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OpenlLoops

= OpenlLoops is a numerical tool providing hard
scattering amplitudes to Monte Carlo
simulations.

= All components to NLO fully automated in
OpenLoops for QCD and EW corrections to
the SM.

[Schalicke, Gleisberg, Héche,
Schumann, Winter, Krauss, Soff]

OpenlLoops constructs helicity and color summed scattering probability densities
Wy = Zh Zw‘ A1, (m|2 for L=0,1 and wy, = Zh Zcol 2Re [ML(h) A;Ig(h)} for L=1
from L-loop matrix elements M.

o i = 3 2 03— +.]

col

Goals: ultimate for numerical stability for real-virtual applications,
automation at NNLO



Components to NLOCalculations

Final result in D-dimensions, numerical tools: construct numerator in 4-dimensions.
For one diagram I':

M=

n
1 qu

1 G,r N dfuiql 2
E Leao e, -
'D(ql D(a1)

color r  tensor c “‘ 1t
4-d|m numerator,

=.qr dg

(D-dim denominator) tensogniseral
Calculation decomposed into:

= Numerical construction of tensor coefficient in 4-dim — OpenlLoops algorithm

[van Hameren; Cascioli, Maierhéfer, Pozzorini; Buccioni, Lang, Lindert, Maierhéfer, Pozzorini, Zhang, Zoller]
= Renormalization, restoration of (D-4)-dim numerator part — rational counterterms
R¥yr = My p + M) [(Ossola, Papadopoutos, Pittau]

= Reduction and evaluation of tensor integrals — On-the-fly reduction
[Buccioni, Pozzorini, Zoller], Collier [Denner, Dittmaier, Hofer], OneLoop [van Hameren]



OpenlLoops Tree Level Algorithm: Example

input: external wavefunctions
Wi, Wz, W3, Wg, Ws

wy wy

W5

wy w3



OpenLoops Tree Level Algorithm: Example

Combine wy, ws into subtree wg:

We
wo wy

o v = [T el

wy w3

[<].5 = vertex + propagator,
universal process-independent
Feynman rule



OpenlLoops Tree Level Algorithm: Example

Add next external leg:

w7
wo wy 5
ws We = [—%] af 7 Wsﬁ
wy = [M]Zﬁwfwg
wy w3

[«<]}5 = vertex + propagator,
universal process-independent

Feynman rule



OpenlLoops Tree Level Algorithm: Example

same on the other side:

i
wo wy
ws wg =[] 1/3 Wi g
wi =[]0 w5t g
g = [‘m‘gﬂlﬁwlawzﬁ
wy w3

[w«%iﬂ z,e = vertex,

universal process-independent
Feynman rule



OpenlLoops Tree Level Algorithm: Example

combine to full diagram:

Wg w7
E e wg = [0 wiwd
00900 wy = [“‘”<]lﬁW3an
Wy = [w{]lﬁwfthﬁ
wi ws My = [mmf]aﬁwf‘wg
M,

I:\HHH/:I aB p—

universal process-independent
Feynman rule



OpenLoops Tree Level Algorithm

Recursively construct subtrees starting from external wavefunctions:

wS? (kay o) = —@ - -

X:e”m (kb' ki) o o
= W w, (Kb, ho) wle(ke, he)

process-dependent
model-dependent

Then contract into full diagram:

Mor(h) = -ZH3=Co,r~w:a(kavha)aaaabvvmkb.,hb)

= diagrams constructed using universal Feynman rules

= identical subtrees are recycled in multiple tree and loop diagrams



One Loop Algorithm: Example

External subtrees constructed in tree
level algorithm (together with tree

25 Wi diagrams):
59 W2, W3 — We
W2
w3
We
Wa



One Loop Algorithm: Example

Open Loop:

Diagram factorizes into chain of

W5 M segments: N =Sy --- Sy

We

Wa

segment = loop vertex + loop

propagator + external subtree(s)




One Loop Algorithm: Example

Construct first segment S; attaching

the external subtree w;.
Wi w1

No=1
N1 =No - S1(w)
We

Wa

segment = loop vertex + loop

wi | we  ws  wa
L & % £ propagator + external subtree(s)




One Loop Algorithm: Example

Add second segment attaching the

subtree wg.
Ws w1
No=1
N1 =No - S1(w)
Wg No = N7 - 52(W6)
Wa
1

segment = loop vertex + loop

Wi We Wi propagator + external subtree(s)




One Loop Algorithm: Example

Add third segment.

Ws w1
No=1
N1 =No - S1(w)
We No = N1 - Sa(we)
N3 = Na - S3(wa)
Wa
1

segment = loop vertex + loop

propagator + external subtree(s)

I
20000 -
00 5

w



One Loop Algorithm: Example

Add last segment.

Wi w1
No=1
N1 =No - S1(w)
Wg N2 =N1 . 52(W6)
N3 = Na - S3(wa)
Wy Na = N3 - Sa(ws)
!

segment = loop vertex + loop

propagator + external subtree(s)




One Loop Algorithm: Example

Close the loop (contract open

Lorentz/spinor indices).
Wi w1
No=1
N1 =No - S1(w)
Wg N2 =N1 -52(W6)
Nz = N> - S3(wa)
Ws Na=N3- 54(W5):N455N
N
A N = Tr(Nagh)




OpenLoops One Loop Algorithm

One Loop Amplitude:

_ - TN (q)] _
Mur=ar quDoDl'“Dqu :

Diagram is cut open resulting in a chain, which into segments:
Ninlq) = Sa(q) = »
];11 ) D, D, Dun  Dxa Dy

Chain is constructed recursively, recursion step: A, = N,_; - Sp-
Implemented at level of tensor coefficients in & = A7y ..y, afT - gl

Segment = vertex + propagator + subtree(s)

Ba Ba
[s20)] = = [Yoat 2] w0
Ba—1 Ba—1

Exploit factorization to construct 1l diagrams from universal process-independent
building blocks.



The Open Loops algorithm:
-rom tree recursion to loop diagrams

p Treat one-loop diagram as ordered set of sub-trees 7, = {1y, . .
propagators

.

i, } connected by
- . e

p Build numerator recursively connecting subtrees along the loop keeping the g dependence

/\(@ 5(Zn; q) = X55(q) NI (Za-1; q) w(in)
B <€ ‘

cut one loop propagator /\[5 (In; q) -
—m

o ' e B _ B v 70
> \_/b > \/b Xs=YusTaZ,.s

NE a(Tn) = | Y55 N (Tn-1) + 2.5 N (Zp_1)| w®(in)

M1... U, X M1... Uy, X H2... M,

= very fast!



