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Introduction to
NLO subtraction strategy

. a1

— FSR —
Lssless QCD l
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Generalities at NLO

? X, = IRC-safe observable computed with i-body kinematics, dx, = (X — X;)

d —d

Explicit e poles Phase space

singularities ~
More on subtraction
2 Subtraction algorithm: introduce local counterterm K and its integral / schemes — talk by
Kirill Melnikov
/ d®, 1 Kdx, = / d®, I6x. AP, 1 = d®,, dP,qq

Z Subtracted NLO cross section numerically integrable in d = 4

d —d
O-NLOdX 9LO — /d(I)n (V+I)5Xn —|—/dq)n—|—1 (Réxn—l—l _K(SXn>

finite in € finite in phase space
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Strategy of the method

2 Partition of radiative phase-space with sector functions Wz-j (as in FKS) [Frixione, Kunszt, Signer, 9512328]

ZWij:l R = ZRWZ]

¥,J 71 1, J 70
Sum rules : S, Z W =1 Cij (W’LJ -+ Wgz) =1
I£i
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Strategy of the method

2 Partition of radiative phase-space with sector functions Wz-j (as in FKS) [Frixione, Kunszt, Signer, 9512328]

2 Collect the relevant IRC limits for a given sector

A

RW;; — Kij = BW; — |Si + Cyj — 8,Cyj| RWi; = finite

( Soft + Collinear - Overlap )
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Strategy of the method

2 Partition of radiative phase-space with sector functions Wz-j (as in FKS) [Frixione, Kunszt, Signer, 9512328]

2 Collect the relevant IRC limits for a given sector

A

RW;; — Kij = BW; — |Si + Cyj — 8,Cyj| RWi; = finite

( Soft + Collinear - Overlap )

' Skl Not yet
For soft gluon i : S, R Z Bu; ({k‘} ) .
(s, =2k, k) — SikSi / parametrised
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Strategy of the method

2 Partition of radiative phase-space with sector functions Wz-j (as in FKS) [Frixione, Kunszt, Signer, 9512328]

2 Collect the relevant IRC limits for a given sector

p CS [Catani, Seymour, 9605323] dipole mapping k ];;b
b
o ke
Xk {kl,...,kn+1} — {kl,...,kn}(a c) —_—
]%lgabC) — ka _I_ kb _ %k‘c kC kC
- 1
kgabc) — ; kc y = Sab - Sac
—Y Sab + Sac + Sbe Sab + Sbe

3% Phase space factorisation and parametrisation

AP, 1 = dDL™) x dO'") = d®,, ({k})) x d®,.q(5\" sy, 2, ¢)

/dcbfnizc) X (Egibc>)1_e /OW de sin ™ 2¢ qb/ol dy /01 dz [y(l — yQ)z(l — z)} _6(1 —y)
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Strategy of the method

2 Partition of radiative phase-space with sector functions Wz-j (as in FKS) [Frixione, Kunszt, Signer, 9512328]
2 Collect the relevant IRC limits for a given sector
B CS [Catani, Seymour, 9605323] dipole mapping

2 Promotion to counterterm: adapt mapping to each kernel

K = Z {gi +C;; — giéij}RWij
R
- ¥ {gi +3°Cy(1-5, _37)]3
1 71>1
) = Skl 5 (ikl)
For soft gluon i : S; R B
(5,5 =2k -k, ) ; sikSi
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Strategy of the method

2 Partition of radiative phase-space with sector functions Wz-j (as in FKS) [Frixione, Kunszt, Signer, 9512328]
2 Collect the relevant IRC limits for a given sector

B> CS [Catani, Seymour, 9605323] dipole mapping

2 Promotion to counterterm: adapt mapping to each kernel

2 Locality of the cancellation ensured by consistency relations
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Strategy of the method

2 Partition of radiative phase-space with sector functions Wz-j (as in FKS) [Frixione, Kunszt, Signer, 9512328]
2 Collect the relevant IRC limits for a given sector

