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Gravitational Wave Astronomy

[LIGO & Virgo, arXiv:1602:03837]

• The era of gravitational wave astronomy has just begun ...

• ... and high-precision calculations are required to exploit the full physics potential

of current and future GW observatories!
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The Stages of a Binary Black Hole Merger

Inspiral Weak-field approximation

Merger Numerical Relativity - ab initio, but very computing intense

Ringdown Black Hole Perturbation Theory

[Antelis,Moreno EPJP 132 (2017) 1, 10]

Waveform

r � rs = 2G (m1+m2)
c2
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The Classical Hamiltonian

During the Inspiral the dynamics are described by classical Hamiltonians

H =
2∑

i=1

√
p2 + m2

i + V (1)(r2,p2) + V (2)(r2,p2)
L · S
r2

+ V (3)(r2,p2)
(p · S)2

r2
+ V (4)(r2,p2)

S2

r2
+ V (5)(r2,p2)

(r · S)2

r4
+ · · ·

G( 1 + v2 + v4 + v6 + v8 + v10 + . . .)

G2( 1 + v2 + v4 + v6 + v8 + . . .)

G3( 1 + v2 + v4 + v6 + . . .)

G4( 1 + v2 + v4 + . . .)

G5( 1 + v2 + . . .)

G6( 1 + . . .)

0PN
(1687)

Newton

1PN
(1938)

Einstein,Infeld

Hoffmann

2PN
(1973)

Kimura et al

3PN
(2000)

Damour et al

Blanchet, Faye

4PN
(2014)

Damour et al

5PN
(2020)

Mastrolia et al

Blümlein et al

6PN
(2020)

Blümlein et al
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Spin Hamilitonian much less known!

Post Newtonian
• S : 3PN O(G 4) [Levi et al arXiv:2208.14949, Mastrolia et al arXiv:2209.00611]

• S2: 5PN O(G 4) [Kim,Levi,Yin arXiv:2112.01509]

• S3: 4PN O(G 2) [Levi,Mougiakakos,Viera arXiv:1912.06276]

• S4: 5PN O(G 2) [Levi,Teng arXiv:2008.12280]

Post Minkowskian

• S2: 2PM [Bern et.al arXiv:2005.03071], [Kosmopoulos,Luna arXiv:2102.10137]

• S4: 2PM [Chen,Chung,Huang arXiv:2111.13639]

• S5: 2PM [Bern et al arXiv:2203.06202]

• S∞: 2PM [Aoude,Haddad,Helset arXiv:2203.06197,arXiv:2205.02809]
4



The Classical Hamiltonian

During the Inspiral the dynamics are described by classical Hamiltonians

H =
2∑

i=1

√
p2 + m2

i + V (1)(r2,p2) + V (2)(r2,p2)
L · S
r2

+ V (3)(r2,p2)
(p · S)2

r2
+ V (4)(r2,p2)

S2

r2
+ V (5)(r2,p2)

(r · S)2

r4
+ · · ·

G( 1 + v2 + v4 + v6 + v8 + v10 + . . .)

G2( 1 + v2 + v4 + v6 + v8 + . . .)

G3( 1 + v2 + v4 + v6 + . . .)

G4( 1 + v2 + v4 + . . .)

G5( 1 + v2 + . . .)

G6( 1 + . . .)

0PN
(1687)

Newton

1PN
(1938)

Einstein,Infeld

Hoffmann

2PN
(1973)

Kimura et al

3PN
(2000)

Damour et al

Blanchet, Faye

4PN
(2014)

Damour et al

5PN
(2020)

Mastrolia et al
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4



Idea in a Nutshell

M =
4π G

E1E2

m2
1m

2
2(1− 2σ2)

q2
+ · · ·

σ =
p1 · p2

m1m2

The classical potential is then given by

V (0)(r2,p2) =

∫
d3q

(2π)3
Me i~q·~r = −Gm1m2

r

(
m1m2

E1E2
(2σ2 − 1)

)
= −Gm1m2

r
+O(v2)

• Scattering amplitude approach provides all-order v2 corrections!

