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Plan for the lectures

• Basics of collider physics

• Basics of QCD

• DIS and the Parton Model

• Higher order corrections 

• Asymptotic freedom

• QCD improved parton model


• State-of-the-art computations for the LHC

• Monte Carlo generators

• Higgs phenomenology

• Top phenomenology

• Searching for New Physics: EFT
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Fixed order computations
Going to higher orders
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Perturbative expansion

• The parton-level cross section can be computed as a series in perturbation 
theory, using the coupling constant as an expansion parameter 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⇤̂ = ⇤Born

⇤
1 +

�s

2⇥
⇤(1) +

��s

2⇥

⇥2
⇤(2) +

��s

2⇥

⇥3
⇤(3) + . . .

⌅

LO NLO NNLO N3LO

�
dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)
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Matrix elements

• Perturbation theory/Feynman diagrams give us (fairly
accurate) final states for a few number of legs (O(1)).

• OK for very inclusive observables.
• Starting point for further simulation.
• Want exclusive final state at the LHC (O(100)).
• Want arbitrary cuts.
• ! use Monte Carlo methods.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 45/81
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• OK for very inclusive observables.
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• Want exclusive final state at the LHC (O(100)).
• Want arbitrary cuts.
• ! use Monte Carlo methods.
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Resolution

Need to introduce resolution t0, e.g. a cutoff in p?. Prevent us
from the singularity at q ! 0.

Emissions below t0 are unresolvable.

Finite result due to virtual corrections:

+ = finite.

unresolvable + virtual emissions are included in Sudakov form
factor via unitarity (see below!).

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 58/81
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⇤̂ = ⇤Born

⇤
1 +

�s

2⇥
⇤(1) +

��s

2⇥

⇥2
⇤(2) +

��s

2⇥

⇥3
⇤(3) + . . .

⌅

LO NLO NNLO N3LO

�
dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)
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Matrix elements

• Perturbation theory/Feynman diagrams give us (fairly
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Resolution

Need to introduce resolution t0, e.g. a cutoff in p?. Prevent us
from the singularity at q ! 0.

Emissions below t0 are unresolvable.

Finite result due to virtual corrections:

+ = finite.

unresolvable + virtual emissions are included in Sudakov form
factor via unitarity (see below!).
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We need to add real and virtual corrections to the hard scattering 
dealing with singularities

Relatively straightforward at NLO (automated), complicated at NNLO (tens of 
processes), extremely hard at NNNLO (handful of processes known)
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Structure of an NLO calculation

5
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Elements of a NLO computation

NLO contributions have three parts

Virtual part

�NLO
=

Z

m
d(d)�V +

z }| {

Real emission part

Z

m+1
d(d)�R+

Z

m
d(4)�B

Born

Loops have been for long the bottleneck of NLO computations

Virtuals and Reals are each divergent and subtraction scheme need to be used (Dipoles, FKS, 
Antenna’s)
A lot of work is necessary for each computation

45

Difficulties: 


• Loop calculations: tough and time consuming


• Divergences: Both real and virtual corrections are divergent


• More channels, more phase space integrations
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How to deal with NLO in practice?

NLO corrections involve divergences: Divergences are bad for 
numerical computations

6

MCnet Beijing Hua-Sheng Shao51

NLO SUBTRACTION

�NLO =

Z
d�(n)B +

Z
d�(n)V +

Z
d�(n+1)R

• Master formula:

• The subtraction counterterm S should be chosen:
• It exactly matches the singular behaviour of  real ME
• It can be integrated numerically in a convenient way
• It can be integrated exactly in d dimension
• It is process independent (overall factor times Born ME)

• In gauge theory, the singular structure is universal

Friday, June 11, 21

Subtraction:
finite finite
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Subtraction techniques at NLO

Dipole subtraction

• Catani, Seymour hep-ph/9602277

• Automated in MadDipole, Sherpa, HELAC-NLO

FKS subtraction

• Frixione, Kunszt, Signer hep-ph/9512328

• Automated in MadGraph5_aMC@NLO and Powheg/Powhel

7

Detailed discussion of these could be another lecture course!
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A note about NLO
NLO is relative

8

Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) Fabio Maltoni

Calling a code  “a NLO code” is an abuse of language and can be confusing.
A NLO calculation always refers to an IR-safe observable, when the genuine αS corrections to 
this observable on top of the LO estimate are known.

