5-point 2-loop massless QCD amplitudes Finite fields Reconstruction Performance Masses  Conclusion References
0000 0000 00000 000000 000 [e]e]

Analytic two-loop amplitudes with finite fields

Ryan Moodie
Turin University
N3LO QED ~* — ¢/ workstop: RVV

4 Aug 2022




5-point 2-loop massless QCD amplitudes Finite fields Reconstruction Performance Masses  Conclusion

0000

0000 00000 000000 [e]e]e} (e]e]

N3LO QED ~* — #/: RVV

I O S
IR T

+

% * L‘é ® % — Ll at 2-loop?
® Massive (7

® Phenomenology?

References



5-point 2-loop massless QCD amplitudes Finite fields ~ Reconstruction Performance Masses  Conclusion References
0000 0000 00000 000000 000 [e]e]

Outline

Analytic two-loop amplitudes with finite fields

Five-point two-loop massless QCD amplitudes
Finite field arithmetic

Reconstruction methods

Implementation and performance

Masses

Conclusion



5-point 2-loop massless QCD amplitudes  Finite fields ~ Reconstruction ~ Performance  Masses  Conclusion
€000 0000 00000 000000 000 oo

Outline

Analytic two-loop amplitudes with finite fields

Five-point two-loop massless QCD amplitudes

References



5-point 2-loop massless QCD amplitudes
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Five-point two-loop massless QCD amplitudes

® Major theoretical challenge
® Precision frontier
® New methods
® Reconstruct over finite fields
[Peraro 2019]
® Pentagon function basis
[Chicherin and Sotnikov 2020]
[Chicherin, Sotnikov, and Zoia 2021]
° [McCauley et al. 2015]

Fast and stable implementations in
NJet

[Badger, Biedermann, et al. 2021]
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Five-point two-loop massless QCD amplitudes

® NNLO leading-colour pp — jjj

* NLO full-colour gg — gvy (N3LO pp — g77)

— LO

1072

S |g-+{LHC 13 TeV NNPDF31
99 =779 = mr/2
WNLOjet +OpenLoops2++NJet

<

do/dm(yy) [pb/GeV]

100 125 150 175 200 225 250 275 300
mlyy) GeV
[Badger, Brgnnum-Hansen, et al. 2021]

[Badger, Thomas Gehrmann, Marcoli, and Moodie 2022]
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Overview of our method

>, diagram;({p}, €)
Helicity amplitudes
qgraf LiteRED
[Lee 2012]
[Nogueira 1993]
FORM

OR Laporta

[Ruijl, Ueda, and Vermaseren 2017]
[Laporta 2000]

PentagonFunctions++

[Chicherin, Sotnikov, and Zoia 2021

Dipole scheme

Mathematica
[Catani and Seymour 1997]

FiniteFlow L. .
Finite fields

[Peraro 2019]

ﬁ Yiai({p}e) - Fi(f ({p}))
gebra

\LGIobaI integrand map
>ibi{p}t e) Fi(f ({p}))
\LIBP identities

>ici({p}, o) ML(f ({p}))
J/Special function basis
> di({p}, €) mon;(f ({p}))
\LSubtract salles
>oiei({p}) mon;(f ({p}))
J/Reconstruction

>_iri({p}) moni(f ({p}))
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Finite field arithmetic
Set of n € PP non-negative integers
F,={0,...,n—1}

Arithmetic operations
® Addition modulo n
® Multiplication modulo n
® |nverses

L mod n

Modular multiplicative inverse x = a~
ax =1 mod n a#0
One-to-many map Q — F,,

% — ab™' modn
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Numeric representation for computation

® float

® (Catastrophic cancellation in large expressions
o [,

® Fixed size integer

® No precision loss (n large)

{Fn} —Q
® Chinese Remainder Theorem
Amplitudes

® [arge intermediate expressions
® Bypass with numerical evaluation over F,,
® Reconstruct analytic expression
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Rational on-shell parametrisation

® Momentum twistor variables

(i), [1j] = @i

. ( Moo A >
p1(Aagj) 0 Hn(Aag)
® Rational functions
® pi(x),s:(x),...
® x unconstrained

