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Cross Section

• Theoretical predictions of QCD observables need to match
experimental precision.
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Subtraction/Slicing

• Infrared divergences must cancel out at each order correction by
KLN theorem.

• dσ̂NLO = R + V
• dσ̂NNLO = RR + RV + VV
• dσ̂N3LO = RRR + RRV + RVV + VVV

• Subtraction or slicing scheme needed for higher order QCD
calculations

• NNLOJET group uses antenna functions
• Innate structure of antennae needs attention to extend antenna

subtraction to N3LO and beyond.
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Splitting Functions
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Triple Collinear Splitting Functions

• Triple collinear splitting functions extracted from |A0
4(i, j, k, l)|2:

• |A0
4(i, j, k, l)|2 → Pabc(i, j, k)|A0

2(I, l)|2, where pI = pi + pj + pk

• In the limit where i, j, k are collinear, the amplitude becomes the
relevant splitting function multiplied by the amplitude the
combined particle (ijk) and particle l.

• Pabc(i, j, k) ≡ Pabc(xi, xj, xk; sij, sik, sjk, sijk)

• si1...in ≡ (pi1 + ...+ pin)
2

• sij = 2pi · pj = 2EiEj(1 − cos θij)

• sij is small when i, j are collinear or at least one is soft
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Decomposition of Triple Collinear Splitting Functions

Idea: Can you decompose triple collinear splitting functions into a
strongly-ordered iterated collinear splitting and a remainder which is
finite when any two of {i, j, k} are collinear?

xi

xj

xkPqg(xk)
sijk

Pqg(yj)
sij

(1 − xk)

(1 − yj)

yj

xi

xj

xk

Rqgg(i,j,k)
s2

ijk

pi + pj + pk = (xi + xj + xk)p = p

xj = (1 − xk)yj by momentum conservation.

7



Decomposition of Triple Collinear Splitting Functions

Idea: Can you decompose triple collinear splitting functions into a
strongly-ordered iterated collinear splitting and a remainder which is
finite when any two of {i, j, k} are collinear?

xi

xj

xkPqg(xk)
sijk

Pqg(yj)
sij

(1 − xk)

(1 − yj)

yj

xi

xj

xk

Rqgg(i,j,k)
s2

ijk

pi + pj + pk = (xi + xj + xk)p = p

xj = (1 − xk)yj by momentum conservation. 7



Strongly-ordered splitting

Pabc(i, j, k) =
∑ P(ab)c

sijk

Pab
sij

+
Rabc(i, j, k)

s2
ijk

(2)

How to decide what terms in Pabc go in Rabc?

A basis change!
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New Basis
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‘β’ basis
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+
β2

sijsijk
+
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+
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+
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+
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+
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+
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+
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+
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+
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+
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+
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s2
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+
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iks2

ijk
+

β19s2
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s2
ijs2

ijk
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β20sjk
s2

iksijk
+
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siks2

ijk
+

β22s2
jk

s2
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ijk
+

β23s2
ij

siksjks2
ijk
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β24sij
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+
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+
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+
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+
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+
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+
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+
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sijsjks2
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+
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sijsiks2
ijk
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β35sijsik
s2

jks2
ijk
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β36sijsjk
s2

iks2
ijk

+
β37siksjk

s2
ijs2

ijk

]

(3)
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‘β’ Basis to ‘α’ basis

• Initially Pabc(i, j, k) expressed as βi

• Linear basis change to ‘α’ basis which organises how terms
contribute in the {i, j, k} single collinear limits.

• → Trace of 4 gamma matrices contracted with momenta as ‘α’
basis:

• Tr(/i/j/k/l) = (sklsij + silsjk − sjlsik)

• Special properties that Tr(/i/j/k/l)/sij is not singular in the i, j
collinear limit.

• When in the i, j, k collinear limit, we allow the momentum of
particle l to be normalised so that
Tr(/i/j/k/l) = (xksij + xisjk − xjsik)
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‘α’ basis

α12
sjksijk

+
α13

sijsijk
+

α14
siksijk

(4a)

+
α1
s2

ijk
+

α2Tr(/i/k/j/l)
sjks2

ijk
+

α3Tr(/i/j/k/l)
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‘α’ basis caveat

(Tr(/i/j/k/l ))2

s2
jk

contains some terms in the j, k collinear limit. This must
be treated carefully.