An NLO code will, in general, be able to produce results for several quantities and 
distributions, only some of which will be at NLO accuracy.

☞  Total cross section, σ(tt)

☞  PT >0 of one top quark

☞  PT >0 of the tt pair

☞  PT >0 of the jet

☞  tt invariant mass, m(tt)

☞  ΔΦ(tt)>0

LO

Virt

Real

-

..............  ✓
   .................. ✓

................................... ✗

......................... ✗

................... ✓

47

Predictions at NLO
Warning!

Example:  Suppose we use the NLO code for pp → ttExample: top pair production Which observables do we compute at NLO?

NLO

Total cross-section


pT of a top quark


pT of top pair


pT of hardest jet


tt invariant mass


It is certain observables which are computed at NLO
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Need for higher-orders
Why is this so important?

9

Reminder: 


Level of experimental precision 
demands precise theoretical predictions


Theorists are not simply having fun!!!
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Higher order computations

10

BUSSTEPP@50 - QUEEN MARY UNIVERSITY OF LONDON, JANUARY 2020    - COLLIDER PHENOMENOLOGY, M. UBIALI

THE PARTONIC CROSS SECTION

From Gavin Salam’s lectures  
Quy Nhon Vietnam 2018 

BUSSTEPP@50 - QUEEN MARY UNIVERSITY OF LONDON, JANUARY 2020    - COLLIDER PHENOMENOLOGY, M. UBIALI

THE PARTONIC CROSS SECTION

From Gavin Salam’s lectures  
Quy Nhon Vietnam 2018 

Complexity rises a lot with each N!
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Status of hard scattering cross-sections

LO automated

NLO automated

NNLO: Several processes known (VV production, top pair production, all  processes)


NNNLO: only a handful of processes!

• Higgs in gluon fusion (Anastasiou et al, arXiv:1602.00695)

• Higgs in VBF (Dreyer et al, arXiv:1811.07906) 

• Higgs in bottom annihilation (Duhr et al, arXiv:1904.09990)

• Drell-Yan (Duhr et al, arXiv:2001.07717, 2007.13313) 

2 → 1

11
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Progress in higher-order computations

12

BUSSTEPP@50 - QUEEN MARY UNIVERSITY OF LONDON, JANUARY 2020    - COLLIDER PHENOMENOLOGY, M. UBIALI

PARTONIC CROSS SECTION COMPUTATION: STATE OF THE ART

• LO: almost all processes 
• NLO: most processes (automated calculations) 
• NNLO: all 2 → 1, most 2→2 (explosion of calculations in the past few years) 
• N3LO: five processes so far 
• No time to mention very important pheno linked with resummation of large logs

A. Huss, QCD@LHC-X 2020
A. Huss, QCD@LHC-X 2020 
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Hard scattering cross-section
Perturbative expansion

13
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Perturbative expansion

• The parton-level cross section can be computed as a series in perturbation 
theory, using the coupling constant as an expansion parameter 

16

Parton-level cross section⇥̂ab�X(ŝ, µF , µR)

⇤̂ = ⇤Born
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NkLO, for k = 0, .., 3. The bands are obtained by varying the perturbative scales by a factor
of 2 around the central scale µcent. = mH/2. We see that, as expected, the scale dependence
�(scale) is reduced considerably as the perturbative order is increased, reaching a few percent
at N3LO. Moreover, we observe a nice convergence of the perturbative series, with the scale
variation band at N3LO strictly contained within the NNLO band. We stress, however, that
this convergent behaviour depends on the choice of the hard scale [6, 7].

In the right panel of figure 1 we show the NCDY cross section at di↵erent orders normal-
ized to the N3LO prediction as a function of the invariant mass Q of the produced lepton
pair. Similar to the case of Higgs production, we observe a considerable reduction of the
dependence on the perturbative scales as the order is increased. At the same time, we find
that the bands obtained from scale variation at NNLO and N3LO do not overlap for invariant
masses 60 GeV . Q . 400 GeV, and this conclusion is independent of the choice of the cen-
tral scale. This clearly shows that care is needed when interpreting scale variation as a tool
to estimate the size of the missing higher orders, especially at high orders in perturbation
theory where we aim for precision predictions.

