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• Superior angular resolution 
→ good for jet substructure 

• Pile-up removal 

• E.g. for groomed 

Motivation for track-based measurements
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Figure 6: Comparison of the unfolded ⇢ distribution with MC predictions. The uncertainty bands include all sources:
data and MC statistical uncertainties, nonclosure, modeling, and cluster or tracking uncertainties where relevant.
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⇢ = ln(m2/p2T )

Pile up Difference of parton showers 
larger than exp. uncertainty



• Track-based measurements sensitive to hadronization 
→ can be modeled in parton showers. 

• Track functions offer systematically improvable framework. 

• Recently extended to            → high precision possible! 

• Track functions are being extracted by ATLAS. 

• Particularly easy to use for energy correlators [see also Kyle’s talk]

Introduction
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Outline

1. Track function basics 

2. Track functions at 

3. Phenomenology with track functions 

Bonus: studying factorization violation with vector angularities.
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1. Track functions basics



•              describes total momentum fraction    of initial parton  
converted to tracks, i.e. 

• Nonperturbative, process-independent function. 

• Conservation of probability:

1. Track function
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•           cancels against IR pole in partonic cross section.         

•            is renormalized, leads to evolution of track function

1. Track function at order ⍺s
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1. Evolution at order ⍺s

• Consistent with extraction from Pythia at different energies. 

• Simplifies for integer moments: 
8
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1. Relation to (multi-)hadron fragmentation

• Track vs. fragmentation functions: 

• Evolution for (multi-)hadron fragmentation follows from tracks:
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• Consider a cross section differential in observable    

• At leading order, for track-based measurement     

• Beyond leading order, there is a cancellation of IR divergences,           
                   , similar to fragmentation functions/PDFs.

1. Using track functions
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�[e� ê({xip
µ
i })]

<latexit sha1_base64="nYj8oWjftvkRIOMt3LPqfvcR8HM="></latexit>

<latexit sha1_base64="Aj4GspqcCsKkaxlxmdDteUcJAiM="></latexit>

d�N ! d�̄N

hadronization

[Chang, Procura, Thaler, WW]



• Weighted cross section in e+e- collisions 

• Tracks are essential for small  

• Conversion to tracks is simple: 

• Contact term            involves         .
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1. Track-based energy correlators

Outline
• Introduction to Track Functions


Definition


Incorporating tracks in observables


• Track Function Evolution at 


•Predictions for Track EECs
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Small-angle limit and jet substructure
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• N-point energy correlators involve at most the Nth moment 

• Modifying weights to suppress soft radiation is easy for tracks: 

• Advantageous for top quark mass determination:

1. Track-based weighted energy correlators

12

4

FIG. 4. The n = 1, 2 three-point correlators on decaying top
quarks with a fixed hard pT , with and without MPI. Here a
clear peak can be seen at ⇣ ⇡ 3m2

t/p
2
T,t.

tors are necessarily defined through a measurement, e.g.
by selecting anti-kT jets with a specific pT,jet. Due to the
insensitivity of the energy correlators to soft radiation, we
will show that it is in fact the non-perturbative effects on
the jet pT selection that are the only source of complica-
tions in a hadron collider environment. This represents a
significant advantage of our approach, since it shifts the
standard problem of characterizing non-perturbative cor-
rections to infrared jet shape observables, to characteriz-
ing non-perturbative effects on a hard scale. This enables
us to propose a methodology for the precise extraction of
mt in hadron collisions by independently measuring the
universal non-perturbative effects on the pT,jet spectrum.
We now illustrate the key features of this approach.

The three-point correlator in hadron collisions is de-
fined as

cM(n)
(pp)(⇣12, ⇣23, ⇣31) =

X

i,j,k2 jet

(pT,i)n(pT,j)n(pT,k)n

(pT,jet)3n

⇥ �

⇣
⇣12 � ⇣̂

(pp)
ij

⌘
�

⇣
⇣23 � ⇣̂

(pp)
ik

⌘
�

⇣
⇣31 � ⇣̂

(pp)
jk

⌘
, (6)

where ⇣̂
(pp)
ij = �R

2

ij = �⌘
2

ij + ��
2

ij , with ⌘,� the stan-
dard rapidity, azimuth coordinates. The peak of the
EEEC distribution is determined by the hard kinematics
and is found at ⇣

(pp)
peak ⇡ 3m2

t/p
2

T,t, where pT,t is the hard
top pT , not pT,jet.

To clearly illustrate the distinction between the in-
frared measurement of the EEEC and the hard mea-
surement of the pT,jet spectrum, we present a two-step
analysis using data generated in Pythia 8.3 (which we
independently verified with Vincia 2.3 [127], see Fig-
ure 8 below). First, we generated hard top quark states
with definite momentum (like in e

+
e
�), but in the more

complicated LHC environment including UE; shown in
Figure 4, where we see a clear peak that is completely in-
dependent of the presence of MPI (the Pythia 8.3 model
for UE). This illustrates that the correlators themselves,
on a perfectly characterized top quark state, are insensi-
tive to soft radiation without grooming.

FIG. 5. The three-point correlator on top jets in hadron col-
lisions. A clear peak can be seen at ⇣ ⇡ 3m2

t/p
2
T,jet which is

insensitive to the usage of tracks.

We then performed a proof-of-principles analysis to il-
lustrate that a characterization of non-perturbative cor-
rections to the pT,jet spectrum allows us to extract mt,
with small uncertainties from non-perturbative physics.
While we will later give a factorization formula for the
observable d⌃(�⇣)/dpT,jet d⇣, for the present discussion
it is useful to write it as

d⌃(�⇣)
dpT,jet d⇣

=
d⌃(�⇣)
dpT,t d⇣

dpT,t

dpT,jet
. (7)

This formula, combined with Figure 4, illustrates that
the source of complications in the hadron-collider envi-
ronment lies in the observable-independent function of
hard scales dpT,t/dpT,jet, which receives both perturba-
tive and non-perturbative contributions. To extract a
value of mt, we write the peak position as

⇣
(pp)
peak =

3Fpert(mt, pT,jet,↵s, R)

(pT,jet +�NP(R) +�MPI(R))2
. (8)

Here Fpert incorporates the effects of perturbative radi-
ation. At leading order, Fpert = m

2

t . Corrections from
hadronization and MPI are encoded through the shifts
�NP(R) and �MPI(R). Crucially, in the factorization
limit that we consider, these are not a property of the
EEEC observable, but can instead be extracted directly
from the non-perturbative corrections to the jet pT spec-
trum [128]. This is a unique feature of our approach.

To illustrate the feasibility of this procedure, we used
Pythia 8.3 (including hadronization and MPI) to ex-
tract ⇣

(pp)
peak as a function of pT,jet, over an energy range

within the expected reach of the high luminosity LHC.
As a proxy for a perturbative calculation, we used par-
ton level data to extract Fpert. To the accuracy we are
working, Fpert is independent of the jet pT , and can
just be viewed as an effective top mass

p
Fpert(mt). We

also extract �NP(R) +�MPI(R) independently from the
pT,jet spectrum. Note that an error of ±� on �NP/MPI

in a given pT,jet bin leads to an error on
p

Fpert(mt) of
±�

p
Fpert/pT,jet.