® On-shell
® Momentum conserving
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Reconstruction
00000

Reconstruction

Amplitude components
F(x) = Zm(az) mon; (f)
i
Have numerical algorithm for r;

FiniteFlow [Peraro 2019]

Reconstruct expression from sufficient evaluations

Strategies to optimise and compactify
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Linear relations in the coefficients

® Linearise the r;
{rities = {ritiercs

Zai ri(x) =0

and choose lowest degrees

® Numerically solve:

® Ansatze, eg permutations of 5g r; for 3g2~:

Zaim(m) + ij ej(x) =0
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Matching factors

e (Coefficient ansatz

r(x) = _n@) i, € pentagon alphabet

[1x 0 ()
® Determine ey by reconstructing r on univariate slice
x=cy+cit ~ r(t)

and matching RHS

® Fix denominators

{ri} — {n:}
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Univariate partial fraction decomposition
® Example in y

N(z,y)  q(r) N g(r) + g3(x)y | qu(x) + g5(x)y

2y e +y?) oy y? a? +y?

® Needs no knowledge of analytic form of IV
® Choose y by studying one-loop

® Reconstruct r; directly in decomposed form

{ri@,y)} = {ai(@)}

® Reduce variables by one
® |[ower degrees
® Simplifies reconstruction
® %10 point numerical evaluation time (linear fit in {q;} over y)

1 .
[ ] —_—
X 155 samples required
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Performance
0®0000

Implementation

® Finite remainders coded up in C++ as analytic expressions

® Construct partial amplitudes as

F" =) (x) Mjj f}

th special function monomials global
MZ;- rational sparse matrices partials
rlh independent rational coefficients helicities
T momentum twistor variables global

® |ndependent helicities permuted to all mostly-plus
® Mostly-minus: ;* M,; P(f;)



5-point 2-loop massless QCD amplitudes Finite fields Reconstruction Performance Masses  Conclusion References

0000 0000 00000 00@000 [e]e]e} (e]e]

Evaluation strategy

Increase precision

. Evaluate Dimension
-
Bz, r/f scaling test
First £64 1. £64/£64
Else £128 2. £128/164

3. £128/£128



Timing

Performance
000800

Channel f64/f64 Evaluation strategy
Time (s) s.f. (%) | Time (s) s.f. (%)

g9 — 999 1.39 69 1.89 77
g9 — 4qg 1.35 91 1.37 91
a9 — 499 1.34 92 1.57 93
qq — 999 1.34 93 1.38 93
qQ — Qqg 1.14 99 1.16 99
qQ — qQg 1.36 99 1.39 99
79 — 4QQ 1.36 99 1.39 99
qq — QQg 1.14 99 1.14 99
q9 — 4qq 1.84 99 1.90 99
qq — qqg 1.82 99 1.94 99
qq — qq4g 1.71 99 1.77 99
99 — Y9 * 9 99 26 99
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Single external mass at 2-loop (planar)

® Applications of our pipeline

References

pp — Hbl_) [Badger, Hartanto, Krys, and Zoia 2021]

pp — Wbb (On-She” W) [Badger, Hartanto, and Zoia 2021]

pp — W’y] [Badger, Hartanto, Krys, and Zoia 2022]

pp — W(ﬁv)bb dU [Hartanto, Poncelet, Popescu, and Zoia 2022]
® Others

pp — (W/Z/v*)j7 [Abreu et al. 2022]

® Integrals
L PentagonFunctions++ [Chicherin, Sotnikov, and Zoia 2021]
® DiffEXp [Hidding 2021]
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Internal masses

e Applications of our pipeline (planar)

gg — t{ 2—|OOp [Badger, Chaubey, Hartanto, and Marzucca 2021]
pp — tt_J ].-|00p 0(62) [Badger, Becchetti, et al. 2022]