In order to investigate the relevance and the impact of N3LO computations, we summarize
in table 1 the results for the inclusive production cross section for various 2 ! 1 processes.
All results are obtained for the LHC with

p
S = 13 TeV, and we fold partonic cross sections

with the pdf4lhc15_nnlo_mc set [26]. We show results for the K-factors from NNLO to
N3LO, and we observe that in all cases the N3LO corrections can change the value of the
predictions by a few percent, up to 5% depending on the invariant mass Q considered. We
also show the uncertainty �(scale) on the cross section from varying the perturbative scales
by a factor of 2 up and down around the central scale µcent. = Q/2. We see that in all
cases the residual scale dependence at N3LO is of the order of a few percent. Based on these
results, we conclude that N3LO predictions for hadron collider observables are highly desired
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Figure 1: The left panel shows the Higgs boson production cross section in gluon fusion
as a function of the LHC energy through di↵erent orders in perturbation theory. The right
panel shows the invariant-mass distribution ⌃(Q) of the Drell-Yan production process at the
LHC with

p
S = 13 TeV at di↵erent orders in perturbation theory.
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Dilepton production
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Uncertainties in theory predictions

14

BUSSTEPP@50 - QUEEN MARY UNIVERSITY OF LONDON, JANUARY 2020    - COLLIDER PHENOMENOLOGY, M. UBIALI

µ0 = MH

<latexit sha1_base64="lj4scN0hx8Jtl6lCeNXr178Uw+o=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexKRS9C0UsvQgX7AdtlyabZNjSbLMmsUEp/hhcPinj113jz35i2e9DWBwOP92aYmRelghtw3W+nsLa+sblV3C7t7O7tH5QPj9pGZZqyFlVC6W5EDBNcshZwEKybakaSSLBONLqb+Z0npg1X8hHGKQsSMpA85pSAlfxekoUuvsH3YSMsV9yqOwdeJV5OKihHMyx/9fqKZgmTQAUxxvfcFIIJ0cCpYNNSLzMsJXREBsy3VJKEmWAyP3mKz6zSx7HStiTgufp7YkISY8ZJZDsTAkOz7M3E/zw/g/g6mHCZZsAkXSyKM4FB4dn/uM81oyDGlhCqub0V0yHRhIJNqWRD8JZfXiXti6pXq14+1Cr12zyOIjpBp+gceegK1VEDNVELUaTQM3pFbw44L86787FoLTj5zDH6A+fzB6BAkC4=</latexit>

 Not so good perturbative convergence until N3LO for  !0 =  MH 

N3LO: GLUON FUSION INTO HIGGS

How do we estimate 
uncertainties?


Vary the renormalisation and 
factorisation scale


Typically pick some central scale 
 and vary the scale up and 

down by a factor of 2
μ0
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How do we actually compute all of these?

15

Monte Carlo
Theory

Experiment
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Example: 3 jet production in pp collisions

1. Know the Feynman rules (SM or BSM)

2. Find all possible Subprocesses

97 processes with 781 diagrams generated in 2.994 s

Total: 97 processes with 781 diagrams

3. Compute the amplitude


4. Compute  for each subprocess, sum over spin and colour

5. Integrate over the phase space

|M |2

Focusing on LO
How to compute a LO cross-section

16
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LO calculation of a cross-section

17

How many subprocesses?


