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Introduction



Cross Section

e Theoretical predictions of QCD observables need to match
experimental precision.
m m-+1 m-+2
a6 = (52) do™0+ (52) 7 eV 4 (22) asNO 1 O(art?)
2T 27 27
(1)

q1 q1 d1

g3



Subtraction/Slicing

o Infrared divergences must cancel out at each order correction by
KLN theorem.
o deNMO =R+V
¢ de"N'O =RR+RV +VV
« d6™*"° =RRR + RRV + RVV + VVV

e Subtraction or slicing scheme needed for higher order QCD
calculations



Subtraction/Slicing

o Infrared divergences must cancel out at each order correction by
KLN theorem.

o deNMO =R+V
o d6NNLO — RR 4+ RV +VV
o d&™N9 = RRR 4+ RRV + RVV + VVV
e Subtraction or slicing scheme needed for higher order QCD
calculations

e NNLOJET group uses antenna functions

o Innate structure of antennae needs attention to extend antenna
subtraction to N3LO and beyond.



Splitting Functions



Triple Collinear Splitting Functions

o Triple collinear splitting functions extracted from |A9(i, j, k,1)|*:

o A%, 5,k D)I> = Pabe(i, i, k)[AJ(L,1)|?, where pr = pi + pj + Pk
e In the limit where i, j, k are collinear, the amplitude becomes the
relevant splitting function multiplied by the amplitude the
combined particle (ijk) and particle 1.



Triple Collinear Splitting Functions

o Triple collinear splitting functions extracted from |A9(i, j, k,1)|*:
o [A3(1 5,k D)I* = Pabe(i,j, k)[A3(I, 1), where pr = p; + pj + px
e In the limit where i, j, k are collinear, the amplitude becomes the
relevant splitting function multiplied by the amplitude the
combined particle (ijk) and particle 1.
o Pabe(i,j, k) = Pabe(xi, Xj, Xk; Sij, Sik, Sjk, Sijk)
* Siyin = (P + o+ D)
* Sjj = 2pi P = QEiEj(l — COS Hij)

e sjj is small when i, j are collinear or at least one is soft



Decomposition of Triple Collinear Splitting Functions

Idea: Can you decompose triple collinear splitting functions into a
strongly-ordered iterated collinear splitting and a remainder which is
finite when any two of {i,j, k} are collinear?



Decomposition of Triple Collinear Splitting Functions

Idea: Can you decompose triple collinear splitting functions into a
strongly-ordered iterated collinear splitting and a remainder which is

finite when any two of {i,j, k} are collinear?
X;

Rage (1,,k)
s2
ijk

Xk
Pi+pP+pk=(xi+x+xK)p=p

xj = (1 — xx)y; by momentum conservation.



Strongly-ordered splitting

3 g P(ab)c Pay Rabc(iaja k)
Pabc(lvak) :Z§;+ s?k (2)
ij

How to decide what terms in Pape go in Rape?



Strongly-ordered splitting

3 g P(ab)c Pay Rabc(iaja k)
Pabc(lvak) :Z§;+ s?k (2)
ij

How to decide what terms in Pape go in Rape?

A basis change!



New Basis



SjkSijk

B1 +/32+/33 _|_ﬁ4 Bs  Be

2 ta2ta

SijSijk  SikSijk  Sj 8jj Sk
B B8 Bo Brosij  Buisij  Bi2sik
+ + 2 + 3 2
SikSij SjkSik SijSik SjxSijk Sk Sijk Si;Sijk
2 2 2
+ﬁ13 n Buasij  Buissiy | Besik | Pirsi  Bissi  Biosik
s2 Si1 52 Siks2 S;:82 s2 2 s2 g2 s2g2
ijk jkSijk ik ijk 1j9ijk ik ijk ik ijk i ijk (3)
2 2
B20sjk . P18k 522%1( 523%‘ Ba4si Bassik
2 . 2 2 2 ) e o a
Si1cSijk slksijk Siksijk slkSJkSijk SikSjkSijk SikSjkSijk
2 2
+52681k Barsik  Bossik . Boosik B30 B318i) B328ik
2. 2 . o2 2 2.2 2 2
SijSijk  SikSijk  SijSiie SikSiik  SSijk SjkSijk  SiSikSijk
2 2
B338i Baasic  Bassijsic  B36SiSik | B37SikSik
g g2 ) 2 2 2 (2 2.2
SijSikSijk  SijSikSijk SikSijk SikSijk 5ijSijk