• Loop amplitudes provide higher-order O(Gn) corrections!

q2
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General Relativity

• Consider Einstein-Hilbert gravity coupled to massive scalar and vector particles

S [φ,Aµ, gµν ] =

∫
d4x
√
−g
[
− 2

κ2
R +

1

2
gµν∂µφ∂νφ−

1

2
m2
φφ

2

−1

4
gµαgνβFαβFµν +

1

2
m2

Ag
µνAµAν

]
• Expand spacetime metric around flat space

gµν = ηµν + κhµν , κ =
√

32πG

• General relativity is non-linear

gµν = ηµν − κhµν + κ2hµλhνλ +O(κ3)

√
−g = 1 +

κ

2
h +

κ2

8

(
h2 − 2hµνh

µν
)

+O(κ3)

• Leads to quantum EFT of gravity with infinite many interaction terms
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Scattering Amplitudes - I

A(p1, ε1) + φ(p2)→ φ(p3) + A(p4, ε4)

• only subset of the full amplitude contributes to classical physics

|`1| ∼ |`2| ∼ |q| � mA,mφ,
√
s Spin: |S | ∼ 1

|q|
• 1-loop:

• 2-loop:

• Relate: Qunatum Spin ⇔ Classical Spin

q = p4 − p1
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Scattering Amplitudes - II

Form factor decomposition:

with

T1 = (ε1 · ε?4) T2 = (ε1 · q)(ε?4 · q)

T3 = q2(ε1 · p̄2)(ε?4 · p̄2) T4 = (ε1 · p̄2)(ε?4 · q)− (ε1 · q)(ε?4 · p̄2)

• Expand relativistic εµ(p) around rest-frame: ε̂µs = (0, ε̂s)

εµs (p) = Λµν(p)ε̂νs , Λµν(p) =

(√
1 + v2 vT

v δij + 1
v2 (
√

1 + v2 − 1)v iv j
]
,

)
Expand Lorentzboost for p = p̄1 ± q/2 for q ∼ 0

• Relate rest-frame vectors to Spin: (Si )jk = −iεijk

〈1,m2, |1|1,m1〉 = (ε̂m1
· ε̂?m2

) ,

iεijk 〈1,m2|Sk |1,m1〉 = ε̂? im2
ε̂jm1
− ε̂im1

ε̂? jm2
,

〈1,m2|SiSj |1,m1〉 = δij(ε̂m1
· ε̂?m2

)− ε̂im1
ε̂? jm2

,

〈1,m2|S2|1,m1〉 = 2(ε̂m1
· ε̂?m2

)

Mλ1λ4 =
∑5

n=1 Mn εµ(p1, λ1)Tµν
n ε?ν(p4, λ4)

p1 = p̄1 − q/2 p4 = p̄1 + q/2

p2 = p̄2 + q/2 p3 = p̄2 − q/2
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Scattering Amplitudes - III

After expansion of Lorentz Boost:

T1 = −〈O1〉+
1

m2
A(γ1 + 1)

[
〈O2〉 − 〈O3〉+

〈O4〉
2m2

A(γ1 + 1)

]
+O(q2)

T2 = 〈O3〉+O(q2)

T3 = − E 2

m2
A

〈O4〉+O(q2)

T4 = − E

mA
〈O2〉+

E −mA

mA
〈O3〉 −

E

m3
A(γ1 + 1)

〈O4〉+O(q2)

with

O1 = 1

O2 = −i(q × p) · S

O3 =
1

2
q2S2 − (q · S)2

O4 = q2

(
1

2
p2S2 − (p · S)2

)
Spin multipoles!
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Scattering Amplitudes - IV

• Form factors have decomposition: Mn =
∑

k cn,k Ik

→ Use Numerical Unitarity method to compute cn,k

• Resolve ε dependence of cn,k in tHV scheme

• Reconstruct univariate slices:

cn,k = cn,k(ε, q2) for fixed {mA,mφ, σ}

• apply constrained IBP reductions to master integrals (classical power counting)

• Expansion by Regions: Potential Region

→ expand IBPs and master integrals in q2

→ keep only terms 1
q2 , 1√

−q2
and (q2)0

• After expansion: reconstruct dependence on {mA,mφ, σ}

90 univariate slices to extract analytical expressions for classical terms

[extended for Masses & Gravity]

[Parra-Martinez,Ruf,Zeng 2020]
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Expansion by Regions - I

[Beneke,Smirnov ’98]

p1 = m̄Au1 − q/2 p4 = m̄Au1 + q/2

p2 = m̄φu2 + q/2 p3 = m̄φu2 − q/2

Soft region:

|`i | ∼ |q| � mA,mφ,
√
s

Kinematics:

u2
i = 1 , ui · q = 0 , u1 · u2 = y

Expanding Matter propagators:

1

(`+ p1)−m2
A

=
1

2m̄Au1 · `
− `2 − ` · q

(2m̄Au1 · `)2
+ · · ·

Graviton propagators unaffected:

1

`2
,

1

(`− q)2
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Expansion by Regions - II