Amplitude computation (Feynman diagrams)


Square the amplitude, sum over spin and colour


Integrate over the phase space 

Difficulty

Complexity increases with


• number of particles in the final state 


• number of Feynman diagrams for the process (typically organise these in 
terms of leading couplings: see tutorial)
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Structure of an automated MC generator

I. Input Feynman rules

II. Define initial and final state

III. Automatically find all subprocesses

IV. Compute matrix element (including tricks like helicity amplitudes)

V. Integrate over the phase space by optimising the PS 

parametrisation and sampling 

VI. Unweight and write events in the Les Houches format

18
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Next: Shower+Hadronisation 
Detector simulation and reconstruction
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Output of LO MC generators
Les houches events

19

PDG Momenta Mass

All Information needed to pass to parton shower is included in the event

Example: gg>ZZ
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Available public MC generators

20

Matrix element generators (and integrators): 

• MadGraph/MadEvent

• Comix/AMEGIC (part of Sherpa)

• HELAC/PHEGAS

• Whizard

• CalcHEP/CompHEP 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Is Fixed Order enough?

Fixed order computations can’t give us the full picture of what we see 
at the LHC

21

Studied so far
p
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pp

µFµF
x1E x2E

`+ `�

long distance

long distance

Phase-space 
integral

Parton density 
functions

Parton-level cross 
section

�
dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)
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An LHC event

22
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1. High-Q  Scattering2 2. Parton Shower 

3. Hadronization 4. Underlying Event 

Sherpa artist

53



Eleni Vryonidou STFC HEP school 2022

An LHC event

22

Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) Fabio Maltoni

1. High-Q  Scattering2 2. Parton Shower 

3. Hadronization 4. Underlying Event 

Sherpa artist

53



Eleni Vryonidou STFC HEP school 2022

An LHC event

22

Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) Fabio Maltoni

1. High-Q  Scattering2 2. Parton Shower 

3. Hadronization 4. Underlying Event 

Sherpa artist

53



Eleni Vryonidou STFC HEP school 2022

An LHC event

22

Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) Fabio Maltoni

1. High-Q  Scattering2 2. Parton Shower 

3. Hadronization 4. Underlying Event 

Sherpa artist

53



Eleni Vryonidou STFC HEP school 2022

An LHC event

22

Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) Fabio Maltoni

1. High-Q  Scattering2 2. Parton Shower 

3. Hadronization 4. Underlying Event 

Sherpa artist

53



Eleni Vryonidou STFC HEP school 2022

An LHC event

22

Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) Fabio Maltoni

1. High-Q  Scattering2 2. Parton Shower 

3. Hadronization 4. Underlying Event 

Sherpa artist

53



Eleni Vryonidou STFC HEP school 2022

An LHC event

22

Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) Fabio Maltoni

1. High-Q  Scattering2 2. Parton Shower 

3. Hadronization 4. Underlying Event 

Sherpa artist

53



Eleni Vryonidou STFC HEP school 2022

An LHC event

22

Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) Fabio Maltoni

1. High-Q  Scattering2 2. Parton Shower 

3. Hadronization 4. Underlying Event 

Sherpa artist

53



Eleni Vryonidou STFC HEP school 2022

An LHC event

22

Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) Fabio Maltoni

1. High-Q  Scattering2 2. Parton Shower 

3. Hadronization 4. Underlying Event 

Sherpa artist

53



Eleni Vryonidou STFC HEP school 2022

Is fixed order enough?

23
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Limits of fixed-order predictions

?
• Particle multiplicity?
• Jet structure?
• Hadrons?

• Fixed order calculations involve 
only a few partons 


• Not what we see in detectors


• Need Shower and Hadronisation
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A multiscale story

High-  scattering: process 
dependent, systematically improvable 
with higher order corrections, where 
we expect new physics 

Parton Shower: QCD, universal, soft 
and collinear physics

Hadronisation: low , universal, 
based on different models

Underlying event: low , involves 
multiple interactions

Q2

Q2

Q2

24

Colliders, Higgs and the strong interaction — MPG PKS, July 2021Gavin Salam 46

schematic view of key 
components of QCD 

predictions and Monte 
Carlo event simulation
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Parton Shower
What does the parton shower do/should do?

• Dress partons with radiation with an arbitrary number of branchings


• Preserve the inclusive cross-section: unitary 


• Needs to evolve in scale from Q~1TeV (hard scattering) down to ~GeV

25
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Basics of parton shower
Collinear factorisation

26

small angle=collinear
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2
a

b

c
θ

Mn+1θ ➞ 0

Collinear factorization

• Consider a process for which two particles are separated by a small angle θ.

