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• universal principles behind the existing   
subtraction schemes; 

• their similarities and differences at the                                   
technical and the conceptual levels; 

• prospects for their further developments;

In this talk I would like to discuss 

Subtraction
s

Kirill Melnikov, PhD
Karlsurhe Institue of Technology

A = (A-B) + B
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To describe processes which  occur when two protons collide and large momentum is being exchanged between 
them, we need  to compute partonic cross sections in QCD perturbation theory.

d�pp!X =
X

ij

Z
dx1dx2 fi(x1)fj(x2) d�ij!X(x1P1, x2P2) FJ
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Introduction

● The goal of hadron collider physics program (Tevatron, LHC) is to discover and study 

physics beyond the Standard Model in the  mass range 100 GeV - few TeV 

● To produce that heavy final states, we require rare short-distance processes where both 

protons disintegrate and all momenta transfers are large. These processes can be 

understood using factorization and asymptotic freedom.

● A major role in  such an understanding  is played by parton-parton scattering that is 

described by  perturbative QCD.
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IMPROVED UNDERSTANDING OF QCD AS A QUANTUM FIELD THEORY

Processes with fixed number of final state particles are sensitive to long-distance physics,  computation of QCD corrections 
requires us to consider both virtual and real-emission corrections. 

Real correctionsVirtual corrections Real and virtual 
Z
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Both types of contributions are difficult to deal with, especially if we think about interesting 2 -> 3  processes that also 
may involve massive particles (3-jet production, vector boson + 2 jets, Higgs + 2 jets, diphoton + jets, ttH,  ttZ etc.).

It is impossible to describe hadron collisions without computing  Feynman diagrams … Lets talk about how these 
computations are done.   

�13

At next-to-next-to-leading order, we need to account for double-virtual, real-virtual and double-real corrections.

|M2i = I(2)|M0i+ I(1)|M1i
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Real emission contributions are finite in the bulk  
of the phase space.

Loop integrations produce explicit divergences

Integration is not an option because we aim  at 
fully-differential predictions.

d�pp!X =
X

ij

Z
dx1dx2 fi(x1)fj(x2) d�ij!X(x1P1, x2P2) FJ
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There are two main approaches to extracting the singular contributions and making observable- and process-
dependent contributions integrable. 

•  conceptually simple, straightforward to implement (bulk is NLO); 
•  non-local in phase space;  
•  strong dependence on the slicing parameter and large cancellations between singular and regular terms; 
•  “easy” generalization to N3LO; 

•  more difficult conceptually;  
•  local in phase space; 
•  potentially, offers better numerical stability and scalability than slicing;  
•  at least for now, every step to yet higher order (e.g. N2LO → N3LO) is a challenge.
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Slicing 

Subtraction 
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Subtraction 
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A construction of  a subtraction scheme  involves  several well-defined steps. 

•  find  regions of phase space which lead to non-integrable singularities of the matrix 

elements;  

•   define simplified versions of the matrix element squared to be used in the subtraction terms; 

•   understanding how to deal with multiple radiators…. 

•   ….and overlapping singularities (first time at NNLO); 

•   define simplified expressions of a phase space  in the subtraction terms; 

•   find a way to integrate the subtraction terms in d-dimesnsions; 
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Subtraction 

We need to: 
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A construction of  a subtraction scheme  involves  several well-defined 
steps. We need to:

•  find  regions of phase space which lead to non-integrable singularities 

of the matrix elements;  

•   define simplified versions of the matrix element squared to be used in 

the singular limits; 

•   understanding how to deal with multiple radiators…. 

•   ….and overlapping singularities (first time at NNLO); 

•   define simplified expressions of a phase space  in the singular limits; 

•   find a way to integrate the subtraction terms in d-dimesnsions; 
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Subtraction 

Choices m
ade for all of these points d

efine a subtraction scheme  

“Sector-improved residue subtraction” [M. Czakon et al.] 
“Nested Soft-Collinear subtraction scheme” [F. Caola et al.] 
“Local analytic subtraction” [L. Magnea et al.]; 
“Geometric” [F. Herzog] 
“Colourful subtraction” [Z. Troscanyi et al.]
“Antenna subtraction” [Th. Gehrmann et al. ]

“Projection-to-Born” [M. Cacciari et al.]
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Multiple singular limits of scattering amplitudes 
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One has to recognise that amplitudes for multi-particle final states are too complicated objects to be 
dealt in their entirety.  Hence, we try to split it into simpler “building blocks” and deal with them 
separately.  To ways of doing this exist:

•  partition the phase space into sectors  such that at each  one has to deal with an “elementary” 
singularity structure  (at NLO  this is Frixione-Kunszt-Signer subtraction scheme);  

•  make use of the properties of  the amplitudes themselves to address this point (at NLO this is 
similar to Catani-Seymour subtraction scheme);

“Sector-improved residue subtraction” [M. Czakon et al.] 
“Nested Soft-Collinear subtraction scheme” [F. Caola et al.] 
“Local analytic subtraction” [L. Magnea]; 
“Geometric” [F. Herzog]

“Antenna subtraction” [Gehrmann et al. ] 
“Colourful subtraction” [Z. Troscanyi]
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FKS-like subtractions introduce explicit partition functions that remove all but the minimal number of 
singularities.  Partitions should be constructed in such a way that in the singular limits they simplify.
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Furthermore, it is beneficial to remove singular dependence on � in Eqs. (B.10,B.11) by
changing variable � ! y as
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To deal with one singularity at a time, we have to partition the phase space. We write
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We have introduced the following notation

di=4,5 = ⇢1i + ⇢2i = 2, d4521 = ⇢45 + ⇢42 + ⇢51, d4512 = ⇢45 + ⇢41 + ⇢52. (B.15)

In Eq. (B.13), the term w
14,15 corresponds to the triple-collinear sector where singular

radiation occurs along the direction of the incoming quark with momentum p1, w24,25 to the
triple-collinear sector where singular radiation occurs along the direction of the incoming
antiquark with momentum p2, and w

14,25 and w
15,24 to the double-collinear sectors.
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Furthermore, it is beneficial to remove singular dependence on � in Eqs. (B.10,B.11) by
changing variable � ! y as

� = sin2

⇣
⇡

2
y

⌘
,

d�

⇡
p
�(1� �)

= dy, y 2 (0, 1). (B.12)

To deal with one singularity at a time, we have to partition the phase space. We write

1 = w
14,15 + w

24,25 + w
14,25 + w

15,24
, (B.13)

where
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(B.14)

We have introduced the following notation

di=4,5 = ⇢1i + ⇢2i = 2, d4521 = ⇢45 + ⇢42 + ⇢51, d4512 = ⇢45 + ⇢41 + ⇢52. (B.15)

In Eq. (B.13), the term w
14,15 corresponds to the triple-collinear sector where singular

radiation occurs along the direction of the incoming quark with momentum p1, w24,25 to the
triple-collinear sector where singular radiation occurs along the direction of the incoming
antiquark with momentum p2, and w

14,25 and w
15,24 to the double-collinear sectors.
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In case of the antenna subtraction, no partitioning is introduced.  Instead,  color ordering is employed  to 
rewrite a general scattering amplitude  through  “partial amplitudes”.  

The most important  property of a color-ordered amplitude is that a particle can only be emitted off its 
neighbours (at least as far as singular contributions  are concerned).   

The “elementary blocks” in this case are 3- and 4-particle sub-amplitudes of the color-ordered amplitudes; 
for particular kinematic configurations, these blocks contain all the relevant singularities and other particles in 
the amplitude are  just “spectators”.

A(1, 2, 3, ..., N) =
X

�p

Ci2,..,iN A(1, i2, i3, i4, ..., iN )
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Fig. 5: Factorization of a QCD amplitude when a soft gluon s is emitted between the hard partons a and b.

