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Generalities at NLO

Explicit ϵpoles Phase space  
singularities

<latexit sha1_base64="KDGyvYCITRxt2QUfhrw8KdrU33A="></latexit>

d�NLO � d�LO

dX
=

Z
d�n V �Xn +

Z
d�n+1 R �Xn+1

 Subtraction algorithm: introduce local counterterm K and its integral I  

<latexit sha1_base64="UwrvjqkwsaJ4F/nQC0PzlriWQE4="></latexit>

d�NLO � d�LO

dX
=

Z
d�n

⇣
V + I

⌘
�Xn +

Z
d�n+1

⇣
R �Xn+1 �K �Xn

⌘

finite in ϵ finite in phase space

  = IRC-safe observable computed with i-body kinematics,   Xi
<latexit sha1_base64="pRda7YwrfglEpucaeZyRo+T98KA=">AAACFXicbZA9TwJBEIb38Avx69TSZpWYYCG5U6OWRhtLTURIgFzmlgE37H24O0dCLtT+BH+FrVZ2xtbawv/igRQKTvXmeWcyM68fK2nIcT6t3Mzs3PxCfrGwtLyyumavb9yaKNECKyJSka75YFDJECskSWEt1giBr7Dqdy+GfrWH2sgovKF+jM0AOqFsSwGUIc/ebrRQEXhpzZMD3sD7RPb4DyvV9jO459lFp+yMik8LdyyKbFxXnv3VaEUiCTAkocCYuuvE1ExBkxQKB4VGYjAG0YUO1jMZQoCmmY5eGfDdxABFPEbNpeIjiL8nUgiM6Qd+1hkA3ZlJbwj/8+oJtU+bqQzjhDAUw0UkFY4WGaFllhHyltRIBMPLkcuQC9BAhFpyECKDSRZaIcvDnfx+WtwelN3j8uH1UfHsfJxMnm2xHVZiLjthZ+ySXbEKE+yBPbFn9mI9Wq/Wm/X+05qzxjOb7E9ZH99o5p6B</latexit>

�Xi ⌘ �(X �Xi)

<latexit sha1_base64="z6dsnm2m1BAJI0Dy5X1lmzxSWNA=">AAACG3icbVDLSgNBEJz1bXxFPXoZDKKghF0V9SIEvXiMYB6QhNA76eiQ2dllpleQZT/BT/ArvOrJm3j14MF/cROjaLRO1VXddHf5kZKWXPfNGRufmJyanpnNzc0vLC7ll1eqNoyNwIoIVWjqPlhUUmOFJCmsRwYh8BXW/N5p369do7Ey1Bd0E2ErgEstu1IAZVI7v8k7zfKVbCd620v58XeV8ubOV2Ggk7bzBbfoDsD/Em9ICmyIcjv/3uyEIg5Qk1BgbcNzI2olYEgKhWmuGVuMQPTgEhsZ1RCgbSWDh1K+EVugkEdouFR8IOLPiQQCa28CP+sMgK7sqNcX//MaMXWPWonUUUyoRX8RSYWDRVYYmSWFvCMNEkH/cuRScwEGiNBIDkJkYpxFl8vy8Ea//0uqu0XvoLh3vl8onQyTmWFrbJ1tMY8dshI7Y2VWYYLdsnv2wB6dO+fJeXZePlvHnOHMKvsF5/UDxhGgOg==</latexit>

d�n+1 = d�n d�rad

<latexit sha1_base64="fGkbvl2ueFolPeqKfamhax8hliY="></latexit>Z
d�n+1 K �Xn =

Z
d�n I �Xn

 Subtracted NLO cross section numerically integrable in  d = 4
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Strategy of the method

 Partition of radiative phase-space with sector functions         (as in FKS) [Frixione, Kunszt, Signer, 9512328]
<latexit sha1_base64="rcEepLN1Tp3LS9vtjgvrxJOCCXk="></latexit>Wij

<latexit sha1_base64="uD2GA2aWLBb0ZczjJLS2WE9IJmA="></latexit> X

i,j 6=i

Wij = 1

Sum rules :

<latexit sha1_base64="6/eIKcXJ/2S/3w18BhFF5UkD3Js="></latexit>

R =
X

i,j 6=i

RWij

<latexit sha1_base64="pNix+/Gbf3L4R6uM3NBX3cm/0z8="></latexit>

Si

X

l 6=i

Wil = 1
<latexit sha1_base64="JL+BHSYnOi7fQ5WoclmigicMCUA="></latexit>

Cij(Wij +Wji) = 1
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Strategy of the method

<latexit sha1_base64="ufdf1MjckJBxoJnE9SB/0NwwtUg="></latexit>

RWij � K̂ij = RWij �
h
Si +Cij � SiCij

i
RWij = finite

 Collect the relevant IRC limits for a given sector

 Partition of radiative phase-space with sector functions         (as in FKS) [Frixione, Kunszt, Signer, 9512328]
<latexit sha1_base64="rcEepLN1Tp3LS9vtjgvrxJOCCXk="></latexit>Wij

( Soft + Collinear - Overlap )
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Strategy of the method

<latexit sha1_base64="ufdf1MjckJBxoJnE9SB/0NwwtUg="></latexit>

RWij � K̂ij = RWij �
h
Si +Cij � SiCij

i
RWij = finite

 Collect the relevant IRC limits for a given sector

 Partition of radiative phase-space with sector functions         (as in FKS) [Frixione, Kunszt, Signer, 9512328]
<latexit sha1_base64="rcEepLN1Tp3LS9vtjgvrxJOCCXk="></latexit>Wij