® Others

qgq — H] 2-|00p do  [Bonciani et al. 2022]

qq — QQ 2-loop [Mandal, Mastrolia, Ronca, and Bobadilla Torres 2022]
® Integrals

® Differential equation [renn 2013], iterated integrals [chen 1977]
® AMF1OW [Liu and Ma 2022]
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Conclusion

® Two-loop amplitude computation with finite fields
® Established for massless to 2 — 3
® First massive results appearing
® Promising outlook for RVV ~* — ¢4
® |ntegrals
m; = 0 Literature [T. Gehrmann and Remiddi 2001a; T. Gehrmann and Remiddi 2001b]
my # 0 pySeCDeC [Borowka et al. 2018]
DiffEXp [Hidding 2021]

2
/-éi, ; X :‘:/\< + 1{'



5-point 2-loop massless QCD amplitudes Finite fields ~ Reconstruction Performance Masses  Conclusion References

0000

[

) W D D &

[

Bibliography |

Peraro, Tiziano (2019). “FiniteFlow: multivariate functional reconstruction using finite fields and dataflow
graphs”. In: JHEP 07, p. 031. por: 10.1007/JHEP07 (2019)031. arXiv: 1905.08019 [hep-ph].

Chicherin, Dmitry and Vasily Sotnikov (2020). “Pentagon Functions for Scattering of Five Massless
Particles”. In: JHEP 12, p. 167. po1: 10.1007/JHEP12(2020)167. arXiv: 2009.07803 [hep-ph]

Chicherin, Dmitry, Vasily Sotnikov, and Simone Zoia (Oct. 2021). “Pentagon Functions for One-Mass Planar
Scattering Amplitudes”. In: arXiv: 2110.10111 [hep-ph].

Badger, Simon, Benedikt Biedermann, Ryan Moodie, Peter Uwer, and Valery Yundin (2021). NJet v3. URL:
https://bitbucket.org/njet/njet.

McCauley, Thomas et al. (Dec. 2015). “Multi-jet event recorded by the CMS detector (Run 2, 13 TeV)".
CMS Collection. URL: https://cds.cern.ch/record/2114784.

Badger, Simon, Christian Brgnnum-Hansen, Dmitry Chicherin, Thomas Gehrmann,

Heribertus Bayu Hartanto, Johannes Henn, Matteo Marcoli, Ryan Moodie, Tiziano Peraro, and Simone Zoia
(Nov. 2021). “Virtual QCD corrections to gluon-initiated diphoton plus jet production at hadron colliders”.
In: Journal of High Energy Physics 2021.83. 1ssN: 1029-8479. po1: 10.1007/JHEP11(2021)083. arXiv:
2106.08664 [hep-ph].

Badger, Simon, Thomas Gehrmann, Matteo Marcoli, and Ryan Moodie (Jan. 2022). “Next-to-leading order

QCD corrections to diphoton-plus-jet production through gluon fusion at the LHC". In: Physics Letters B
824, p. 136802. 1SsN: 0370-2693. DOI: 10.1016/j.physletb.2021.136802. arXiv: 2109.12003 [hep-ph].

Nogueira, Paulo (1993). “Automatic Feynman graph generation”. In: J. Comput. Phys. 105, pp. 279-289.
DOI: 10.1006/jcph.1993.1074.


https://doi.org/10.1007/JHEP07(2019)031
https://arxiv.org/abs/1905.08019
https://doi.org/10.1007/JHEP12(2020)167
https://arxiv.org/abs/2009.07803
https://arxiv.org/abs/2110.10111
https://bitbucket.org/njet/njet
https://cds.cern.ch/record/2114784
https://doi.org/10.1007/JHEP11(2021)083
https://arxiv.org/abs/2106.08664
https://doi.org/10.1016/j.physletb.2021.136802
https://arxiv.org/abs/2109.12003
https://doi.org/10.1006/jcph.1993.1074

5-point 2-loop massless QCD amplitudes Finite fields ~ Reconstruction Performance Masses  Conclusion References

0000

MDD D DD E

Bibliography Il

Ruijl, Ben, Takahiro Ueda, and Jos Vermaseren (2017). “FORM version 4.2". In: arXiv: 1707.06453
[hep-ph]

Lee, R. N. (Dec. 2012). “Presenting LiteRed: a tool for the Loop InTEgrals REDuction”. In: arXiv:
1212.2685 [hep-phl.