(As an exercise in spinor-product identities, verify Eq. (53) for other choices of q.)
Next we will study the behavior of A5 in various kinematic limits, which will give us insight into

the generic singular behavior of QCD amplitudes.

4 Soft and collinear factorization
In this section, we use the five-point amplitude (53) to verify some universal limiting behavior of QCD
amplitudes. In the next section, we will use this universal behavior to derive recursion relations for
general tree amplitudes.

4.1 Soft gluon limit
First consider the limit that the gluon momentum k4 in Eq. (53) becomes soft, i.e. scales uniformly to
zero, k4 ! 0. In this limit, we can factorize the amplitude into a divergent piece that depends on the
energy and angle of the emitted gluon, and a second piece which is the amplitude omitting that gluon:

A5(1
+

ē , 2
�
e , 3

+

q , 4
+, 5�q̄ ) = i

h2 5i2

h1 2i h3 4i h4 5i =
h3 5i

h3 4i h4 5i ⇥ i
h2 5i2

h1 2i h3 5i
! S(3, 4+, 5)⇥A4(1

+

ē , 2
�
e , 3

+

q , 5
�
q̄ ) . (54)

The soft factor (or eikonal factor) is given more generally by,

S(a, s+, b) = ha bi
ha si hs bi , S(a, s�, b) = � [a b]

[a s] [s b]
, (55)

where s labels the soft gluon, and a and b label the two hard partons that are adjacent to it in the color
ordering.

Although we have only inspected the soft limit of one amplitude, the more general result is,

Atree

n (1, 2, . . . , a, s±, b, . . . , n)
ks!0���! S(a, s±, b)⇥Atree

n�1(1, 2, . . . , a, b, . . . , n) . (56)

This factorization is depicted in Fig. 5.1 The (n � 1)-point amplitude on the right-hand side is that
obtained by just deleting the soft-gluon s in the n-point amplitude. The soft factor is universal: it does
not depend on whether a and b are quarks or gluons; it does not care about their helicity; and it does not
even depend on the magnitude of their momenta, just their angular direction (as one can see by rescaling
the spinor �a in Eq. (55)). The spin independence arises because soft emission is long-wavelength, and
intrinsically classical. Because of this, we can pretend that the external partons a and b are scalars, and

1Actually, the case we inspected in eq. (54) was somewhat special in that we didn’t need to use the fact that ks ! 0 in order
to put the five-point amplitude into the limiting form of eq. (56); normally one would have to do so.
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Fig. 6: Factorization of a QCD amplitude when two color-adjacent partons a and b become collinear

compute the soft factor simply from two Feynman diagrams, from emission off legs a and b. We can use
the scalar QED vertex in the numerator, while the (singular) soft limit of the adjacent internal propagator
generates the denominator:

S(a, s+, b) = �
p
2"+s (q) · ka
2ka · ks

+

p
2"+s (q) · kb
2kb · ks

=
ha qi

hs qi ha si �
hb qi

hs qi hb si =
ha bi

ha si hs bi , (57)

using the Schouten identity (24) in the last step.

4.2 Collinear limits
Next consider the limit of the e+e� ! qgq̄ amplitude (53) as the quark momentum k3 ⌘ ka and the
gluon momentum k4 ⌘ kb become parallel, or collinear. This limit is singular because the intermediate
momentum kP ⌘ ka + kb is going on shell in the collinear limit:

k2P = 2ka · kb
akb���! 0. (58)

We also need to specify the relative longitudinal momentum fractions carried by partons a and b,

ka ⇡ zkP , kb ⇡ (1� z)kP , (59)

where 0 < z < 1. This relation implies, thanks to eq. (26), that the spinors obey similar relations with
square roots:

�a ⇡
p
z �P , �b ⇡

p
1� z �P , (60)

�̃a ⇡
p
z �̃P , �̃b ⇡

p
1� z �̃P , (61)

Inserting Eq. (60) into Eq. (53), we find that

A5(1
+

ē , 2
�
e , 3

+

q , 4
+, 5�q̄ ) = i

h2 5i2

h1 2i h3 4i h4 5i ⇡ 1p
1� z h3 4i

⇥ i
h2 5i2

h1 2i hP 5i
! Split�(3

+

q , 4
+

g ; z)⇥A4(1
+

ē , 2
�
e , P

+

q , 5�q̄ ) .

(62)

Here we have introduced the splitting amplitude Split��P
(a�a , b�b ; z), which governs the general

collinear factorization of tree amplitudes depicted in fig. 6,

Atree

n (. . . , a�a , b�b , . . .)
akb���!

X

�P=±
Split��P

(a�a , b�b ; z)Atree

n�1(. . . , P
�P , . . .) . (63)
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A(i1, i2, i3, ...)
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Singular regions and singular limits
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•  it was not obvious that independent soft and collinear subtractions are sufficient  and that no  
nontrivial correlations between (small) energies and (collinear) angles exist; 

•  in fact, such correlations do  exist in individual Feynman diagrams but they appear to be absent in 
gauge-invariant amplitudes; 

•  this fact led to a confusion in early formulations of the  FKS-like subtraction schemes.

–6–

partons (m ≥ 2) have non-vanishing transverse momentum, and it is not possible to

define N−1 jets with less than N−1 hard transverse partons. The only non-vanishing

multiple infrared limits are the soft-collinear ones

lim
k0

i →0,k⃗i∥k⃗j

SN = SN−1 , lim
k0

i →0,k⃗i∥k⃗1

SN = SN−1 , lim
k0

i →0,k⃗i∥k⃗2

SN = SN−1 . (2.15)

I remark that multiple infrared configurations which are not soft-collinear can con-

tribute to QCD cross sections beyond next-to-leading order.

In order to prove that eq. (2.10) is finite, one has to evaluate analytically, with

some suitable regularization, eq. (2.11), eq. (2.12) and the collinear counterterms and

then show that the divergent terms mutually cancel. The structure of the divergencies

in eq. (2.11) naturally arises from the calculation of loop integrals. The case of

eq. (2.12) is more involved: in fact, the divergencies are due to the integration over

the regions of the phase space where one parton is soft, or two partons are collinear

(which I will call infrared singular regions). Due to the complexity of the N -body

kinematics, one can not perform the analytic integration over the whole phase space.

The best one can do is to deal with one soft-collinear singularity at a time. To

achieve this goal in the framework of the subtraction method, in ref. [9] the N -body

matrix elements squared (in that case, N = 3) were decomposed into single-singular

terms (having, by definition, one soft-collinear singularity at most); each term was

then integrated over the relevant infrared singular region. Although in principle this

method can be extended to larger values of N , the amount of algebraic calculations

and analytic integrations required grows very rapidly, and poses serious difficulties

already with N = 4. In ref. [10] a different approach was proposed to overcome

this problem. The key idea is to use the properties of the measurement functions to

integrate over the infrared singular regions. In particular, the following decomposition

can be exploited

SN =
N+2
∑

i=3

⎛

⎜
⎜
⎝
S(0)

i +
N+2
∑

j=3
j≠i

S(1)
ij θ(k2

jT
− k2

iT )

⎞

⎟
⎟
⎠

. (2.16)

The terms in the RHS of this equation are defined by their behaviour close to the

infrared singular regions. In particular

S(0)
i ≠ 0 only if k0

i → 0, k⃗i ∥ k⃗1 , k⃗i ∥ k⃗2 , (2.17)

S. Frixione, A general approach to jet cross sections in QCD, 1997.
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For the antenna subtraction, one uses exact matrix elements for simple processes (e.g. Z →qq+gg, 
H→gg+gg, etc.) to define  the antenna functions; no singular limits are taken. 

This sidesteps the problem of defining the singular regions etc. since they are fully included in physical matrix 
elements.  The price to pay — not all spin correlations are correctly accounted for. 