• In the limit of θ  ➞ 0 the contribution is coming from a single parent particle 
going on shell: therefore its branching is related to time scales which are very 
long with respect to the hard subprocess.

• The inclusion of such a branching cannot change the picture set up by the hard 
process: the whole emission process must be writable in this limit as the simpler 
one times a branching probability.

• The first task of Monte Carlo physics is to make this statement quantitative.

60

θ ➞ 0 ×
b

c

a

2a

Mn

Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) Fabio Maltoni

2
a

b

c
θ

Mn+1θ ➞ 0

Collinear factorization

• Consider a process for which two particles are separated by a small angle θ.

• In the limit of θ  ➞ 0 the contribution is coming from a single parent particle 
going on shell: therefore its branching is related to time scales which are very 
long with respect to the hard subprocess.

• The inclusion of such a branching cannot change the picture set up by the hard 
process: the whole emission process must be writable in this limit as the simpler 
one times a branching probability.

• The first task of Monte Carlo physics is to make this statement quantitative.

60

θ ➞ 0 ×
b

c

a

2a

Mnθ ≪

• Time scale associated with splitting much longer than the one of the hard scattering


• This kind of splitting should be described by a branching probability


• The parton shower will quantify the probability of emission 

Starting with one splitting
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Basics of parton shower
Collinear factorisation
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 The process factorizes in the collinear limit. This procedure it universal! 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Notice that what has been roughly called ‘branching probability’ is actually a 
singular factor, so one will need to make sense precisely of this definition.
At the leading contribution to the (n+1)-body cross section the Altarelli-Parisi 
splitting kernels are defined as:

Collinear factorization
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• Time scale associated with splitting much longer than the one of the hard scattering


• This kind of splitting should be described by a branching probability


• The parton shower will quantify the probability of emission 

Collinear factorisation: 
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Collinear factorisation and splitting functions
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Collinear factorization

•  is the evolution variable


•  tends to zero in the collinear limit (this factor is singular)


•  energy fraction transferred from parton a to parton b in splitting (  in the soft limit) 


•  azimuthal angle 

t
t

z z → 1
ϕ

The branching probability has the same form for all quantities 


• transverse momentum 


• invariant mass 

∝ θ2

k⊥ ∼ z2(1 − z)2θ2E2

Q2 ∼ z(1 − z)θ2E2

a

b

c
θ
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Collinear factorisation and splitting functions
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Altarelli-Parisi Splitting functions
Branching has a universal form given by the Altarelli-Parisi splitting 
functions (as we saw in DIS)
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Altarelli-Parisi Splitting functions
Branching has a universal form given by the Altarelli-Parisi splitting 
functions (as we saw in DIS)
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At the leading contribution to the (n+1)-body cross section the Altarelli-Parisi 
splitting kernels are defined as:

Collinear factorization

These functions are universal for each type of splitting
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Multiple emissions
How does this change with multiple emissions?
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Multiple emission

• Now consider Mn+1 as the new core process and use the recipe we used for the 
first emission in order to get the dominant contribution to the (n+2)-body cross 
section: add a new branching at angle much smaller than the previous one: 
 
 

• This can be done for an arbitrary number of emissions. The recipe to get the leading 
collinear singularity is thus cast in the form of an iterative sequence of emissions 
whose probability does not depend on the past history of the system: a ‘Markov 
chain’. No interference!!!
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We can generalise this for an arbitrary number of emissions


Iterative sequence of emissions which does not depend on the history 
(Markov Chain)
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Multiple emission
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Multiple emission

• The dominant contribution comes from the region where the subsequently emitted 
partons satisfy the strong ordering requirement: θ ≫ θ’ ≫ θ’’... 
For the rate for multiple emission we get 
 
 
 
 
where Q is a typical hard scale and Q0 is a small infrared cutoff that separates 
perturbative from non perturbative regimes.