B> CS [Catani, Seymour, 9605323] dipole mapping

2 Promotion to counterterm: adapt mapping to each kernel

2 Locality of the cancellation ensured by consistency relations

2 VW;; sum rules + mapping adaptation = simple analytic counterterm integration

. 1—2z
For soft gluon i : x B(Zkl) /dCI)m S(Zkl), , 2,
R Z 5D i(Sp1 39,2, 0) 0

ZB(ZM) (4m)¢ 2 T(1 — e)I'(2 — ¢)
(Zkl)) e?'(2 — 3e)
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Local analytic sector
subtraction at NNLO

[ FsR |
— eressl_ess QE_DJ —
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Generalities at NNLO

? X, = IRC-safe observable computed with i-body kinematics, dx, = (X — X;)

do —dong,
NNLO O _ d®, VVoix, Explicit poles up to 1/¢*
dX
. e Explicit poles up to 1/¢?
+ n+1 Xn+41 Phase space singularities

+ / d®,4+2 RRdx, ., Phase space singularities
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Generalities at NNLO

? X, = IRC-safe observable computed with i-body kinematics, dx, = (X — X;)

doNnNLo —doNLO
dX - / i, (VV )5Xn
+ / d®, . 1 { (Rv )5Xn+1 _ (K<RV> )5Xn]
) ﬁnit;n PS ’

+ / A®,, . - [RR 5x, ., — Koy | — (K<2> + K(12))5Xn]

\ . J/
-~

finite in PS

2 Introduce local counterterms and its integrals

! / AP, s KW x| = / A0, 1 IWox, ., [ / dD, 40 K12 65 = / AP, 11 I1D 65

/ AP, 10 KP 65 = / dd,, I'?) 5y / d®, 1 KBV 6y = / dd,, I®V) 6y
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Generalities at NNLO

? X, = IRC-safe observable computed with i-body kinematics, dx, = (X — X;)

donNLo — doNLO / 9
— [ d®, (VV @ 1<RV>)5
X + + X,

\ . J

ﬁnite}?l d=4

+ / A, [ (RV + I(l))éan - (K<RV> - 1(12))5Xn]

J/ 7

' TV
finite in d=4, div. in PS finite in d=4, div. in PS
.
~~

finite in PS

+ / A®,, . - [RR 5x, ., — Koy | — (K<2> + K(lz))dxn]

\ . J/

J/

-~

finite in PS

2 Introduce local counterterms and its integrals

! / AP, s KW x| = / A0, 1 IWox, ., [ / dD, 40 K12 65 = / d®,, 1 1% 6y

/ AP, 10 KP 65 = / dd,, I'?) 5y / d®, 1 KBV 5 = / dd,, I®V) 6y
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Counterterms for RR

2 Partition of double-unresolved ®,, ; o with sector functions W,

S: S: Wz’jkl =1 RR = S: S: RR Wz’jkl
L,JFL ki L,JjFL kL
l#£1,k l#£i,k

Sum rules : S,k ( S: S: Wika + S: S: kaid) =1

b£i d#i,k b£k d#k,i

Cij Z (Wabbc + Wabcb) =1

abc € w(ijk)
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Counterterms for RR

2 Partition of double-unresolved ®,, ; o with sector functions W,

2 Collect the relevant IRC limits for each topology

S Cij Sz'j Cz‘jk Sngk
Wiiki + Si Gy Si Cijr SCijr SCpij
Si Cii Sit Cijri SCirr SChuyj
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Counterterms for RR

2 Partition of double-unresolved ®,, ; o with sector functions W,

2 Collect the relevant IRC limits for each topology

Wijik Si Cij 1184 Cijr SCyjk
Wijki + Si Cij 1 Sik Cijr SCijr SCpyj
S, C

Wiiki ij 1 Sik Cijrr SCipr SCyj

S

1

single-unresolved limits

double-unresolved limits
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Counterterms for RR

2 Partition of double-unresolved ®,, ; o with sector functions W,

2 Collect the relevant IRC limits for each topology

S Cij Sij Cz‘jk Sngk
Wiiki + Si Gy 18 Cijr SCij SCpij
Si Cii 1Sik Cijri SCirr SChuyj

Wijiks Wijkj
single-unresolved limits Lz(.Jl-) = S;+C;;(1-8S,)

double-unresolved limits ng)k = S;;+Cijk(1—S;;)+SCi;r(1-S;;)(1-Cjjx)
= Sir+Cijk(1—Sik)+(SCijr +SChii)(1—Sik) (1—Cj k)
nglz = Sir+Ciiki(1—Sik) +(SCiri+SCri; ) (1 —Sik ) (1 —Cijri)