The (original) Open Loops algorithm:
recycle loop structures

OpenlLoops recycling:

06
b«
-
llustration:

Lower-point open-loops can be
G @ shared between diagrams it
3< * cut Is put appropriately
o

(@  direction chosen to maximise

recyclability

S
&,
S
&,

Sl IO IO . . .
q q q Complicated diagrams require
only “last missing piece”

parent child 1 child 2



The (original) Open Loops algorithm:

one loop amplitudes
[F. Cascioli, P Maierndfer, S. Pozzorini; “1 2]

dP N (q
N, /
/DO n 1 ; S DODl
_/_/

tensor integral

p lensorial coefficients N2 ... can directly be contracted with Tensor Integrals
evaluated with COLLIER [Denner, Dittmaler, Hofer;" | 6]

p Fast evaluation of N(q ZNM wq" . " at multiple g-values allows for efficient
application of OPP reduc 'lon methods e.s. with CutTools [Ossola, Papadopolous, Pittau; 'O/




Example:

Complexity grows exponential
with tensor rank!

rank A

Standard Openloops reduction

# of tensor

Collier

//// CutTools

5

coefficients
N-+4

330 (1)

210

126

70

35

15

Bot

°Ld

lenecks:

roe growths of s

ructures

e bvaluation of coefficients rec

drior to reduction

uired for every helicity h

|0



Example:

Complexity grows exponential
with tensor rank!

On-the-fly reduction

[Buccioni, Pozzorini, Zoller, | /]

# of tensor # of tensor
rank 4 coefficients  rank 4 A coefficients
(N+4)
7 330 4 7 330
Op OpenlLoops 1
6 210 6 210
5 126 126
4 74 70 70
/ _00ps
3 / 35 'FR 35
Collier
/ 1
2 // / CutTools 15 N NN LY °
1 / 5 5
> 1 1 1 1 1 1

Advantage of O

*one algorithm

or construction and reduction of amplitude

(less reliance on external codes)

*unprecedented numerical stability (crucial for real-virtual applications)



On-the-fly reduction

* At each Open Loops step that gives rank=2 perform “on-the-fly” 2 -> | integrand-level reduction:

rank=2

3
¢“q” = A" + AP D, + (B“’LA + ZngDi) y
1=0

D;=(q+p)° —m;

> rank= |

*For N > 3 the reduction identify requires (P1,P2,P3) independent momenta.

* [his reduction follows from decomposition:

4

q" = Zcilf, l; = li(plap2)

_J

reduction basis

18% 78% ”
+Ai", B depend onli,eg. B\ = 12

, _

We can choose this decomposition freely
such that we can cancel propagators Ui

S T v L owrn
&2 (ng bax+ aLZzL 53,/\) — (TSLLM,/\ T 7 L§4,/\> T - (rgd

t_ ~Gram determinants! - M

[F. del Agulla and R. Prttau; 04]

12



On-the-fly reduction

* At each Open Loops step that gives rank=2 perform “on-the-fly” 2 -> | integrand-level reduction:

rank=2 > rank=|
3 [F. del Agulla and R. Prttau; 04]
¢'q” = A" + AP D, + (B“’LA T ZngDi) y
i=0

D;=(q+p)° —m;

*For N > 3 the reduction identify requires (P1,P2,P3) independent momenta.

* [his reduction follows from decomposition:

4

H = cili s L =1i(ps - L
’ ; S We can choose this decomposition freely
J such that we can cancel propagators Ui

reduction basis
pv 1 nZ L Wrv 9L L nZ
B1,/\ — &2 (L33 bax+ 5L44 53,/\) - (7“2 L34,/\ + 1oL ) T —( 0 Aj 7“2,/\)

[ Y11
'Ai 7Bi d@p@ﬂd on li, c.8. 4—72 34,A Danger

_ - ' f death
t_ ~Gram determinants! - N of deat




Example:

OFR

R~

4 pinched topologies

generated per reduction step

rank A

On-the-fly reduction

# of tensor
coefficients

- 330

Dy...Dn_1

126

5

standard O

3

210 V*q.q. Vg, +V_4 | Z Viq.+Vi
| DO

DO---DN—l lDzDN—l

70 <
3 Huge proliferation of terms!
1 Solution: merging (+ OF helicity summation)

> < Similar CPU performance as

oenlL.oops

| 4



On-the-fly reduction: stability

100 :_. ; - ; < | | | | | | | | | | | -:
- . < < :
b < < _
< gg — tigg
10~k . Y i
< < <
N - < <
+~ —2 <
= 107 F <« |
D) - | <
3 «
L'S 10—3 - o < ]
- : < :
R o
15
LCE::G 107*F ®  Quad Precision - < 3
< on-the-fly
L |
107° 3 u 5
E - . | | |
- Sample of 106 hard events .
3 , , , ! : . | : : : | . | E
~16 -14 -12 -10 -8 —6 —4 =2 0 2 4 6 8 10
instability A
X
Wt — Wi
Ax = lo 0 01
X T gl() qu
01

Mqp via OLI with CutTools

—Huge numerical instabilities in naive OFR implementation

|5



Sources of numerical

¢"q" = A" + B"q’

1
AHY = —_ gH”
1 Alg )
BHK: 1 1 b(l)aul/ | 1 b(2),ul/

2 Ty | P,
A12 A123 A12

— Clear correlation between severe
numerical instabilities and A2 — 0

— |nstabilities propagate through the reduction

and amplify

instablilities iIn OFR

Rank-2 GD correlation

1030

1025 n

1020 n

2
min

1015_

(Q1:/4)

1010 n

10°

accuracy A

|6



Solutions to numerical instabilities iIn OFR

Use freedom of choice of OFR basis for N > 4 such that Qiyi; — Max
This corresponds to permutation of propagators.

V" q,.q, \ V*q.q.
DoD,D;Ds... = DyD; D;,D,, ...

il? i27 iS C [17 27 3]

— Avolds small rank=2 Gram-determinant instabilities down to N=3

For N=3 and hard kinematics: Gram determinant instabilities arise only in t-channel topologies

P1

b2 — b1 A12—>Oforp%%p§

<
— P2

— (Can be avoided using analytical reduction to Ml plus expansions In A1o

|7



2
min

(Q1,/A)

Solutions to numerical instabilities iIn OFR

accuracy A

— No rank=2 Gram determinant instabilities!

analytic + perm

1039 T
I
|
I
I |
' | .
10%° - !
(i I .
1." I
| - I .l .
..I . ... ]
o]y -l' Jl
1020 | Jdi -

1010 1 - A

1010

10°

e e e g = S

| L
ot
o

E 10
accuracy A

1030

1025 B

1020 u

1010

10°

analytic 4+ perm 4+ exp

10 4

I ) SO Ll

—10 -5 0 5

accuracy A

- 103

102

10!