• Each power of αs comes with a logarithm. The logarithm can be easily large, and 
therefore it can lead to a breakdown of perturbation theory.
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Dominant contribution comes from subsequent emissions which satisfy strong ordering 



For  emissions the rate takes the form:

θ ≫ θ′ ≫ θ′ ′ 

k

•  is the hard scale and  is an infrared cut off (separating non-perturbative regime)

• Each power of  comes with a logarithm (breakdown of perturbation theory when large) 
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Basics of PS
What we saw so far

• Collinear factorisation allows subsequent branchings from the hard 
process scale down to the non-perturbative regime


• Different legs and subsequent emissions are uncorrelated

• No interference effects

• Captures leading contributions 

• Resummed calculation

• Bridge between fixed order and hadronisation

31
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Sudakov form factor
We need to take the survival probability into account, i.e. a parton can split at 
scale  if it has not branched at 


The probability of branching between scale  and  (with no emission before) 
is:


The no-splitting probability between scale  and   is 


The probability of no emission between  and  is:

t t′ > t
t t + dt

t t + dt 1 − dp(t)
Q2 t
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Sudakov form factor

The differential probability for the branching a ⟶ bc between scales t and t+dt 
knowing that no emission occurred before: 
 

The probability that a parton does NOT split between the scales t and t+dt is 
given by 1-dp(t).

Probability that particle a does not emit between scales Q2 and t

67
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Δ(Q2,t) is the Sudakov form factor

Property: Δ(A,B) = Δ(A,C) Δ(C,B)
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Sudakov form factor
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Sudakov form factor

Sudakov form factor
Note that

sall = s2 +s>2 = s2 +s2

✓
1

D2(t0, t)
�1

◆
,

) D2(t0, t) =
s2

sall
.

Two jet rate = D2 = P
2(No emission in the range t ! t0) .

Sudakov form factor = No emission probability .

Often D(t0, t) ⌘ D(t).
• Hard scale t, typically CM energy or p? of hard process.
• Resolution t0, two partons are resolved as two entities if

inv mass or relative p? above t0.
• P

2 (not P), as we have two legs that evolve independently.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 62/81
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Sudakovs

The Sudakov is used to create the branching tree of a parton

The probability of  ordered splittings form a leg at given scale is



The shower selects the  scales for the splitting randomly but weighted 
with no emission probability (before or after)

k
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Parton shower

68

The Sudakov form factor is the heart of the parton shower. It gives the 
probability that a parton does not branch between two scales
Using this no-emission probability the branching tree of a parton is generated.
Define dPk as the probability for k ordered splittings from leg a at given scales 
 
 
 
 

Q02 is the hadronization scale (~1 GeV). Below this scale we do not trust the 
perturbative description for parton splitting anymore.
This is what is implemented in a parton shower, taking the scales for the splitting 
ti randomly (but weighted according to the no-emission probability).

dP1(t1) = �(Q2, t1) dp(t1)�(t1, Q2
0),

dP2(t1, t2) = �(Q2, t1) dp(t1) �(t1, t2) dp(t2) �(t2, Q2
0)⇥(t1 � t2),

... = ...

dPk(t1, ..., tk) = �(Q2, Q2
0)

k�

l=1

dp(tl)⇥(tl�1 � tl)

ti
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Unitarity

• The parton shower has to be unitary (the sum over all branching trees 
should be 1). We can explicitly show this by integrating the probability 
for k splittings: 
 
 

• Summing over all number of emissions  
 
 

• Hence, the total probability is conserved
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Unitarity

The parton shower is unitary. Sum of all possibilities should be 1.

Probability of k ordered splittings:


Integrating this gives us: 


Summing over all possible numbers of emissions (0 to ):∞
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Unitarity

• The parton shower has to be unitary (the sum over all branching trees 
should be 1). We can explicitly show this by integrating the probability 
for k splittings: 
 
 

• Summing over all number of emissions  
 
 

• Hence, the total probability is conserved
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dPk(t1, ..., tk) = �(Q2, Q2
0)

k�

l=1

dp(tl)⇥(tl�1 � tl)

Pk �
⇤

dPk(t1, ..., tk) = �(Q2, Q2
0)

1
k!

�⇤ Q2

Q2
0

dp(t)

⇥k

, ⇥k = 0, 1, ...

�⇤

k=0

Pk = �(Q2, Q2
0)
�⇤

k=0

1
k!