2 A. Gehrmann-De Ridder, T. Gehrmann, E.W.N. Glover
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Figure 1. Illustration of NLO antenna factori-
sation representing the factorisation of both the
squared matrix elements and the (m+1)-particle
phase space. The term in square brackets repre-
sents both the antenna function and the antenna
phase space.
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Figure 2. Illustration of NNLO antenna factori-
sation representing the factorisation of both the
squared matrix elements and the (m+2)-particle
phase space when the unresolved particles are
colour connected. The term in square brackets
represents antenna function and phase space.

one would like to have a flexible method that can
be easily adapted to different jet observables or
jet definitions. Therefore, the infrared singulari-
ties of the real radiation contributions should be
extracted using infrared subtraction terms. One
introduces dσS

NLO, which is a counter-term for
dσR

NLO, having the same unintegrated singular
behaviour as dσR

NLO in all appropriate limits.
Their difference is free of divergences and can be
integrated over the (m + 1)-parton phase space
numerically. The subtraction term dσS

NLO has to
be integrated analytically over all singular regions
of the (m + 1)-parton phase space. The result-
ing cross section added to the virtual contribution
yields an infrared finite result. Several methods
for constructing NLO subtraction terms system-

atically were proposed in the literature [2,3,4,5].
For some of these methods, extension to NNLO
was discussed [7] and partly worked out. We focus
on the antenna subtraction method [2,3], which
we extend to NNLO.
The basic idea of the antenna subtraction ap-

proach at NLO is to construct the subtraction
term dσS

NLO from antenna functions. Each an-
tenna function encapsulates all singular limits
due to the emission of one unresolved parton be-
tween two colour-connected hard partons (tree-
level three-parton antenna function). This con-
struction exploits the universal factorisation of
phase space and squared matrix elements in all
unresolved limits, depicted in Figure 1. The in-
dividual antenna functions are obtained by nor-
malising three-parton tree-level matrix elements
to the corresponding two-parton tree-level matrix
elements.
At NNLO, the m-jet production is induced

by final states containing up to (m + 2) par-
tons, including the one-loop virtual corrections to
(m + 1)-parton final states. As at NLO, one has
to introduce subtraction terms for the (m + 1)-
and (m+ 2)-parton contributions. Schematically
the NNLO m-jet cross section reads,

dσNNLO =

∫

dΦm+2

(

dσR
NNLO − dσS

NNLO

)

+

∫

dΦm+1

(

dσV,1
NNLO − dσV S,1

NNLO

)

+

∫

dΦm+2

dσS
NNLO +

∫

dΦm+1

dσV S,1
NNLO

+

∫

dΦm

dσV,2
NNLO ,

where dσS
NNLO denotes the real radiation sub-

traction term coinciding with the (m+2)-parton
tree level cross section dσR

NNLO in all singular

limits [8]. Likewise, dσV S,1
NNLO is the one-loop vir-

tual subtraction term coinciding with the one-
loop (m + 1)-parton cross section dσV,1

NNLO in all
singular limits [9]. Finally, the two-loop correc-
tion to the m-parton cross section is denoted by
dσV,2

NNLO.
Both types of NNLO subtraction terms can be

constructed from antenna functions. In dσS
NNLO,

we have to distinguish four different types of un-

Gehrmann et al.

Z ! qq̄ + g
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H ! ggg
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Z
|M|2FJd�d =

Z ⇥
|M|2FJ � S

⇤
d�4 +

Z
Sd�d

<latexit sha1_base64="rhlXPzIxb8XK+4b8EJ6ER9Uo/9Q="></latexit>

lim
k1,2!0

|M|2n+2({p}, k1, k2) ⇡ Eik({p}, k1, k2)|Mn({p})|2
<latexit sha1_base64="DwyMbZGDyAn72Qy97jtkhC6qhnc="></latexit><latexit sha1_base64="DwyMbZGDyAn72Qy97jtkhC6qhnc="></latexit><latexit sha1_base64="DwyMbZGDyAn72Qy97jtkhC6qhnc="></latexit><latexit sha1_base64="DwyMbZGDyAn72Qy97jtkhC6qhnc="></latexit>

lim
k1||k2||pj

|Mn+2|2({p}, k1, k2) ⇡
1

s2jk1k2

P (z1, z2, k?)⌦ |Mn(pjk1k2 , ...)|2
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can be factorized with respect to the tree-level current Ja (0)
µ (q) (see Eqs. (35) and (36)),

new ‘non-factorizable’ contributions appear when the loop momentum is soft. To single
out these new contributions, we write the following identity:

|M(1)
soft(q, {p})⟩ = gS µϵ εµ(q) J

(0)
µ (q) |M(1)

soft({p})⟩

+
(

|M(1)
soft(q, {p})⟩ − gSµϵεµ(q)J (0)

µ (q)|M(1)
soft({p})⟩

)

, (37)

where we have added and subtracted the ‘factorized’ contribution. Then we combine the
contributions from the hard, collinear and soft regions by adding Eqs. (35), (36) and (37),
and we obtain

|M(1)(q, {p})⟩ = gS µϵ εµ(q) J
(0)
µ (q) |M(1)({p})⟩

+
(

|M(1)
soft(q, {p})⟩ − gSµϵεµ(q)J (0)

µ (q)|M(1)
soft({p})⟩

)

. (38)

The first term on the right-hand side of Eq. (37) together with the contributions from
Eqs. (35) and (36) have reconstructed the first term on the right-hand side of Eq. (38),
which is exactly the first term on the right-hand side of the factorization formula (17).
What remains to be done to prove the factorization formula is to relate the second term
on the right-hand side of Eq. (17) with the contribution in the round bracket of Eq. (38).

q

l

j

i

i

j

i

j
- + J(0)(q)( )

Figure 2: Graphs that contribute to the one-loop soft current.

For this purpose, we first note that when the real gluon q and the virtual gluon k are
both soft, they can couple only to the external hard lines. In the corresponding Feynman
diagrams, which are schematically represented by the first graph in Fig. 2, the tree-level
amplitude M(0)({p}) is factorized in the soft limit. We can write:

|M(1)
soft(q, {p})⟩ ≃ (gS µϵ)3 εµ(q) K

(1)
µ (q, ϵ) |M(0)({p})⟩ , (39)

where the kernel K
(1) (represented by the box in Fig. 2) denotes all the soft-gluon insertions

of q and k on the hard-momentum lines. Then, we note that M(0)({p}) is factorized also

in the expression (34) for M(1)
soft({p}). Therefore, the contribution in the round bracket

of Eq. (38) can be recast in the form of the second term on the right-hand side of the
factorization formula (17). Moreover, using Eqs. (39) and (34), we obtain the following
explicit representation of the one-loop contribution J

(1) to the soft-gluon current (Fig. 2):

εµ(q) J
(1)
µ (q, ϵ) = εµ(q)

{

K
(1)
µ (q, ϵ) − J

(0)
µ (q)

1

2

∫

ddk

(2π)d

i

k2 + i0

[

J
(0)
ν (k)

]†
· J

ν (0)(k)

}

.
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Catani, Grazzini, Glover, Campbell, Kosower, 
Uwer, Czakon, Mitov 

Soft limits, single and double: 

Collinear, double and triple: 

Soft limits of one-loop

Collinear limits,  one-loop

For FKS-like subtractions,  the realisation that independent soft and collinear limits are sufficient to describe 
all singularities of the matrix elements is crucial as all these limits are know. 
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Double-collinear 4||5