<latexit sha1_base64="V4YR8WUUJv74vRsDKvBA1Skq+8U="></latexit>

SiR /
X

k,l

skl
siksil

Bkl({k}/i)For soft gluon i : 
( sab = 2ka ⋅ kb )

Not yet  
parametrised

( Soft + Collinear - Overlap )
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Strategy of the method

 Collect the relevant IRC limits for a given sector

ka

kb

kc

k̄b

k̄c

 CS [Catani, Seymour, 9605323] dipole mapping

<latexit sha1_base64="Yb52ZAd9Z29yZoxuqcqvWYA5ahQ="></latexit>

{k1, ..., kn+1} ! {k̄1, ..., k̄n}(abc) 

  Phase space factorisation and parametrisation

<latexit sha1_base64="+c60mzMMogUed5V4M4YNAHQQZoc="></latexit>

k̄(abc)b = ka + kb �
y

1� y
kc

<latexit sha1_base64="ryebnYNz06NaIp9s7zr4oG7siJo="></latexit>

k̄(abc)c =
1

1� y
kc

<latexit sha1_base64="BURf7oLdSUCDy+nezDYVL8ix+Vs="></latexit>

y =
sab

sab + sac + sbc
, z =

sac
sab + sbc

<latexit sha1_base64="BURf7oLdSUCDy+nezDYVL8ix+Vs="></latexit>

y =
sab

sab + sac + sbc
, z =

sac
sab + sbc

<latexit sha1_base64="53FLjHXlx5Lw0HYjjXF82BfjhCs="></latexit>Z
d�(abc)

rad / (s̄(abc)bc )1�✏

Z ⇡

0
d� sin�2✏ �

Z 1

0
dy

Z 1

0
dz

h
y(1� y2)z(1� z)

i�✏
(1� y)

 Partition of radiative phase-space with sector functions         (as in FKS) [Frixione, Kunszt, Signer, 9512328]
<latexit sha1_base64="rcEepLN1Tp3LS9vtjgvrxJOCCXk="></latexit>Wij

<latexit sha1_base64="VbP+Rm1cSv9kxPkkxBGzqW78sFc="></latexit>

d�n+1 = d�(abc)
n ⇥ d�(abc)

rad = d�n({k̄}(abc))⇥ d�rad(s̄
(abc)
bc ; y, z,�)
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Strategy of the method

 CS [Catani, Seymour, 9605323] dipole mapping

 Collect the relevant IRC limits for a given sector

 Promotion to counterterm: adapt mapping to each kernel

For soft gluon i : 
( sab = 2ka ⋅ kb )

<latexit sha1_base64="ZKYw+6YamdG2IjhRumLTiRXl4A8="></latexit>

SiR /
X

k,l

skl
siksil

B̄(ikl)
kl

 Partition of radiative phase-space with sector functions         (as in FKS) [Frixione, Kunszt, Signer, 9512328]
<latexit sha1_base64="rcEepLN1Tp3LS9vtjgvrxJOCCXk="></latexit>Wij

<latexit sha1_base64="z4BizSxQysARbjsCDwAQIZXb5ig="></latexit>

K =
X

i,j 6=i

h
Si +Cij � SiCij

i
RWij

=
X

i

h
Si +

X

j>i

Cij(1� Si � Sj)
i
R
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Strategy of the method

 CS [Catani, Seymour, 9605323] dipole mapping

 Collect the relevant IRC limits for a given sector

 Promotion to counterterm: adapt mapping to each kernel

<latexit sha1_base64="u1nZBeQ3XG1Lt8IPEziwjJklkFQ="></latexit>

Cij R = Cij

⇣
Si +Cij � SiCij

⌘
R

<latexit sha1_base64="YeTQiTENWAl5RCRgI5/cD5TrEnE="></latexit>

Si R = Si

⇣
Si +Cij � SiCij

⌘
R

 Partition of radiative phase-space with sector functions         (as in FKS) [Frixione, Kunszt, Signer, 9512328]
<latexit sha1_base64="rcEepLN1Tp3LS9vtjgvrxJOCCXk="></latexit>Wij

 Locality of the cancellation ensured by consistency relations
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<latexit sha1_base64="6emgFRd7t/vfrCCEL+hjF2TRMXI="></latexit>

IS /
X

k,l

B̄(ikl)
kl

1

s̄(ikl)kl

Z
d�rad(s̄

(ikl)
kl ; y, z,�)

1� z

yz

=
X

k,l

B̄(ikl)
kl

(4⇡)✏�2

(s̄(ikl)kl )✏
�(1� ✏)�(2� ✏)

✏2�(2� 3✏)

For soft gluon i : 
( sab = 2ka ⋅ kb )

HP2, 21/09/22Gloria Bertolotti

Strategy of the method

 CS [Catani, Seymour, 9605323] dipole mapping

 Collect the relevant IRC limits for a given sector

 Promotion to counterterm: adapt mapping to each kernel

        sum rules + mapping adaptation = simple analytic counterterm integration  

 Partition of radiative phase-space with sector functions         (as in FKS) [Frixione, Kunszt, Signer, 9512328]
<latexit sha1_base64="rcEepLN1Tp3LS9vtjgvrxJOCCXk="></latexit>Wij

