | iaak—FbE& ; (ii, 5)

and evaluate the limit of go(x,€) at x = 0.



Direct integration

5-point 2-loop example:

S55
> =
P1 Ps
P3
-
P2 P4
> <
D1:(l€2—p1—p2—p3—p4)2 ; DsZ(kl—p1)2 , Dg:(k2—p1—p2)2
D2—(/€2—p1—p2—p3)2, Dg = k7, Do = (k1 —p1 —p2 —
D3 = k3, D7 = (k1 — ko +p3)2 . Dy = (ko —11‘91):2 ,
D, = (k‘l — P —p2) ) Dg = (kl - k2)2 .
2 2 2 2
p1=p3=p3=p; =0, pl'p22312/2a pl'p32813/2:

5p
V1,V2,V3,V4,V5,Ve,V7,V8,V9,V10,V11

—V9 )y~ V10 )~ V11
DQ DlO Dll

/ d?k; d%ks
it ixt DY DYDY DYDY DYDY DY

?

p3 — p4)2 )

P1 P4 = 814/2:
P3 - Pa = S34/2,



Direct integration

5-point 2-loop example:

« We combine the propagators in the following way:

[terative Feynman trick

j input output Number of master integrals
1 — uncombined 142

2 {D1, D5} D15 69

3 {Dy, D5} D5 32

4 {D-, Dg} D~ 16

5 {D12, D3} D93 8

6  {Dus,Ds} D56 4

7 {Dlgg, D456} D123456 2

8 {Di2sase; D7s}  Diasasers 1

» The choices are motivated by first combining propagators which have the

same internal momentum. This leads to simplifications of the graph.



Direct integration

5-point 2-loop example:

P1

P3 —P1 — P2 — P3 — P4l
> <

T)Q 111 +(1—T1)D2

A P11

* Note that: D, = (k2:p1 — P2 — D3 —P4331)i —z1(1 — 1) (—pi)

7

"

Q M



Direct integration

5-point 2-loop example:

)1 T P22 N o
e L g \_pl — P2 — P3 — P4y
> y «

Dyxo + (1 — x2)Ds

A (1 — T2)p2 + par1




Direct integration

5-point 2-loop example:

We evaluate one of the most complicated master integrals at the numerical point

S14 — 3, S13 — —11/17, S93 — —13/17, S12 — —7/17, S34 — —7/13, 855 — —1ind=4—2¢

I 111000 = E%( — 80991.44634941832815855134956686330134244459)  + =( — 4428755434.16119754697555927652734791719—
816059490.9121954293880684591661976487197)+
£2( — 23085640630.259889520777994526537639199—
303701.84533500293424001259182549353163494297 3082008606.7551294811504215473642629605¢ )+
3 ( — 110164352209.7092412652451 256610943938 —
10252510409.42185691550687766152353640)+
4251651.649659801661147742722015336765805807 ) 4(— 497619560130.01520027919200863 1531920

1
—|—E—3( — 1176854.140501650857516200908950071824160111—

1
+5_2( — 13432835.8477692962185637394931604891797674—

41 ((—111346171.63704503288070435527859004232921 — 30796992268.35160868705665595507541047).

€
32927342.3956883303000216657885568019681762’)
—|—( — 763045644.5561305442093867867513427731742—

183231121.40487741467886614905312052821 19?',)



Direct integration

Computational complexity (IBP):

* Combining two propagators leads to integral families with less master integrals than

the deformations from auxiliary mass flow, and in turn faster IBP reductions:

Topology No deformation | Combined propagators | AMFlow
topo7 31 19 31
topo7 with m; =0, my =0 8 12 21
op 142 69 191
5p with s55 =0 108 69 174

* We found that the IBP reductions were 66 times faster compared to auxiliary mass

flow for the 5p family. (However, our current implementation is slower on the

series solution side.)



Conclusion

Conclusion

» Series expansion methods allow for obtaining high-precision numerical results for

multiloop Feynman integrals with multiple scales.