1
<latexit sha1_base64="9+KJXuOQLcA4stmLR9g1gMFaPRk=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVbN6xZLbtmdiiyDN4fS1Wfh8hEAqt3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/bFiWNUPvZdNAxObFOj4Sxsk8aMnV/d2Q00noUBbYyomagF7OJ+V/WTk144WdcJqlByWYfhakgJiaTrUmPK2RGjCxQpridlbABVZQZe5uCPYK3uPIyNM7Knlv2am6pcg0z5eEIjuEUPDiHCtxCFerAAOEJXuDVuXeenTfnfVaac+Y9h/BHzscP6JWOfg==</latexit><latexit sha1_base64="Z8V04fZzeMezS1Yhxdn4BxtugQA=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxV8Tv5glf0JiKL4M+gcPnhXiTvX265k/9sdWOWRigNE1Trpu8lpp1RZTgTOHJbqcaEsgHtYdOipBHqdjYZdESOrdMlYazsk4ZM3N8dGY20HkaBrYyo6ev5bGz+lzVTE563My6T1KBk04/CVBATk/HWpMsVMiOGFihT3M5KWJ8qyoy9jWuP4M+vvAi106LvFf2KVyhdwVQ5OIQjOAEfzqAEN1CGKjBAeIAneHbunEfnxXmdli45s54D+CPn7QfaJI/y</latexit><latexit sha1_base64="Z8V04fZzeMezS1Yhxdn4BxtugQA=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxV8Tv5glf0JiKL4M+gcPnhXiTvX265k/9sdWOWRigNE1Trpu8lpp1RZTgTOHJbqcaEsgHtYdOipBHqdjYZdESOrdMlYazsk4ZM3N8dGY20HkaBrYyo6ev5bGz+lzVTE563My6T1KBk04/CVBATk/HWpMsVMiOGFihT3M5KWJ8qyoy9jWuP4M+vvAi106LvFf2KVyhdwVQ5OIQjOAEfzqAEN1CGKjBAeIAneHbunEfnxXmdli45s54D+CPn7QfaJI/y</latexit><latexit sha1_base64="1enTr8x+dPZYKeA2su7IqvnUdLk=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVa3qBac+vuAmSdeAWpQYHmoPrVHyYsi1EaJqjWPc9NTZBTZTgTOKv0M40pZRM6wp6lksaog3xx6IxcWGVIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZmU7EheKsvr5P2Vd1z617LrTVuizjKcAbncAkeXEMD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sD5/AF5XYyx</latexit> 2

<latexit sha1_base64="/3fT5pgkZLVpE6Eb0cLFgdKDw3s=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuEujTZi0MYyAfOA5Ah7m7lkzd7esbsnhCNgb2OhiK3/jL2d/42bR6HRDxZ+fN8MOzNBIrg2rvvl5FZW19Y38puFre2d3b3i/kFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPrad66R6V5LG/NOEE/ogPJQ86osVa90iuW3LI7E/kL3gJKlx+FiwcAqPWKn91+zNIIpWGCat3x3MT4GVWGM4GTQjfVmFA2ogPsWJQ0Qu1ns0En5MQ6fRLGyj5pyMz92ZHRSOtxFNjKiJqhXs6m5n9ZJzXhuZ9xmaQGJZt/FKaCmJhMtyZ9rpAZMbZAmeJ2VsKGVFFm7G0K9gje8sp/oVkpe27Zq7ul6hXMlYcjOIZT8OAMqnADNWgAA4RHeIYX5855cl6dt3lpzln0HMIvOe/f6hmOfw==</latexit><latexit sha1_base64="mF21+YZI2ewpcmK5EX4P8shmhRg=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIQRvLBMwFkiXMTs4mY2YvzMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDnHTwRX2nG+rdzK6tr6Rn7T3tre2d0r7B80VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX94Pcmb9ygVj6NbPUrQC2k/4gFnVBurVu4Wik7JmYosgzuH4uWHfZG8f9nVbuGz04tZGmKkmaBKtV0n0V5GpeZM4NjupAoTyoa0j22DEQ1Redl00DE5MU6PBLE0L9Jk6v7uyGio1Cj0TWVI9UAtZhPzv6yd6uDcy3iUpBojNvsoSAXRMZlsTXpcItNiZIAyyc2shA2opEyb29jmCO7iysvQKJdcp+TWnGLlCmbKwxEcwym4cAYVuIEq1IEBwgM8wbN1Zz1aL9brrDRnzXsO4Y+stx/bqI/z</latexit><latexit sha1_base64="mF21+YZI2ewpcmK5EX4P8shmhRg=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIQRvLBMwFkiXMTs4mY2YvzMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDnHTwRX2nG+rdzK6tr6Rn7T3tre2d0r7B80VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX94Pcmb9ygVj6NbPUrQC2k/4gFnVBurVu4Wik7JmYosgzuH4uWHfZG8f9nVbuGz04tZGmKkmaBKtV0n0V5GpeZM4NjupAoTyoa0j22DEQ1Redl00DE5MU6PBLE0L9Jk6v7uyGio1Cj0TWVI9UAtZhPzv6yd6uDcy3iUpBojNvsoSAXRMZlsTXpcItNiZIAyyc2shA2opEyb29jmCO7iysvQKJdcp+TWnGLlCmbKwxEcwym4cAYVuIEq1IEBwgM8wbN1Zz1aL9brrDRnzXsO4Y+stx/bqI/z</latexit><latexit sha1_base64="Ac3s19ZxksPZfdSQscPy0EQ//8g=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUqg3LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0alXPrXott9K4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w964Yyy</latexit>

4
<latexit sha1_base64="vk5Lz9QA1J74IHrhwZ/BpQgbxJQ=">AAAB6HicbZC7SwNBEMbnfMbzFbW0WQyCVbgTQRsxaGOZgHlAcoS9zVyyZm/v2N0TQgjY21goYus/Y2/nf+PmUWjiBws/vm+GnZkwFVwbz/t2lpZXVtfWcxvu5tb2zm5+b7+mk0wxrLJEJKoRUo2CS6wabgQ2UoU0DgXWw/7NOK8/oNI8kXdmkGIQ067kEWfUWKty1s4XvKI3EVkEfwaFq0/38hEAyu38V6uTsCxGaZigWjd9LzXBkCrDmcCR28o0ppT1aRebFiWNUQfDyaAjcmydDokSZZ80ZOL+7hjSWOtBHNrKmJqens/G5n9ZMzPRRTDkMs0MSjb9KMoEMQkZb006XCEzYmCBMsXtrIT1qKLM2Nu49gj+/MqLUDst+l7Rr3iF0jVMlYNDOIIT8OEcSnALZagCA4QneIFX5955dt6c92npkjPrOYA/cj5+AO0hjoE=</latexit><latexit sha1_base64="BrP1FLPy8mrEBPsrj4XLIcp/6V4=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEBN2IRTcuW7AXaEOZTE/asZNJmJkIJfQJ3LhQxK0+jHs34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWl5ZXcuv2xubW9s7hd29uopTSbFGYx7LZkAUciawppnm2Ewkkijg2AgG1+O8cY9SsVjc6mGCfkR6goWMEm2s6mmnUHRL7kTOIngzKF5+2BfJ+5dd6RQ+292YphEKTTlRquW5ifYzIjWjHEd2O1WYEDogPWwZFCRC5WeTQUfOkXG6ThhL84R2Ju7vjoxESg2jwFRGRPfVfDY2/8taqQ7P/YyJJNUo6PSjMOWOjp3x1k6XSaSaDw0QKpmZ1aF9IgnV5ja2OYI3v/Ii1E9Knlvyqm6xfAVT5eEADuEYPDiDMtxABWpAAeEBnuDZurMerRfrdVqas2Y9+/BH1tsP3rCP9Q==</latexit><latexit sha1_base64="BrP1FLPy8mrEBPsrj4XLIcp/6V4=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEBN2IRTcuW7AXaEOZTE/asZNJmJkIJfQJ3LhQxK0+jHs34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWl5ZXcuv2xubW9s7hd29uopTSbFGYx7LZkAUciawppnm2Ewkkijg2AgG1+O8cY9SsVjc6mGCfkR6goWMEm2s6mmnUHRL7kTOIngzKF5+2BfJ+5dd6RQ+292YphEKTTlRquW5ifYzIjWjHEd2O1WYEDogPWwZFCRC5WeTQUfOkXG6ThhL84R2Ju7vjoxESg2jwFRGRPfVfDY2/8taqQ7P/YyJJNUo6PSjMOWOjp3x1k6XSaSaDw0QKpmZ1aF9IgnV5ja2OYI3v/Ii1E9Knlvyqm6xfAVT5eEADuEYPDiDMtxABWpAAeEBnuDZurMerRfrdVqas2Y9+/BH1tsP3rCP9Q==</latexit><latexit sha1_base64="v9HtfW4ns1jOzfqGYcy7yTCnJtE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeT0oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXdCv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AfemMtA==</latexit> 5