100

|18



Numerical

stability with OFR

| | | | | | | | | | | | |
10°ks & = g 8 4 E
C B > ‘ ‘
[ > 1 T
> 1 4 ) go — ttge
101 | - ¢ > N ;
- A 4 < E
L 2 A A : <
<
o [ | Py > > N A A < <
) _
% 1072k . O > : s Y < < E
> Y A
<) A
<
S 10} - $ g :
d v > A < =
Q o >
o p— ’ v
e A
5 100*F ®  Quad Precision v > E
3= " <& v <
< on-the-fly
. v A .
. » on-the-fly4+perm . R v
10°7F 4 analytic v >
v analytic+perm E n
y : P $ 8 8 v
10-¢ L ¢ analytict+exp+perm : o v v |
| | | | | | | | | | | | |
-16 -14 -12 -10 -8 —6 —4 —2 0 2 4 6 8 10

instability A

— For remaining instabilities: use gp

» [ his also reg
» Any-order ex

uires true qp benc

nmark: remove any dp “noise” (inputs, phase-space,...)

nansions such tha

' rescaling test is reliable

19



fraction of events

1071 E

1072 ¢

Numerical stability with O

10°

accuracy Apin

O_ 1 1 1 1 1 1 1 1 1 1 1 1 1 |
10 E. * = $ g 4 3
Before A IR )
! S 1 4 gg — ttgg
10_1_ m @ > > : < -
A4 e
4 A : < ‘
. . . > N )
= 107 * S P E
O | A < =
5 . s
LS 10_3— - ‘ > : =
= v > A E
-“% | 'S . > R
Q
§ 100*F ®  Quad Precision = . v . >, 3
< on-the-fly
- »  on-the-fly+perm . Y A
107° " ¢ Y .
F A analytic . L
v lyti
i anay?C—I—perm E = -
10-6 L ¢ analytict+exp+perm : v v i
' ' ' ' 16 _-14 -12 -10 -8 6 -4 -2 012 4 6 8 10
_—'V""""""""v‘....$
O v ! Af ter
i o v @ .
C |
¢ \ 4 : @)
o : ®
3 O v i o o
O v ° % —
_ o v — [rue gp benc
= ® OL1+CutTools_dp !
\ 4
OL1-+Collier_dp o i Oased on OF
= V. OL2.dp (AnyExp.) o i v
O | v
3 ® i v
. i
\ 4
|
I .. OL2_qpl | | ° | | | |
—32 —28 —24 —20 —16 —12 —8 —4 0

nmark

q



L ocal estimate of numerical stability

*For each step in the OL+OFR construction we construct and propagate an error estimate

L ocal error sources (D1, D3, D3)-permutation
Any-order expansions

p—

-
DO
o

» Reduction basis

— Estimated via rank=3 Gram determinant
(no rank=2 Gram determinant instabilities remaining!)

-
N
-

1

» Reduction steps
— Estimated via reduction coefficients

error estimation &
>, >,

» Scalar integrals

— Estimated using Collier
(via mod. Cayley determinant)

—_
-
ot

propagated to global error estimate accuracy A



Hybrid precision

* [rigger gp only where locally necessary, e.g.

QO
QO
> O———0
2n @) QO QO
O——0 O——0O >/8>o
' ©, QO
> O
O—> O
>
O—> » O)O
>
e ‘) )O >
O———=0_0 " )9\%@)0 )8
> O———C O)
_ / -O———0
O——O —O —O
TT—0 O

—— dressing
—— reduction

— CPU cost: O(1%) of full gp evaluation

— for hard kinematics: excel

double precision
quadruple precision

ent numerical stability at only O(10%) cost with respect to pure dp

22



i | | | | | | | | | |
10 e @ e @@ e e e s s cacseasSgnneoooe i
- ®
_ ® ® i
1071 E ® ® I
o - o ° E ®
= ‘ ¢ § i o
-2 |
G i I
- ; ® |
S o * o |
+ " ® OL1+CutTools dp ° '
g 107 OL1+Coll; ° o
< : +Collier dp ® |
o
® OL2dp ® E o
107°F @ OL2 hp 8 digits ® |
® OL2 hp 11 digits O i
10—6 = o OL2 qp ® #
—32 —28 —24 —20 —16 —12 —8 —4 0
accuracy Amin
1025 | I | 1025 : I : _
—_ | — I
i} hp=8 hp=11 10
s [ % | | o ;
) ®) I I
= = : I
v, 3 |
= 1 g 10° I .
)% 47 ) 10!
O D) -
$-« &-4 g
8 . g 1010" -1
— —
) D) -
- 105 [ | l | -
0 16 4 0 2 0
accuracy A accuracy A accuracy A

Hybrid precision performance

gg — ttgg at O(a?)

23



fraction of events

10—1 -

10—35

10—45

Hybrid precision performance

tu — ete putu at O(a®)

109 -

accuracy Amin

I

B gassssssERRRRRRRRES Qo i

0 ® |

O * ® i

[

. $me

* ® :

O ® |

o

‘ I

* 1

o I ©®

® OL1+4CutTools dp A ®

T . ‘ ® ® [

OL1+Collier dp i

A OL2dp * |

® OL2 hp 8 digits v,

e OL2 hp 11 digits ¢
® OL2qgp i 4
—32 —28 —24 —20 —16 —12 —8 —4

24



Numerical instabilities in the IR

*Frequent appearance of double IR kinematics
small rank 2 GD instabilities

1 1
A~ S L

A”LJ ~ O, (p+k)2—m2 2p-k
— change of basis Is futile — ensure stable invariants
* Unstable triangle reductions * Cancellations: virtual + CT
> IR t-channel (p; —p:1)* =~ 0 » Gluon self-enerqgy
1
+ UM X —
N—— p

M2 NM_t2
~—% Pl

» IR triangles A, = 0

3 — allow for analytical cancelation: reorganise contributions
< ‘ — |R features and dedicated IR gp triggers via hp_mode=2

P2

@currently only fully consistent for NLO QCD
e@ecxtension to NLO QED trivial o




gsoft
gcoll

Eeori / Q

— aIcCCOS

P; P,

p,l|p,|

f coll

gsoft

intial-state collinear radiation in gg — ttg at O(a?)

Numerical stability in the IR

accuracy A

- OL1+4CutTools dp
i ¢ * OL1+Collier dp
a ° . - OL2 hp mode 2
- OL2qgp
- ° . o
B *
- ® - ®
- ° . ®
n —_— — o ®
| oO— ° @
= H
—36 —32 —28 —24 —20 —16 —12 -8 —4 0 4 8
accuracy A
ft radiation in ut — WTW g at O(a?a?
SOIT radiation in uu — g a Qg
-  OL1+4CutTools dp
i ¢ ® ¢ OL1+Collier dp
| —_——— <  OL2 hp mode 2
* OL2qgp
_ —_—— ——
- — —
B —— ®
B —
- ® . ®
B ® —_— ®
B ——— ®
—36 —32 —28 —24 —20 —16 —12 —8 —4 0 4 8

20



New: On-The-fly TEnsor Reduction (OT TER)

* Perform OFR directly at the level of tensor integrals

T:ul'",u’l“ _ /dD . qfl « o e q_,ur
N DoD1 -+ Dn_q

qlull . .q:ur
ZN“l #r | DDy ... Dy 1

J/

-~

tensor integral

— targeted stability improvements as in OFR: change of basis, expansions, hp, ...