 The Mathematica package DiffExp can be used for computing user-provided

systems of differential equations.
* The “iterative Feynman trick” technique allows us to integrate one Feynman
parameter at a time numerically from differential equations.
* The resulting IBP reductions are less complicated than for the initial topology!

* The approach can be fully automated.



Thank you for listening!
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Backup slides
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3-loop banana graph

* First, we consider the equal-mass case:

Ibanana _ efYEE : 2 a,—%(2—26) - ddk D—al D—CLQ D—a3 D—a4
aiasasag Z-ﬂ_d/g (m ) H v 1 2 3 4
1=1

4~

T't‘S

Dy =—ki+m?, Dy=—-ki+m®, Ds=—ki+m?, Dy=—(k1+ks+ks+p1)’+m’

 The differential equations are in precanonical form and given by:

o — (eIBgem™ e(1+ 3 I (1 + 36) (1 + 4e) Iy, I )

64—2t+t24+(84+1)%e  2(t+20)(2e+1) 6(2e+1) 2
T t(t—16)(t—4) t(t—16)(t—4) ~ t(t—16)(t—4) = t(t—16)
. 3t(3e+1) _ 2(t+8)ett+4 3e41 0
o, BParana — t(t—4) t(t—4) t(t—4)
4(4e+1) —3e—1
0 — : 0
0 0 0 0

« With t = p?/m?

z§banana



Examples

3-loop banana graph

» We use the method of expansions by regions and asy.m to obtain boundary

conditions in the limit t = x - —oo. They are given by:

7banana 210 663766$6+1F(—6)2F(6)3 8637€ew2€+1f(—6)3F(6)F(26) 3637€e:c3€+lf(—6)4F(36)

1111 ['(—2¢) + I'(—3e) * ['(—4e)
+ 4ze*7°T(e)® + O(2?) .

banana __ _3~e 3
Itg = €e7I(e)

 Next, we show how to obtain results for any values of p? using DiffExp



Examples

3-loop banana graph
 Load DiffExp:

Get[FileNameJoin[{NotebookDirectory[], "..", "DiffExp.m"}]11;

Loading DiffExp version 1.0.7

For questions, email: martijn.hiddingephysics.uu.se

For the latest version, see: https://gitlab.com/hiddingm/diffexp

 Set the configuration options and load the matrices

EqualMassConfiguration = {
DeltaPrescriptions » {t-16+16},
MatrixDirectory —» NotebookDirectory[] <> "Banana EqualMass Matrices/",

UseMobius -» True, UsePade - True

}s

LoadConfiguration[EqualMassConfiguration];

DiffExp:
DiffExp:
DiffExp:
DiffExp:
DiffExp:

Loading matrices.

Found files: {dt_©.m, dt_1.m, dt_2.m, dt_3.m, dt_4.m}
Kinematic invariants and masses: {t}

Getting irreducible factors..

Configuration updated.
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3-loop banana graph

 Prepare the boundary conditions along an asymptotic limit:

EqualMassBoundaryConditions = {
IIPII
R ]
IIPII
S |

6e3Euler~Gannnac—:(_%)1”5eGamma[—e]zGamma[e]3

e (L+3€) (1+4e)

4 e3 EulerGamma e Gamma [G] 3
- +
t Gamma[-2 €]
g @3 Fulercamnac (_ %)1"26 € Gamma[-¢]® Gamma[e] Gamma[2e] 3 e?Fulercammac (_ %)1"36 e Gamma[-€]% Gamma[3 €]
+
Gamma[-3 €] Gamma[-4 €]

e3 EulerGamma € €3 Gamma[€] 3

} // PrepareBoundaryConditions[#, <|t-> -1/x|>] &;

DiffExp: Integral 1: Ignoring boundary conditions.
DiffExp: Integral 2: Ignoring boundary conditions.
DiffExp: Assuming that integral 3 is exactly zero at epsilon order @.