-

C A~
\V)
~
|

RRW; — |} + L2 — LYL®| RRW, = finite

(t = ijjk, ijkj, ijkl)
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Counterterms for RR

2 Partition of double-unresolved ®,, ; o with sector functions W,

2 Collect the relevant IRC limits for each topology

2 Nested Catani-Seymour mappings
sk mapping from (n + 2) — n kinematics
s simple phase-space factorisation

sk parametrisation simplifies kernels expressions

{k} — {k}lebed {k} — {k}(abe-def)
A0 = dBLD x dD ) d®,, 15 = dDD x 43 *) g 1))
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Counterterms for RR

2 Partition of double-unresolved ®,, ; o with sector functions W,

2 Collect the relevant IRC limits for each topology

2 Nested Catani-Seymour mappings

2z Promotion to counterterms: adapt mapping to each kernel

Gloria Bertolotti

0 KW=> > L(l) RR Wijn single-unresolved limits
i
—(2) uniform
a3 K®? = Z Z ngkl RR Wijki double-unresolved limits
1,71 k#i
I#i,k
(12) _ (1) =(2) strongly-ordered
8 K z; g; Lij" Lijry BE Wi double-unresolved limits
1,771 7
1#£4,k

RROx,,, — KWsx, | — (K<2> + K<12>)5Xn — finite

7112

HP2, 21/09/22




Counterterms for RR

2 Partition of double-unresolved ®,, ; o with sector functions W,

2 Collect the relevant IRC limits for each topology
2 Nested Catani-Seymour mappings

2z Promotion to counterterms: adapt mapping to each kernel

—(2) uniform
O K®= Z Z L BR Wijki double-unresolved limits
i,j#i ki
l#1,k
= { Z Sir + Z Zéijk(l — Sij — Sik —gjk>
ik>i i,j>i k>j
+ > 3> Cija[1 - S — S — 55 — S
A
' —SCiki(1 —Sik —Sit) = SCjk(l — Sk — 8,
Collection of S_ ki ﬁk Si) SEM( S_Jk Sji)
universal kernels! —SCij(1 —Sik —Sjr) — SCy;;(1 — Sy — ng)}
+ > > 8Cin(1 - 8;; —8)(1 - Cie) | RE
1,7>1 k%1
k>
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Counterterms for RR

2 Partition of double-unresolved ®,, o with sector functions W,

2 Collect the relevant IRC limits for each topology
2 Nested Catani-Seymour mappings

2z Promotion to counterterms: adapt mapping to each kernel

KW g® g2

2 Locality of the cancellation
ensured by
consistency relations

verified
sector by sector

— —

SC limits not displayed.
Gloria Bertolotti 7/12 HP2, 21/09/22




Counterterms for RR

B . e : . . NNLO
2 W,k sum rules + mapping adaptation = feasible analytic counterterms integration ety
csfm:/@me 0 Nm:/@me> t31®:fwmﬂW>

K(2) D) ginR, ékaR
[Catani, Grazzini, 9903516, 9810389]
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Counterterms for RR

B . e : . . NNLO
2 W,k sum rules + mapping adaptation = feasible analytic counterterms integration ety
zsfm:/@me 0 ﬂm:/@mKW> t3f®:fwmﬂW>

K(z) D) ginR, ékaR
[Catani, Grazzini, 9903516, 9810389]

Counterterm for RV

2 Apply NLO strategy to define and analytically integrate in single-unresolved phase space

1 K(Rv) D, Z {gz + éw(l — §z)} RV Wz'j o I(RV) — / d(I)radK(RV)
i i

2 Analytically checked

* RV + IM — free of € poles + KBV) _ 102) _ free of € poles

* T 4 102) 5 finite in phase space % RV — K (RV) _ finite in phase space
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G e S s R e . e e o AN SR s TR T et

NNLO subtraction formula
massless FSR

d9NNLO = 4ONLO _ / dd (vv + 1 4 I<RV>)5X
dX " @

+ / d®, { (Rv + 1<1>)5Xn+1 _ (K<RV> _ 1(12))5)@@}

4 / d®,, . o {RR 5., — KWox | — (K<2> + K(12))5Xn}

- e~ co o

Analytically verified for
an arbitrary number of final-state partons

VV + 12 4+ T®Y) s free of € poles

[GB, Magnea, Ratti et al. In preparation]
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— - = - PSR NIy ST R T RS TSRS e = I LS APPSR - YDA e o SANSIe SR s TR T et
3 ]
|