10



o Initially Pape(i,j, k) expressed as S

e Linear basis change to ‘a’ basis which organises how terms
contribute in the {i,j, k} single collinear limits.
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Basis to

o Initially Pape(i,j, k) expressed as S
e Linear basis change to ‘a’ basis which organises how terms
contribute in the {i,j, k} single collinear limits.

e — Trace of 4 gamma matrices contracted with momenta as ‘a’
basis:

o Tr({jKl) = (swsij + susjk — SjiSix)
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Initially P,pc(i, j, k) expressed as f3;

Linear basis change to ‘a’ basis which organises how terms
contribute in the {i,j, k} single collinear limits.

— Trace of 4 gamma matrices contracted with momenta as ‘a’
basis:

Tr(fjkL) = (swsij + susjk — SjiSik)

Special properties that Tr(,fj}(l)/sij is not singular in the i, j
collinear limit.
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Initially P,pc(i, j, k) expressed as f3;

Linear basis change to ‘a’ basis which organises how terms
contribute in the {i,j, k} single collinear limits.

— Trace of 4 gamma matrices contracted with momenta as ‘a’
basis:

Tr(fjkL) = (swsij + susjk — SjiSik)

Special properties that Tr(,fj}(l)/sij is not singular in the i, j
collinear limit.

When in the i, j, k collinear limit, we allow the momentum of
particle I to be normalised so that

Tr({ K1) = (xksij + XiSjk — X;Sik)

11



12 @13 Q14

(4a)

+
SjkSijk 5ijSijk SikSijk
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‘e’ basis

12 @13 Q14

+ (4a)
SjkSijk 5ijSijk SikSijk
Lo asTr(1kjl) n azTr(1jKl) N as Tr(j1KI) (4D)
S SikSHk SijS7x SikS}
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‘e’ basis

12 @13 Q14

+ (4a)
SjkSijk 5ijSijk SikSijk
pou (kD) | aaT(ifh) | aaTGikl)
Sijk SjkSijk 5ijSijk SikSijk
+a23Tr(ijkI) i o Tr(fKj 1) i asa Tr(j 1K) (4¢)
SijkSjkSij SikSikSijk S5ijSikSijk

12



‘e’ basis

12 @13 Q14

+ (4a)
SjkSijk 5ijSijk SikSijk
« asTr(iKj a3 Tr(ij ayTr(]
Sijk SjkSijk 5ijSijk SikSijk
Tr({ Tr({¥; Tr(i
+C¥23 r(ijkl) + Q24 Y(/{kﬂ) + 34 r(ﬂkl) (4c)
SijkSjkSij SikSikSijk S5ijSikSijk
aeWik  azsWy s Wik
+—= 2J 2.2 : 2 2 (4d)
SikSijk SijSijk SikSijk
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‘e’ basis caveat

(Tr(i% contains some terms in the j, k collinear limit. This must
ik

be treated carefully.

Tr(i jKI) = susjk + Yix

Expanding Yji = sijsi — sisj1 in the j, k collinear limit, we can show

that Yk = O(. /Sjk).

So Y§. /5. = O (1/sj).

13



‘e’ basis cav

(Tr(i% contains some terms in the j, k collinear limit. This must
ik

be treated carefully.

Tr(i jKI) = susjk + Yix

Expanding Yji = sijsi — sisj1 in the j, k collinear limit, we can show

that Yk = O(. /Sjk).

So Y§. /5. = O (1/sj).