<latexit sha1_base64="rcEepLN1Tp3LS9vtjgvrxJOCCXk="></latexit>Wij

 Locality of the cancellation ensured by consistency relations
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<latexit sha1_base64="97iW+/d62ndu5PCDlgd9eKhS38Q="></latexit>

d�NNLO � d�NLO

dX
=

Z
d�n V V �Xn

Explicit poles up to 1/ϵ2

Phase space singularities

Phase space singularities

Explicit poles up to 1/ϵ4

<latexit sha1_base64="RVuqwnbfOZfbgEuiu4v6phcSND4="></latexit>

+

Z
d�n+1 RV �Xn+1

<latexit sha1_base64="p072InxlXl+Lx58JxLTIecG3xrU="></latexit>

+

Z
d�n+2 RR �Xn+2

Generalities at NNLO

HP2, 21/09/22Gloria Bertolotti

  = IRC-safe observable computed with i-body kinematics,   Xi
<latexit sha1_base64="pRda7YwrfglEpucaeZyRo+T98KA=">AAACFXicbZA9TwJBEIb38Avx69TSZpWYYCG5U6OWRhtLTURIgFzmlgE37H24O0dCLtT+BH+FrVZ2xtbawv/igRQKTvXmeWcyM68fK2nIcT6t3Mzs3PxCfrGwtLyyumavb9yaKNECKyJSka75YFDJECskSWEt1giBr7Dqdy+GfrWH2sgovKF+jM0AOqFsSwGUIc/ebrRQEXhpzZMD3sD7RPb4DyvV9jO459lFp+yMik8LdyyKbFxXnv3VaEUiCTAkocCYuuvE1ExBkxQKB4VGYjAG0YUO1jMZQoCmmY5eGfDdxABFPEbNpeIjiL8nUgiM6Qd+1hkA3ZlJbwj/8+oJtU+bqQzjhDAUw0UkFY4WGaFllhHyltRIBMPLkcuQC9BAhFpyECKDSRZaIcvDnfx+WtwelN3j8uH1UfHsfJxMnm2xHVZiLjthZ+ySXbEKE+yBPbFn9mI9Wq/Wm/X+05qzxjOb7E9ZH99o5p6B</latexit>

�Xi ⌘ �(X �Xi)
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Generalities at NNLO

HP2, 21/09/22Gloria Bertolotti

  = IRC-safe observable computed with i-body kinematics,   Xi
<latexit sha1_base64="pRda7YwrfglEpucaeZyRo+T98KA=">AAACFXicbZA9TwJBEIb38Avx69TSZpWYYCG5U6OWRhtLTURIgFzmlgE37H24O0dCLtT+BH+FrVZ2xtbawv/igRQKTvXmeWcyM68fK2nIcT6t3Mzs3PxCfrGwtLyyumavb9yaKNECKyJSka75YFDJECskSWEt1giBr7Dqdy+GfrWH2sgovKF+jM0AOqFsSwGUIc/ebrRQEXhpzZMD3sD7RPb4DyvV9jO459lFp+yMik8LdyyKbFxXnv3VaEUiCTAkocCYuuvE1ExBkxQKB4VGYjAG0YUO1jMZQoCmmY5eGfDdxABFPEbNpeIjiL8nUgiM6Qd+1hkA3ZlJbwj/8+oJtU+bqQzjhDAUw0UkFY4WGaFllhHyltRIBMPLkcuQC9BAhFpyECKDSRZaIcvDnfx+WtwelN3j8uH1UfHsfJxMnm2xHVZiLjthZ+ySXbEKE+yBPbFn9mI9Wq/Wm/X+05qzxjOb7E9ZH99o5p6B</latexit>

�Xi ⌘ �(X �Xi)

 Introduce local counterterms and its integrals  
<latexit sha1_base64="NlgTlCe4m2CH+TE1oy4V1bmPeJg="></latexit>Z

d�n+2 K
(1) �Xn+1 =

Z
d�n+1 I

(1) �Xn+1

<latexit sha1_base64="HJZmJvlrqfCts4ucG13TwVqLl/I="></latexit>Z
d�n+2 K

(2) �Xn =

Z
d�n I

(2) �Xn

<latexit sha1_base64="D3Vu660MBwGeSppYQBjmcnDzzSo="></latexit>Z
d�n+2 K

(12) �Xn =

Z
d�n+1 I

(12) �Xn

<latexit sha1_base64="32ir5WeuOOH6vJ4US2k1FKXKcTw="></latexit>Z
d�n+1 K

(RV) �Xn =

Z
d�n I

(RV) �Xn

<latexit sha1_base64="KMDzCArsd9QADTDoILifLXt1WTI="></latexit>

+

Z
d�n+2

h
RR �Xn+2 �K(1)�Xn+1 �

⇣
K(2) +K(12)

⌘
�Xn

i

<latexit sha1_base64="tw7C7AseupbDqQXcwv8C0l47URA="></latexit>

+

Z
d�n+1

h ⇣
RV + I(1)

⌘
�Xn+1 �

⇣
K(RV) � I(12)

⌘
�Xn

i

<latexit sha1_base64="xoCyJHb8JXTGUbek640xLMp0Ryc="></latexit>

d�NNLO � d�NLO

dX
=

Z
d�n

⇣
V V + I(2) + I(RV)

⌘
�Xn

<latexit sha1_base64="i9/5z7oHAZOynq3tnaC1SbU5/pU=">AAACI3icbVC7TsMwFHV4lvIqMLJYVEhMJQFEGStYGIugFKmJKse9LRaOE9k3iCrqZ/AJfAUrTGyIhYF/wQkZeJ3FR+feq+NzwkQKg6777kxNz8zOzVcWqotLyyurtbX1SxOnmkOHxzLWVyEzIIWCDgqUcJVoYFEooRvenOTz7i1oI2J1geMEgoiNlBgKztBK/dqun6oB6FAzDpl/bZL8bfJoMulnPsIdZkOhBAIVirbPrVqruw23AP1LvJLUSYl2v/bhD2KeRqCQS2ZMz3MTDDKmUXAJk6qfGrCmN2wEPUsVi8AEWRFsQrdTwzCmCWgqJC1E+H6RsciYcRTazYjhtfk9y8X/Zr0Uh0dBJlSSIiieG6GQUBgZroVtDOhAaEBk+c+L+JxphghaUMa5FVNbYdX24f1O/5dc7jW8w8b+2UG9dVw2UyGbZIvsEI80SYuckjbpEE7uySN5Is/Og/PivDpvX6tTTnmzQX7A+fgEKE6l9Q==</latexit>| {z }
finite in PS