NNLO subtraction formula
| massless FSR

donNLO —doONLO /
= [ dP
dX

VV +1® + TEN) 6,

S
—

+ / d®, { (RV + I<1>)5Xn+1 _ (K<RV> _ 1(12))5)@@}

Analytic
and compact! + /d¢n+2 RRéx, ., — K(1)5Xn+1 _ (K(2) + K(12))5Xn}
(2) | 7(RV) _ (0) (1) @72 , 1 he _hoy
VV+I —|—I ( ){ |:I -I—ZI LJT—FZI Ljr+§zvj ’}/l LJT/LZT/]B
gil#j
+> 1 °)+I<1>L B —2(1-G) 3 ,) B,
J J,CE£g,T

+ ) L {LES) + Iy Lea + 7 &l o Lea+ (4—Lea) D 7Ly ] B.g
c,d#c J

—+ Z [—2+C2 +2C3 — Z<4+2(1_C3) Lcd] Bedca

c,d#c

1 1
1_C2) Z Lcd Led Bcded + Z Lcd Lef [1 - 5 Lcd (1_§Le )] Bcdef

c,d#c c,d#c
e#£d e,f#e
Y llnSCe L2d+§1 8 Sce —|—2L13< il e)]Bcde}
ik Sde Sde Sde
e#c,d
Qs c n 1 n n
+ (§> { [2¢ - ZW? LJT] VI £y "L (2—§Lcd> Vi } +vvh
c,d#c

[GB, Magnea, Ratti et al.
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Latest developments:
NLO extension to ISR
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NLO extension to ISR

2z Sector functions extended to ISR satisfy the same FSR sum rules: key for integration

2z Catani-Seymour [catani, Seymour, 9605323] initial-state dipole mappings
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NLO extension to ISR

2z Sector functions extended to ISR satisfy the same FSR sum rules: key for integration
2z Catani-Seymour [catani, Seymour, 9605323] initial-state dipole mappings

2z Systematic optimisation with damping factors: multiplicative powers of kinematic invariants
smoothly turning off the local counterterms away from the singular regions

ptj1 [GeV] ete” = jj
%k For final-state spilitting:
(Sab — 2ka . kb)
10° |
- S — _ S
S;Ci;R o 0s,—2—(1—2)%(1—y)?BW") 3 o0 g —
SijSir = a=1, f=1 —
o) a=2, f=2
o) o=3, =3
: SR =
o=V, p=
% Final results independent of
the damping exponents
10-1 B | | | | | | |
Q1.04}
© 1.02
e e e e
o 0.98|
-'é 0.96 [ | | | | | | |
[GB, Torrielli, Uccirati, Zaro 2209.09123] 10 15 20 o5 30 35 40 45
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NLO extension to ISR

2z Sector functions extended to ISR satisfy the same FSR sum rules: key for integration

2z Catani-Seymour [catani, Seymour, 9605323] initial-state dipole mappings

2z Systematic optimisation with damping factors: multiplicative powers of kinematic invariants
smoothly turning off the local counterterms away from the singular regions

2z Trivial analytic integration reproducing all NLO virtual + collinear factorisation poles
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NLO extension to ISR

2z Sector functions extended to ISR satisfy the same FSR sum rules: key for integration

2z Catani-Seymour [catani, Seymour, 9605323] initial-state dipole mappings

2z Systematic optimisation with damping factors: multiplicative powers of kinematic invariants
smoothly turning off the local counterterms away from the singular regions

2z Trivial analytic integration reproducing all NLO virtual + collinear factorisation poles

2 Numerical implementation in MadNkLO [Hirschi, Deutschmann, Lionetti, et al.] .
automated MG5-inspired python framework

* Cancellation of IRC singularities and € poles checked up to pp — 3j

s Validation on physical cross sections for both leptonic and hadronic collisions