<latexit sha1_base64="8DzDxXmuLwXKlIWUYaCoBDGCMAM=">AAAB6HicbZC7SwNBEMbnfMbzFbW0WQyCVbgTRBsxaGOZgHlAcoS9zVyyZm/v2N0TQgjY21goYus/Y2/nf+PmUWjiBws/vm+GnZkwFVwbz/t2lpZXVtfWcxvu5tb2zm5+b7+mk0wxrLJEJKoRUo2CS6wabgQ2UoU0DgXWw/7NOK8/oNI8kXdmkGIQ067kEWfUWKty1s4XvKI3EVkEfwaFq0/38hEAyu38V6uTsCxGaZigWjd9LzXBkCrDmcCR28o0ppT1aRebFiWNUQfDyaAjcmydDokSZZ80ZOL+7hjSWOtBHNrKmJqens/G5n9ZMzPRRTDkMs0MSjb9KMoEMQkZb006XCEzYmCBMsXtrIT1qKLM2Nu49gj+/MqLUDst+l7Rr3iF0jVMlYNDOIIT8OEcSnALZagCA4QneIFX5955dt6c92npkjPrOYA/cj5+AO6ljoI=</latexit><latexit sha1_base64="6h4HMXf3GlPTQ2jGhm2TFCIboNs=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEEN2IRTcuW7AXaEOZTE/asZNJmJkIJfQJ3LhQxK0+jHs34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWl5ZXcuv2xubW9s7hd29uopTSbFGYx7LZkAUciawppnm2Ewkkijg2AgG1+O8cY9SsVjc6mGCfkR6goWMEm2s6mmnUHRL7kTOIngzKF5+2BfJ+5dd6RQ+292YphEKTTlRquW5ifYzIjWjHEd2O1WYEDogPWwZFCRC5WeTQUfOkXG6ThhL84R2Ju7vjoxESg2jwFRGRPfVfDY2/8taqQ7P/YyJJNUo6PSjMOWOjp3x1k6XSaSaDw0QKpmZ1aF9IgnV5ja2OYI3v/Ii1E9Knlvyqm6xfAVT5eEADuEYPDiDMtxABWpAAeEBnuDZurMerRfrdVqas2Y9+/BH1tsP4DSP9g==</latexit><latexit sha1_base64="6h4HMXf3GlPTQ2jGhm2TFCIboNs=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEEN2IRTcuW7AXaEOZTE/asZNJmJkIJfQJ3LhQxK0+jHs34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWl5ZXcuv2xubW9s7hd29uopTSbFGYx7LZkAUciawppnm2Ewkkijg2AgG1+O8cY9SsVjc6mGCfkR6goWMEm2s6mmnUHRL7kTOIngzKF5+2BfJ+5dd6RQ+292YphEKTTlRquW5ifYzIjWjHEd2O1WYEDogPWwZFCRC5WeTQUfOkXG6ThhL84R2Ju7vjoxESg2jwFRGRPfVfDY2/8taqQ7P/YyJJNUo6PSjMOWOjp3x1k6XSaSaDw0QKpmZ1aF9IgnV5ja2OYI3v/Ii1E9Knlvyqm6xfAVT5eEADuEYPDiDMtxABWpAAeEBnuDZurMerRfrdVqas2Y9+/BH1tsP4DSP9g==</latexit><latexit sha1_base64="rvUVAmJsZWMH8P6EWVZuMcdZ/nQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0kEqceiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeT0oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXdCv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Af22MtQ==</latexit>

X
<latexit sha1_base64="k16+prfcxHCgINHMrXiCg4jhxfI=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVat1S2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LUoaofaz6aBjcmKdHgljZZ80ZOr+7shopPUoCmxlRM1AL2YT87+snZrwws+4TFKDks0+ClNBTEwmW5MeV8iMGFmgTHE7K2EDqigz9jYFewRvceVlaJyVPbfs1dxS5RpmysMRHMMpeHAOFbiFKtSBAcITvMCrc+88O2/O+6w058x7DuGPnI8fI8COpQ==</latexit><latexit sha1_base64="/bj4kyyyDN9ZNpFGVg0OtF8rjPw=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfK/oVr1C6gqlycAhHcAI+nEEJbqAMVWCA8ABP8OzcOY/Oi/M6LV1yZj0H8EfO2w8VT5AZ</latexit><latexit sha1_base64="/bj4kyyyDN9ZNpFGVg0OtF8rjPw=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfK/oVr1C6gqlycAhHcAI+nEEJbqAMVWCA8ABP8OzcOY/Oi/M6LV1yZj0H8EfO2w8VT5AZ</latexit><latexit sha1_base64="wx9aGXqkT9DK1jAVxuZPlXbhJfA=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVa3UG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroJci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r2WW2vcFnGU4QzO4RI8uIYG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QO0eYzY</latexit>

general; we do this by writing
Z
[df4][df5]FLM,qq̄(1, 2, 4, 5)

=

Z
[df4][df5]FLM,qq̄(1, 2, 4, 5)

⇥
✓(E4 > E5) + ✓(E4 < E5)

⇤

=

Z
[df4][df5]✓(E4 > E5)

⇥
FLM,qq̄(1, 2, 4, 5) + FLM,qq̄(1, 2, 5, 4)

⇤
]

⌘ hFLM(1, 2, 4, 5)i .

(3.11)

If one wishes to consider the final state gluons and quarks separately, one could do away
with the energy ordering and the symmetrization of the quark amplitudes. We emphasize
that in this case, the formulas in the forthcoming sections would require modifications.

As mentioned in Section 2, an important part of the subtraction scheme is the separation
of the phase space into partitions such that in each partition, only a limited number of
kinematic configurations leads to collinear divergences, cf. Eq. (2.21). Throughout this
paper, we choose the partition functions to be

w
41,51 = ⌘42⌘52

✓
1 +

⌘41

⌘45 + ⌘42 + ⌘51
+

⌘51

⌘45 + ⌘41 + ⌘52

◆
,

w
42,52 = ⌘41⌘51

✓
1 +

⌘42

⌘45 + ⌘41 + ⌘52
+

⌘52

⌘45 + ⌘42 + ⌘51

◆
,

w
41,52 =

⌘42⌘51⌘45

⌘45 + ⌘41 + ⌘52
, w

42,51 =
⌘41⌘52⌘45

⌘45 + ⌘42 + ⌘51
,

(3.12)

where we have used ⌘ij = ⇢ij/2. It is straightforward to check that these functions restrict
the collinear singularities as discussed in Section 2, and also that they sum up to one, cf.
Eq. (2.21).

We now present results for the different terms in Eq. (3.4) that arise in the quark
channel.

3.2.1 Terms with NNLO kinematics

This (hard) regularized contribution is the only one that involves the full matrix element
for fafb ! V + f4f5. It reads [16]

d�̂NNLO
1245,fafb

=
X

(ij)2dc

⌧
(I � C5j)(I � C4i)

�⇥
I � SS

⇤⇥
I � S5

⇤
⇥

⇥ [df4][df5]w
4i,5j

FLM,fafb
(1, 2, 4, 5)

�

+
X

i2tc

⌧
✓
(a)⇥

I � CCi

⇤⇥
I � C5i

⇤
+ ✓

(b)⇥
I � CCi

⇤⇥
I � C45

⇤
(3.13)

14

These limits can be used for a straightforward definition of the subtraction terms, through an iterated  
subtraction of infra-red and collinear singularities. The action of operators on the matrix elements and the 
phase space requires explicit phase space parameterisation.  If chosen properly, the operators commute. 