<latexit sha1_base64="i9/5z7oHAZOynq3tnaC1SbU5/pU=">AAACI3icbVC7TsMwFHV4lvIqMLJYVEhMJQFEGStYGIugFKmJKse9LRaOE9k3iCrqZ/AJfAUrTGyIhYF/wQkZeJ3FR+feq+NzwkQKg6777kxNz8zOzVcWqotLyyurtbX1SxOnmkOHxzLWVyEzIIWCDgqUcJVoYFEooRvenOTz7i1oI2J1geMEgoiNlBgKztBK/dqun6oB6FAzDpl/bZL8bfJoMulnPsIdZkOhBAIVirbPrVqruw23AP1LvJLUSYl2v/bhD2KeRqCQS2ZMz3MTDDKmUXAJk6qfGrCmN2wEPUsVi8AEWRFsQrdTwzCmCWgqJC1E+H6RsciYcRTazYjhtfk9y8X/Zr0Uh0dBJlSSIiieG6GQUBgZroVtDOhAaEBk+c+L+JxphghaUMa5FVNbYdX24f1O/5dc7jW8w8b+2UG9dVw2UyGbZIvsEI80SYuckjbpEE7uySN5Is/Og/PivDpvX6tTTnmzQX7A+fgEKE6l9Q==</latexit>| {z }
finite in PS
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  = IRC-safe observable computed with i-body kinematics,   Xi
<latexit sha1_base64="pRda7YwrfglEpucaeZyRo+T98KA=">AAACFXicbZA9TwJBEIb38Avx69TSZpWYYCG5U6OWRhtLTURIgFzmlgE37H24O0dCLtT+BH+FrVZ2xtbawv/igRQKTvXmeWcyM68fK2nIcT6t3Mzs3PxCfrGwtLyyumavb9yaKNECKyJSka75YFDJECskSWEt1giBr7Dqdy+GfrWH2sgovKF+jM0AOqFsSwGUIc/ebrRQEXhpzZMD3sD7RPb4DyvV9jO459lFp+yMik8LdyyKbFxXnv3VaEUiCTAkocCYuuvE1ExBkxQKB4VGYjAG0YUO1jMZQoCmmY5eGfDdxABFPEbNpeIjiL8nUgiM6Qd+1hkA3ZlJbwj/8+oJtU+bqQzjhDAUw0UkFY4WGaFllhHyltRIBMPLkcuQC9BAhFpyECKDSRZaIcvDnfx+WtwelN3j8uH1UfHsfJxMnm2xHVZiLjthZ+ySXbEKE+yBPbFn9mI9Wq/Wm/X+05qzxjOb7E9ZH99o5p6B</latexit>

�Xi ⌘ �(X �Xi)

 Introduce local counterterms and its integrals  
<latexit sha1_base64="NlgTlCe4m2CH+TE1oy4V1bmPeJg="></latexit>Z

d�n+2 K
(1) �Xn+1 =

Z
d�n+1 I

(1) �Xn+1

<latexit sha1_base64="HJZmJvlrqfCts4ucG13TwVqLl/I="></latexit>Z
d�n+2 K

(2) �Xn =

Z
d�n I

(2) �Xn

<latexit sha1_base64="D3Vu660MBwGeSppYQBjmcnDzzSo="></latexit>Z
d�n+2 K

(12) �Xn =

Z
d�n+1 I

(12) �Xn

<latexit sha1_base64="32ir5WeuOOH6vJ4US2k1FKXKcTw="></latexit>Z
d�n+1 K

(RV) �Xn =

Z
d�n I

(RV) �Xn

<latexit sha1_base64="KMDzCArsd9QADTDoILifLXt1WTI="></latexit>

+

Z
d�n+2

h
RR �Xn+2 �K(1)�Xn+1 �

⇣
K(2) +K(12)

⌘
�Xn

i

<latexit sha1_base64="TUIlehvPXi4TeNjP0Z8o4l1W6Jk="></latexit> | {z }
finite in d=4, div. in PS

<latexit sha1_base64="tw7C7AseupbDqQXcwv8C0l47URA="></latexit>

+

Z
d�n+1

h ⇣
RV + I(1)

⌘
�Xn+1 �

⇣
K(RV) � I(12)

⌘
�Xn

i

<latexit sha1_base64="xoCyJHb8JXTGUbek640xLMp0Ryc="></latexit>

d�NNLO � d�NLO

dX
=

Z
d�n

⇣
V V + I(2) + I(RV)

⌘
�Xn

<latexit sha1_base64="rKoUsQI94iF3aLUca6p9V9wiEI4="></latexit> | {z }
finite in d=4, div. in PS