Process aMC LO | MADNKLO LO | aMC NLO corr. | MADNKLO NLO corr. | [pb]
ete™ — j7 0.53209(6) 0.53208(6) 0.019991(7) 0.019991(10)
ete™ — 557 0.4739(3) 0.4740(3) -0.1461(1) -0.1463(6)
pp — 7 46361(3) 46362(3) 6810.9(8) 6810.8(4)
pp — Zj 11270(7) 11258(5) 3770(6) 3776(17)
pp— WHW—j | 42.42(1) 42.39(2) 10.68(5) 10.53(13)

[GB, Torrielli, Uccirati, Zaro 2209.09123]
Gloria Bertolotti 11/12 HP2, 21/09/22




Status

M General analytic subtraction formula for massless FSR and ISR at NLO
M Numerical implementation and validation of NLO subtraction formula

M General analytic subtraction formula for massless FSR at NNLO

Outlook

2z Framework optimisation for relevant phenomenology
(phase-space integration routine, low-level code, ...)

2 Numerical implementation of NNLO massless FSR
2 NLO treatment of massive coloured particles; future extension to NNLO

2z Extension of ISR subtraction to NNLO:
integrals of complexity similar as massless FSR
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Status

M General analytic subtraction formula for massless FSR and ISR at NLO
M Numerical implementation and validation of NLO subtraction formula

M General analytic subtraction formula for massless FSR at NNLO

Outlook

2z Framework optimisation for relevant phenomenology
(phase-space integration routine, low-level code, ...)

Thanks |
| for your attention! |

PP OSSR ANE a5 i

2 Numerical implementation of NNLO massless FSR

2 NLO treatment of massive coloured particles; future extension to NNLO

Extension of ISR subtraction to NNLO:
integrals of complexity similar as massless FSR
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Backup slides
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ME ~ 1!

Collinear limit: A ~ (91.]2.
Subtracted ME ~ /1_1/2

, dd— g gdd,sector (3,1), limit C(3,1)
10_ 1 IIII 1 IIII 1 IIII 1 IIII | IIII | | 1 LN 1 UL

R — ME

—  TOTAL

10— 10
10—11
1012

10—13
10_14 1 IIII 1 IIII 1 IIII 1 IIII 1 IIII 1 IIII 1 IIII 1 11

108 1077 1079 107° 10=% 1073 1072 10~ 10¢
A

Integrands [GeV ~ 4]
p—
o
»

[GB, Torrielli, Uccirati, Zaro 2209.09123]
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NLO sector function:

. 1 E. — () when particle i becomes soft
Oij 7
J Z(Ta,b J g@ w,,;j 0 n iicle iand ib i
a,bta Wij — when particle i and j become collinear
NNLO sector function:
05kl 1 1
Wikl = Oijkl = a>1
J ]
o (& wij)® (Ek + 0k &) Wi
0 = Z Oijkl
i, J 7T
k#i, 1%k

Gloria Bertolotti HP2, 21/09/22



2 p—
VV 4+ 13 4 [®) = (g—;) { ['I(O) E:E—(_l:l Jr+z:l‘{f—i| % o Ljr’Llr] B

J l#7

S [1© l 7@ :
T IJ?“ gr [T ‘ "= N30§[121_1:1< 245@4] Al [Q(g_ﬁ@ 2;45@‘) Bo(z_ﬁgz)]
J v 02| (B - Fa+ 220) + 85 - 5a) + Ga( - 5- 5] ;

—|_ L [ ’ C(cll)‘:( + NG {C (5—3—5—7C2 —C3+ZC4> =€ (2;;+5C2——C3+ C4>

c,d#c 50<5866i9—%§2—%@)]

2. [‘ 2+ G+2g rnlon(swene)ren(ow)ils )

c,d#c "‘Cff( 4221869 E@ — 14¢3 + —C4> + G, 50(65447 - ng - %53)]
I('l) = 5fa{q@}CF {NqCF (‘ - —52) (1 - _<2> + 2NgﬁO
_CQ) § Lched 1 ’ 23 s . ?
c,d#c +CF<—§—4C2+2C3>+CA(E—3C2+3C3>+50( +C2>} |
d ‘
7 + 5fag{NqCFq(10—7§2) N 0F50(5_Zg2> LN 02<§_7g2) + NG, Bo (g ZCQ) |
|
+ 7 E lln “C L2, + I| - 200+ 08+ GG - 300+ 2 (F-Farsa) -am(3-3a) | |
c,d#c I® = Z(15C4 — 70— 15)C5, —1(50,4—250)7j+2g20f.
e;éc d 4 ’