— Most important advantages:

1. for the first time OFR including hp for loop? processes (game-changer for loop-induced processes)

2. ap/dp can be restricted to tensor integrals. Coefficients can be determined in dp only



Details of OT TER reduction strategy:

New: On-The-fly TEnsor Reduction (OT TER)

N >4
- rank=2...N: dAP
- rank=0, |: OPP
*N=4
rank=2,3,4: dAP
rank=1|: special case
eN=3

rank=1,2,3: dAP or PV

N=2

rank=1,2: PV

Implementation:

|. determination of reduction dependences:
top-down (large N to small N)

2. evaluation of tensor integrals:
bottom-up (small N to large N)

28



fsoft — Esoft/\/ga fcoll — ‘97,23

OT TER performance

Lo-1 OPIENLOIOPS 2.'2 | | | singlle softl radiatlion Lo-1 OPIENLOIOPS 2.'2 | | sinlgle coIIIinearl radiatlion
10-21 4 gg-Hgg at O(aia) | 1o-2| + gg-Hgg at O(ata) |
-+ gg—Hggg at O(aza) -+ gg—Hggg at O(a2a)

1073+ —o . 1073} o .

1074} 104
g 10~> = 10—>
WP 106 L W 10-6 *e

107 1077

1078 1078

107° —o 1079 F o

“16 -14 -12 -10 -8 -6 -4 -2 0 16 -14 -12 -10 -8 -6 -4 -2 0
accuracy A accuracy A

Mode g9 — Hgg (time/psp) gg — Hggg (time/psp)
OL2.1 | Collier DP 13ms 0.565
OL2.1+Collier DP + error estimation 19ms 0.89s
OL2.14+CutTools QP 43000ms 2300s
OL2.2+Otter DP 8.9ms 0.29s
OL2.2+0Otter DP + error estimation 11ms 0.32s
OL2.2+Otter DP+QP tensor integrals 68ms 0.87s
OL2.2+Otter QP 740ms 23s

29



fraction of events

109 S 0 8 800000000 e e e

OT TER performance

oo — hgg at Oala)

:
o :
l” ] ' a :
x . . . i
102 " :
» o 4
10— 5 e |
e ® i
1o . | )
e ¥
*  OL1+Collier dp E o
107°F @  OL24Otter+Coli dp . :
®  OL2+Otter+Coli+qgpbox dp ® i * o
® x
106 # OL2 +Otter+Oneloop gp * .- 88 8 & o
| 1 A | | | A
—32 —28 —24 —20) —16 —12 —8 —4

a(:(:lll’a(‘)-' Alllill

— stability of scalar integrals becomes relevant

30



fraction of events

109

1!

102

10—

10—+

10—

1n-"*

OT |

go — ttgg at Qa?)

-R performance

accuracy Apin

T 1 T T T L
AR R AR R R AN BN LA R
| |
o y - ;
o ' N l
a *® |
I
o ‘ |
> * 3 .
o ® |
® OL14+CutTools dp e ¢ E
% OLI1+Collier dp ® " v E
e OL2dp o » |
® OL2 hp default : ,
® OL2 hp 11 digits ® E
¥  OL24Otter dp ¢ . v
¥  OL2+40tter default ® i
® OL2gp = ’
A | A | I ) W

—32 —28 —24 —2() —16 —12 -5

<4
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OT TER performance: RRV to 7" —ee”

CPU performance for ee~aaa at NLO QED:

OL+OFR dp OL+OFR gp

44 ms | 25ms

OL+Otter dp OL+Otter gp (full)

4.0 ms /8ms

OL+Otter gp (only T1)

4/ms

33



Conclusions: real-virtual stability

» Openloops provides very fast and stable one-loop amplitudes in the

SM at NLO QC

D, NLO EW and NLO QE

D up to high multiplicrties

» Systematic stability improvements thanks to OFR techniques

» New/upcoming: On-The-fly TEnsor Reduction (OT TER)

» OL+OT TER: new standard for one-loop real-virtual applications




Automation at NNLO

The public OpenLoops [Buccion,

Lang, Lindert, Maierhéfer, Pozzorini, Zhang, Zoller] already delivers some

components to NNLO:

TP

tree
2

h,col
available
virtual real
2

2

W= 3o [@M 5 } wtd Z\j@{u
h,col h,col
available
real virtual double virtual double real loop squared
* 2
\,v‘gll)zzm{mw ] ‘”53):Z‘M‘ _ ,WI,:Z‘D«‘ :
h,col h,col h,col
available available available
= Openloops is already being used in NNLO calculations in particular for the real
virtual components in €.g. MATRIX [Grazzini, Kallweit, Wiesemann], NNLOJET [Gehrmann-De
Ridder, Gehrmann, Glover, Huss, Walker, McMule [Banerjee, Engel, Signer, Ulrich].
L

NNLO in OpenLoops: require double virtual
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Components to NLO Calculations

Final result in D-dimensions, numerical tools: construct numerator in 4-dimensions.
For one diagram I':

M=

n
1 qu

1 G,r N dfuiql 2
E Leao e, -
'D(ql D(a1)

color r  tensor c “‘ 1t
4-d|m numerator,

=.qr dg

tensor integral
(D-dim denominator) 8

Calculation decomposed into:

= Numerical construction of tensor coefficient in 4-dim — OpenlLoops algorithm

[van Hameren; Cascioli, Maierhéfer, Pozzorini; Buccioni, Lang, Lindert, Maierhéfer, Pozzorini, Zhang, Zoller]

= Renormalization, restoration of (D-4)-dim numerator part — rational counterterms
R¥yr = My p + M) [(Ossola, Papadopoutos, Pittau]

= Reduction and evaluation of tensor integrals — On-the-fly reduction
[Buccioni, Pozzorini, Zoller], Collier [Denner, Dittmaier, Hofer], OneLoop [van Hameren]
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Components to NNLO Calculations

Final result in D-dimensions, numerical tools: construct numerator in 4-dimensions.
For one diagram I':

‘4
" K1 Hr gVl Vs
. gMl gk ghl L
= Cr , D@ =Gy Nuy---prv agy fam L1 22
1 1°
N~ D(ay, a2) “ - D(a1, 32)

color 59 tensor
4-dim numerator,

t integral
(D-dim denominator) ensor integral

Calculation decomposed into:
= Numerical construction of tensor coefficient in 4-dim — this talk, complete

= Renormalization, restoration of (D-4)-dim numerator part — rational counterterms

- (cT) (cT)
RMy = My 1 + M1,1,r + Mo‘z,r [Lang, Pozzorini, Zhang, Zoller], implementation ongoing

= Reduction and evaluation of tensor integrals — todo
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Two Loop Algorithm: Re

Distinguish irreducible (@4) and reducible (D‘Q DQ) diagrams.