<latexit sha1_base64="i9/5z7oHAZOynq3tnaC1SbU5/pU=">AAACI3icbVC7TsMwFHV4lvIqMLJYVEhMJQFEGStYGIugFKmJKse9LRaOE9k3iCrqZ/AJfAUrTGyIhYF/wQkZeJ3FR+feq+NzwkQKg6777kxNz8zOzVcWqotLyyurtbX1SxOnmkOHxzLWVyEzIIWCDgqUcJVoYFEooRvenOTz7i1oI2J1geMEgoiNlBgKztBK/dqun6oB6FAzDpl/bZL8bfJoMulnPsIdZkOhBAIVirbPrVqruw23AP1LvJLUSYl2v/bhD2KeRqCQS2ZMz3MTDDKmUXAJk6qfGrCmN2wEPUsVi8AEWRFsQrdTwzCmCWgqJC1E+H6RsciYcRTazYjhtfk9y8X/Zr0Uh0dBJlSSIiieG6GQUBgZroVtDOhAaEBk+c+L+JxphghaUMa5FVNbYdX24f1O/5dc7jW8w8b+2UG9dVw2UyGbZIvsEI80SYuckjbpEE7uySN5Is/Og/PivDpvX6tTTnmzQX7A+fgEKE6l9Q==</latexit>| {z }
finite in PS

<latexit sha1_base64="NwbYIij9nkZ9mzIz7g/Rq2Uew5o="></latexit> | {z }
finite in d=4, finite in PS

<latexit sha1_base64="i9/5z7oHAZOynq3tnaC1SbU5/pU=">AAACI3icbVC7TsMwFHV4lvIqMLJYVEhMJQFEGStYGIugFKmJKse9LRaOE9k3iCrqZ/AJfAUrTGyIhYF/wQkZeJ3FR+feq+NzwkQKg6777kxNz8zOzVcWqotLyyurtbX1SxOnmkOHxzLWVyEzIIWCDgqUcJVoYFEooRvenOTz7i1oI2J1geMEgoiNlBgKztBK/dqun6oB6FAzDpl/bZL8bfJoMulnPsIdZkOhBAIVirbPrVqruw23AP1LvJLUSYl2v/bhD2KeRqCQS2ZMz3MTDDKmUXAJk6qfGrCmN2wEPUsVi8AEWRFsQrdTwzCmCWgqJC1E+H6RsciYcRTazYjhtfk9y8X/Zr0Uh0dBJlSSIiieG6GQUBgZroVtDOhAaEBk+c+L+JxphghaUMa5FVNbYdX24f1O/5dc7jW8w8b+2UG9dVw2UyGbZIvsEI80SYuckjbpEE7uySN5Is/Og/PivDpvX6tTTnmzQX7A+fgEKE6l9Q==</latexit>| {z }
finite in PS

<latexit sha1_base64="TUIlehvPXi4TeNjP0Z8o4l1W6Jk="></latexit> | {z }
finite in d=4, div. in PS
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Counterterms for RR

 Partition of double-unresolved            with sector functions 
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

Sum rules :

X

i,j 6=i

X

k 6=i
l 6=i,k

Wijkl = 1

<latexit sha1_base64="ylcprd/klMCtdRuuBM7WoO/8esM="></latexit>

RR =
X

i,j 6=i

X

k 6=i
l 6=i,k

RR Wijkl

<latexit sha1_base64="NEERMsjcZE0vz27XODsnsJgR/Xw="></latexit>

<latexit sha1_base64="BYbcoC9WNYxB+WfTBnWozvVQfSQ="></latexit>

Sik

⇣X

b 6=i

X

d 6=i,k

Wibkd +
X

b 6=k

X

d 6=k,i

Wkbid

⌘
= 1

<latexit sha1_base64="74sK2+bDW7sE70KWvdcWXGwqAlQ="></latexit>

Cijk

X

abc2⇡(ijk)

⇣
Wabbc +Wabcb

⌘
= 1

…
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Counterterms for RR

 Partition of double-unresolved            with sector functions 
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

 Collect the relevant IRC limits for each topology

Wijjk : Si Cij Sij Cijk SCijk

Wijkj : Si Cij Sik Cijk SCijk SCkij

Wijkl : Si Cij Sik Cijkl SCikl SCkij
<latexit sha1_base64="fWF2JS/LW7dQsf+q9LlZTcpDWl4="></latexit>

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l
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Counterterms for RR

 Partition of double-unresolved            with sector functions 
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

 Collect the relevant IRC limits for each topology

Wijjk : Si Cij Sij Cijk SCijk

Wijkj : Si Cij Sik Cijk SCijk SCkij

Wijkl : Si Cij Sik Cijkl SCikl SCkij
<latexit sha1_base64="fWF2JS/LW7dQsf+q9LlZTcpDWl4="></latexit>

single-unresolved limits

double-unresolved limits

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l
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Counterterms for RR

 Partition of double-unresolved            with sector functions 
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

<latexit sha1_base64="X+2tSsehTXVddnKD3U58mBm0Vhs="></latexit>

RRW⌧ �
h
L(1)
ij + L(2)

⌧ � L(1)
ij L(2)

⌧

i
RRW⌧ = finite

(τ = ijjk, ijkj, ijkl)

 Collect the relevant IRC limits for each topology

Wijjk : Si Cij Sij Cijk SCijk

Wijkj : Si Cij Sik Cijk SCijk SCkij

Wijkl : Si Cij Sik Cijkl SCikl SCkij
<latexit sha1_base64="fWF2JS/LW7dQsf+q9LlZTcpDWl4="></latexit>

<latexit sha1_base64="b0xY7IdSqkCQAP5uH7mjaHR1B80="></latexit>

L(1)
ij = Si+Cij(1� Si)

<latexit sha1_base64="zp4UavHL6STQdXJaEEhVrCNRRbQ="></latexit>

L(2)
ijjk = Sij+Cijk(1�Sij)+SCijk(1�Sij)(1�Cijk)

L(2)
ijkj = Sik+Cijk(1�Sik)+(SCijk+SCkij)(1�Sik)(1�Cijk)