Laporta, S. (2000). “High precision calculation of multiloop Feynman integrals by difference equations”. In:
Int. J. Mod. Phys. A 15, pp. 5087-5159. DOI: 10.1142/80217751X00002159. arXiv: hep-ph/0102033.

Catani, S. and M. H. Seymour (1997). “A general algorithm for calculating jet cross-sections in NLO QCD".

In: Nucl. Phys. B 485. [Erratum: Nucl.Phys.B 510, 503-504 (1998)], pp. 291-419. por:
10.1016/50550-3213(96) 00589-5. arXiv: hep-ph/9605323.

Badger, Simon, Heribertus Bayu Hartanto, Jakub Krys, and Simone Zoia (2021). “Two-loop leading-colour
QCD helicity amplitudes for Higgs boson production in association with a bottom-quark pair at the LHC".
In: JHEP 11, p. 012. pOI: 10.1007/JHEP11(2021)012. arXiv: 2107.14733 [hep-ph].

Badger, Simon, Heribertus Bayu Hartanto, and Simone Zoia (2021). “Two-Loop QCD Corrections to Wbb™
Production at Hadron Colliders”. In: Phys. Rev. Lett. 127.1, p. 012001. DOI:
10.1103/PhysRevLett.127.012001. arXiv: 2102.02516 [hep-ph].

Badger, Simon, Heribertus Bayu Hartanto, Jakub Krys, and Simone Zoia (2022). “Two-loop leading colour
helicity amplitudes for W~ + j production at the LHC". In: JHEP 05, p. 035. DOI:

10.1007/JHEPO5 (2022)035. arXiv: 2201.04075 [hep-ph].

Hartanto, Heribertus Bayu, Rene Poncelet, Andrei Popescu, and Simone Zoia (May 2022). “NNLO QCD
corrections to Wbb production at the LHC”. In: arXiv: 2205.01687 [hep-ph].


https://arxiv.org/abs/1707.06453
https://arxiv.org/abs/1707.06453
https://arxiv.org/abs/1212.2685
https://doi.org/10.1142/S0217751X00002159
https://arxiv.org/abs/hep-ph/0102033
https://doi.org/10.1016/S0550-3213(96)00589-5
https://arxiv.org/abs/hep-ph/9605323
https://doi.org/10.1007/JHEP11(2021)012
https://arxiv.org/abs/2107.14733
https://doi.org/10.1103/PhysRevLett.127.012001
https://arxiv.org/abs/2102.02516
https://doi.org/10.1007/JHEP05(2022)035
https://arxiv.org/abs/2201.04075
https://arxiv.org/abs/2205.01687

5-point 2-loop massless QCD amplitudes Finite fields ~ Reconstruction Performance Masses  Conclusion References
0000 0000 00000 000000 000 [e]e]

Bibliography Il

Abreu, S., F. Febres Cordero, H. Ita, M. Klinkert, B. Page, and V. Sotnikov (2022). “Leading-color two-loop

amplitudes for four partons and a W boson in QCD”. In: JHEP 04, p. 042. DOI: 10.1007/JHEP04 (2022) 042.
arXiv: 2110.07541 [hep-ph].

Hidding, Martijn (2021). “DiffExp, a Mathematica package for computing Feynman integrals in terms of

one-dimensional series expansions”. In: Comput. Phys. Commun. 269, p. 108125. DOI:
10.1016/j.cpc.2021.108125. arXiv: 2006.05510 [hep-ph].

Badger, Simon, Ekta Chaubey, Heribertus Bayu Hartanto, and Robin Marzucca (2021). “Two-loop leading
colour QCD helicity amplitudes for top quark pair production in the gluon fusion channel”. In: JHEP 06,

p. 163. DOI: 10.1007/JHEP06(2021) 163. arXiv: 2102.13450 [hep-ph]

Badger, Simon, Matteo Becchetti, Ekta Chaubey, Robin Marzucca, and Francesco Sarandrea (2022).
“One-loop QCD helicity amplitudes for pp — tj to 0(52)”. In: JHEP 06, p. 066. DOI
10.1007/JHEP06(2022) 066. arXiv: 2201.12188 [hep-ph].