�⌅ Q2

Q2
0

dp(t)

⇥k

= �(Q2, Q2
0) exp

�⌅ Q2

Q2
0

dp(t)

⇥
= 1

Unitarity

The parton shower is unitary. Sum of all possibilities should be 1.

Probability of k ordered splittings:


Integrating this gives us: 


Summing over all possible numbers of emissions (0 to ):∞
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Unitarity

• The parton shower has to be unitary (the sum over all branching trees 
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• Summing over all number of emissions  
 
 

• Hence, the total probability is conserved
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Evolution parameter in parton shower
A parton shower is constructed: 

• Within the simplest collinear approximation, the splitting functions are universal, and fully 

factorized from the “hard” cross section 

• Within the simplest approximation, decays are independent (apart from being ordered in a 

decreasing sequence of scales)

Other variables can be used as evolution parameter:


35

Collinear limit

Universal DGLAP splitting kernels for collinear limit:

ds = s0 Â
jets

dq 2

q 2
aS

2p
P(z)dz

Note: Other variables may equally well characterize the colline-
ar limit:

dq 2

q 2 ⇠ dQ
2

Q2 ⇠
dp

2
?

p2
?

⇠ dq̃
2

q̃2 ⇠ dt

t

whenever Q
2,p2

?, t ! 0 means “collinear”.
• q : HERWIG

• Q
2: PYTHIA  6.3, SHERPA.

• p?: PYTHIA � 6.4, ARIADNE, Catani–Seymour showers.
• q̃: Herwig++.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 57/81

Collinear limit

Universal DGLAP splitting kernels for collinear limit:

ds = s0 Â
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Note: Other variables may equally well characterize the colline-
ar limit:

dq 2

q 2 ⇠ dQ
2

Q2 ⇠
dp

2
?

p2
?

⇠ dq̃
2

q̃2 ⇠ dt

t

whenever Q
2,p2

?, t ! 0 means “collinear”.
• q : HERWIG

• Q
2: PYTHIA  6.3, SHERPA.

• p?: PYTHIA � 6.4, ARIADNE, Catani–Seymour showers.
• q̃: Herwig++.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 57/81

Same collinear behaviour, differences in the soft limit 



Eleni Vryonidou STFC HEP school 2022

Ordered branchings
Angular ordering

36

Angular ordering

Radiation from parton i is
bound to a cone, given by the
colour partner parton j.

i

j

Results in angular ordered
parton shower and suppresses
soft gluons viz. hadrons in a jet.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 70/81

I
I P

I
I

t � t � t � t t � t 0

I t > t > t > t t > t 0

t
t

t

t

t 0

Shower is based on ordered splittings

I
I P

I
I
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I t > t > t > t t > t 0

t
t

t

t

t 0

Emission with smaller and smaller angles


I

I

I
✓

I
e+e�

Inside the cones partons emit as independent 
charges, outside radiation is coherent as if coming 
directly from the initial colour charge

θ1 > θ2 > θ3 θ > θ4

Note:
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Hadronisation

37

S�`iQMb ǳ+HQb2 iQǴ 2�+? Qi?2` ?�/`QMBx2 +Q?2`2MiHvX

h?2`2 �`2 irQ K�BM b+?QQHb Q7 i?Qm;?i Q7 r?�i ǳ+HQb2 iQǴ K2�Mb,

*Hmbi2` ?�/`QMBx�iBQM
◦ +`2�i2 +Hmbi2`b 7`QK +QHQ`@

+QMM2+i2/ T�`iQMb U;HmQMb #`�M+?
iQ irQ [m�`FbV

◦ BMpQFBM; +QHQ` T`2+QM}M2K2Mi

ai`BM; ?�/`QMBx�iBQM
◦ +`2�i2 bi`BM;b 7`QK +QHQ` bi`BM;-

rBi? ;HmQMb ǳbi`2i+?BM; i?2 bi`BM;Ǵ
HQ+�HHv

◦ BMpQFBM; MQM@T2`im`#�iBp2 BMbB;?ib

LQi2 �H`2�/v ?2`2, `2�H@HB72 KQ/2Hb #Q``Qr i`�Bib �M/ T?2MQK2M� 7`QK #Qi? Ĝ
/2T2M/BM; 2X;X QM �p�BH�#H2 T?�b2bT�+2 7Q` ?�/`QMbX dR f 3e

• Colourless hadrons observed in detectors, not partons.