L(2)
ijkl = Sik+Cijkl(1�Sik)+(SCikl+SCkij)(1�Sik)(1�Cijkl)

single-unresolved limits

double-unresolved limits

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l

<latexit sha1_base64="dY2od2d7C4YK3Doppd2wLsvyIx8="></latexit>

i j k l
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Counterterms for RR

 Partition of double-unresolved            with sector functions 
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

 Collect the relevant IRC limits for each topology

 Nested Catani-Seymour mappings 

 mapping from  kinematics(n + 2) → n

 simple phase-space factorisation

 parametrisation simplifies kernels expressions

<latexit sha1_base64="nEL3oQ1qtiKPIKeky3TKfh0nKW8="></latexit>

{k} ! {k̄}(abcd)

<latexit sha1_base64="6IC/3cCSwX+zZ92nien19YQThZo="></latexit>

d�n+2 = d�(abcd)
n ⇥ d�(abcd)

rad,2

<latexit sha1_base64="O4HE1eIiNtZCv42R506cmj3Z1qM="></latexit>

{k} ! {k̄}(abc,def)

<latexit sha1_base64="xIdj8q6o+U8VSJacToyl2UhTti4="></latexit>

d�n+2 = d�(abcd)
n ⇥ d�(abc)

rad d�(def)
rad

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f
<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f
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strongly-ordered  
double-unresolved limits

uniform  
double-unresolved limits

HP2, 21/09/22Gloria Bertolotti

Counterterms for RR

 Partition of double-unresolved            with sector functions 
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

 Collect the relevant IRC limits for each topology

 Nested Catani-Seymour mappings 

 Promotion to counterterms: adapt mapping to each kernel

<latexit sha1_base64="/+UNZGqcgDIcQoFm31OpJ/XhzQA="></latexit>

RR �Xn+2 �K(1)�Xn+1 �
⇣
K(2) +K(12)

⌘
�Xn = finite

K(12) = �
X

i,j 6=i

X

k 6=i
l 6=i,k

L
(1)
ij L

(2)
ijkl RR Wijkl

<latexit sha1_base64="eP8B26Et9hLnKXMTFke+WdDE8lM="></latexit>

K(2) =
X

i,j 6=i

X

k 6=i
l 6=i,k

L
(2)
ijkl RR Wijkl

<latexit sha1_base64="/PoYvHY/brf/MrPK22ZRYZ9ySvs="></latexit>

K(1) =
X

i,j 6=i

X

k 6=i
l 6=i,k

L
(1)
ij RR Wijkl

<latexit sha1_base64="55+Nj2wscQwekSq0t8tArqooPlw="></latexit>

single-unresolved limits
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Counterterms for RR

 Partition of double-unresolved            with sector functions 
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

 Collect the relevant IRC limits for each topology

 Nested Catani-Seymour mappings 

 Promotion to counterterms: adapt mapping to each kernel

<latexit sha1_base64="/+UNZGqcgDIcQoFm31OpJ/XhzQA="></latexit>

RR �Xn+2 �K(1)�Xn+1 �
⇣
K(2) +K(12)

⌘
�Xn = finite

strongly-ordered  
double-unresolved limits

uniform  
double-unresolved limits

K(12) = �
X

i,j 6=i

X

k 6=i
l 6=i,k

L
(1)
ij L

(2)
ijkl RR Wijkl

<latexit sha1_base64="eP8B26Et9hLnKXMTFke+WdDE8lM="></latexit>

K(2) =
X

i,j 6=i

X

k 6=i
l 6=i,k

L
(2)
ijkl RR Wijkl

<latexit sha1_base64="/PoYvHY/brf/MrPK22ZRYZ9ySvs="></latexit>

K(1) =
X

i,j 6=i

X

k 6=i
l 6=i,k

L
(1)
ij RR Wijkl

<latexit sha1_base64="55+Nj2wscQwekSq0t8tArqooPlw="></latexit>

single-unresolved limits

strongly-ordered  
double-unresolved limits

K(2) =
X

i,j 6=i

X

k 6=i
l 6=i,k

L
(2)
ijkl RR Wijkl

<latexit sha1_base64="/PoYvHY/brf/MrPK22ZRYZ9ySvs="></latexit>

<latexit sha1_base64="rg2qr7TNMWPqJok1tNb6J1cYZII="></latexit>

K(2) =
n X

i,k>i

Sik +
X

i,j>i

X

k>j

Cijk

⇣
1� Sij � Sik � Sjk

⌘

+
X

i,j>i

X

k 6=j
k>i

X

l 6=j
l>k

Cijkl

h
1� Sik � Sil � Sjk � Sjl

�SCikl(1� Sik � Sil)� SCjkl(1� Sjk � Sjl)

�SCkij(1� Sik � Sjk)� SClij(1� Sil � Sjl)
i

+
X

i,j>i

X

k 6=i
k>j

SCijk(1� Sij � Sik)(1�Cijk)
o
RR

<latexit sha1_base64="rg2qr7TNMWPqJok1tNb6J1cYZII="></latexit>

K(2) =
n X

i,k>i

Sik +
X

i,j>i

X

k>j

Cijk

⇣
1� Sij � Sik � Sjk

⌘

+
X

i,j>i

X

k 6=j
k>i

X

l 6=j
l>k

Cijkl

h
1� Sik � Sil � Sjk � Sjl

�SCikl(1� Sik � Sil)� SCjkl(1� Sjk � Sjl)

�SCkij(1� Sik � Sjk)� SClij(1� Sil � Sjl)
i

+
X

i,j>i

X

k 6=i
k>j

SCijk(1� Sij � Sik)(1�Cijk)
o
RR

uniform  
double-unresolved limits

Collection of 
universal kernels!
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Counterterms for RR
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Partition of double-unresolved            with sector functions Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

