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Splitting Basics

Splitting functions govern PDF evolution (DGLAB)
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Why splitting functions at N3LO?

Missing ingredient at N3LO

Needed in N3LO PDF fits

Reduce theory error
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Theory uncertainties
in Higgs production

N3LO factorisation scale 
dependence is artificially 
low. 

Due to missing N3LO 
splitting function and 
N3LO PDF set.

Arxiv:1602.00695
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Mellin moments γij(N)
γij(N) are important:

DGLAB becomes ordinary 
product in Mellin space

are related p 0 Taylor →
expansion of DIS Forward 
scattering amplitude

are the anomaous dimensions 
of lightcone operators via the OPE
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The OPE method

→ Only need to compute diagrams with operators inserted! 
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The OPE method

● Need to compute 2-point off-shell correlators with operator 
insertions. (p-integrals)

● This problem is “solved” up to four loops. 
Masters [Baykov, Chetyrkin; Smirnov,Smirnov,Lee] and 
reductions implemented in FORCER [Ruijl,Ueda, Vermaseren]

Problem: Offshell correlators are not gauge invariant!
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Operator mixing in singlet sector

Gluonic operator (G) 
mixes with aliens 
(A1,A2,...) under 
renormalisation



9

Operator mixing in singlet sector

Gluonic operator (G) 
mixes with aliens 
(A1,A2,...) under 
renormalisation

More legs  →
more Aliens 

More loops more legs →
in subgraphs  more →
Aliens
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FORCER allows us to get to 4 loops, but we were 
were not the first to arrive
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Dixon Taylor Alien basis
Alien and Ghost operators: 
(all Lorentz indices contracted with a massless vector)

Was used by Van-Neerven&Hamberg to correctify OPE 
computations at 2-loop
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2022 Beyond Dixon Taylor basis
General Method for Alien basis only available since last year

Based on Generalised gauge+BRST invariance [Falcioni, FH]

Alternative approach not based on operators 
[Gehrmann, von Manteuffel, Yang]

A1
A2

A3

A4
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History of splitting functions
Please accept my apologies: this is not complete

LO (one loop)

OPE in physical gauge: 
1973: Georgi & Politzer; Gross & Wilczek

OPE in Feynman gauge:
1974: Dixon and Taylor

NLO (two loops)

OPE in Feynman gauge:
1977-1979 Floratos, Ross & Sachrajda with 
ERROR in singlet
1980 Gonzalez-Arroyo&Lopez with ERROR in 
singlet
1993 Van Neerven & Hamberg CORRECT!
Factorisation in axial gauge: 
1980 Curci, Furmanski, Petronzio CORRECT!

NNLO (three loops)
Extracted from DIS:
2000 (nonsinglet), 2004 (singlet) Moch, 
Vermaseren, Vogt
N3LO calculations:
2016 [Anastasiou, Duhr, Dulat, FH, 
Mistlberger]; 2020 [Duhr, Dulat, Mistlberger]
Massive onshell OPE:
2017 (singlet NF) [Ablinger, Behring, Blümlein, 
De Freitas, von Manteuffel];..
OPE:
2021 (non-singlet) [Blümlein, Marquard, 
Schneider, Schönwald];
Complete OPE:
2022 [Gehrmann, von Manteuffel, Yang ]
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N3LO/4-loops and beyond 
OPE method

1996 Leading Nf all orders [Gracey]

Non-singlet:
● 2017 Subleading Nf; Leading Nc; Approx. from 

N<22 [Davies, Vogt, Ruijl, Ueda, Vermaseren]
● 2018 5-loop N=2,3 [Herzog, Moch, Ruijl, Ueda, 

Vermaseren, Vogt]

Singlet:
● 2023 Approx N<22 for Pqq and Pqg [Falcioni, FH 

Moch, Vogt]
● 2023 Subleading Nf for Pqq [Gehrmann, von 

Manteuffel,Yang ]

DIS Taylor expansion

Singlet:
● 2021-23 N<14 [Moch, Ruijl, 

Ueda, Vermaseren, Vogt]



15

Results: 4-loop pure singlet
First 20 moments known:
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Strategy for approximations
Fit 80 trial functions which include 

known small-x (BFKL) amd large-x (soft) terms

10 polynomials different for each trial function 

e.g.

Known (rounded) endpoint behaviour:
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Approximations Pps

Strategy works well 
at NNLO

Small x uncertainties 
increase for x<10-3
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Approximations Pps

Perturbative 
corrections large at 
small x

Convolution with 
PDF surpresses 
small-x uncertainty
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Approximations Pqg

Approximations for 
Pqg are worse than 
for Pps 

Large errors 
already at x~0.005
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Approximations Pqg

As for Pps, PDF 
convolution 
compresses 
small-x 
uncertainty 
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Summary/Outlook
Reviewed status of N3LO OPE calculations for splitting functions

Alien’s operator basis finally well understood

Presented approximations for Pps and Pqg from first 10 Mellin moments + known 
endpoint behaviour

Small x-uncertainties still fairly large, (more knowledge about logs could help!)

Pdf convolution has small uncertainties even at small x

Likely sufficient for most pheno-applications

Calculations are Pgq and Pgg are almost finished and we expect to publish first 20 
moments & approximations soon!



22

Backup
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Plot in 2308.07958 
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General Structure of Aliens
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Alien examples N=2,4
N=2:

N=4
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Including limits in pure singlet