Tr(/i/j/k/l) = silsjk + Yjk

Expanding Yjk = sijskl − siksjl in the j, k collinear limit, we can show
that Yjk = O(

√sjk).

So Y2
jk/s2

jk = O (1/sjk).

This is why we introduce Wjk rather than the above structure:
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Wjk Structures

Wjk
s2

jks2
ijk

=
Y2

jk
s2

jks2
ijk

− 2xixjxk
(1 − ϵ)(1 − xi)

1
sjksijk

(5)

This structure does not contribute in a j, k collinear limit - it is
O(1/√sjk).

Yjk is a truncated trace and the Y2
jk term has the same single

collinear structure as the second term.

Integrable singularity which vanishes upon azimuthal integration (in d
dimensions).

14



Wjk Structures

Wjk
s2

jks2
ijk

=
Y2

jk
s2

jks2
ijk

− 2xixjxk
(1 − ϵ)(1 − xi)

1
sjksijk

(5)

This structure does not contribute in a j, k collinear limit - it is
O(1/√sjk).

Yjk is a truncated trace and the Y2
jk term has the same single

collinear structure as the second term.

Integrable singularity which vanishes upon azimuthal integration (in d
dimensions).

14



Results
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‘α’ basis in practice

• All terms with two of {i, j, k} collinear, (α12, α13, α14), appear as∑ P(ab)c
sijk

Pab
sij

• In practice, due to colour ordering, many ‘α’ coefficients are zero.
• All splitting functions describable with one Trace if {γµ, γν} used

16



‘α’ basis in practice

• All terms with two of {i, j, k} collinear, (α12, α13, α14), appear as∑ P(ab)c
sijk

Pab
sij

• In practice, due to colour ordering, many ‘α’ coefficients are zero.

• All splitting functions describable with one Trace if {γµ, γν} used

16



‘α’ basis in practice

• All terms with two of {i, j, k} collinear, (α12, α13, α14), appear as∑ P(ab)c
sijk

Pab
sij

• In practice, due to colour ordering, many ‘α’ coefficients are zero.
• All splitting functions describable with one Trace if {γµ, γν} used

16



Internal and External Singularities

Internal singularities involve only small invariants in {sij, sjk, sik, sijk}.

- Internal single collinear singularities like 1/sij appear only in
P × P terms (the iterated two-particle splitting contributions).

- Internal single soft singularities like sik/(sijsjk) appear only in
Rabc→P.

External singularities involve singularities in momentum fractions xI,
with reference to a spectator particle.

- When external single collinear singularities like 1/xi appear in
Pabc→P, they are all contained in P × P terms.

- When external single collinear singularities like 1/xi do not
appear in Pabc→P, there could be terms proportional to 1/xi in
P × P and Rabc→P which cancel.

- External single soft singularities like xi/(xjsij) appear only in the
iterated P × P terms.

Double soft singularities are defined as external.
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qiγjγk Splitting

Example diagram:

γ∗

qi

γj

γk

q̄l
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qiγjγk Splitting

Pqγγ(i, j, k) =
Pqg(xk)

sijk

Pqg

(
xj

1−xk

)
sij

+
1

s2
ijk

[
f̃0

sub
(xi, xj, xk)− (1 − ϵ)2 Tr(/j/i/k/l)

(1 − xk)sij

+ f̃sub(xi, xj, xk)
sijkTr(/j/i/k/l)

sijsik

]
+ (j ↔ k),

(6a)

where f̃0(xi, xj, xk) and f̃(xi, xj, xk) are given by

f̃0
sub

(xi, xj, xk) = (1 − ϵ) (1 − (1 − ϵ)A0(xj, xk)) , (6b)

f̃sub(xi, xj, xk) = −
xkPqg(xk)

xj(1 − xi)
+

2
(1 − xi)

− 2(1 − ϵ) +
1
2 (1 − ϵ)2. (6c)
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Auxiliary Functions

A0(x, y) = 1 − (1 − x)
(1 − y) , (7)

B0(x, y) = 1 +
2x(x − 2)
(1 − y)2 +

4x
(1 − y) . (8)