Allows systematic expansion of integrals: [Parra-Martinez,Ruf,Zeng arXiv:2005.04236]

=
1

ε2m̄Am̄φ

√
y2 − 1

1

(−q2)

1 4

32

+
m̄A + m̄φ

εm̄2
Am̄

2
φ(y − 1)

1√
−q2

1 4

32

−
(1 + 2ε)(2m̄Am̄φy + m̄2

A + m̄2
φ)

8ε2m̄3
Am̄

3
φ(y2 − 1)3/2

1 4

32

+
(1 + 2ε)(y(m̄2

A + m̄2
φ) + 2m̄Am̄φ)

8εm̄3
Am̄

3
φ(y2 − 1)

1 4

32

+O(q2)

Linearized master integrals obtained from differential equations:
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The Classical Limit

Structure of Scattering Amplitudes

Mtree = G

(
ccl0

q2
+ . . .

)
M1-loop = G 2

(
cscl1

q2
+

ccl1

|q|
+ cQ1 log(q2) + . . .

)
M2-loop = G 3

(
csscl2

q2
+

cscl2

|q|
+ ccl2 log(q2) + . . .

)

• Classical terms at any loop order

• Super-classical contributions have to be subtracted/cancelled

• Quantum corrections are suppressed by powers of ~

How to systematically extract a classical potential from that?
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Effective Field Theory - I

Non-relativistic, non-local, classical 3D EFT

LEFT =

∫
k

φ̂†(−k)
(
i∂t −

√
k2 + m2

φ

)
φ̂(k) +

∫
k

Â†,i (−k)

(
i∂t −

√
k2 + m2

A

)
Âi (k)

−
∫
k,k ′

Vij(k , k
′)Â†,i (k ′)Âj(k)φ̂†(−k ′)φ̂(−k)

Vij(k , k
′) ∼

4∑
n=1

∞∑
L

|q|L−2

(
µ2

q2

)Lε

c
(n)
L (k2) O ij

n

O1 = 1 , O2 = −i(q × p) · S ,

O3 =
1

2
q2S2 − (q · S)2 , O4 = q2

(
1

2
p2S2 − (p · S)2

)

[Cheung,Rothstein,Solon arXiv:1808.02489]

[Bern,Luna,Roiban,Shen,Zeng arXiv:2005.03071]

Matching coefficient

Spin Operators
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Effective Field Theory - II

• EFT given by iterated Bubble diagrams

p1

p2 p3

p4

V +

p1

p2 p3

p4

V V

p1 + `

p2 − `

+

p1

p2 p3

p4

V V V

p1 + `1 p1 + `2

p2 − `1 p2 − `2

• Form factor decomposition: MEFT =
∑4

n=1 M
(n)
EFT On → Projectors

• Follow stragegy:

◦ integrate `0
n by contours

∆(`) = i

∫
d`0

2π

1

(E1 + `0)−
√
E 2

1 + Y1

1

(E2 − `0)−
√
E 2

2 + Y1

=
1

E1 + E2 −
√

E 2
1 + Y1 −

√
E 2

2 + Y1

◦ Expand around Yn � 1

∆(`) = − 2E1E2

E1 + E2

1

Y1
+O(Y 0

1 )

• Perform Potential Region expansion: |`i | ∼ |q| � |p|,mA,mφ

• IBP reduction to linearized master integrals

[Cheung,Rothstein,Solon arXiv:1808.02489]

[Parra-Martinez,Ruf,Zeng 2020]

Y1 = (`+ p)2 − p2
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Conservative Potential: Scalar Term

• Expand full amplitude tensors: Tn =
∑

k Ank Ok and then match

M(L)
EFT

!
=
M(L)

4E1E2

• O1 = 1 yields spinless Hamiltonian

c
(1)
1 (k2) =

m2
Am

2
φ

E1E2

(
1− 2σ2

)
, c

(1)
2 (k2) =

3(mφ + mA)m2
φm

2
A

4E1E2
(1− 5σ2) ,

c
(1)
3 (k2) =

m2
Am

2
φ

E1E2

[
− 2

3
mAmφ

(
arccosh(σ)√
σ2 − 1

(
−12σ4 + 36σ2 + 9

)
+ 22σ3 − 19σ

)

− 2(m2
φ + m2

A)
(
6σ2 + 1

) ]
+

3Em2
Am

2
φ

4E1E2
(mA + mφ)

(1− 2σ2)(1− 5σ2)

(σ2 − 1)

−
3m4

Am
4
φ

E1E2k2
,

Agrees with [Bern, Cheung, Roiban, Shen, Solon, Zeng arXiv:1901.04424]
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Conservative Potential: Spin-Orbit Term