Exploit numerator factorization:

e, = [VP@] ™ Poray (V@] 2

chain 1 bridge chain 2
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Two Loop Algorithm: Reducible Diagrams

Distinguish irreducible (@4) and reducible (D‘Q, DQ) diagrams.

Exploit numerator factorization:

chain 1 bridge chain 2

1. Construct chain 1 using extension of one-loop algorithm, perform first
loop integration.
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Two Loop Algorithm: Reducible Diagrams

Distinguish irreducible (@4) and reducible (D‘Q DQ) diagrams.

Exploit numerator factorization:

- [MvEn] Poray (V@] 2

chain 1 bridge chain 2

1. Construct chain 1 using extension of one-loop algorithm, perform first
loop integration.

2. Connect bridge using tree algorithm
— treat first loop as external "subtree".

Pp = Pn—lsﬁs)(wﬁs)% W(()B) = [M(l)] al. P_1=1
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Two Loop Algorithm: Reducible Diagrams

Distinguish irreducible (@4) and reducible (D‘Q DQ) diagrams.

Exploit numerator factorization:

e, = [VP@] ™ Poray (V@] 2

chain 1 bridge chain 2

1. Construct chain 1 using extension of one-loop algorithm, perform first

loop integration.

2. Connect bridge using tree algorithm
— treat first loop as external "subtree".

3. Construct chain 2 using extension of one-loop algorithm
— treat first loop + bridge as external "subtree".

NP = NP D), W) = [M(l)] haray N
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Two Loop Algorithm: Irreducible Diagrams

Two-loop numerator :
N1, a2) = ND(qy) N (q) NC)(g3)
NOG@) = 5@ P -5

|q3ﬂ—(q1+q2>

Building blocks /C,, for algorithm:

s N, A2 A3 3 chains

a1 (p) '
w s 5@ s6) their segments

l(/’i . , v, vertices connecting chains

= U= 22 , Mg Born and color
col

= Construct Born-loop interference recursively from building blocks:

Up=Uy_1Kn, Kn€ {uO,N(")‘s},"),vj}

Factorization results in freedom of choice for two-loop algorithm.
= CPU cost ~ # multiplications
= determine most efficient variant through cost simulation
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Two Loop Algorithm: Irreducible Diagrams

1. Construct shortest chain A//)(g3).

N (g = NO SO N s

n—17n
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Two Loop Algorithm: Irreducible Diagrams

1. Construct shortest chain A//)(g3).

2. Construct longest chain N (q;) using tp=2Y",CM; (h) as the initial condition.

39



Two Loop Algorithm: Irreducible Diagrams

# active helicities in 1) =64
—8x2

X2

X2

1. Construct shortest chain A//)(g3).

2. Construct longest chain N (q;) using tp=2Y",CM; (h) as the initial condition.
Perform on-the-fly helicity summation of ext. subtrees [Buccioni, Pozzorini, Zoller]:
Begin with maximal # helicities in ¢4, sum helicities of ext. subtrees at each
vertex.

UMD 1 b ) = U (b, by a8 a), ulD =Dy

..... h
hn , Ny +Np+N3)
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Two Loop Algorithm: Irreducible Diagrams

# active helicities in 1{)) =32
—gx2

X2

N

1. Construct shortest chain A//)(g3).

2. Construct longest chain N (q;) using tp=2Y",CM; (h) as the initial condition.
Perform on-the-fly helicity summation of ext. subtrees [Buccioni, Pozzorini, Zoller]:
Begin with maximal # helicities in ¢4, sum helicities of ext. subtrees at each
vertex.

UD (hyy1s bgns o) = ugl(hn, bsts bnga - - S (ha), uél) = uél)(hl, hy

..... h
hn , Ny +Np+N3)
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Two Loop Algorithm: Irreducible Diagrams

# active helicities in 1\ =16
—gx2

PN

1. Construct shortest chain A//)(g3).

2. Construct longest chain N (q;) using tp=2Y",CM; (h) as the initial condition.
Perform on-the-fly helicity summation of ext. subtrees [Buccioni, Pozzorini, Zoller]:
Begin with maximal # helicities in ¢4, sum helicities of ext. subtrees at each
vertex.

UD (hyy1s bgns o) = ugl(hn, bsts bnga - - S (ha), uél) = uél)(hl, hy

..... h
hn , Ny +Np+N3)

39



Two Loop Algorithm: Irreducible Diagrams

# active helicities in t{") =8

1. Construct shortest chain A//)(g3).

2. Construct longest chain N (q;) using tp=2Y",CM; (h) as the initial condition.
Perform on-the-fly helicity summation of ext. subtrees [Buccioni, Pozzorini, Zoller]:
Begin with maximal # helicities in ¢4, sum helicities of ext. subtrees at each
vertex. Large # of helicities summed in this step (one-loop complexity).

UD (hyy1s bgns o) = ugl(hn, bsts bnga - - S (ha), uél) = uél)(hl, hy

..... h
hn , Ny +Np+N3)

39



Two Loop Algorithm: Irreducible Diagrams

1. Construct shortest chain A//)(g3).

2. Construct longest chain N (q;) using tp=2Y",CM; (h) as the initial condition.
Perform on-the-fly helicity summation of ext. subtrees [Buccioni, Pozzorini, Zoller]:
Begin with maximal # helicities in ¢4, sum helicities of ext. subtrees at each
vertex. Large # of helicities summed in this step (one-loop complexity).

3. Attach N((g), N (gs) first to 1y, then to Vv, sum helicities of A ®)(g3), V1, V0.

(2) (1) ,(3) (1) 4(2) A(3)
RO e _ ) )
50 B

e |:\um(‘ .m} > |vitat, )| .
o % : 28y, B, B, las = —(ar-+a2)

39



Two Loop Algorithm: Irreducible Diagrams

1. Construct shortest chain A//)(g3).

2. Construct longest chain N (q;) using tp=2Y",CM; (h) as the initial condition.
Perform on-the-fly helicity summation of ext. subtrees [Buccioni, Pozzorini, Zoller]:
Begin with maximal # helicities in ¢4, sum helicities of ext. subtrees at each
vertex. Large # of helicities summed in this step (one-loop complexity).

3. Attach N((g), N (gs) first to 1y, then to Vv, sum helicities of A ®)(g3), V1, V0.

4. Attach ~N®)(qy) segments to previously constructed object, sum helicities
on-the-fly.

U1 _ u((lllzfi)sﬁz), uélB) = u(13) = /(M (g)N B (g3)V1 (a1, 42) Vg (a1, 2
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Two Loop Algorithm: Irreducible Diagrams

1. Construct shortest chain A//)(g3).

2. Construct longest chain N (q;) using tp=2Y",CM; (h) as the initial condition.
Perform on-the-fly helicity summation of ext. subtrees [Buccioni, Pozzorini, Zoller]:
Begin with maximal # helicities in ¢4, sum helicities of ext. subtrees at each
vertex. Large # of helicities summed in this step (one-loop complexity).