[Holguin, Moult, Pathak, Procura]
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Final states in collider experiments are characterized by correlation functions, hE(~n1) · · · E(~nk)i,
of the energy flow operator E(~ni). We show that the top quark imprints itself as a peak in the
three-point correlator at an angle ⇣ ⇠ m2

t/p
2
T , with mt the top quark mass and pT its transverse

momentum, providing access to one of the most important parameters of the Standard Model in
one of the simplest field theoretical observables. Our analysis provides the first step towards a new
paradigm for a precise top mass determination that is, for the first time, highly insensitive to soft
physics and underlying event contamination whilst remaining directly calculable from the Standard
Model Lagrangian.

I. INTRODUCTION

The Higgs and top quark masses play a central role
both in determining the structure of the electroweak vac-
uum [1–3], and in the consistency of precision Standard
Model fits [4, 5]. Indeed, the near-criticality of the elec-
troweak vacuum may be one of the most important clues
from the Large Hadron Collider (LHC) for the nature
of beyond the Standard Model physics [2, 6–10]. This
provides strong motivation for improving the precision
of Higgs and top mass measurements.

While the measurement of the Higgs mass is concep-
tually straightforward both theoretically and experimen-
tally [11], this could not be further from the case for
the top mass (mt). Due to its strongly interacting na-
ture, a field theoretic definition of mt, and its relation
to experimental measurements, is subtle. In e

+
e
� col-

liders, precision mt measurements can be made from the
threshold lineshape [12–19]. However, this approach is
not possible at hadron colliders, where, despite the fact
that direct extractions have measured mt to a remark-
able accuracy [20–23], there is a debate on the theoretical
interpretation of the measured “Monte Carlo (MC) top
mass parameter” [24]. This has been argued to induce
an additional O(1 GeV) theory uncertainty on mt. For
recent discussions, see [25, 26]. It is therefore crucial to
explore kinematic top-mass sensitive observables at the
LHC where a direct comparison of the experimental data
with first principles theory predictions can be carried out.

Significant progress has been made in this regard from
multiple directions. A unique feature of the LHC is
that large numbers of top quarks are produced with
sufficient boosts that they decay into single collimated
jets on which jet shapes can be measured. In [27, 28]
it was shown using effective fields theories (SCET and
bHQET) [29–38] that factorization theorems can be de-
rived for event shapes measured on boosted top quarks,
enabling these observables to be expressed in terms of
mt in a field theoretically well defined mass scheme [39–
46]. Additionally, there has been substantial progress

FIG. 1. A boosted top quark imprints its short lived existence
onto the three-point correlator with a characteristic angle,
⇣ ⇠ (1� cos ✓)/2 ⇠ m2

t/p
2
T .

in parton shower algorithms capable of accurately sim-
ulating QCD radiation in fully exclusive top quark de-
cays [47–66]. In Ref. [67], the groomed [68, 69] jet mass
was proposed as a mt sensitive observable, realizing the
factorization based approach of [27, 28]. For measure-
ments, see [70, 71]. While jet grooming significantly im-
proves the robustness of the observable, the complicated
residual non-perturbative corrections [72] continue to be
limiting factors in achieving a precision competitive with
direct measurements, thereby motivating the exploration
of observables not reliant on grooming.

In recent years, there has been a program to re-
think [73] jet substructure directly in terms of correla-
tion functions, hE(~n1) · · · E(~nk)i, of the energy flow in a
direction ~n [74–81], E(~n), motivated by the original work
in QCD [82–91] and recent revival in conformal field the-
ories (CFTs) [78–81, 92–99]. These correlators have a
number of unique and remarkable properties. Most im-
portantly for phenomenological applications, correlators
are insensitive to soft radiation without the application
of grooming. Additionally they can also be computed
on tracks [73, 100, 101], using the formalism of track
functions [102, 103], allowing for higher angular resolu-
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2. Track functions at
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•                                             → need a scale. 

• Extract it from            , with   invariant mass of all particles. 

• Consistency of factorization implies same UV poles as 
[Becher, Neubert; Becher, Bell]

2. Calculation in a nut shell
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•                                             → need a scale. 

• Extract it from            , with   invariant mass of all particles. 

• Consistency of factorization implies same UV poles as 
[Becher, Neubert; Becher, Bell] 

• Remaining       poles are infrared and cancel in 

• Only need        term and IR poles (i.e. drop second line). 

• To isolate poles in                , use sector decomposition.

2. Calculation in a nut shell
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Ji(s, x, µ)



• Kernels are 10 pages and available electronically.

2. Track function evolution at NLO
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<latexit sha1_base64="QioAbp4TU4+rodJZLOrBXyDLmyQ="></latexit>

d

d lnµ2
T (x, µ) = as

h
K(0)

1!1 ⌦ T (x, µ) +K(0)
1!2 ⌦ TT (x, µ)

i

+ a2s

h
K(1)

1!1 ⌦ T (x, µ) +K(1)
1!2 ⌦ TT (x, µ) +K(1)

1!3 ⌦ TTT (x, µ)
i

[Chen, Jaarsma, Li, Moult, WW, Zhu]



• Evolution is milder than for fragmentation functions or PDFs. 

• NLO evolution is a small correction, especially for quarks. 

• Evolution code is available (based on moments, Fourier or 
Legendre wavelets).

2. Results for track function evolution

17
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[Chen, Jaarsma, Li, Moult, WW, Zhu]



3. Phenomenology with track functions



3. Track thrust
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Good agreement, but… 

• Not easy calculation + effect 
of tracks accidentally small. 

• Differences in peak from 
nonperturbative effects.

DELPHI:

Pythia:

Using track functions:
<latexit sha1_base64="EfhYTmMVrgx1YLJiondEwBVZ6zs=">AAACKXicbVC7TsMwFHXKq5RXgJHFUCExVUklHmMrFsYi9YHURJXjOK1Vx7Fsp6KKOvMxiBW+gw1Y+QL+ALfNQFuuZOno3HvPPT6BYFRpx/m0CmvrG5tbxe3Szu7e/oF9eNRWSSoxaeGEJfIhQIowyklLU83Ig5AExQEjnWB4O+13RkQqmvCmHgvix6jPaUQx0obq2aceTygPCdewKREeKuh5pTpjUCCpKWZE9eyyU3FmBVeBm4MyyKvRs3+8MMFpbDQxQ0p1XUdoP8v1JiUvVUSYU6hPugZyFBPlZ7OvTOC5YUIYJdI842nG/t3IUKzUOA7MZIz0QC33puR/vW6qoxs/o1ykmnA8PxSlDOoETnOBIZUEazY2AGFJjVeIB8hEok16C0rhiAqVu36c2zYZucuJrIJ2teJeVS7vq+VaPU+rCE7AGbgALrgGNXAHGqAFMHgCL+AVvFnP1rv1YX3NRwtWvnMMFsr6/gVcTafR</latexit>

Tracks
All particles

<latexit sha1_base64="EfhYTmMVrgx1YLJiondEwBVZ6zs=">AAACKXicbVC7TsMwFHXKq5RXgJHFUCExVUklHmMrFsYi9YHURJXjOK1Vx7Fsp6KKOvMxiBW+gw1Y+QL+ALfNQFuuZOno3HvPPT6BYFRpx/m0CmvrG5tbxe3Szu7e/oF9eNRWSSoxaeGEJfIhQIowyklLU83Ig5AExQEjnWB4O+13RkQqmvCmHgvix6jPaUQx0obq2aceTygPCdewKREeKuh5pTpjUCCpKWZE9eyyU3FmBVeBm4MyyKvRs3+8MMFpbDQxQ0p1XUdoP8v1JiUvVUSYU6hPugZyFBPlZ7OvTOC5YUIYJdI842nG/t3IUKzUOA7MZIz0QC33puR/vW6qoxs/o1ykmnA8PxSlDOoETnOBIZUEazY2AGFJjVeIB8hEok16C0rhiAqVu36c2zYZucuJrIJ2teJeVS7vq+VaPU+rCE7AGbgALrgGNXAHGqAFMHgCL+AVvFnP1rv1YX3NRwtWvnMMFsr6/gVcTafR</latexit>