This is why we introduce Wji rather than the above structure:
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Wi Structures

Wj _ YJQk . 2XinXk 1 (5)

SijSink SijSink (1 —€e)(1 —xi) sjksijk

This structure does not contribute in a j, k collinear limit - it is

O(1/,/5%).
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Wi Structures

Wj _ YJQk . 2XinXk 1 (5)

SijSink SijSink (1 —€e)(1 —xi) sjksijk

This structure does not contribute in a j, k collinear limit - it is
(9(1/1 /Sjk).

Yjy is a truncated trace and the Y§, term has the same single

collinear structure as the second term.

Integrable singularity which vanishes upon azimuthal integration (in d
dimensions).
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Results

15



‘a’ basis in practice

o All terms with two of {i,j,k} collinear, (a2, @13, a14), appear as
Z P(ab)c @

Sijk  Sij
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‘a’ basis in practice

o All terms with two of {i,j,k} collinear, (a2, @13, a14), appear as
Z P(ab)c @

Sijk  Sij

o In practice, due to colour ordering, many ‘a’ coefficients are zero.
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o All terms with two of {i,j,k} collinear, (a2, @13, a14), appear as
Z P(ab)c @

Sijk  Sij

o In practice, due to colour ordering, many ‘a’ coefficients are zero.

o All splitting functions describable with one Trace if {7,,v,} used

16



Internal and External Singularities

Internal singularities involve only small invariants in {sij, Siks Sik, sijk}.

- Internal single collinear singularities like 1/s;; appear only in
P x P terms (the iterated two-particle splitting contributions).
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Internal and External Singularities

Internal singularities involve only small invariants in {sij, Siks Sik, sijk}.

- Internal single collinear singularities like 1/s;; appear only in
P x P terms (the iterated two-particle splitting contributions).
- Internal single soft singularities like s /(sijsjk) appear only in

Rabc—)P~
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Internal and External Singularities

Internal singularities involve only small invariants in {sij, Siks Sik, sijk}.

- Internal single collinear singularities like 1/s;; appear only in
P x P terms (the iterated two-particle splitting contributions).

- Internal single soft singularities like s /(sijsjk) appear only in
Rabesp-

External singularities involve singularities in momentum fractions xp,
with reference to a spectator particle.

- When external single collinear singularities like 1/x; appear in
P.be—sp, they are all contained in P x P terms.
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Internal and External Singularities

Internal singularities involve only small invariants in {sij, Siks Sik, sijk}.

- Internal single collinear singularities like 1/s;; appear only in
P x P terms (the iterated two-particle splitting contributions).
- Internal single soft singularities like s /(sijsjk) appear only in

Rabc—)P~

External singularities involve singularities in momentum fractions xp,
with reference to a spectator particle.

- When external single collinear singularities like 1/x; appear in
P.be—sp, they are all contained in P x P terms.

- When external single collinear singularities like 1/x; do not
appear in P,p._p, there could be terms proportional to 1/x; in
P x P and Rapc_sp which cancel.
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Internal and External Singularities

Internal singularities involve only small invariants in {sij, Siks Sik, sijk}.

- Internal single collinear singularities like 1/s;; appear only in
P x P terms (the iterated two-particle splitting contributions).

- Internal single soft singularities like s /(sijsjk) appear only in
Rabesp-

External singularities involve singularities in momentum fractions xp,
with reference to a spectator particle.

- When external single collinear singularities like 1/x; appear in
P.be—sp, they are all contained in P x P terms.

- When external single collinear singularities like 1/x; do not
appear in P,p._p, there could be terms proportional to 1/x; in
P x P and Rapc_sp which cancel.

- External single soft singularities like x;/(x;sij) appear only in the
iterated P x P terms.