DiffExp: Prepared boundary conditions in asymptotic limit, of the form:

> ? ? ? ?
? ? ? ? ?
Dl'F'FEXp: O[X]Sl ( ) X+0[X]3/2 ( ) x+o[x]3/2 ( ) X+O[X}3/2 ( )X+O[X]3/2
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3-loop banana graph

« Next, we transport the boundary conditions:

Transportl = TransportTo[EqualMassBoundaryConditions, <|t-> -1|>];
Transport2 = TransportTo[Transportl, <|t-> x|>, 32, True];

1.
DiffExp: Transporting boundary conditions along (‘te——‘} from x = 0. to x = 1.
X

DiffExp: Preparing partial derivative matrices along current line..
DiffExp: Determining positions of singularities and branch-cuts.
DiffExp: Possible singularities along line at positions {©.}.
DiffExp: Analyzing integration segments.

DiffExp: Segments to integrate: 3.
8. (-1.+1.x)

X

DiffExp: Integrating segment: {‘t-e

DiffExp: Integrated segment 1 out of 3 in 20.8565 seconds.
DiffExp: Evaluating at x = 0.0625
DiffExp: Current segment error estimate: 5.14483x10 3!

DiffExp: Total error estimate: 5.14483x10 !
-1.+1.Xx

N3 LLCvne ThtAamnatrina canmmant. /|+ . \
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 Lastly, we plot the result:

3-loop banana graph

ResultsForPlotting = ToPiecewise[Transport2];
Quiet[ReImPlot[{ResultsForPlotting[ [3, 4]][x], ResultsForPlotting[[3, 5]1]1[x]}, {x, @, 32},

ClippingStyle » Red, PlotLegends - {"Bf) AT Yl "}, AxesLabel - {
MaxRecursion - 15, WorkingPrecision - 100] |
800 |
600

400

200 |

-200
-400

~600 f

n 2

p~/m

"}, PlotRange » {-700, 850},
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3-loop banana graph

« Computation time typically scales quadratically with expansion order:

Exp. order Time (s) Abs. error | Exp. order Time (s) Abs. error
155 310. 6.3 x 107%° 89 91.9 8.3 x 1077°
145 270. 3.5 x 1079 7D 72.3 4.2 x 1073Y
135 230. 1.9 x 107°% 65 H5.9 2.1 x 1072
125 200. 1.0 x 10773 HD 39.7 1.0 x 1072
115 170. 5.6 x 10~* 45 27.6 4.7 x 10719
105 142.  3.0x10~* 35 18.6  22x 107
95 116. 1.6 x 10~ 25 11.7 1.4 x 107°

Table 1: The computation time that was needed to transport boundary conditions from p?/m? =

to p?/m?

= 32, for various values of the expansion order.
—-> 225, DivisionOrder -> 3., RadiusOfConvergence -> 4, WorkingPrecision -> 400, UseMobius ->
False, UsePade -> False.

—00
We used the options ChopPrecision



Differential equations

Expansion by regions

Kinematic invariants and masses

/

» Suppose we are interested in a kinematic limit s; — s; = "s; fori =1,...,|S

 Then there exists a set of regions {R;}, where R; = (r;1,...,7m) IS avector

of rational numbers.

* For each region R; we rescale the Feynman parametrized integral in the

following manner: «a; — z"ia;, doj — xday, s; — Vs,
\ ) )
Y Y
Each Feynman parameter scales In addition, we take our
according to the given region desired kinematic limit

» The asymptotic limit is then given by summing over the contributions of each

region, expanding on x, and integrating.



Differential equations

Expansion by regions

 Let's have another look at the massive bubble. The Feynman parametrization is:

VBT (e + 1)
grl—e

/ dagdag (g + 052)2E (a%mQ + asm? + 2a1aam? — ozlozgpQ)_l_e
A
 We feed asy.mthe U and F polynomials, and obtain the regions:

Ry = {0,0}, Ry=1{0,—-1}, Rs;={0,1}

. . € —1—e€
 Leading to: LA [ dagdas ( “(zay + az)® (220} — pPajas + 2raras + af)
—%(a14—a2f3(xoq D alag%—2$a1a24—xo%) e

1—e¢
+27¢ (a1 + zan)* (of — pParas + 2zaias + 22a3) )

 For the purpose of computing boundary conditions, we often only need the leading

term of the expansion with respect to the line parameter



Differential equations

Expansion by regions

At leading order in x, we obtain:

“‘I'(e e —1d€ —1—e¢
P L{et]) [ daidos (:1: oy Mt (—p*aq + m?az) +

+a7 lag T (o +a2)* (—p?) T T acas T (aam? - azPQ)_e_l)

 Although we have a sum of terms, each piece is simpler to integrate than the
Feynman parametrization of the massive bubble. Performing the integrations

ields: —e—1
P ()T 2T | 2 (10g (<p2)  loge) +0(e)
['(—2¢) P P’

« Which agrees with the result we found before!
* Note as well that the boundary conditions are just ratios of gamma functions
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DiffExp

A general implementation of these methods was made into the Mathematica package DiffExp,
introduced in arXiv:2006.05510, (available at https://gitlab.com/hiddingm/diffexp )

DiffExp accepts (any) system of differential equations of the form

d —

%f({s}, ) =AJ{She Az =) AP (a)
k=0

for which the matrix entries are combinations of rational and algebraic functions

It enables one to numerically integrate various multi-scale Feynman integrals at arbitrary points

in phase-space, and at precisions of tens of digits (or higher)

The Feynman integrals do not have to be in canonical form and may also be of “elliptic”-type or

associated with more complicated geometries.


https://gitlab.com/hiddingm/diffexp
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Series expansions

« Series expansions have been featured various times in the past literature.

 For single-scale problems, see e.g:

S. Pozzorini and E. Remiddi, Precise numerical evaluation of the two loop sunrise graph
master integrals in the equal mass case, Comput. Phys. Commun. 175 (2006) 381-387,

[hep-ph/0505041].

U. Aglietti, R. Bonciani, L. Grassi, and E. Remiddi, The Two loop crossed ladder vertex
diagram with two massive exchanges, Nucl. Phys. B789 (2008) 45-83, [arXiv:0705.2616].

R. Mueller and D. G. Oztiirk, On the computation of finite bottom-quark mass effects in

Higgs boson production, JHEP 08 (2016) 055, [arXiv:1512.08570].

« For multi-scale problems, see for example:

K. Melnikov, L. Tancredi, and C. Wever, Two-loop gg — Hg amplitude mediated by a
nearly massless quark, JHEP 11 (2016) 104, [arXiv:1610.03747].

K. Melnikov, L. Tancredi, and C. Wever, Two-loop amplitudes for qg — Hq and q@ — Hg
mediated by a nearly massless quark, Phys. Rev. D95 (2017), no. 5 054012,
[arXiv:1702.00426].

R. Bonciani, G. Degrassi, P. P. Giardino, and R. Grober, Analytical Method for
Nezt-to-Leading-Order QCD Corrections to Double-Higgs Production, Phys. Rev. Lett. 121
(2018), no. 16 162003, [arXiv:1806.11564]|.

B. Mistlberger, Higgs boson production at hadron colliders at N*LO in QCD, JHEP 05
(2018) 028, [arXiv:1802.00833|.

R. N. Lee, A. V. Smirnov, and V. A. Smirnov, Solving differential equations for Feynman
integrals by expansions near singular points, JHEP 03 (2018) 008, [arXiv:1709.07525|.

R. N. Lee, A. V. Smirnov, and V. A. Smirnov, Evaluating elliptic master integrals at special
kinematic values: using differential equations and their solutions via expansions near
singular points, JHEP 07 (2018) 102, [arXiv:1805.00227|.

R. Bonciani, G. Degrassi, P. P. Giardino, and R. Grober, A Numerical Routine for the

Crossed Vertex Diagram with a Massive-Particle Loop, Comput. Phys. Commun. 241
(2019) 122-131, [arXiv:1812.02698|.

R. Bruser, S. Caron-Huot, and J. M. Henn, Subleading Regge limit from a soft anomalous
dimension, JHEP 04 (2018) 047, [arXiv:1802.02524].
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the high-energy limit: planar master integrals, JHEP 03 (2018) 048, [arXiv:1801.09696].
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B. Mistlberger, Higgs boson production at hadron colliders at N*LO in QCD, JHEP
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