• Hadronisation describes creation of hadrons in QCD at low scales where 


• Requires non perturbative input 

• Two models: cluster and string

αs ∼ 𝒪(1)

Color-singlet parton pairs end 
up “close” in phase space. This 
is called preconfinement. 
Involves collecting   pairs into 
color-singlet clusters. 

 


qq̄

Create strings from color 
string, with gluons 
“stretching the string” 
locally. It uses non-
perturbative insights 


S�`iQMb ǳ+HQb2 iQǴ 2�+? Qi?2` ?�/`QMBx2 +Q?2`2MiHvX

h?2`2 �`2 irQ K�BM b+?QQHb Q7 i?Qm;?i Q7 r?�i ǳ+HQb2 iQǴ K2�Mb,

*Hmbi2` ?�/`QMBx�iBQM
◦ +`2�i2 +Hmbi2`b 7`QK +QHQ`@

+QMM2+i2/ T�`iQMb U;HmQMb #`�M+?
iQ irQ [m�`FbV

◦ BMpQFBM; +QHQ` T`2+QM}M2K2Mi

ai`BM; ?�/`QMBx�iBQM
◦ +`2�i2 bi`BM;b 7`QK +QHQ` bi`BM;-

rBi? ;HmQMb ǳbi`2i+?BM; i?2 bi`BM;Ǵ
HQ+�HHv

◦ BMpQFBM; MQM@T2`im`#�iBp2 BMbB;?ib

LQi2 �H`2�/v ?2`2, `2�H@HB72 KQ/2Hb #Q``Qr i`�Bib �M/ T?2MQK2M� 7`QK #Qi? Ĝ
/2T2M/BM; 2X;X QM �p�BH�#H2 T?�b2bT�+2 7Q` ?�/`QMbX dR f 3e

Cluster hadronisation String hadronisation
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Hadronisation

38

String vs Cluster
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Summary: Parton shower

• A parton shower dresses partons with radiation such that the sum of probabilities is one. 

• Predictions become exclusive.

• General-purpose, process-independent tools

• Based on collinear factorisation and build around the Sudakov form factors provide a 

resummed prediction

• Similar ideas can be used for the initial state shower (need to account for PDFs-

deconstruction of the DGLAP evolution, backwards evolution)

• Full description starting from hard scattering, shower and hadronisation (also underlying event)

• Move to hadronisation at a cut off at which perturbative QCD can’t be trusted

• Hadronisation is also universal and independent of the collider energy

39
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Parton shower programs
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Multi-purpose Event Generators

Current release 
series

Hard matrix 
elements

Shower 
algorithms NLO Matching Multijet merging MPI Hadronization

Shower 
variations

Herwig 7
Internal, 
libraries,

event files
QTilde, Dipoles Internally 

automated
Internally 

automated
Eikonal Clusters, 

(Strings)
Yes

Pythia 8 Internal,
event files

Pt ordered, 
DIRE, VINCIA

External Internal, ME via 
event files

Interleaved Strings Yes

Sherpa 2 Internal, 
libraries

CSShower, 
DIRE

Internally 
automated

Internally 
automated

Eikonal Clusters,
Strings

Yes

Multi-purpose Event Generators

Current release 
series

Hard matrix 
elements

Shower 
algorithms NLO Matching Multijet merging MPI Hadronization

Shower 
variations

Herwig 7
Internal, 
libraries,

event files
QTilde, Dipoles Internally 

automated
Internally 

automated
Eikonal Clusters, 

(Strings)
Yes

Pythia 8 Internal,
event files

Pt ordered, 
DIRE, VINCIA

External Internal, ME via 
event files

Interleaved Strings Yes

Sherpa 2 Internal, 
libraries

CSShower, 
DIRE

Internally 
automated

Internally 
automated

Eikonal Clusters,
Strings

Yes

Herwig and Pythia use 
LHE files e.g. produced 
in MG5_aMC