Tracks
All particles

<latexit sha1_base64="EfhYTmMVrgx1YLJiondEwBVZ6zs=">AAACKXicbVC7TsMwFHXKq5RXgJHFUCExVUklHmMrFsYi9YHURJXjOK1Vx7Fsp6KKOvMxiBW+gw1Y+QL+ALfNQFuuZOno3HvPPT6BYFRpx/m0CmvrG5tbxe3Szu7e/oF9eNRWSSoxaeGEJfIhQIowyklLU83Ig5AExQEjnWB4O+13RkQqmvCmHgvix6jPaUQx0obq2aceTygPCdewKREeKuh5pTpjUCCpKWZE9eyyU3FmBVeBm4MyyKvRs3+8MMFpbDQxQ0p1XUdoP8v1JiUvVUSYU6hPugZyFBPlZ7OvTOC5YUIYJdI842nG/t3IUKzUOA7MZIz0QC33puR/vW6qoxs/o1ykmnA8PxSlDOoETnOBIZUEazY2AGFJjVeIB8hEok16C0rhiAqVu36c2zYZucuJrIJ2teJeVS7vq+VaPU+rCE7AGbgALrgGNXAHGqAFMHgCL+AVvFnP1rv1YX3NRwtWvnMMFsr6/gVcTafR</latexit>

Tracks
All particles

[Chang, Procura, Thaler, WW]



• Azimuthal angle        between vector boson and jet requires 
resummation in back-to-back limit. 

• Using recoil-free recombination scheme, tracks only affect 
collinear (not soft) radiation → beyond NLL, so very small.

3. Azimuthal decorrelation in V+jet on tracks

20

�� = ⇡ � ��
<latexit sha1_base64="vb4KSJWApZdkQmXTVVLz0BnElAE="></latexit><latexit sha1_base64="vb4KSJWApZdkQmXTVVLz0BnElAE="></latexit><latexit sha1_base64="vb4KSJWApZdkQmXTVVLz0BnElAE="></latexit><latexit sha1_base64="vb4KSJWApZdkQmXTVVLz0BnElAE="></latexit>
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[Chien, Rahn, Schrijnder van Velzen, Shao, WW, Wu]



• First           result for track-based measurement: 

• Uncertainty reduced at NLO, tantalizing agreement with data.

3. Track-based EEC
<latexit sha1_base64="5QZFsUjuaQ65pVHElScplCb88SM=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqJuSVFGXFTfurGAf0MRwM520QycPZiZCCdn4K25cKOLWz3Dn3zhps9DWAxcO59zLvfd4MaNCmua3VlpaXlldK69XNja3tnf03b2OiBKOSRtHLOI9DwRhNCRtSSUjvZgTCDxGut74Ove7j4QLGoX3chITJ4BhSH2KQSrJ1Q/sAOQIA0tvs5oNLB6BKx4aJ65eNevmFMYisQpSRQVarv5lDyKcBCSUmIEQfcuMpZMClxQzklXsRJAY8BiGpK9oCAERTjp9IDOOlTIw/IirCqUxVX9PpBAIMQk81ZmfK+a9XPzP6yfSv3RSGsaJJCGeLfITZsjIyNMwBpQTLNlEEcCcqlsNPAIOWKrMKioEa/7lRdJp1K3z+undWbV5VcRRRofoCNWQhS5QE92gFmojjDL0jF7Rm/akvWjv2sestaQVM/voD7TPHzoslio=</latexit>

O(↵2
s)
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<latexit sha1_base64="A3zU/VIVcF9k+WGAPgQFZDmv8PA=">AAACT3icbVDLSgMxFM2Mr7a+qi7dBItQFy0zIiqCUBHRZQWrQqeUTJqxwcxkSO6IZegn+THiStCPcOVOTNsB+/BA4HDOzc3J8WPBNTjOu2XPzS8sLuXyheWV1bX14sbmrZaJoqxBpZDq3ieaCR6xBnAQ7D5WjIS+YHf+4/nAv3tiSnMZ3UAvZq2QPEQ84JSAkdrFSw/YM6RnFxfn/bJHpcYe7fI9fIpHxrReGdcrf0a7WHKqzhB4lrgZKaEM9Xbxy+tImoQsAiqI1k3XiaGVEgWcCtYveIlmMaGP5IE1DY1IyHQrHX64j3eN0sGBVOZEgIfq+I2UhFr3Qt9MhgS6etobiP95zQSC41bKozgBFtHRQ0EiMEg8aA93uGIURM8QQhU3WTHtEkUomI4nNnWeeKyz1M+j2KYjd7qRWXK7X3UPqwfXB6XaSdZWDm2jHVRGLjpCNXSF6qiBKHpBb+gDfVqv1rf1Y2ejtpWRLTQBO/8LqvyzFA==</latexit>

AEEC(cos�) = EEC(cos�)� EEC(� cos�)

resummation needed

[Li, Moult, Schrijnder van Velzen, WW, Zhu]



• At LO this is the track function → use this to extract it!  

• We also include effects of hard scattering (quark vs. gluon) 
and jet formation (nontrivial, see right panel).

3. Charged energy fraction in jets at LHC

22[Lee, Moult, Ringer, WW]
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<latexit sha1_base64="qiL0SbnLsc0zry2Kv81HYBRhTgA=">AAACKnicbVDLSsNAFJ3UV42vVpdugkVwVRIRdVl046JIBfvANpTJZNIOnUzCzI20hP6FW/0Cv8ZdceuHOGmzsK0HBg7n3Ms9c7yYMwW2PTMKG5tb2zvFXXNv/+DwqFQ+bqkokYQ2ScQj2fGwopwJ2gQGnHZiSXHocdr2RveZ336lUrFIPMMkpm6IB4IFjGDQ0ksP6BjSx3p92i9V7Ko9h7VOnJxUUI5Gv2yYPT8iSUgFEI6V6jp2DG6KJTDC6dTsJYrGmIzwgHY1FTikyk3nkafWuVZ8K4ikfgKsufp3I8WhUpPQ05MhhqFa9TLxX2+8OLCk+So7sqx54UpCCG7dlIk4ASrIImCQcAsiK+vN8pmkBPhEE0wk03+0yBBLTEC3a+r2nNWu1knrsupcV6+eriq1u7zHIjpFZ+gCOegG1dADaqAmIkigN/SOPoxP48uYGd+L0YKR75ygJRg/v3Ecp5Y=</latexit>

NLL

<latexit sha1_base64="WbbVXnJkJpGhN4U7uP0uPrJ3pDY="></latexit>p
s = 13 TeV, 550 > pT > 500 GeV, R = 0.6, |⌘| < 2.1
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<latexit sha1_base64="bSWwRKbAsJ5U+F5OAdNa8SEGq/E="></latexit>p
s = 140GeV, 25 > Q > 15GeV, R = 0.8, 0.8 > z > 0.3, 0.7 > y > 0.2