A feature of basis change.
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xI → 0 exposing external singularities

qγγ → q
Pqg(xk)

sijk

Pqg
( xj

1−xk

)
sij

+ (j ↔ k)
1

s2
ijk

Rqγγ→q(i, j, k) 1
s2

ijk
Pqγγ→q(i, j, k)

xi → 0 0 0 0

xj → 0 + 1
sijsijk

xi
xj

[
2Pqg(xk)

]
+ 1

siksijk
1
xj

[
2Pqg(xk)

]
+ 1

sijsik
xi
xj

[
Pqg(xk)

]
+ 1

sijsijk
xi
xj

[
− Pqg(xk)

]
+ 1

siksijk
1
xj

[
− Pqg(xk)

]
+ 1

sijsik
xi
xj

[
Pqg(xk)

]
+ 1

sijsijk
xi
xj

[
Pqg(xk)

]
+ 1

siksijk
1
xj

[
Pqg(xk)

]

xk → 0 + 1
sijsijk

1
xk

[
2Pqg(xj)

]
+ 1

siksijk
xi
xk

[
2Pqg(xj)

]
+ 1

sijsik
xi
xk

[
Pqg(xj)

]
+ 1

sijsijk
1

xk

[
− Pqg(xj)

]
+ 1

siksijk
xi
xk

[
− Pqg(xj)

]
+ 1

sijsik
xi
xk

[
Pqg(xj)

]
+ 1

sijsijk
1

xk

[
Pqg(xj)

]
+ 1

siksijk
xi
xk

[
Pqg(xj)

]
Table 1: Singular behaviour of the Pqγγ→q triple collinear splitting function
in the limit where individual momentum fractions are small.
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Single soft singularities

Pqγγ→q(i, j, k)
j soft−→ 2xi

sijxj

1
sik

Pqg(xk), (9)

External soft singularity.

All comes from P × P terms. Rqγγ→q terms cancel out in soft j limit.

Soft k limit is the same with j ↔ k.
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qigjgk Splitting

Example diagram:

γ∗

q̄l

qi

gj

gk
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qigjgk Splitting

Pqgg(i, j, k) =
Pqg(xk)

sijk

Pqg

(
xj

1−xk

)
sij

+
Pqg(1 − xi)

sijk

Pgg

(
xj

1−xi

)
sjk

+
1

s2
ijk

[
Wjk
s2

jk

2(1 − ϵ)

(1 − xi)2 +
Tr(/i/j/k/l)

sjk

4 (1 − ϵ) xk

(1 − xi)
2 +

Tr(/i/j/k/l)
sij

(1 − ϵ)2

1 − xk

+ f0(xi, xj, xk) + f(xi, xj, xk)
sijkTr(/i/j/k/l)

sijsjk

]
,

(10)

f0(xi, xj, xk) = (1 − ϵ) (B0(xk, xi)− 1 + (1 − ϵ)A0(xi, xk)) ,

f(xi, xj, xk) = −xjPqg(xj)
xk(1−xi)

− 2xkPqg(xk)
xj(1−xi)

+ 4
(1−xi)

− 3(1 − ϵ).
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qigjgk Splitting
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sjk

+
1

s2
ijk

[
Wjk
s2

jk

2(1 − ϵ)

(1 − xi)2 +
Tr(/i/j/k/l)

sjk

4 (1 − ϵ) xk

(1 − xi)
2 +

Tr(/i/j/k/l)
sij

(1 − ϵ)2

1 − xk

+ f0(xi, xj, xk) + f(xi, xj, xk)
sijkTr(/i/j/k/l)

sijsjk

]
,

(10)

f0(xi, xj, xk) = (1 − ϵ) (B0(xk, xi)− 1 + (1 − ϵ)A0(xi, xk)) ,

f(xi, xj, xk) = −xjPqg(xj)
xk(1−xi)

− 2xkPqg(xk)
xj(1−xi)

+ 4
(1−xi)

− 3(1 − ϵ).
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xI → 0 exposing external singularities

qgg → q
Pqg(xk)

sijk

Pqg
( xj

1−xk

)
sij

+ Pqg(1−xi)
sijk

Pgg
( xj

1−xi

)
sjk

1
s2

ijk
Rqgg→q(i, j, k) 1

s2
ijk

Pqgg→q(i, j, k)

xi → 0 0 0 0

xj → 0 + 1
sijsijk

xi
xj

[
2Pqg(xk)

]
+ 1

sjksijk
xk
xj

[
2Pqg(xk)