 Collect the relevant IRC limits for each topology

 Nested Catani-Seymour mappings 

 Promotion to counterterms: adapt mapping to each kernel

Locality of the cancellation  
ensured by  

consistency relations

<latexit sha1_base64="dxtUEJurFldRajSmC4D8ESbF8qM="></l atexit>

Si, Cij , Sij , Cijk

<latexit sha1_base64="5icx4YPegO6ao8kkrXfAsHL0Tgg=">AAACF3icbVDLSgNBEJz1GddX1KOXwSBECGE3inoMehG8RDAPSGKYnXTikNkHM71CWPIBfoJf4VVP3sSrRw/+i7Mxh5hYp+qqbrq7vEgKjY7zZS0sLi2vrGbW7PWNza3t7M5uTYex4lDloQxVw2MapAigigIlNCIFzPck1L3BZerXH0BpEQa3OIyg7bN+IHqCMzRSJ5u7vkvy7tGoQFsFaqdFabpwTUVNl1N0xqDzxJ2QHJmg0sl+t7ohj30IkEumddN1ImwnTKHgEkZ2K9YQMT5gfWgaGjAfdDsZPzOih7FmGNIIFBWSjkWYnkiYr/XQ90ynz/Bez3qp+J/XjLF33k5EEMUIAU8XoZAwXqS5EiYloF2hAJGllwMVAeVMMURQgjLOjRib2GyThzv7/TyplYruafH45iRXvpgkkyH75IDkiUvOSJlckQqpEk4eyTN5Ia/Wk/VmvVsfv60L1mRmj/yB9fkDZeebTg==</latexit>

K(1), K(2), K(12)

verified 
sector by sector
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<latexit sha1_base64="VHp9bMtyx7XSOEy2J4+E9xLpXTg="></latexit>

I(1) =

Z
d�rad K

(1)

<latexit sha1_base64="zq5hCUYR/tTRAzIRiBEgxGCkk2w="></latexit>

I(12) =

Z
d�rad K

(12)

<latexit sha1_base64="AoBGsIKb1PWhyrsAwW+aPWuTYzM="></latexit>

I(2) =

Z
d�rad,2 K

(2)

NNLO 
complexity

Counterterms for RR

          sum rules + mapping adaptation = feasible analytic counterterms integration  Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

[Catani, Grazzini, 9903516, 9810389]

<latexit sha1_base64="8GCmIYNpZiv+i1dUISRiAOMZkDs="></latexit>

K(2) � SijRR,CijkRR
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<latexit sha1_base64="VHp9bMtyx7XSOEy2J4+E9xLpXTg="></latexit>

I(1) =

Z
d�rad K

(1)

<latexit sha1_base64="zq5hCUYR/tTRAzIRiBEgxGCkk2w="></latexit>

I(12) =

Z
d�rad K

(12)

<latexit sha1_base64="AoBGsIKb1PWhyrsAwW+aPWuTYzM="></latexit>

I(2) =

Z
d�rad,2 K

(2)

NNLO 
complexity

[Catani, Grazzini, 9903516, 9810389]

<latexit sha1_base64="8GCmIYNpZiv+i1dUISRiAOMZkDs="></latexit>

K(2) � SijRR,CijkRR

Counterterms for RR

Analytically checked  

          sum rules + mapping adaptation = feasible analytic counterterms integration  Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

Counterterm for RV
Apply NLO strategy to define and analytically integrate in single-unresolved phase space    

 

 
<latexit sha1_base64="UTPTv2hLmQWoQY6qq/quENvaiO4="></latexit>

I(1) + I(12) ! finite in phase space
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Analytically verified for  
an arbitrary number of final-state partons  
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Analytically verified for  
any arbitrary number of final-state particles  
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NLO extension to ISR

 Sector functions extended to ISR satisfy the same FSR sum rules: key for integration 

 Catani-Seymour [Catani, Seymour, 9605323] initial-state dipole mappings 
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 Sector functions extended to ISR satisfy the same FSR sum rules: key for integration 

 Catani-Seymour [Catani, Seymour, 9605323] initial-state dipole mappings 

 Systematic optimisation with damping factors: multiplicative powers of kinematic invariants  
 smoothly turning off the local counterterms away from the singular regions 
   

NLO extension to ISR

 Trivial analytic integration reproducing all NLO virtual + collinear factorisation poles 
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 Sector functions extended to ISR satisfy the same FSR sum rules: key for integration 

 Catani-Seymour [Catani, Seymour, 9605323] initial-state dipole mappings 

 Systematic optimisation with damping factors: multiplicative powers of kinematic invariants  
 smoothly turning off the local counterterms away from the singular regions 
   

NLO extension to ISR

 Trivial analytic integration reproducing all NLO virtual + collinear factorisation poles 

  Numerical implementation in MadNkLO [Hirschi, Deutschmann, Lionetti, et al.] : 
  automated MG5-inspired python framework 

 Cancellation of IRC singularities and  poles checked up to  ϵ pp → 3j
 Validation on physical cross sections for both leptonic and hadronic collisions

[ pb ]
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   General analytic subtraction formula for massless FSR at NNLO  

   General analytic subtraction formula for massless FSR and ISR at NLO  
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Outlook

Status

   Numerical implementation and validation of NLO subtraction formula  
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  Framework optimisation for relevant phenomenology 
  (phase-space integration routine, low-level code, …)

  Numerical implementation of NNLO massless FSR

  NLO treatment of massive coloured particles; future extension to NNLO

  Extension of ISR subtraction to NNLO:  
  integrals of complexity similar as massless FSR
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Outlook