<latexit sha1_base64="JLPgmDEFGLhgrfT6Esv3rEiYdcg=">AAACK3icbVDLSsNAFJ3UV42vVpdugkVwVRIRdVkVocsq9gFtKJPJpB06yYSZG2kJ/Qy3+gV+jSvFrf/hpM3Cth4YOJxzL/fM8WLOFNj2p1FYW9/Y3Cpumzu7e/sHpfJhS4lEEtokggvZ8bCinEW0CQw47cSS4tDjtO2N7jK//UylYiJ6gklM3RAPIhYwgkFL3R7QMaT1+8ebab9Usav2DNYqcXJSQTka/bJh9nxBkpBGQDhWquvYMbgplsAIp1OzlygaYzLCA9rVNMIhVW46yzy1TrXiW4GQ+kVgzdS/GykOlZqEnp4MMQzVspeJ/3rj+YEFzVfZkUXNC5cSQnDtpiyKE6ARmQcMEm6BsLLiLJ9JSoBPNMFEMv1HiwyxxAR0vaZuz1nuapW0zqvOZfXi4aJSu817LKJjdILOkIOuUA3VUQM1EUECvaBX9Ga8Gx/Gl/E9Hy0Y+c4RWoDx8wv+v6fa</latexit>

HERA

<latexit sha1_base64="GNg1wZ516bMS91H1QB8MH6c/tAw=">AAACKnicbVDLSsNAFJ3UV42vVpdugkVwVRIRdVksgu4q2Ae2oUwmk3boZBJmbqQl9C/c6hf4Ne6KWz/ESZuFbT0wcDjnXu6Z48WcKbDtmVHY2Nza3inumnv7B4dHpfJxS0WJJLRJIh7JjocV5UzQJjDgtBNLikOP07Y3qmd++5VKxSLxDJOYuiEeCBYwgkFLLz2gY0jvH+vTfqliV+05rHXi5KSCcjT6ZcPs+RFJQiqAcKxU17FjcFMsgRFOp2YvUTTGZIQHtKupwCFVbjqPPLXOteJbQST1E2DN1b8bKQ6VmoSengwxDNWql4n/euPFgSXNV9mRZc0LVxJCcOumTMQJUEEWAYOEWxBZWW+WzyQlwCeaYCKZ/qNFhlhiArpdU7fnrHa1TlqXVee6evV0Vand5T0W0Sk6QxfIQTeohh5QAzURQQK9oXf0YXwaX8bM+F6MFox85wQtwfj5BUxxp4E=</latexit>

EIC

<latexit sha1_base64="3tnGAY9IcZte7ilw6m6yTRSVacs=">AAACLnicbVDLSgMxFM3UV62vVpdugkVwVWakqMtiERSKVLAPaGvJZDJtaOZBckdahv6HW/0Cv0ZwIW79DDPtLGzrgcDhnHu5J8cOBVdgmp9GZm19Y3Mru53b2d3bP8gXDpsqiCRlDRqIQLZtopjgPmsAB8HaoWTEswVr2aNq4reemVQ88B9hErKeRwY+dzkloKWnLrAxxDd3VXxfq037+aJZMmfAq8RKSRGlqPcLRq7rBDTymA9UEKU6lhlCLyYSOBVsmutGioWEjsiAdTT1icdUL57FnuJTrTjYDaR+PuCZ+ncjJp5SE8/Wkx6BoVr2EvFfbzw/sKA5KjmyqNneUkJwr3ox98MImE/nAd1IYAhw0h12uGQUxEQTQiXXf8R0SCShoBvO6fas5a5WSfO8ZF2Uyg/lYuU67TGLjtEJOkMWukQVdIvqqIEokugFvaI34934ML6M7/loxkh3jtACjJ9fuMeorw==</latexit>

EIC NLL

<latexit sha1_base64="2qSko/vmKKD7gq+ixGEaaB6bsss=">AAACMXicbVDLTgIxFO3gC8cHoEs3jcTEFZkxRl2ixoQFMWjkkcCEdEqBhs4j7R0DmfAlbvUL/Bp2xq0/YQdmIeBJmpycc2/u6XFDwRVY1szIbGxube9kd829/YPDXL5w1FBBJCmr00AEsuUSxQT3WR04CNYKJSOeK1jTHd0nfvOVScUD/wUmIXM8MvB5n1MCWurmcx1gY4grD8+3+LFanXbzRatkzYHXiZ2SIkpR6xYMs9MLaOQxH6ggSrVtKwQnJhI4FWxqdiLFQkJHZMDamvrEY8qJ58mn+EwrPdwPpH4+4Ln6dyMmnlITz9WTHoGhWvUS8V9vvDiwpPVUcmRZc72VhNC/cWLuhxEwny4C9iOBIcBJfbjHJaMgJpoQKrn+I6ZDIgkFXbKp27NXu1onjYuSfVW6fLoslu/SHrPoBJ2ic2Sja1RGFVRDdURRhN7QO/owPo2Z8WV8L0YzRrpzjJZg/PwC6wSpOQ==</latexit>

HERA NLL
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<latexit sha1_base64="kjxgs53srJK4fN3eVOiWArR190Y="></latexit>

Track Energy Fraction Inside Jets in DIS<latexit sha1_base64="NVuib/u/gZjgXjRsR5NvOHkjt/w="></latexit>

Track Energy Fraction Inside Jets at the LHC

<latexit sha1_base64="fHVb4fVH05lv4Yj+5HtzSUSzYy0="></latexit>p
s = 320GeV, 60 > Q > 40GeV, R = 0.8, 0.8 > z > 0.3, 0.7 > y > 0.2
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<latexit sha1_base64="iifLLVpDD61PIiPGMz2hxGWRct4=">AAACUHicbZHNSgMxEMdn6/f6VfXoJVgET8uuiHoUBRFPClYFW0o2nWowm12SWbEsfQufxqs+gTffxJtm2yq2OhDy5zcTZuafOFPSUhi+e5WJyanpmdk5f35hcWm5urJ6adPcCKyLVKXmOuYWldRYJ0kKrzODPIkVXsX3R2X+6gGNlam+oG6GzYTfatmRgpNDrWrQIHyk4sJwcc9OkdhxrkWZsuzBBmzAf1ivVa2FQdgP9ldEQ1GDYZy1Vjy/0U5FnqAmobi1N1GYUbPghqRQ2PMbucXMNeG3eOOk5gnaZtFfrMc2HWmzTmrc0cT69PeLgifWdpPYVSac7ux4roT/5h4HDUZY25ZNRlmcjE1Inf1mIXWWE2oxGLCTK0YpK91lbWlQkOo6wYWRbkcm7rgzkdwf+M69aNyrv+JyO4h2g53zndrB4dDHWViHDdiCCPbgAE7gDOog4Ame4QVevTfvw/useIPS7xvWYCQq/heo8bSB</latexit>

Track Jet Functions vs. Track Functions <latexit sha1_base64="LT2hqRt0pcBQbaqWErUADsYf8as="></latexit>

Quark and Gluon Track Jet Functions

<latexit sha1_base64="VFmXInPwZAYzkifOUOqMCdMViBY=">AAACN3icbVBLS0JBGJ1rL7OXFq3aDEnQIuTekGoptYmIUsgHqMjc8VMH5z6Y+W4oF39M2/oF/ZRW7aJt/6DxsUjtwMDhnO/jO3PcUAqNtv1hJVZW19Y3kpupre2d3b10Zr+ig0hxKPNABqrmMg1S+FBGgRJqoQLmuRKqbv9m7FefQWkR+E84DKHpsa4vOoIzNFIrfdhAGGBcipjq0zvAM/pw/zhqpbN2zp6ALhNnRrJkhmIrY6Ua7YBHHvjIJdO67tghNmOmUHAJo1Qj0hAy3mddqBvqMw90M57kH9ETo7RpJ1Dm+Ugn6t+NmHlaDz3XTHoMe3rRG4v/eoPpgTmtrcdH5jXXW0iInatmLPwwQvD5NGAnkhQDOi6RtoUCjnJoCONKmD9S3mOKcTRVp0x7zmJXy6RynnMucvlSPlu4nvWYJEfkmJwSh1ySArklRVImnMTkhbySN+vd+rS+rO/paMKa7RyQOVg/vwUnq8s=</latexit>