1

| 8

1 1Y = (—143— 243)0,4 — %(13 +10C2 +2G3) Cy, + (5 + 2¢3)7;
(

Y, hCL (1 _
~(30){ (2o 2orma Y
70 _

cd — (?_2C2__C3>CA+_BO+22¢+8(1_C2) Cfd

1— Cz)C'A—i— (4+7C2)Cf —(2+¢)v

1 1 1
19 = — §—§C2> A——ﬂo 5 29
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Double-unresolved phase space

» Catani-Seymour variables y, z, y’, z/, x’ € [0, 1] for mapping {k} — {k}(abcd):

Sab = Y'Y Sabed » Scd = (1 _y,) (1—=y)(1 —2) Saped >
Sac = Z' (1 —y,) Y Sabcd » Spc = (1 _y,) (1 _z’) Y Sabcd
Sad = (1 —y) -y’ 1-Z)V(1-2)+Zz—2(1-2x") Vy'z(1-2") z(d —z)- Sabed 5

Spd = (1 — y) :y’z’(1 —2)+(1=-2Z)z+2(1 -2xX)\/y'zZ(1-2") z(1 —z): Sabed ;

» Phase-space factorisation:

d¢n+2 — dq) (abcd) dq)r(:gCZd) :
/ do 2 = / d®ra4,2 (Sabci ¥, 2,0,y 2/, X')

= N?(€) (Sapeg)?™ 26/dx /dy /dz / do (sing)™ 2'E/dy/dz

X 4x (1-x)y (1-y)°z (1—z)y(1—y)22(1—z)]
x [x" (1 —x’)]_1/2 1-y)y(1-y).




Analytic integration of double-unresolved
counterterms

> Exploit as much as possible symmetries of d®!2°%):

perm(Ka, Kp, Ke, Kq) , Sap > Scd s Sac > Spd Sad & She-
» Possible denominator structures reduce to
Sab = Y'Y Sabcd ;
Sac = Z' (1 — y,) Y Sabcd
Spc = (1 — }/’) (1 — z/) Y Sabcd >
Scd = (1 _y/) (1-y)(1 —2) Sapea
Spd = (1 —Y) [y’z’(1 —2)+(1-2ZNz+2(1—-2w')y'z(1—2') z(1 —z)] Sabed
Sac + Spc = (1 — Y’) Y Sabcd »
Sad+Sba = (¥ +2—y'2) (1 = ¥) Sabcd ;
Sab + Spc = (1 -7 +z’y’) Y Sabcd -

» Integration measure

(abcd) _ 2—2¢ 1 / 1 / 1 / 1 1 / N 71—1/2—¢
do_° "' = N(e)(Sabca) dw' [ dy’[ dz'[ dy[| dz[w' (1 —w')]
! 0 0 0 o Jo

<[y 1=y 2 (1-2) P —-yPz(-2)| (1-y)y(1-y).

Gloria Bertolotti HP2, 21/09/22



Analytic integration of double-unresolved
counterterms

» Integration measure

(abcd) 2—2¢ 1 1 / 1 1 / 1 I Tons n1—1/2—¢
/d¢rad,2 = N(©) (Sapeq) /dy/ dw/dz/ dy/dz W (1 —w)]
o Jo o Jo 0
x|y (1=y)22(1-2) 0 -yPz(t-2)| (1-y)y(-y).
» Integrate y: fully factorised dependence — Beta functions.

y'Z'(1 —Z)] _

> Integrate w’ (azimuth): at worst one gets rational x 2F; [1,1+€,1—¢, 202

!,/

> Integrate z: at worst one gets rational x Fy [1,n+1—¢,1—¢, —=;].

» oF; — integral representation in t; integrate in z’ and get at worst

;
/ dy’ dtt? (1 —t)°y'°(1 —y")? 2F; [n,m—e,p—2¢,1—ty'], nmpéecN
0
» Expand in € and integrate in dt dy’.

» Checked against numerical integration (with no symmetries or relabellings encoded).

Gloria Bertolotti HP2, 21/09/22