Bonciani, R., V. Del Duca, H. Frellesvig, M. Hidding, V. Hirschi, F. Moriello, G. Salvatori, G. Somogyi, and
F. Tramontano (June 2022). “Next-to-leading-order QCD Corrections to Higgs Production in association
with a Jet”. In: arXiv: 2206.10490 [hep-ph].

Mandal, Manoj K., Pierpaolo Mastrolia, Jonathan Ronca, and William J. Bobadilla Torres (Apr. 2022).

“Two-loop scattering amplitude for heavy-quark pair production through light-quark annihilation in QCD".
In: arXiv: 2204.03466 [hep-ph]

T T T T N i A

Henn, Johannes M. (2013). “Multiloop integrals in dimensional regularization made simple”. In: Phys. Rev.
Lett. 110, p. 251601. DOI: 10.1103/PhysRevLett.110.2561601. arXiv: 1304.1806 [hep-th].


https://doi.org/10.1007/JHEP04(2022)042
https://arxiv.org/abs/2110.07541
https://doi.org/10.1016/j.cpc.2021.108125
https://arxiv.org/abs/2006.05510
https://doi.org/10.1007/JHEP06(2021)163
https://arxiv.org/abs/2102.13450
https://doi.org/10.1007/JHEP06(2022)066
https://arxiv.org/abs/2201.12188
https://arxiv.org/abs/2206.10490
https://arxiv.org/abs/2204.03466
https://doi.org/10.1103/PhysRevLett.110.251601
https://arxiv.org/abs/1304.1806

5-point 2-loop massless QCD amplitudes Finite fields  Reconstruction Performance Masses  Conclusion References
0000 0000 00000 000000 000 oo

Bibliography 1V

Chen, Kuo-Tsai (1977). “lterated path integrals”. In: Bull. Am. Math. Soc. 83, pp. 831-879. Dol
10.1090/50002-9904-1977-14320-6.

Liu, Xiao and Yan-Qing Ma (Jan. 2022). “AMFlow: a Mathematica package for Feynman integrals
computation via Auxiliary Mass Flow”. In: arXiv: 2201.11669 [hep-ph]

Gehrmann, T. and E. Remiddi (2001a). “Two loop master integrals for gamma* —> 3 jets: The Planar
topologies” . In: Nucl. Phys. B 601, pp. 248-286. DOI: 10.1016/50550-3213(01)00057~-8. arXiv:
hep-ph/0008287

—  (2001b). “Two loop master integrals for gamma* —> 3 jets: The Nonplanar topologies”. In: Nucl.
Phys. B 601, pp. 287-317. pOI: 10.1016/S0550-3213(01)00074-8. arXiv: hep-ph/0101124.

) D D

Borowka, S., G. Heinrich, S. Jahn, S. P. Jones, M. Kerner, J. Schlenk, and T. Zirke (2018). “pySecDec: a

toolbox for the numerical evaluation of multi-scale integrals”. In: Comput. Phys. Commun. 222, pp. 313-326.
DOI: 10.1016/j.cpc.2017.09.015. arXiv: 1703.09692 [hep-ph].


https://doi.org/10.1090/S0002-9904-1977-14320-6
https://arxiv.org/abs/2201.11669
https://doi.org/10.1016/S0550-3213(01)00057-8
https://arxiv.org/abs/hep-ph/0008287
https://doi.org/10.1016/S0550-3213(01)00074-8
https://arxiv.org/abs/hep-ph/0101124
https://doi.org/10.1016/j.cpc.2017.09.015
https://arxiv.org/abs/1703.09692

	Five-point two-loop massless QCD amplitudes
	Finite field arithmetic
	Reconstruction methods
	Implementation and performance
	Masses
	Conclusion
	References