Quark Jet, NLO
<latexit sha1_base64="gGJFcoKpPbKtjLwGlayO0HxaxqE=">AAACN3icbVDLSgMxFM3Ud321iis3wSK4kDIjoi6LLhQRH2BbwQ4lk962wUxmSO6IZejHuNUv8FNcuRO3/oFpOwtbPRA4nHMv9+QEsRQGXffdyU1Nz8zOzS/kF5eWV1YLxbWaiRLNocojGem7gBmQQkEVBUq4izWwMJBQDx5OBn79EbQRkbrFXgx+yDpKtAVnaKVmYaOB8ITpqUwiRc8Bd+nlxVW/WSi5ZXcI+pd4GSmRDNfNopNvtCKehKCQS2bMvefG6KdMo+AS+vlGYiBm/IF14N5SxUIwfjrM36fbVmnRdqTtU0iH6u+NlIXG9MLAToYMu2bSG4j/ek+jA2NaywyOjGtBOJEQ20d+KlScICg+CthOJMWIDkqkLaGBo+xZwrgW9o+Ud5lmHG3VedueN9nVX1LbK3sH5f2b/VLlOOtxnmySLbJDPHJIKuSMXJMq4SQlz+SFvDpvzofz6XyNRnNOtrNOxuB8/wAG0KvM</latexit>

Gluon Jet, NLO

<latexit sha1_base64="PQPNm4vWthLANnBgkYpkiEoBDak=">AAACNnicbVDLSgMxFM3Ud3216s5NsAgupMyIqEvRhSKCClYL7VAy6a0NzWSG5I60Dv0Xt/oF/oobd+LWTzBtZ2GrBwKHc+7lnpwglsKg6747uanpmdm5+YX84tLyymqhuHZnokRzqPBIRroaMANSKKigQAnVWAMLAwn3Qed04N8/gjYiUrfYi8EP2YMSLcEZWqlR2KgjdDE9k0mk6AXgLr286jcKJbfsDkH/Ei8jJZLhulF08vVmxJMQFHLJjKl5box+yjQKLqGfrycGYsY77AFqlioWgvHTYfw+3bZKk7YibZ9COlR/b6QsNKYXBnYyZNg2k95A/Nfrjg6MaU0zODKuBeFEQmwd+alQcYKg+ChgK5EUIzrokDaFBo6yZwnjWtg/Ut5mmnG0Tedte95kV3/J3V7ZOyjv3+yXjk+yHufJJtkiO8Qjh+SYnJNrUiGcPJFn8kJenTfnw/l0vkajOSfbWSdjcL5/AFKvq3Q=</latexit>

Gluon Jet, LO

<latexit sha1_base64="o686lyUT2skYkdMEykuNHn1NMl0=">AAACNnicbVBLS0JBGJ1rL7OXVrs2QxK0CLk3pFpKbSKCFPIBKjJ3/NTBuQ9mvhvaxf/Stn5Bf6VNu2jbT2h8LFI7MHA45/v4zhw3lEKjbX9YiZXVtfWN5GZqa3tndy+d2a/oIFIcyjyQgaq5TIMUPpRRoIRaqIB5roSq278Z+9UnUFoE/iMOQ2h6rOuLjuAMjdRKHzYQBhiXIqb69A7wjN4/jFrprJ2zJ6DLxJmRLJmh2MpYqUY74JEHPnLJtK47dojNmCkUXMIo1Yg0hIz3WRfqhvrMA92MJ/FH9MQobdoJlHk+0on6dyNmntZDzzWTHsOeXvTG4r/eYHpgTmvr8ZF5zfUWEmLnqhkLP4wQfD4N2IkkxYCOO6RtoYCjHBrCuBLmj5T3mGIcTdMp056z2NUyqZznnItcvpTPFq5nPSbJETkmp8Qhl6RAbkmRlAknz+SFvJI36936tL6s7+lowprtHJA5WD+/UQercw==</latexit>

Quark Jet, LO

<latexit sha1_base64="iTctbwYXMq+HFzyd7pLc6wdhARE=">AAACOXicbVDLTgIxFO3gC/EFunDhppGYuDBkxhB1SXTjwigkvBIgpFMKNHQ6k/aOgUz4Grf6BX6JS3fGrT9gB2Yh4EmanJxzb++9xw0E12DbH1ZqbX1jcyu9ndnZ3ds/yOYO69oPFWU16gtfNV2imeCS1YCDYM1AMeK5gjXc0V3sN56Z0tyXVZgErOORgeR9TgkYqZs9bgMbQ1QJiRrhqiJ0dIEfH56m3WzeLtgz4FXiJCSPEpS7OSvT7vk09JgEKojWLccOoBMRBZwKNs20Q80C8z8ZsJahknhMd6LZBVN8ZpQe7vvKPAl4pv7tiIin9cRzTaVHYKiXvVj81xvPByxoPR0PWdRcb2lD6N90Ii6DEJik8wX7ocDg4zhG3OOKURATQwhV3NyI6ZCY/MCEnTHpOctZrZL6ZcG5KhQrxXzpNskxjU7QKTpHDrpGJXSPyqiGKJqiF/SK3qx369P6sr7npSkr6TlCC7B+fgHOSKyx</latexit>

Quark Track, NLO
<latexit sha1_base64="IvrCx8DoWWwnwvP62MF+dkn3ZKk=">AAACOXicbVDLTgIxFO3gC/EFunDhppGYuDBkxhB1SXShC6OY8EqAkE4p0NDpTNo7BjLha9zqF/glLt0Zt/6AHZiFgCdpcnLOvb33HjcQXINtf1ipldW19Y30ZmZre2d3L5vbr2k/VJRVqS981XCJZoJLVgUOgjUCxYjnClZ3hzexX39mSnNfVmAcsLZH+pL3OCVgpE72sAVsBNGtCH2JK4rQ4Rl+uH+cdLJ5u2BPgZeJk5A8SlDu5KxMq+vT0GMSqCBaNx07gHZEFHAq2CTTCjULzP+kz5qGSuIx3Y6mF0zwiVG6uOcr8yTgqfq3IyKe1mPPNZUegYFe9GLxX280GzCndXU8ZF5zvYUNoXfVjrgMQmCSzhbshQKDj+MYcZcrRkGMDSFUcXMjpgNi8gMTdsak5yxmtUxq5wXnolB8KuZL10mOaXSEjtEpctAlKqE7VEZVRNEEvaBX9Ga9W5/Wl/U9K01ZSc8BmoP18wvP86yy</latexit>