+ ✓
(c)⇥

I � CC i

⇤⇥
I � C4i

⇤
+ ✓

(d )⇥
I � CCi

⇤⇥
I � C45

⇤�

⇥
⇥
I � SS

⇤⇥
I � S5

⇤
[df4][df5]w

4i,5i
FLM,fafb

(1, 2, 4, 5)

�
.

In this equation, dc = {(1, 2), (2, 1)} and tc = {1, 2} refer to the double- and triple-collinear
partitions, respectively, while the sectors (a)–(d ) are defined by the angular ordering con-
ditions in Eq. (2.22). The operators S5, SS, Cij and CCi have been discussed in great detail
in Ref. [16], and in Sec. 2.

We note that d�̂NNLO
1245 fafb

is computed numerically in four dimensions. In order to do so,
we must provide the explicit parametrization of the phase space for the complete final state
which includes two radiated partons and a vector boson (or its decay products). It is clear
that there are many different ways to do so. We find it useful to describe the phase space
using tree-level variables, i.e. the invariant mass M2

V
and the rapidity Y of the vector boson,

but other choices are possible. In addition, we have to choose the energies of the two final
state partons and the relative angles between them and the hard emittor7 as independent
variables, in order to extract singularities in the same way as in the computation of the
integrated subtraction terms, which are presented in the forthcoming subsections. For this
reason, there is less freedom in choosing how to parametrize the momenta of the radiated
partons. We have discussed this point in some detail in Appendix B of Ref. [16]. We
will not repeat this discussion, instead, our goal here is to provide a guide for a numerical
implementation of Eq. (3.13).

We work in the center-of-mass frame of the colliding partons. As the first step, we
determine the center-of-mass collision energy squared s. To do so, we parametrize the
energies of the radiated partons as8

E4 =

p
s

2
x1, E5 =

p
s

2
x1x2, (3.14)

where x1, x2 2 [0 : 1], and use momentum conservation (p1 + p2 � p4 � p5)2 = M
2
V

to find

s =
M

2
V

1� x1(1 + x2) + x
2
1x2⌘45

. (3.15)

There is an obvious constraint s < Sh, where Sh is the center-of-mass energy squared of
the colliding hadrons, that we have to impose while generating the events.

The choice of angular variables depends on the partition and the sector; for the sake of
definiteness, we will discuss the sector “a” of the partition w

41,51. In this case, the scalar
products ⌘ij = (1 � cos ✓ij)/2 may be parametrized by the variables x3, x4,� 2 [0 : 1]
according to

⌘41 = x3, ⌘51 = x3
x4

2
, ⌘45 =

x3(1� x4/2)2

NF (x3, x4/2,�)
, (3.16)

7
The identity of the “hard emittor” depends on the partition.

8
We remind the reader that we have chosen Emax =

p
s/2.
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Phase space in the singular limits and in the subtraction terms
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The antenna subtraction uses exact 1→3 and 1→4 phase spaces (NLO and NNLO,  respectively) to 
integrate exact matrix elements used as subtraction terms. 

2 A. Gehrmann-De Ridder, T. Gehrmann, E.W.N. Glover
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Figure 1. Illustration of NLO antenna factori-
sation representing the factorisation of both the
squared matrix elements and the (m+1)-particle
phase space. The term in square brackets repre-
sents both the antenna function and the antenna
phase space.
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i I

i

I

m+2 m+2

Ll

l
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j

j
k

k

Figure 2. Illustration of NNLO antenna factori-
sation representing the factorisation of both the
squared matrix elements and the (m+2)-particle
phase space when the unresolved particles are
colour connected. The term in square brackets
represents antenna function and phase space.

one would like to have a flexible method that can
be easily adapted to different jet observables or
jet definitions. Therefore, the infrared singulari-
ties of the real radiation contributions should be
extracted using infrared subtraction terms. One
introduces dσS

NLO, which is a counter-term for
dσR

NLO, having the same unintegrated singular
behaviour as dσR

NLO in all appropriate limits.
Their difference is free of divergences and can be
integrated over the (m + 1)-parton phase space
numerically. The subtraction term dσS

NLO has to
be integrated analytically over all singular regions
of the (m + 1)-parton phase space. The result-
ing cross section added to the virtual contribution
yields an infrared finite result. Several methods
for constructing NLO subtraction terms system-

atically were proposed in the literature [2,3,4,5].
For some of these methods, extension to NNLO
was discussed [7] and partly worked out. We focus
on the antenna subtraction method [2,3], which
we extend to NNLO.
The basic idea of the antenna subtraction ap-

proach at NLO is to construct the subtraction
term dσS

NLO from antenna functions. Each an-
tenna function encapsulates all singular limits
due to the emission of one unresolved parton be-
tween two colour-connected hard partons (tree-
level three-parton antenna function). This con-
struction exploits the universal factorisation of
phase space and squared matrix elements in all
unresolved limits, depicted in Figure 1. The in-
dividual antenna functions are obtained by nor-
malising three-parton tree-level matrix elements
to the corresponding two-parton tree-level matrix
elements.
At NNLO, the m-jet production is induced

by final states containing up to (m + 2) par-
tons, including the one-loop virtual corrections to
(m + 1)-parton final states. As at NLO, one has
to introduce subtraction terms for the (m + 1)-
and (m+ 2)-parton contributions. Schematically
the NNLO m-jet cross section reads,

dσNNLO =

∫

dΦm+2

(

dσR
NNLO − dσS

NNLO

)

+

∫

dΦm+1

(

dσV,1
NNLO − dσV S,1

NNLO

)

+

∫

dΦm+2

dσS
NNLO +

∫

dΦm+1

dσV S,1
NNLO

+

∫

dΦm

dσV,2
NNLO ,

where dσS
NNLO denotes the real radiation sub-

traction term coinciding with the (m+2)-parton
tree level cross section dσR

NNLO in all singular

limits [8]. Likewise, dσV S,1
NNLO is the one-loop vir-

tual subtraction term coinciding with the one-
loop (m + 1)-parton cross section dσV,1

NNLO in all
singular limits [9]. Finally, the two-loop correc-
tion to the m-parton cross section is denoted by
dσV,2

NNLO.
Both types of NNLO subtraction terms can be

constructed from antenna functions. In dσS
NNLO,

we have to distinguish four different types of un-

Gehrmann et al.
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For FKS-like subtraction schemes, phase spaces in the subtraction terms are usually simplified.  

However, there is a lore that says that  admissible simplifications are subtle, that Lorentz-invariant 
factorisation is important and that analytic integration of the subtraction terms is essential. 
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Is the analytic integration of the subtraction terms important ?

The answer, of course, is no.  What we need is an integration in d-dimensions, but such  an integration 
can be performed  both analytically and numerically.  

For a numerical integration in d-dimensions, one needs to find a parametrisation of the phase space 
which factorises  all the singularities explicitly.  Such a parametrisation is known. 