Double soft singularities are defined as external. .



giY5Yx Splitting

Example diagram:
di

7

Tk
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giY5Yx Splitting

Pog(xx) Pag (11{7;1()

Sijk Sij

qu(hj, k) =

+ 21 ﬂ)sub(xi,xj,xk) —(1- e)QM (6a)
bijk Xk )Sij

+¥sub(xi»Xj»Xk)W] +(j ¢ k),
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giY5Yx Splitting

Pyl Pas ()

Sijk Sij

+ 5 |fo b(xi,xj,xk)—u—e)?w (6a)
bijk Xk )Sij
+Fub(xi,Xj,Xk)SijkTr(jikl/)] + (J R k)7
5ijSik

where fz)(xi, xj,Xx) and f(xi,xj,xk) are given by

~ sub

fo  (xi,xj,xKk) = (1 —€) (1 — (1 — €)Ao(xj,%x)) s (6b)

7Xkqu(Xk) 2
xj(1-x) (1-x)

PP (x5, %5, %) = —2(1—¢€) + %(1 — €)% (6¢)

19



Auxiliary Functions

B (1-x%)
Ao(x,y) = 1—m,
Bo(x,y) = 1+2(’§(’i;)22)

A feature of basis change.

20



*
Pgg(xik) qu(lka) 7 o 7 .
QY — 4 Sijk Sij STwa—m(lmh k) S‘Tqu—m(le» k)
+ (J o k) ijk ijk
x;i = 0 0 0 0
4t 2 Pagtod)| =[P (x)
1ox 1ox 1o
x; =0 s o [ 2Pas(xx) s x| — Pas(xi) sonm x| Pas(xx)
1 11 1
SikSijk X} 2P g () sikSijk Xj | Pag (i) SikSijk X Pag(3)
1ox 1ox
+ekr 2 [Pact)| a1 P (x)
11 11 1
xk — 0 P — 2qu(xj) susik <k | qu(xj) SiiSijk Xk qu(xj)
1ox 1ox 1ox
SikSijk ;:T]( 2Pag(x) SikSijk ;(Tlc — Pag(x5) SikSijk ::T: Pag(x;)

Table 1: Singular behaviour of the Pgy,—q triple collinear splitting function

in the limit where individual momentum fractions are small.
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Single soft singularities

PQ’Y’Y"q(iv ja k)

External soft singularity.
All comes from P x P terms. Rgyy—q terms cancel out in soft j limit.

Soft k limit is the same with j < k.
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qigjgx Splitting

Example diagram:
di

)

gk

a1

23



qigjgx Splitting

Pog (1) Pag (li(ijxk) . 1Bl = 55 Pgg (%JX])

Parg(h ), 1) = Sijk Sij Sijk Sik
L[ Wi 2(1 —¢) n Tr(ijkl) 4 (1 — €) xy n Tr(ijkl) (1 — ¢)?
Sink Sj2k (1—xi)? Sik (1- xi)2 Sij 1—xk
+ fo(xi, X3, k) +f(Xi’Xj’Xk)SijkTs~r~(sii¥m}

(10)
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qigjgx Splitting

Pog (1) Pag (li(ijxk) . 1Bl = 55 Pgg (%JX])

Parg(h ), 1) = Sijk Sij Sijk Sik
1 [ Wik 2(1 —¢) n Tr(ijkl) 4 (1 — €) xy n Tr(ijkl) (1 — ¢)?
Sink Sj2k (1—xi)? Sik (1- xi)2 Sij 1—xk
+ fo(xi, X3, k) +f(Xi’Xj’Xk)SijkTs~r~(sii¥m}

(10)

fo(xi, X}, %K) = (1 — €) (Bo(xi, xi) — L+ (1 — €)Ao(xi, xx))
—BPaslbn) _ Bafasbe) 4 o4 3(1— ).