Gluon Track, NLO

<latexit sha1_base64="VFmXInPwZAYzkifOUOqMCdMViBY=">AAACN3icbVBLS0JBGJ1rL7OXFq3aDEnQIuTekGoptYmIUsgHqMjc8VMH5z6Y+W4oF39M2/oF/ZRW7aJt/6DxsUjtwMDhnO/jO3PcUAqNtv1hJVZW19Y3kpupre2d3b10Zr+ig0hxKPNABqrmMg1S+FBGgRJqoQLmuRKqbv9m7FefQWkR+E84DKHpsa4vOoIzNFIrfdhAGGBcipjq0zvAM/pw/zhqpbN2zp6ALhNnRrJkhmIrY6Ua7YBHHvjIJdO67tghNmOmUHAJo1Qj0hAy3mddqBvqMw90M57kH9ETo7RpJ1Dm+Ugn6t+NmHlaDz3XTHoMe3rRG4v/eoPpgTmtrcdH5jXXW0iInatmLPwwQvD5NGAnkhQDOi6RtoUCjnJoCONKmD9S3mOKcTRVp0x7zmJXy6RynnMucvlSPlu4nvWYJEfkmJwSh1ySArklRVImnMTkhbySN+vd+rS+rO/paMKa7RyQOVg/vwUnq8s=</latexit>

Quark Jet, NLO
<latexit sha1_base64="gGJFcoKpPbKtjLwGlayO0HxaxqE=">AAACN3icbVDLSgMxFM3Ud321iis3wSK4kDIjoi6LLhQRH2BbwQ4lk962wUxmSO6IZejHuNUv8FNcuRO3/oFpOwtbPRA4nHMv9+QEsRQGXffdyU1Nz8zOzS/kF5eWV1YLxbWaiRLNocojGem7gBmQQkEVBUq4izWwMJBQDx5OBn79EbQRkbrFXgx+yDpKtAVnaKVmYaOB8ITpqUwiRc8Bd+nlxVW/WSi5ZXcI+pd4GSmRDNfNopNvtCKehKCQS2bMvefG6KdMo+AS+vlGYiBm/IF14N5SxUIwfjrM36fbVmnRdqTtU0iH6u+NlIXG9MLAToYMu2bSG4j/ek+jA2NaywyOjGtBOJEQ20d+KlScICg+CthOJMWIDkqkLaGBo+xZwrgW9o+Ud5lmHG3VedueN9nVX1LbK3sH5f2b/VLlOOtxnmySLbJDPHJIKuSMXJMq4SQlz+SFvDpvzofz6XyNRnNOtrNOxuB8/wAG0KvM</latexit>

Gluon Jet, NLO

<latexit sha1_base64="JTkwqwviCYCHdXIrGtgKeIvCs1U="></latexit>
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<latexit sha1_base64="JTkwqwviCYCHdXIrGtgKeIvCs1U="></latexit>
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<latexit sha1_base64="qiL0SbnLsc0zry2Kv81HYBRhTgA=">AAACKnicbVDLSsNAFJ3UV42vVpdugkVwVRIRdVl046JIBfvANpTJZNIOnUzCzI20hP6FW/0Cv8ZdceuHOGmzsK0HBg7n3Ms9c7yYMwW2PTMKG5tb2zvFXXNv/+DwqFQ+bqkokYQ2ScQj2fGwopwJ2gQGnHZiSXHocdr2RveZ336lUrFIPMMkpm6IB4IFjGDQ0ksP6BjSx3p92i9V7Ko9h7VOnJxUUI5Gv2yYPT8iSUgFEI6V6jp2DG6KJTDC6dTsJYrGmIzwgHY1FTikyk3nkafWuVZ8K4ikfgKsufp3I8WhUpPQ05MhhqFa9TLxX2+8OLCk+So7sqx54UpCCG7dlIk4ASrIImCQcAsiK+vN8pmkBPhEE0wk03+0yBBLTEC3a+r2nNWu1knrsupcV6+eriq1u7zHIjpFZ+gCOegG1dADaqAmIkigN/SOPoxP48uYGd+L0YKR75ygJRg/v3Ecp5Y=</latexit>

NLL

<latexit sha1_base64="WbbVXnJkJpGhN4U7uP0uPrJ3pDY="></latexit>p
s = 13 TeV, 550 > pT > 500 GeV, R = 0.6, |⌘| < 2.1
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<latexit sha1_base64="bSWwRKbAsJ5U+F5OAdNa8SEGq/E="></latexit>p
s = 140GeV, 25 > Q > 15GeV, R = 0.8, 0.8 > z > 0.3, 0.7 > y > 0.2

<latexit sha1_base64="JLPgmDEFGLhgrfT6Esv3rEiYdcg=">AAACK3icbVDLSsNAFJ3UV42vVpdugkVwVRIRdVkVocsq9gFtKJPJpB06yYSZG2kJ/Qy3+gV+jSvFrf/hpM3Cth4YOJxzL/fM8WLOFNj2p1FYW9/Y3Cpumzu7e/sHpfJhS4lEEtokggvZ8bCinEW0CQw47cSS4tDjtO2N7jK//UylYiJ6gklM3RAPIhYwgkFL3R7QMaT1+8ebab9Usav2DNYqcXJSQTka/bJh9nxBkpBGQDhWquvYMbgplsAIp1OzlygaYzLCA9rVNMIhVW46yzy1TrXiW4GQ+kVgzdS/GykOlZqEnp4MMQzVspeJ/3rj+YEFzVfZkUXNC5cSQnDtpiyKE6ARmQcMEm6BsLLiLJ9JSoBPNMFEMv1HiwyxxAR0vaZuz1nuapW0zqvOZfXi4aJSu817LKJjdILOkIOuUA3VUQM1EUECvaBX9Ga8Gx/Gl/E9Hy0Y+c4RWoDx8wv+v6fa</latexit>

HERA

<latexit sha1_base64="GNg1wZ516bMS91H1QB8MH6c/tAw=">AAACKnicbVDLSsNAFJ3UV42vVpdugkVwVRIRdVksgu4q2Ae2oUwmk3boZBJmbqQl9C/c6hf4Ne6KWz/ESZuFbT0wcDjnXu6Z48WcKbDtmVHY2Nza3inumnv7B4dHpfJxS0WJJLRJIh7JjocV5UzQJjDgtBNLikOP07Y3qmd++5VKxSLxDJOYuiEeCBYwgkFLLz2gY0jvH+vTfqliV+05rHXi5KSCcjT6ZcPs+RFJQiqAcKxU17FjcFMsgRFOp2YvUTTGZIQHtKupwCFVbjqPPLXOteJbQST1E2DN1b8bKQ6VmoSengwxDNWql4n/euPFgSXNV9mRZc0LVxJCcOumTMQJUEEWAYOEWxBZWW+WzyQlwCeaYCKZ/qNFhlhiArpdU7fnrHa1TlqXVee6evV0Vand5T0W0Sk6QxfIQTeohh5QAzURQQK9oXf0YXwaX8bM+F6MFox85wQtwfj5BUxxp4E=</latexit>

EIC

<latexit sha1_base64="3tnGAY9IcZte7ilw6m6yTRSVacs=">AAACLnicbVDLSgMxFM3UV62vVpdugkVwVWakqMtiERSKVLAPaGvJZDJtaOZBckdahv6HW/0Cv0ZwIW79DDPtLGzrgcDhnHu5J8cOBVdgmp9GZm19Y3Mru53b2d3bP8gXDpsqiCRlDRqIQLZtopjgPmsAB8HaoWTEswVr2aNq4reemVQ88B9hErKeRwY+dzkloKWnLrAxxDd3VXxfq037+aJZMmfAq8RKSRGlqPcLRq7rBDTymA9UEKU6lhlCLyYSOBVsmutGioWEjsiAdTT1icdUL57FnuJTrTjYDaR+PuCZ+ncjJp5SE8/Wkx6BoVr2EvFfbzw/sKA5KjmyqNneUkJwr3ox98MImE/nAd1IYAhw0h12uGQUxEQTQiXXf8R0SCShoBvO6fas5a5WSfO8ZF2Uyg/lYuU67TGLjtEJOkMWukQVdIvqqIEokugFvaI34934ML6M7/loxkh3jtACjJ9fuMeorw==</latexit>