• O2 = −i(q × p) · S yields the spin-orbit coupling.

c
(2)
i (k2) = c

(2)
i,red

(k2) + c
(2)
i,iter(k2) +

c
(1)
i (k2)

m2
A

(γ1 + 1)

c
(2)
1,red

(k2) = −
2σmφ

Eξ
, c

(2)
2,red

(k2) =
mφ(4mA + 3mφ)σ(5σ2 − 3)

4Eξ(σ2 − 1)
,

c
(2)
3,red

(k2) =
mφ

Eξ(σ2−1)2

[
−2m2

Aσ(3−12σ2+10σ4)−
(

83
6

+27σ2−52σ4+ 44
3
σ

6
)
mAmφ − m2

φσ
(

7
2
−14σ2+12σ4

)
+

(4mA+3mφ)E

4
σ(2σ2−1)(5σ2−3)+4mAmφσ(σ2−6)(2σ2+1)

√
σ2−1 arccosh(σ)

]
,

c
(2)
1,iter(k2) = 0 , c

(2)
2,iter(k2) = Eξc

(2)
1

∂c
(1)
1

∂k2
+ c

(1)
1

Eξ
∂c

(2)
1

∂k2
+

c
(2)
1

(
2E2ξ

k2 + 1
ξ
− 3

)
2E

 ,

c
(2)
3,iter(k2) =

(
c

(1)
1

)
2

− 2

3
E2
ξ

2 ∂
2c

(2)
1

∂(k2)2
+

(
ξ

(
3−

E2ξ

k2

)
−1

)
∂c

(2)
1

∂k2
+c

(2)
1

 1
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−2

E2
+

3ξ−1

k2


+c

(1)
1

c
(2)
1

(− 3E2ξ2

k2
+6ξ−2

)
∂c

(1)
1

∂k2
−

4

3
E2
ξ

2 ∂
2c

(1)
1

∂(k2)2



+
4

3
Eξ

 ∂c(2)
2

∂k2
−2Eξ

∂c
(1)
1

∂k2

∂c
(2)
1

∂k2

+
E2ξ2

(
c

(2)
1

)
2

2k2
+c

(2)
2

 2
3ξ
−2

E
+

Eξ

k2

− 1

6
E2
ξ

2
(
c

(2)
1

)
3

+c
(2)
1

 2

3
Eξ

 ∂c(1)
2

∂k2
−2Eξ

 ∂c(1)
1

∂k2

 2

+

c
(1)
2

(
3E2ξ

k2 + 1
ξ
−3

)
3E

+
2

3
Eξc

(1)
2

∂c
(2)
1

∂k2
+

4

3
Eξc

(2)
2

∂c
(1)
1

∂k2
.

• O3 and O4 more involved

With our Hamilton we reproduced observables at 3PM computed in world-line QFT

formalism by [Jakobsen,Mogull arXiv:2201.07778] 17



Summary & Outlook

First ...

• application of Numerical Unitarity for massive particles
◦ Many applications in QCD & Gravity

• EFT matching for classical binary dynamics fully in dimensional regularization
◦ Opens path to even higher-order corrections

• computation of classical Hamiltonian up to S2 terms at O(G 3)

H =
2∑

i=1

√
p2 + m2

i + V (1)(r2,p2) + V (2)(r2,p2)
L · S
r2

+ V (3)(r2,p2)
(p · S)2

r2
+ V (4)(r2,p2)

S2

r2
+ V (5)(r2,p2)

(r · S)2

r4
+ · · ·

Outlook:

• Extend current framework for
◦ higher spin contributions (massive higher-spin representations)

◦ finite size effects (higher dim. operators)

◦ Radiation effects (external gravitons)

◦ higher loops

18
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From Gravitation Waves to Nuclear Physics

Constraining Neutron Star EOS from Neutron Star Black Hole mergers

• Tidal deformation leads to quadrupole

moments in GW

Qij ∼
(
M

R

)−5

Impact on GW waveform:
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dashed: point particle

solid: tidal deformation
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Power counting

• Restore ~ in couplings G → G/~

• Small momentum transfer |q| → ~|q|
• Fourier transformation scaling

V =

∫
d3q

(2π)3
Me

i
~ ~q·~r = ~3

∫
d3p

(2π)3
Me i~p·~r

• Then classical terms scale as ~−3

G

q2
→ 1

~3

G

q2

G 2

|q|
→ 1

~3

G 2

|q|

G 3 log(|q|)→ 1

~3
G 3 log(|q|)
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