3. Attach N((g), N (gs) first to 1y, then to Vv, sum helicities of A ®)(g3), V1, V0.

4. Attach ~N®)(qy) segments to previously constructed object, sum helicities
on-the-fly.

Completely general and highly efficient algorithm.
Fully implemented for QED and QCD corrections to the SM.
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Numerical Stability

Validate and measure numerical stability of two-loop algorithm without computing
tensor integrals using pseudotree test.

= Cut two propagators of two-loop diagram
= Insert random wavefunctions ej, e, €3, e4 saturating indices

= Set g1, g2 to random constant values, contract tensor coefficients

Gl gt qvs
. g R 1 1 2 1
Nyt ...ppvr...vswith fixed-value tensor integrand T Dlana)

= Compare to computation with well-tested tree level algorithm
Typical accuracy around 10~'% in double (DP) and 10~3° in quad (QP) precision,
always much better than 10~17 in QP = Establish QP as benchmark for DP
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Numerical Stability: Irreducible Diagrams

Numerical stability of scattering probability density Wégl"m) in double (pr=DP) vs
quad (pr=QP) precision in pseudotree mode.

2L,DP 2L,QP
App = logyg Wy 70 W, )
= : 2L,DP 2L,QP
Min(|WEL PRI w2k QP
Process: gg — tt Process: dd — utg
104 ® (] 10°] ® . =
L]
10714 ®
o S
b .
Z 0y
N =
1073 10734 L)
104 ° 1074 °
-17 -16 -15 -4 -3 -12 -17 -16 ~15 —14 -13 —12 -1
accuracy Apin accuracy Apin

The plot shows the fraction of points with App > Amin for 10° uniform random points.

Excellent numerical stability. Essential for full calculation, tensor integrals will be
main source of instabilities.
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Efficiency: Irreducible Diagrams

Construction of tensor coefficients for QED, QCD and SM (NNLO QCD) processes

(single intel i7-6600U, 2.6 GHz, 16GB RAM, 1000 points)

10t 4 = 2 — 2 process: 10-300ms/psp
i 1 = 2 — 3 process: 65-9200ms/psp

Lrate Runtime o # diagrams
S time/psp/diagram ~ 150 us
wd L Constant ratios between NNLO

-~ linear fit

double virtual (VV) and
real-virtual (RV):

tyv /Y

Full
S = Ry

8

6

4

2]

121 : ] . WY ~4+1 (full RV)
10 4 .

2

6

tyv/try

¢ -
. . . - A~ 9+ 3 (tensor coefficients)
102 10° 101 10° tRv

Naiags

Strong CPU performance, comparable to real-virtual corrections in OpenLoops.
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One-loop rational terms

Amputated one-loop diagram ~:!

4dim  (D-4)-dim

B

—_
St = o fag ) o [fgg Ma)+ N@)
" D(q1) ' D(q1) _
i _ N(d1)
= Ry = G [ 0

The e-dim numerator parts N(g1) = N(g1) — N(q1) contribute only via interaction
with % UV poles
= Can be restored through rational counterterm 0R{ ., [0ssola, Papadopoulos, Pittau]

RMi, = M, + + Ry
——
D—dim, renormalised 4—dim numerator and rational counterterm

Finite set of process-independent rational terms in renormalisable models.

1Bar denotes quantities in D dimensions.
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Two-loop rational terms

Renormalised D-dim amplitudes from amplitudes with 4-dim numerator [Pozzorini, Zhang, Zolier]

RMM:MZWZ( +0Zy .+ Ry )-Ml,mqu( +  OR,r )
v\ N—— ~——
subtract restore N -terms subtract remaining  restore remaining
subdivergences from subdiagrams local divergence N -term
Example:

g =< G+ o m vz v ) o (o)
4-dim

numerators

= Divergences from subdiagrams ~ and remaining local one subtracted by usual UV
counterterms 9

= Additional UV counterterm 67, _ o % for subdiagrams with mass dimension 2.

= OR, is a two-loop rational term stemming from the interplay of A/ with UV poles.

= Finite set of process-independent rational terms of UV origin.

= Available for QED and QCD corrections to the SM. [Lang, Pozzorini, Zhang, Zoller,2021]

= Rational terms of IR origin currently under investigation.

a4


https://arxiv.org/abs/2107.10288

Implementation of Renormalization, Rational Terms at NNLO

Status:

= Implementation of new tree (e.g. M) and one-loop (e.g. @)

universal Feynman rules, complete
= Validation of new 1l tensor structures using pseudotree-test, complete

= Ongoing: Validation of implementation of two-loop rational terms by
pole-cancellation check, computation of first full amplitudes for simple
processes — require tensor integrals

Currently working on twored, small in-house tensor integral library for 2
and 3 point topologies with off-shell external legs and massless propagators.

Approach:

= Covariant decomposition: express tensor integrals in terms of scalar
integrals and their coefficients.

= Reduce scalar integrals to master integrals using FIRE smirnov, chukhare].

= Implement analytic master integrals from literature in twored.
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Summ

New algorithm for two loop tensor coefficients:
= Fully general algorithm
= Excellent numerical stability
= Highly efficient, comparable to real virtual contribution

= Exploit factorization for ideal order of building blocks.
= Efficient treatment of helicities and ranks in loop momenta.

= Fully implemented for NNLO QED and QCD Corrections to SM

Current and future projects
= |Implementation of two-loop UV and rational counterterms

= Tensor integrals (in-house framework and or external tool or mixture
thereof)
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Backup



On-The-Fly Helicity Summation at NLO

Final result: wy, = 5 Z | 2Re [Mm) Mo*(n)]
L ah col

Instead of w(s, 1) = [ sate. », construct ue@ =" [2 > CM(’)‘(M)] N(a, )

a

Perform on-the-fly helicity summation (succioni, Pozzorini, zoller, for each diagram:

= Use Born-color interfernce u=23"_,cMm; (h) as initial condition,
begin the recursion with maximal helicities.

= Exploit factorization to sum helicities in each recursion step:
>, tolh) N, b) = wa { . Zh2 [Zhl Ug(hy, by, -~->51<h1>} Sa(ho) - } Sn(hy)
= (in renormalizable theories) each segment:

= increases rank by 1 (or 0)
= decreases total helicities by a factor of # helicities of subtree in the
segment

Minimal helicities with maximal rank, complexity is kept low in final
recursion steps.