EIC NLL

<latexit sha1_base64="2qSko/vmKKD7gq+ixGEaaB6bsss=">AAACMXicbVDLTgIxFO3gC8cHoEs3jcTEFZkxRl2ixoQFMWjkkcCEdEqBhs4j7R0DmfAlbvUL/Bp2xq0/YQdmIeBJmpycc2/u6XFDwRVY1szIbGxube9kd829/YPDXL5w1FBBJCmr00AEsuUSxQT3WR04CNYKJSOeK1jTHd0nfvOVScUD/wUmIXM8MvB5n1MCWurmcx1gY4grD8+3+LFanXbzRatkzYHXiZ2SIkpR6xYMs9MLaOQxH6ggSrVtKwQnJhI4FWxqdiLFQkJHZMDamvrEY8qJ58mn+EwrPdwPpH4+4Ln6dyMmnlITz9WTHoGhWvUS8V9vvDiwpPVUcmRZc72VhNC/cWLuhxEwny4C9iOBIcBJfbjHJaMgJpoQKrn+I6ZDIgkFXbKp27NXu1onjYuSfVW6fLoslu/SHrPoBJ2ic2Sja1RGFVRDdURRhN7QO/owPo2Z8WV8L0YzRrpzjJZg/PwC6wSpOQ==</latexit>

HERA NLL
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<latexit sha1_base64="kjxgs53srJK4fN3eVOiWArR190Y="></latexit>

Track Energy Fraction Inside Jets in DIS<latexit sha1_base64="NVuib/u/gZjgXjRsR5NvOHkjt/w="></latexit>

Track Energy Fraction Inside Jets at the LHC

<latexit sha1_base64="fHVb4fVH05lv4Yj+5HtzSUSzYy0="></latexit>p
s = 320GeV, 60 > Q > 40GeV, R = 0.8, 0.8 > z > 0.3, 0.7 > y > 0.2
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<latexit sha1_base64="iifLLVpDD61PIiPGMz2hxGWRct4=">AAACUHicbZHNSgMxEMdn6/f6VfXoJVgET8uuiHoUBRFPClYFW0o2nWowm12SWbEsfQufxqs+gTffxJtm2yq2OhDy5zcTZuafOFPSUhi+e5WJyanpmdk5f35hcWm5urJ6adPcCKyLVKXmOuYWldRYJ0kKrzODPIkVXsX3R2X+6gGNlam+oG6GzYTfatmRgpNDrWrQIHyk4sJwcc9OkdhxrkWZsuzBBmzAf1ivVa2FQdgP9ldEQ1GDYZy1Vjy/0U5FnqAmobi1N1GYUbPghqRQ2PMbucXMNeG3eOOk5gnaZtFfrMc2HWmzTmrc0cT69PeLgifWdpPYVSac7ux4roT/5h4HDUZY25ZNRlmcjE1Inf1mIXWWE2oxGLCTK0YpK91lbWlQkOo6wYWRbkcm7rgzkdwf+M69aNyrv+JyO4h2g53zndrB4dDHWViHDdiCCPbgAE7gDOog4Ame4QVevTfvw/useIPS7xvWYCQq/heo8bSB</latexit>

Track Jet Functions vs. Track Functions <latexit sha1_base64="LT2hqRt0pcBQbaqWErUADsYf8as="></latexit>

Quark and Gluon Track Jet Functions

<latexit sha1_base64="X1vNYrt7HZxDe7aA3LGI6LDCpRw="></latexit>
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<latexit sha1_base64="VFmXInPwZAYzkifOUOqMCdMViBY=">AAACN3icbVBLS0JBGJ1rL7OXFq3aDEnQIuTekGoptYmIUsgHqMjc8VMH5z6Y+W4oF39M2/oF/ZRW7aJt/6DxsUjtwMDhnO/jO3PcUAqNtv1hJVZW19Y3kpupre2d3b10Zr+ig0hxKPNABqrmMg1S+FBGgRJqoQLmuRKqbv9m7FefQWkR+E84DKHpsa4vOoIzNFIrfdhAGGBcipjq0zvAM/pw/zhqpbN2zp6ALhNnRrJkhmIrY6Ua7YBHHvjIJdO67tghNmOmUHAJo1Qj0hAy3mddqBvqMw90M57kH9ETo7RpJ1Dm+Ugn6t+NmHlaDz3XTHoMe3rRG4v/eoPpgTmtrcdH5jXXW0iInatmLPwwQvD5NGAnkhQDOi6RtoUCjnJoCONKmD9S3mOKcTRVp0x7zmJXy6RynnMucvlSPlu4nvWYJEfkmJwSh1ySArklRVImnMTkhbySN+vd+rS+rO/paMKa7RyQOVg/vwUnq8s=</latexit>

Quark Jet, NLO
<latexit sha1_base64="gGJFcoKpPbKtjLwGlayO0HxaxqE=">AAACN3icbVDLSgMxFM3Ud321iis3wSK4kDIjoi6LLhQRH2BbwQ4lk962wUxmSO6IZejHuNUv8FNcuRO3/oFpOwtbPRA4nHMv9+QEsRQGXffdyU1Nz8zOzS/kF5eWV1YLxbWaiRLNocojGem7gBmQQkEVBUq4izWwMJBQDx5OBn79EbQRkbrFXgx+yDpKtAVnaKVmYaOB8ITpqUwiRc8Bd+nlxVW/WSi5ZXcI+pd4GSmRDNfNopNvtCKehKCQS2bMvefG6KdMo+AS+vlGYiBm/IF14N5SxUIwfjrM36fbVmnRdqTtU0iH6u+NlIXG9MLAToYMu2bSG4j/ek+jA2NaywyOjGtBOJEQ20d+KlScICg+CthOJMWIDkqkLaGBo+xZwrgW9o+Ud5lmHG3VedueN9nVX1LbK3sH5f2b/VLlOOtxnmySLbJDPHJIKuSMXJMq4SQlz+SFvDpvzofz6XyNRnNOtrNOxuB8/wAG0KvM</latexit>

Gluon Jet, NLO

<latexit sha1_base64="PQPNm4vWthLANnBgkYpkiEoBDak=">AAACNnicbVDLSgMxFM3Ud3216s5NsAgupMyIqEvRhSKCClYL7VAy6a0NzWSG5I60Dv0Xt/oF/oobd+LWTzBtZ2GrBwKHc+7lnpwglsKg6747uanpmdm5+YX84tLyymqhuHZnokRzqPBIRroaMANSKKigQAnVWAMLAwn3Qed04N8/gjYiUrfYi8EP2YMSLcEZWqlR2KgjdDE9k0mk6AXgLr286jcKJbfsDkH/Ei8jJZLhulF08vVmxJMQFHLJjKl5box+yjQKLqGfrycGYsY77AFqlioWgvHTYfw+3bZKk7YibZ9COlR/b6QsNKYXBnYyZNg2k95A/Nfrjg6MaU0zODKuBeFEQmwd+alQcYKg+ChgK5EUIzrokDaFBo6yZwnjWtg/Ut5mmnG0Tedte95kV3/J3V7ZOyjv3+yXjk+yHufJJtkiO8Qjh+SYnJNrUiGcPJFn8kJenTfnw/l0vkajOSfbWSdjcL5/AFKvq3Q=</latexit>