] + 1
sijsijk

xi
xj

[
− 2Pqg(xk)

]
+ 1

sjksijk
xk
xj

[
− 2Pqg(xk)

] 0

xk → 0 + 1
sijsijk

1
xk

[
2Pqg(xj)

]
+ 1

sjksijk

xj
xk

[
2Pqg(xj)

]
+ 1

sijsjk

xj
xk

[
Pqg(xj)

]
+ 1

sijsijk
1

xk

[
− Pqg(xj)

]
+ 1

sjksijk

xj
xk

[
− Pqg(xj)

]
+ 1

sijsjk

xj
xk

[
Pqg(xj)

]
+ 1

sijsijk
1

xk

[
Pqg(xj)

]
+ 1

sjksijk

xj
xk

[
Pqg(xj)

]
Table 2: Singular behaviour of the Pqgg→q triple collinear splitting function
in the limit where individual momentum fractions are small.
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Single soft singularities

Pqgg→q(i, j, k)
k soft−→ 2xj

sjkxk

1
sij

Pqg(xj). (11)

External soft singularity. All from P × P. Like in Pqγγ→q case.

However, in the soft j limit the 1/xj/sij and 1/xj/sjk terms cancel
between the P × P and Rqgg→q contributions.

Pqgg→q(i, j, k)
j soft−→ 2sik

sijsjk

1
sik

Pqg(xk), (12)

Internal soft singularity. All from Rqgg→q. Inherently un-iterated.
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gigjgk Splitting

Example diagram:

H

gi

gj

gk

gl
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gigjgk Splitting

Pggg(i, j, k) =
Pgg(1 − xi)

sijk

Pgg

(
xj

1−xi

)
sjk

+
1

s2
ijk

[
2(1 − ϵ)Wjk
(1 − xi)2s2

jk

+ g0(xi, xj, xk) +
4(1 − ϵ)xk
(1 − xi)2

Tr(/i/j/k/l)
sjk

+ g(xi, xj, xk)
sijkTr(/i/j/k/l)

sijsjk

]
+ (i ↔ k),

(13)

g0(xi, xj, xk) = (1 − ϵ)B0(xk, xi),

g(xi, xj, xk) = −xkPgg(xk)
xj(1−xi)

− Pgg(xj)
xk

+ 2
xj(1−xk)

− 1 − 1
(1−xi)(1−xk)

.
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gigjgk Splitting
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Conclusions
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Conclusions

• We have decomposed all triple collinear splitting functions into
strongly-ordered terms and a remainder in one trace

• All internal and external singularities exposed in paper
• The strongly-ordered terms take a form of

∑
P(ab)cPab as

predicted

• All other terms are finite when any two of {i, j, k} are collinear,
evident in the trace structure

Thank you very much! Questions?

More detail in arXiv:2204.10755

30



Conclusions

• We have decomposed all triple collinear splitting functions into
strongly-ordered terms and a remainder in one trace

• All internal and external singularities exposed in paper
• The strongly-ordered terms take a form of

∑
P(ab)cPab as

predicted
• All other terms are finite when any two of {i, j, k} are collinear,

evident in the trace structure

Thank you very much! Questions?

More detail in arXiv:2204.10755

30



Conclusions

• We have decomposed all triple collinear splitting functions into
strongly-ordered terms and a remainder in one trace

• All internal and external singularities exposed in paper
• The strongly-ordered terms take a form of

∑
P(ab)cPab as

predicted
• All other terms are finite when any two of {i, j, k} are collinear,

evident in the trace structure

Thank you very much! Questions?

More detail in arXiv:2204.10755

30



1 → 2 Splitting Functions

Pqg(x) = Pgq(1 − x) = 2(1 − x)
x + (1 − ϵ)x =

1 + (1 − x)2

x − ϵx, (14)

Pgg(x) =
2(1 − x)

x +
2x

1 − x + 2x(1 − x) = 1 + x4 + (1 − x)4

x(1 − x) , (15)

Pqq̄(x) = Pq̄q(x) = 1 − 2x(1 − x)
1 − ϵ

=
x2 + (1 − x)2 − ϵ

1 − ϵ
(16)

The soft gluon contribution is the 2(1 − x)/x term in Eqs. (14,15) and
the azimuthal contribution has the 2x(1− x) structure in Eqs. (15,16).
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