Status

  Framework optimisation for relevant phenomenology 
  (phase-space integration routine, low-level code, …)

  Numerical implementation of NNLO massless FSR

   Numerical implementation and validation of NLO subtraction formula  

  NLO treatment of massive coloured particles; future extension to NNLO

Thanks  
for your attention!
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  Extension of ISR subtraction to NNLO:  
  integrals of complexity similar as massless FSR
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NNLO sector function:  



HP2, 21/09/22Gloria Bertolotti

<latexit sha1_base64="nb8w/QQt3WUxSzWeAAwXsA26m70="></latexit>

V V + I(2) + I(RV) =

✓
↵s

2⇡

◆2⇢ 
I(0) +

X

j

I(1)j Ljr +
X

j

I(2)j L2
jr +

1

2

X

j,l 6=j

�hc
j �hc

l Ljr0Llr0

�
B

+
X

j

h
I(0)jr + I(1)jr Ljr

i
Bjr � 2

�
1�⇣2

� X

j,c 6=j,r

�hc
j

�
2� Lcr

�
Bcr

+
X

c,d 6=c

Lcd


I(0)cd + I(1)cd Lcd +

�0

12
L2
cd +

�
4� Lcd

�X

j

�hc
j Ljr

�
Bcd

+
X

c,d 6=c


� 2 + ⇣2 + 2 ⇣3 �

5

4
⇣4 + 2

�
1�⇣3

�
Lcd

�
Bcdcd

+
�
1�⇣2

� X

c,d 6=c
e 6=d

Lcd Led Bcded +
X

c,d 6=c
e,f 6=e

Lcd Lef


1� 1

2
Lcd

✓
1� 1

8
Lef

◆�
Bcdef

+⇡
X

c,d 6=c
e 6=c,d


ln
sce
sde

L2
cd +

1

3
ln3

sce
sde

+ 2Li3

✓
� sce
sde

◆�
Bcde

�

+

✓
↵s

2⇡

◆⇢ 
⌃� �

X

j

�hc
j Ljr

�
Vfin +

X

c,d 6=c

Lcd

✓
2� 1

2
Lcd

◆
Vfin

cd

�
+VVfin

<latexit sha1_base64="j+WVx5OWTyHDz9NNdR7lJwMwrAU="></latexit>

I(0) = N2
qC

2
F


101

8
� 141

8
⇣2+

245

16
⇣4

�
+NgNqCF


CA

✓
13

3
� 125

6
⇣2+

245

8
⇣4

◆
+ �0

✓
77

12
� 53

12
⇣2

◆�

+ N2
g


C2
A

✓
20

9
� 13

3
⇣2 +

245

16
⇣4

◆
+ �2

0

✓
73

72
� 1

8
⇣2

◆
+ CA�0

✓
� 1

9
� 11

3
⇣2

◆�

+ NqCF


CF

✓
53

32
� 57

8
⇣2+

1

2
⇣3+

21

4
⇣4

◆
+ CA

✓
677

432
+
5

3
⇣2�

25

2
⇣3+

47

8
⇣4

◆

+�0

✓
5669

864
� 85

24
⇣2�

11

12
⇣3

◆�

+ Ng


CFCA

✓
� 737

48
+ 11⇣3

◆
+ CF �0

✓
67

16
� 3⇣3

◆
+ �2

0

✓
73

72
� 3

8
⇣2

◆

+C2
A

✓
� 4289

216
+

15

2
⇣2 � 14⇣3 +

89

8
⇣4

◆
+ CA�0

✓
647

54
� 53

8
⇣2 �

11

12
⇣3

◆�

I(1)j = �fa{q,q̄}CF


NqCF

✓
5

2
� 7

4
⇣2

◆
+NgCA

✓
1

3
� 7

4
⇣2

◆
+

2

3
Ng�0

+CF

✓
� 3

8
� 4⇣2 + 2⇣3

◆
+ CA

✓
25

12
� 3⇣2 + 3⇣3

◆
+ �0

✓
1

24
+ ⇣2

◆�

+ �fag


NqCFCA

�
10�7⇣2

�
�NqCF �0

✓
5

2
� 7

4
⇣2

◆
+NgC

2
A

✓
4

3
�7⇣2

◆
+NgCA�0

✓
7

3
+
7

4
⇣2

◆

� 2

3
(Ng + 1)�2

0 +
11

4
CFCA � 3

4
CF �0 + C2

A

✓
28

3
� 23

2
⇣2+5⇣3

◆
� CA�0

✓
2

3
� 5

2
⇣2

◆�

I(2)j =
1

8

�
15CA � 7�0 � 15

�
Cfj �

1

4

�
5CA � 2�0

�
�j + 2 ⇣2 C

2
fj

I(0)jr =
�
� 1 + 3⇣2 � 2⇣3

�
CA � 1

2

�
13 + 10⇣2 + 2⇣3

�
Cfj +

�
5 + 2⇣3

�
�j

I(1)jr =
�
1� ⇣2

�
CA +

1

2

�
4 + 7⇣2

�
Cfj �

�
2 + ⇣2

�
�j

I(0)cd =

✓
20

9
� 2⇣2 �

7

2
⇣3

◆
CA +

31

9
�0 + 2⌃� + 8

�
1� ⇣2

�
Cfd

I(1)cd = �
✓
1

3
� 1

2
⇣2

◆
CA � 11

12
�0 �

1

2
⌃�



HP2, 21/09/22Gloria Bertolotti

Double-unresolved phase space
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Analytic integration of double-unresolved 
counterterms
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Analytic integration of double-unresolved 
counterterms