On-The-Fly Helicity Summation: Example

Ws

Wy

2X 2X 2% 2X

Wi We

s 2

Wi

We

2= #h

000

In each recursion step:
= increase rank by 1

= decrease total helicities by a
factor of # helicities of
wavefunction in the segment

helicities=32,
rank=0



On-The-Fly Helicity Summation: Example

Ws

Wy

Wi

Wi

We

2= #h

000

In each recursion step:
= increase rank by 1

= decrease total helicities by a
factor of # helicities of
wavefunction in the segment

helicities=16,
rank=1



On-The-Fly Helicity Summation: Example

Ws

Wy

Wi

We

<

s 2

Wi

We

2= #h

000

In each recursion step:
= increase rank by 1

= decrease total helicities by a
factor of # helicities of
wavefunction in the segment

helicities=4,
rank=2



On-The-Fly Helicity Summation: Example

Ws

Wy

Wi

We

<

s 2

Wi

We

2= #h

000

«
e
w

In each recursion step:
= increase rank by 1

= decrease total helicities by a
factor of # helicities of
wavefunction in the segment

helicities=2,
rank=3



On-The-Fly Helicity Summation: Example

Ws Wi

We

Wy

In each recursion step:
= increase rank by 1

= decrease total helicities by a
factor of # helicities of
wavefunction in the segment

helicities=1,
rank=4



Two Loop Algorithm: Naive Approach

1. construct chains N (q), N®)(qy), V) (g3) using one-loop algorithm.



Two Loop Algorithm: Naive Approach

L+ 13

1. construct chains N (q), N®)(qy), V) (g3) using one-loop algorithm.

2. combine with vertex v, closing indices 8{),5\),5])



Two Loop Algorithm: Naive Approach

L+ 1 3 3K

1. construct chains N (q), N®)(qy), V) (g3) using one-loop algorithm.
2. combine with vertex v, closing indices Bxl’,ﬁi)ﬁﬁ;

3. combine with vertex vy, closing indices {",5% .5



Two Loop Algorithm: Naive Approach

L+ 1 3 3K

construct chains N (q;), N (g2), N®)(g3) using one-loop algorithm.
combine with vertex v, closing indices Bxl’,ﬁi)ﬁﬁ;

combine with vertex v, closing indices 5”,5,5"

= ® P =

multiply Born-color interference, sum over helicities, map momenta

Zh U (h) [N(l)(ql,h):l I:,’\"(Z)(qz,h)} {,\'(’*><q3.h>— [\’\:m m} {\rm

m} |q3‘>*(‘71+qZ)



Two Loop Algorithm: Observations and Challenges

4,

Zh Ug(h) [N(l)(ql,h):l [.,w'(Q)(qzh)} {,\'(3)(@3.»» L\:wu u;.s::J L\]]usl.ul “‘”J ’

4 a3 — —(a1+92)

. construct chains N (q;), N®(q2), N)(q3) using one-loop algorithm

1
2.
3

combine with vertex V1, closing indices 5§,

. combine with vertex 1y, closing indices 8,595

sum over helicities, map momenta, multiply Born-color interference

Observations:

complexitiy of each step depends on ranks in g1, g2 and helicities
step 2, 3 are performed for 6, 3 open spinor/Lorentz indices

step 2, 3 are performed at maximal ranks

all steps are performed for all helicities

Very inefficient: most expensive steps performed for maximal number of
components and helicities.



Helicity Bookkeeping

For a set of particles £ = {1,2,..., N} the helicity configurations are
identified as:
1,3 for fermions with helicity s = —1/2,1/2
Ap =14 1,2,3 for gauge bosons withs = —1,0,1 Vpeé&
0 for scalars with s = 0 or unpolarized particles
Each particle is assigned a base 4 helicity label

hp = A\, 4P7 1,

which can be used to define a similar numbering scheme for a set of
particles:
Es=Apay,-.-,pa,} has the helicity label,

ha=>_h,.

pPEE,



Merging

Example:

After one dressing step subsequent
dressing steps are identical.

Topology (scalar propagators) is
identical for both diagrams.

Diagrams can be merged.

For diagrams A,B with identical
segments after n dressing steps (exploit
factorization):

Up g =Up T’(JVA,B) = numerator - Born - color

Up+Ug = Upa - Spr1- - Sy)+ Up B Sp1 - Sn)

=Upa+UsB) Spp1 SN

Only perform dressing steps n+1 to N
once.

Highly efficient way of dressing a large
number of diagrams for complicated

processes.



One-loop rational terms

Amputated one-loop diagram ~ (1PI)

D -
Ml,'y = Cl,’}’ dg; M = ol .Z), == 6R1 = Cl,'y dg; N(?l)
— D(aq) 7 D(q1)
color factor L

The e-dim numerator parts N(g1) = N'(g1) — N(q1) contribute only via interaction with % uv
poles = Can be restored through rational counterterm R, _ [Ossola, Papadopoulos, Pittau]

RMj = My 4+ 07, +0Ry,
= N~

N———
D—dim, renormalised 4—dim numerator UV and rational counterterm

Generic one-loop diagram [ factorises into 1P| subdiagram ~ and external subtrees w; (4—dim):

N = 2
_ 5 _ o1...0N RMir = Ml,l’ + (07 vﬁ]_' w;
Mir = N = [Ml,w} | |[W’]0i = ( il | |
i=1

\,_/

tree diagram

Finite set of process-independent rational terms in renormalisable models
computed from UV divergent vertex functions



Status of two-loop rational terms

Renormalised D-dim amplitudes can be computed from amplitudes with 4-dim numerators and a
finite set of universal UV and rational counterterms inserted lower-loop amplitudes

RMor = M27r+z ("Z\ L+ 023, + R, ) "My + (‘{Z?F+’5R? r)
.

Status of two-loop rational terms

= General method for the computation of rational counterterms of UV origin from simple
tadpole integrals in any renormalisable model [Pozzorini, Zhang, Zoller,2020]

= Complete renormalisation scheme dependence [Lang, Pozzorini, Zhang, Zoller,2020]
= Rational Terms for Spontaneously Broken Theories [Lang, Pozzorini, Zhang, Zoller,2021]
= Full set of two-loop rational terms computed for
= QED with full dependence on the gauge parameter [pozzorini, Zhang, Zoller,2020]

= SU(N) and U(1) in any renormalisation scheme [Lang, Pozzorini, Zhang, Zoller,2020]
= QED and QCD corrections to the full SM (Lang, Pozzorini, Zhang, Zoller,2021]

= Rational terms of IR origin currently under investigation


https://arxiv.org/abs/2001.11388
https://arxiv.org/abs/2007.03713
https://arxiv.org/abs/2107.10288
https://arxiv.org/abs/2001.11388
https://arxiv.org/abs/2007.03713
https://arxiv.org/abs/2107.10288

Explicit dressing steps

Triple vertex loop segment:

(i)

(5960 m)] =

a—1

ﬁé” q() . )
*k"’ o { |:Y/Z:| piG) + {Z/Z L/} q() gi } ng(kiav h(al))
B¢ B

(i)
BaZy

Quartic vertex segments:

. 2189 g :
[5a K)] o = = D] e D) WD, (i, D)

with hS) = ) + ) and ki, = ki, + kia,.
Dressing step for a segment with a triple vertex:

50 50
_ (1)
|:Nn H1-- }J,,(h )][(1) - {[an;#l,“u,(h 1)} (1) |: 1n} 3(1)
0

31

31 3
(1) (OB - 1 1
+ [Nn—l;uz...;l,(hn 1)} 3(1) [Zln [I.l} q(l) } W/SU)(kn' hg ))



Processes considered in performance tests

corrections | process type | massless fermions | massive fermions process
QED 22 e = ete™ = ete™
23 e — ete” = efe
QCD 22 u — gg — ul
u,d — dd — uli
u - 88 — 88
u t uu — ttg
u t gg — tt
u t gg — ttg
2—-3 u,d = dd — ulg
u - 88 — 888
u,d - ud - Wtgg
u,d — uo — WTW-g
u t ut — ttH
t gg — ttH




Memory usage of the two-loop algorithm

virtual-virtual memory [MB] real-virtual [MB]
hard process segment-by-segment ‘ diagram-by-diagram || coefficients ‘ full
ete” —efe 18 8 6 23
ete” — ete™y 154 25 22 54
gg — uu 75 31 10 26
gg — tt 94 35 15 34
gg — ttg 2000 441 152 213
ud — Whgg 563 143 54 90
uo — WTW-g 264 67 36 67
ut — ttH 82 28 14 40
gg — ttH 604 145 50 90
ul — ttg 323 83 41 74
g8 — g8 271 94 41 b5
dd — ui 18 10 9 20
dd — ulig 288 85 39 68
gg — ggg 6299 1597 623 683




Pole Cancellation Check

Renormalized two-loop diagram I' (assuming off-shell external legs):

Y-

(from arxiv:2007.03713v2)
RMor = Mo+ Y (621 + 021 + Ry ) My ry + (8220 + 6Ro 1)



Pole Cancellation Check

Renormalized two-loop diagram I' (assuming off-shell external legs):
RMor = Mo+ (6217 + 6215+ 6R1y) My + (6Z2r + Ry r)

In terms of e:

1. 2 1 a 0 -1
Mar = L0+ 1) @ ¢ e + 00
_ 1y ) (1) 2
Mursy = TMipy, + Mg, My +0(€)
. 1
(621 + 821+ 6R1 ) = gzﬂ +2°

1 1
(6Zer +6Rer) = 200 + - 200 + 237



Pole Cancellation Check

Renormalized two-loop diagram I' (assuming off-shell external legs):

RMar = Mo + Z,/ (521,7 +6214+ 5R1,w> My + (522,r + 5R2,r)

In terms of e:

Mo = S0+ L)+ ) e 1 00
Murjy = %’V’ilg + MG+ eMT) + O)
(621 + 821+ 6R1 ) = %Zﬂ} +2z9
(6Zor + 0Ror) = ;222(23 + %ZQQ +2{9

then poles should cancel:

1 (1 ) p 0 (0) p (1) 1/(1)
bt Z (Z A+Zl.»,M1.r/ﬂ>+ZM2.r



Pole Cancellation Check

Renormalized two-loop diagram I' (assuming off-shell external legs):

RMar = Mo + Z,/ (521,7 +6214+ 5R1,w> My + (522,r + 5R2,r)

In terms of e:

Mo = S M%) + 2 M8 + MO + M) +0(e)
My = %Msg/‘/ + Mi?lz/v + 6M£_|'1/)v + 0(62)
(621, + 621 + 6R1 ) = %Zﬁ +2°
(622 + 8Ror) = 5280+ 221 + 2{)

then poles should cancel:
1,1) 1 (1) p4(0) (0) (1) 1p/(1)
s Lt ZA, (ZMMLrM + Z1,7M1,r/7) + EMz,r
+

AW 3S A



Pole Cancellation Check

Renormalized two-loop diagram I' (assuming off-shell external legs):
RMor = Mo+ (6217 + 6215+ 6R1y) My + (6Z2r + Ry r)

In terms of e:

1 1. a 0 -1
Mar = S0+ L+ M+ i + 000
LIYe) ©) =
Mgy = ;MLr/w + M., +eMy r/ +0(e)
. 1
(621 + 821+ 6R1 ) = Jﬁ +2°

(6Zar +6Rar) = —Z(” += Z(” +z{%

then poles should cancel:

(0) p4(1) 1p4(1)

02 2r+ Z ( 1r/w'~'Z wMLr/w) + Moy
1 (2 (1 1 5(2)
" M Z Z 1 r/y + ?222,r

This would validate R,  (contains l pole) as well as implementation of 52177, 02>



Implementation of Renormalization, Rational Terms

Example (from arXiv:2001.11388v3) :

2 K
.2 uv _po wp vo pno _vp o (s)
~ie" (g"g" + """ +8"78"") (E ORy 4y
— \/_/
tensor structure LAl rational
counterterms

where k=1,2 is the loop order.

For NNLO need to implement:
= universal Feynman rules for new tensor structures

= new rational counterterms



Tensor Integrals

For NNLO need:
= 11 TI for
= 1| diagrams with ct insertions: up to O(¢), new topolgies due to
squared propacator

€.g. D f N5, 55,5, DODngDz =

= VV reducible, V, RV, L2: exists

= 2| TI
= VV irreducible;

g vs
cairayta — M1 RV Vs

J 4@ [ 4 55 <2)(q2)D<S>(a3) aro>—(a1+2)




Implementation of Renormalization, Rational Terms

for NNLO need the following UV rational /counterterms:

= 1l ct in Ol diagrams (ct and tensor structures exist)
renormalization of:

= 1l diagrams (V, RV, L2): ?&z exists
= reducible 2| diagrams (VV): M new

= 1l ct in 1l diagrams (ct exist, new tensor structures— implemented and
tested with pseudotree test)
renormalization of:

= irreduclible 2| diagrams (VV): @”< new
= reducible 2| diagrams (VV): D@< new

= 2l ct in Ol diagrams (new ct, tensor structures exists)
renormalization of:

= irreducible 2| diagrams (VV): :i?i (new)



Tensor Integrals

Currently working on interfacing and extending twored:
an in-house tensor integral library for 2 and 3 point topologies (possibly extend
to 4 point) with off-shell external legs and massless propagators.

Approach:
For a given topology with tensor integral [#1""#r

= covariant decomposition: [F17Hr = T/ "Hr. G generate all possible

tensor structures TH1""# from ext. momenta metric tensors

= express coefficients in terms of scalar integrals C; using projectors Py,
S a pH1p1ry—1p, SRR
C = (Pjun T} ) Pyl ’

e fpy

= reduce scalar integrals to master integrals Gx using FIRE
Ci = aiGp = [Pk = THE gy - Gy