We will now introduce the parametrization of the angular phase space. This parametriza-
tion is tailored the process that we are interested in

q̄(p1) + q(p2) ! V (pV ) + g(p4) + g(p5), (B.3)

and, as we will see, allows us to expose all the collinear singularities in a straightforward
manner. We assume that momenta of quarks in the initial state point along the z-axis

p1,2 = E1,2 (t
µ
± e

µ

3
) , t

µ = (1, 0, 0, 0; ...), e
µ

3
= (0, 0, 0, 1; 0, 0...), (B.4)

and parametrize the gluon momenta as
p4 = E4

�
t
µ + cos ✓41e

µ

3
+ sin ✓41b

µ
�
,

p5 = E5

�
t
µ + cos ✓51e

µ

3
+ sin ✓51

�
cos'45b

µ + sin'45a
µ
��

,
(B.5)

The (d-dimensional) unit vectors b
µ and a

µ are chosen in such a way that

t · a = e3 · a = t · b = e3 · b = a · b = 0. (B.6)

Given this choice, the angular phase space is written as [2]

d⌦45 =
d⌦(d�2)

b
d⌦(d�3)

a

26✏(2⇡)2d�2
[⌘4(1� ⌘4)]

�✏ [⌘5(1� ⌘5)]
�✏ |⌘4 � ⌘5|

1�2✏

D1�2✏

d⌘4d⌘5d�

[�(1� �)]1/2+✏
, (B.7)

where ⌘i = ⌘i1 and ⌘ij = ⇢ij/2, D = ⌘4 + ⌘5 � 2⌘4⌘5 +2(2�� 1)
p
⌘4⌘5(1� ⌘4)(1� ⌘5), and

⌘45 =
|⌘4 � ⌘5|

2

D
, sin2

'45 = 4�(1� �)
|⌘4 � ⌘5|

2

D2
. (B.8)

The phase space can be split into four different sectors that we will refer to as a, b, c, d.
The following parametrization is choosen for each of the four sectors [2]

a) ⌘4 = x3, ⌘5 = x3x4/2; b) ⌘4 = x3, ⌘5 = x3(1� x4/2);

c) ⌘4 = x3x4/2, ⌘5 = x3; d) ⌘4 = x3(1� x4/2), ⌘5 = x3.
Below we present the phase space for each of the four sectors employing the above parametriza-
tion. To this end, we will need the following function

N(x3, x4,�) = 1 + x4(1� 2x3)� 2(1� 2�)
p
x4(1� x3)(1� x3x4). (B.9)

It turns out that the angular phase spaces for sectors a and c and for sectors b and d are
identical. The results read

d⌦(a,c)

45
=

d⌦(d�2)

b
d⌦(d�3)

a

26✏(2⇡)2d�2

dx3

x
1+2✏

3

dx4

x
1+✏

4

d�

(�(1� �))1/2+✏
F

�✏

✏
F0 x

2

3
x4 =

=


1

8⇡2

(4⇡)✏

�(1� ✏)

�2 �2(1� ✏)

�(1� 2✏)

� "
d⌦(b)

d�2

⌦d�2

d⌦(a)

d�3

⌦d�3

#
⇥

⇥
dx3

x
1+2✏

3

dx4

x
1+✏

4

d�

⇡(�(1� �))1/2+✏
(256F✏)

�✏ 4F0 x
2

3
x4,

F✏ =
(1� x3)(1� x3x4/2)(1� x4/2)2

2N(x3, x4/2,�)2
, F0 =

(1� x4/2)

2N(x3, x4/2,�)
,

(B.10)

vii

F (x3, x4) = x2
3x4|M|2(x3, x4)
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Does one need Lorentz-invariant  phase-space factorisation for an analytic integration? 

The answer is again no.  Lorentz invariance helps, of course, but it is definitely not necessary.  In fact, modern 
methods for multi-loop computations and reverse unitarity allows  us to perform complex computations even 
in predefined and not optimal reference frames.

the reduction coefficients R(k)
ij (z). Finally, since G̃ij(z) ∼ z−1−2ϵ, the last

term in Eq. (59) can be trivially integrated over z and, since the first term is
not singular at z = 0, the integrand can be expanded in ϵ and, after changing
variables from z to t, the integration over t can be performed in a relatively
straightforward way.

We note that after performing this final z (or, rather, t) integration, we
obtain the result given by a linear combination of Goncharov polylogarithms
up to weight four with indices drawn from the following set

{
a±, b±, e

±iδ, cos δ,
1

cos δ
, 0,−1, 1

}
, (60)

where a±, b± are given in Eq. (34). The arguments of these Goncharov poly-
logarithms are either (1−sin δ)/ cos δ or cos δ. The result of the z integration
(or rather t integration) appears to be very large and complex. However, it
can be simplified using the (by now standard ) symbol techniques [37–39].
Computing the symbol of the result, simplifying it and integrating the result
back, we arrive at the following expressions for the double-eikonal integrals

SS(gg)
ij = (2Emax)

−4ϵ

[
1

8π2

(4π)ϵ

Γ(1− ϵ)

]2{ 1

2ϵ4
+

1

ϵ3

[
11

12
− ln(s2)

]

+
1

ϵ2

[
2Li2(c

2) + ln2(s2)−
11

6
ln(s2) +

11

3
ln 2−

π2

4
−

16

9

]

+
1

ϵ

[
6Li3(s

2) + 2Li3(c
2) +

(
2 ln(s2) +

11

3

)
Li2(c

2)−
2

3
ln3(s2)

+

(
3 ln(c2) +

11

6

)
ln2(s2)−

(
22

3
ln 2 +

π2

2
−

32

9

)
ln(s2)

−
45

4
ζ3 −

11

3
ln2 2−

11

36
π2 −

137

18
ln 2 +

217

54

]

+ 4G−1,0,0,1(s
2)− 7G0,1,0,1(s

2) +
22

3
Ci3(2δ) +

1

3 tan(δ)
Si2(2δ)

+ 2Li4(c
2)− 14Li4(s

2) + 4Li4

(
1

1 + s2

)
− 2Li4

(
1− s2

1 + s2

)

+ 2Li4

(
s2 − 1

1 + s2

)
+ Li4(1− s4) +

[
10 ln(s2)− 4 ln

(
1 + s2

)

+
11

3

]
Li3(c

2) +

[
14 ln(c2) + 2 ln(s2) + 4 ln

(
1 + s2

)
+

22

3

]
Li3(s

2) (61)

+ 4 ln(c2)Li3(−s2) +
9

2
Li22(c

2)− 4Li2(c
2)Li2(−s2) +

[
7 ln(c2) ln(s2)

17

where ϵ = (4− d)/2 with d being the space-time dimensionality,

Sso
ij (k4, k5) =

pi · pj
k4 · k5

(
1

(pi · k4)(pj · k5)
+

1

(pi · k5)(pj · k4)

)

−
(pi · pj)2

(pi · k4)(pj · k4)(pi · k5)(pj · k5)
,

(11)

and

Iij =
(pi · k4)(pj · k5) + (pi · k5)(pj · k4)− (pi · pj)(k4 · k5)

(k4 · k5)2
[
pi · (k4 + k5)

][
pj · (k4 + k5)

] . (12)

According to the computational scheme described in Ref. [1], the double-
soft matrix elements in Eqs. (6,7) should be integrated over the three-momenta
of soft partons, subject to the constraints in Eq. (1). It follows that a double-
soft contribution to any differential cross section can be constructed if the
following integrals are known

SSij,kl =

∫
[dk4][dk5]θ(Emax − k0

4)θ(k
0
4 − k0

5)Sij(k4) Skl(k5),

SS(gg)
ij =

∫
[dk4][dk5]θ(Emax − k0

4)θ(k
0
4 − k0

5)S̃ij(k4, k5),

SS(qq̄)
ij = −2

∫
[dk4][dk5]θ(Emax − k0

4)θ(k
0
4 − k0

5)Ĩij(k4, k5),

(13)

where the factor -2 in SS(qq̄)
ij is introduced for convenience. In Eq. (13) we

introduced the short-hand notation

[dki] =
d(d−1)ki

2k0
i (2π)

d−1
. (14)

As explained in Ref. [1], the energy ordering E4 > E5 accounts for the
1/2! symmetry factor relevant for gg emission. We find it convenient to
use the same phase-space parametrization for qq̄ emission as well. Since
Ĩij(k4, k5) = Ĩij(k5, k4), the full result in the qq̄ case is twice the result that
is obtained by imposing the E4 > E5 ordering.