i)~ xox) T =

f(xi7 Xj7Xk) =

24



Pag(x)) Pas (:71«1()

qgg — q b B x5 S%ngg—m(LL k) S%qug—m(ivj: k
Pgg(l—x;i) PEE(l—xi) ijk ijk
+ Sij Sj
ijk ik
x — 0 0 0 0
1 Xj 1 2| —
x5 — 0 S1j8ijk X] [2qu(xk)] SijSijk Xj [ Qqu(Xk)] 0
i 2 | 2Paelod)| |+ 3| — 2Pt
Sijlsjk ,):T]( qu(x.i)J Sijlsjk ::Tl qu(xj)
11 i
=0 || s |2Pas() 11| _p(x) L1 Ip.(x

L 2P e (x;)

SjkSijk Xk

5ijSijk Xk

1 X
Sjksijki — Pag(xj)

5ijSijk Xk

1 %5 .
SjkSijk Xk qu(XJ

Table 2: Singular behaviour of the Pygg 4 triple collinear splitting function

in the limit where individual momentum fractions are small.



Single soft singularities

k soft 2Xj 1
—

Pagg—q(l;], k) Pag(x;)- (11)

SijkXk Sij

External soft singularity. All from P x P. Like in Py, case.
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Single soft singularities

k soft 2Xj 1
—

Pagg—q(l;], k) Pag(x;)- (11)

SjkXk ;
External soft singularity. All from P x P. Like in Py, case.

However, in the soft j limit the 1/x;/s;; and 1/x;/sjk terms cancel
between the P x P and Rqgs—.q contributions.

soft 255 1
Lol 2k~ po (), (12)

Pogg—q (i, k) GoS S
ijojk Sik

Internal soft singularity. All from Rgge—q. Inherently un-iterated.
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gig;gx Splitting

Example diagram:

27



gig;gx Splitting

Pyl —x) P (25) 1 200
Sijk Sik Sizjk (1 - Xi)Qszk
A(1 — e)xic Tr(1 K1) - Xk)Sijka(ﬁW)

(1 = Xi)2 Sjk SiiSik

Pgeg(i,j k) =

+ gO(Xivxjaxk) +

+ (i & k),
(13)
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gig;gx Splitting

P (2
L. P ].—Xi 88 \ 1—x; 1 [2(1— Wk
b i - Pl P )“{ (1- 9w,

Sijk Sik sfi L (1 —xi)2s,
4(1 — e)xy TI"(UH) s Tr(1 K1)
+ gO(XUXJJ Xk) + (1 — X1)2 Sjk (XUX_]a Xk) Siijk
+ (i & k),
(13)
go(xi, x5, xk) = (1 — €)Bo(xx,xi),
_ Xx Pgg (xx) gg( i)
800, %, %) = —SdEs — ~R2 + sk ~ 1~ ma-
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Conclusions
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Conclusions

e We have decomposed all triple collinear splitting functions into
strongly-ordered terms and a remainder in one trace

o All internal and external singularities exposed in paper

« The strongly-ordered terms take a form of ) P(ap)cPap as
predicted
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Conclusions

e We have decomposed all triple collinear splitting functions into

strongly-ordered terms and a remainder in one trace
o All internal and external singularities exposed in paper

« The strongly-ordered terms take a form of ) P(ap)cPap as
predicted

o All other terms are finite when any two of {i,],k} are collinear,
evident in the trace structure
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Conclusions

e We have decomposed all triple collinear splitting functions into

strongly-ordered terms and a remainder in one trace
o All internal and external singularities exposed in paper

« The strongly-ordered terms take a form of ) P(ap)cPap as
predicted

o All other terms are finite when any two of {i,],k} are collinear,
evident in the trace structure

Thank you very much! Questions?

More detail in arXiv:2204.10755
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1 — 2 Splitting Functions

—x —x)?
Pag(x) = Pgq(1 —x) = 2(1X ) +(1-ex= % —ex, (14)
Pa() = 209 4 2 gy “;(;r_(lx)_ D )
Pea(x) = Pagl) = 1 - 29 _ X HUZ ey

1—¢ 1—c¢€

The soft gluon contribution is the 2(1 — x)/x term in Eqs. (14,15) and
the azimuthal contribution has the 2x(1 —x) structure in Egs. (15,16).
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