We satisfy constraints in Eqs. (1,13) by choosing the following parametriza-
tion of the energies of the two soft partons

k0
4 = Emax ξ, k0

5 = Emax ξz, 0 < ξ < 1, 0 < z < 1. (15)

We note that integrals in Eq. (13) depend on the relative angles between
the three-momenta of the hard partons but not on their energies. The first
integral SSij,kl in Eq. (13) is easy to compute since it is a product of two

5

� =
✓ij
2

s = sin
✓ij
2

c = cos
✓ij
2
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− ln2(s2)−
5

2
π2 +

22

3
ln 2−

131

18

]
Li2(c

2) +

[
2

3
π2 − 4 ln(c2) ln(s2)

]
×

Li2(−s2) +
ln4(s2)

3
+

ln4 (1 + s2)

6
− ln3(s2)

[
4

3
ln(c2) +

11

9

]

+ ln2(s2)

[
7 ln2(c2) +

11

3
ln(c2) +

π2

3
+

22

3
ln 2−

32

9

]
−

π2

6
ln2

(
1 + s2

)

+ ζ3

[
17

2
ln(s2)− 11 ln(c2) +

7

2
ln
(
1 + s2

)
−

21

2
ln 2−

99

4

]
+ ln(s2)×

[
−

7π2

2
ln(c2) +

22

3
ln2 2−

11

18
π2 +

137

9
ln 2−

208

27

]
− 12Li4

(
1

2

)

+
143

720
π4 −

ln4 2

2
+

π2

2
ln2 2−

11

6
π2 ln 2 +

125

216
π2 +

22

9
ln3 2

+
137

18
ln2 2 +

434

27
ln 2−

649

81
+O(ϵ)

}

,

and

SS(qq̄)
ij = (2Emax)

−4ϵ

[
1

8π2

(4π)ϵ

Γ(1− ϵ)

]2{

−
1

3ϵ3
+

1

ϵ2

[
2

3
ln(s2)−

4

3
ln 2

+
13

18

]
+

1

ϵ

[
−

4

3
Li2(c

2)−
2

3
ln2(s2) + ln(s2)

(
8

3
ln 2−

13

9

)
+

π2

9

+
4

3
ln2 2 +

35

9
ln 2−

125

54

]
−

8

3
Ci3(2δ)−

2

3 tan(δ)
Si2(2δ)−

4

3
Li3(c

2)

−
8

3
Li3(s

2) + Li2(c
2)

[
29

9
−

8

3
ln 2

]
+

4

9
ln3(s2) + ln2(s2)

[
−

4

3
ln(c2)

−
8

3
ln 2 +

13

9

]
+ ln(s2)

[
−

8

3
ln2 2−

70

9
ln 2 +

2

9
π2 +

107

27

]
+ 9ζ3

+
2π2

3
ln 2−

8

9
ln3 2−

23

108
π2 −

35

9
ln2 2−

223

27
ln 2 +

601

162
+O(ϵ)

}

.

(62)

Here, s = sin δ, c = cos δ and δ = θ/2 is half the angle between the three-
momenta of the hard radiators i and j. The Clausen functions are defined
as

Cin(z) =
(Lin(eiz) + Lin(e−iz))

2
, Sin(z) =

(Lin(eiz)− Lin(e−iz))

2i
, (63)

and Ga1,a2,...,am(x) are the standard Goncharov polylogarithms. We have

checked these analytic results by computing the functions SS(gg,qq̄)
ij numerically
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color-singlet state, which implies

n∑

i=1

Ti|M(p1, ..., pn)⟩ = 0. (5)

Using this notation, the matrix element squared for the process ij →
X + f(k4, k5) in the double-soft limit k4, k5 → 0 can be written as [31]

|M(g4, g5; {p})|2 ≈
[
g2s,bµ

2ϵ
]2
[
1

2

n∑

ij,kl

Sij(k4)Skl(k5)|M(i,j)(k,l)({p})|2

− CA

n∑

i<j

S̃ij(k4, k5)|M(ij)({p})|2
]

,

(6)

if f(k4, k5) are two gluons, and

|M(q4, q̄5; {p})|2 ≈
[
g2s,bµ

2ϵ
]2
TR

∑

i<j

Ĩij(k4, k5)|M(ij)({p})|2, (7)

if f(k4, k5) are a quark and an antiquark. In Eqs. (6,7), “≈” means that we
only consider the most singular contribution in the double-soft limit, and

|M(ij)(kl)({p})|2 ≡ ⟨M(p1, ..., pn)| {Ti ·Tj ,Tk ·Tl} |M(p1, ..., pn)⟩ ,
|M(ij)({p})|2 ≡ ⟨M(p1, ..., pn)|Ti ·Tj|M(p1, ..., pn)⟩ .

(8)

We also used gs,b to denote the bare QCD coupling constant and TR = 1/2.
The sums in Eqs. (6,7) run over all pairs of hard color-charged radiators.

The functions S̃ij and Ĩij read

S̃ij(k4, k5) = 2Sij(k4, k5)− Sii(k4, k5)− Sjj(k4, k5),

Ĩij(k4, k5) = 2Iij(k4, k5)− Iii(k4, k5)− Ijj(k4, k5).
(9)

All other eikonal functions are defined as follows [31]

Sij(k) =
pi · pj

(pi · k)(pj · k)
,

Sij(k4, k5) = Sso
ij (k4, k5)−

2pi · pj
k4 · k5

[
pi · (k4 + k5)

][
pj · (k4 + k5)

]

+
(pi · k4)(pj · k5) + (pi · k5)(pj · k4)[

pi · (k4 + k5)
][
pj · (k4 + k5)

]
[

(1− ϵ)

(k4 · k5)2
−

1

2
Sso
ij (k4, k5)

]
,

(10)
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Slicing 

One of the main reasons for the slicing comeback is the increase in computing power available for such computations. 
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Slicing 

Modern slicing parameters:   

1) transverse momentum of a colorless or colored (but massive)  system; 
2) jettiness; 

Transverse momentum slicing does not receive linear corrections in the slicing parameter if done properly. 

“qt slicing” [S. Catani and M. Grazzini] 
“Jettiness slicing” [R. Boughezal et al., J. Gaunt et al.]
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Jettiness is applicable to final states with jets;  beam and jet functions are universal and known, soft 
functions are always challenging. 

L. Buonocore  et al.

L. Buonocore  et al.

qt slicing is venturing in the direction of jet physics using new interpretation of the slicing parameter.

lim
⌧!0

d�pp!X ⇡ B ⌦B ⌦ S ⌦H ⌦ J ⌦ d�LO

pp!X
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Computation of singular contribution is helped by an understanding how the cross sections behave in the limit of 
small slicing parameter.
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Slicing 

Modern slicing parameters:   

1) transverse momentum of a colorless or colored (but massive)  system; 
2) jettiness; 

The slicing schemes can be generalised to N3LO in a straightforward way; many ingredients are known and 
many calculations for 2 → 1 have been done (Drell-Yan, Higgs).    

Similar to NNLO with multi-jets, calculation of   jettiness soft functions is an obstacle  for extending the N3LO 
slicing computations to final states with jets. 

“qt slicing” [S. Catani and M. Grazzini] 
“Jettiness slicing” [R. Boughezal et al., J. Gaunt et al.]
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Summary: 

• fixed order computations in general and NNLO QCD computations in particular are very important 
for the LHC physics program;  

•  there exists  a large number of working NNLO QCD subtraction  and slicing schemes; 
•  some of these schemes can do (more or less) everything that we can dream of,  in the context of 

the LHC physics and  a recent computation of NNLO QCD corrections to 3-jet production at the 
LHC is a clear confirmation of this point;  

•  in spite of the differences in details, existing subtraction schemes  are based on similar ideas and 
principles; 

• it seems that none of the newly proposed subtraction schemes has been a game-changer;  
•  analytic refinements of the subtraction schemes and their improvements are probably less 

important than their  efficient implementations in numerical programs.  In my opinion, this is what 
will make the difference in the future. 