Gluon Jet, LO

<latexit sha1_base64="o686lyUT2skYkdMEykuNHn1NMl0=">AAACNnicbVBLS0JBGJ1rL7OXVrs2QxK0CLk3pFpKbSKCFPIBKjJ3/NTBuQ9mvhvaxf/Stn5Bf6VNu2jbT2h8LFI7MHA45/v4zhw3lEKjbX9YiZXVtfWN5GZqa3tndy+d2a/oIFIcyjyQgaq5TIMUPpRRoIRaqIB5roSq278Z+9UnUFoE/iMOQ2h6rOuLjuAMjdRKHzYQBhiXIqb69A7wjN4/jFrprJ2zJ6DLxJmRLJmh2MpYqUY74JEHPnLJtK47dojNmCkUXMIo1Yg0hIz3WRfqhvrMA92MJ/FH9MQobdoJlHk+0on6dyNmntZDzzWTHsOeXvTG4r/eYHpgTmvr8ZF5zfUWEmLnqhkLP4wQfD4N2IkkxYCOO6RtoYCjHBrCuBLmj5T3mGIcTdMp056z2NUyqZznnItcvpTPFq5nPSbJETkmp8Qhl6RAbkmRlAknz+SFvJI36936tL6s7+lowprtHJA5WD+/UQercw==</latexit>

Quark Jet, LO

<latexit sha1_base64="iTctbwYXMq+HFzyd7pLc6wdhARE=">AAACOXicbVDLTgIxFO3gC/EFunDhppGYuDBkxhB1SXTjwigkvBIgpFMKNHQ6k/aOgUz4Grf6BX6JS3fGrT9gB2Yh4EmanJxzb++9xw0E12DbH1ZqbX1jcyu9ndnZ3ds/yOYO69oPFWU16gtfNV2imeCS1YCDYM1AMeK5gjXc0V3sN56Z0tyXVZgErOORgeR9TgkYqZs9bgMbQ1QJiRrhqiJ0dIEfH56m3WzeLtgz4FXiJCSPEpS7OSvT7vk09JgEKojWLccOoBMRBZwKNs20Q80C8z8ZsJahknhMd6LZBVN8ZpQe7vvKPAl4pv7tiIin9cRzTaVHYKiXvVj81xvPByxoPR0PWdRcb2lD6N90Ii6DEJik8wX7ocDg4zhG3OOKURATQwhV3NyI6ZCY/MCEnTHpOctZrZL6ZcG5KhQrxXzpNskxjU7QKTpHDrpGJXSPyqiGKJqiF/SK3qx369P6sr7npSkr6TlCC7B+fgHOSKyx</latexit>

Quark Track, NLO
<latexit sha1_base64="IvrCx8DoWWwnwvP62MF+dkn3ZKk=">AAACOXicbVDLTgIxFO3gC/EFunDhppGYuDBkxhB1SXShC6OY8EqAkE4p0NDpTNo7BjLha9zqF/glLt0Zt/6AHZiFgCdpcnLOvb33HjcQXINtf1ipldW19Y30ZmZre2d3L5vbr2k/VJRVqS981XCJZoJLVgUOgjUCxYjnClZ3hzexX39mSnNfVmAcsLZH+pL3OCVgpE72sAVsBNGtCH2JK4rQ4Rl+uH+cdLJ5u2BPgZeJk5A8SlDu5KxMq+vT0GMSqCBaNx07gHZEFHAq2CTTCjULzP+kz5qGSuIx3Y6mF0zwiVG6uOcr8yTgqfq3IyKe1mPPNZUegYFe9GLxX280GzCndXU8ZF5zvYUNoXfVjrgMQmCSzhbshQKDj+MYcZcrRkGMDSFUcXMjpgNi8gMTdsak5yxmtUxq5wXnolB8KuZL10mOaXSEjtEpctAlKqE7VEZVRNEEvaBX9Ga9W5/Wl/U9K01ZSc8BmoP18wvP86yy</latexit>

Gluon Track, NLO

<latexit sha1_base64="VFmXInPwZAYzkifOUOqMCdMViBY=">AAACN3icbVBLS0JBGJ1rL7OXFq3aDEnQIuTekGoptYmIUsgHqMjc8VMH5z6Y+W4oF39M2/oF/ZRW7aJt/6DxsUjtwMDhnO/jO3PcUAqNtv1hJVZW19Y3kpupre2d3b10Zr+ig0hxKPNABqrmMg1S+FBGgRJqoQLmuRKqbv9m7FefQWkR+E84DKHpsa4vOoIzNFIrfdhAGGBcipjq0zvAM/pw/zhqpbN2zp6ALhNnRrJkhmIrY6Ua7YBHHvjIJdO67tghNmOmUHAJo1Qj0hAy3mddqBvqMw90M57kH9ETo7RpJ1Dm+Ugn6t+NmHlaDz3XTHoMe3rRG4v/eoPpgTmtrcdH5jXXW0iInatmLPwwQvD5NGAnkhQDOi6RtoUCjnJoCONKmD9S3mOKcTRVp0x7zmJXy6RynnMucvlSPlu4nvWYJEfkmJwSh1ySArklRVImnMTkhbySN+vd+rS+rO/paMKa7RyQOVg/vwUnq8s=</latexit>

Quark Jet, NLO
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• Projected means: fix largest angle,                              

• Ratio of charged to all particles is constant for 2-point, but 
not higher point.

3. Projected N-point energy correlator
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3. Projected N-point energy correlator
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• All vs. charged particles are qualitatively similar, e.g. slope 
increases with N 

• Quantitative difference is calculable with track functions!

[Jaarsma, Li, Moult, WW, Zhu]
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Can also consider correlators on: 

•     : energy of positively/negatively charged particles 

•     : charged-weighted energy

[Lee, Moult]

MIT-CTP-5590

Energy Correlators Taking Charge

Kyle Lee1, ⇤ and Ian Moult2, †

1
Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139

2
Department of Physics, Yale University, New Haven, CT 06511

The confining transition from asymptotically free partons to hadrons remains one of the most
mysterious aspects of Quantum Chromodynamics. With the wealth of high quality jet substruc-
ture data we can hope to gain new experimental insights into the details of its dynamics. Jet
substructure has traditionally focused on correlations, hE(n1)E(n2) · · · E(nk)i, in the energy flux of
hadrons. However, significantly more information about the confinement transition is encoded in
how energy is correlated between hadrons with di↵erent quantum numbers, for example electric
charge. In this Letter we develop the field theoretic formalism to compute general correlations,
hER1(n1)ER2(n2) · · · ERk (nk)i, between the energy flux carried by hadrons with quantum numbers
Ri, by introducing new universal non-perturbative functions, which we term joint track functions.
Using this formalism we show that the strong interactions introduce enhanced small angle correla-
tions between opposite-sign hadrons, relative to like-sign hadrons, identifiable as an enhanced scaling
of hE+(n1)E�(n2)i relative to hE+(n1)E+(n2)i. We are also able to compute the scaling of a C-odd
three-point function, hEQ(n1)EQ(n2)EQ(n3)i. Our results greatly extend the class of systematically
computable jet substructure observables, pushing perturbation theory deeper into the parton to
hadron transition, and providing new observables to understand the dynamics of confinement.

Introduction.—Collider experiments provide a unique
window into the dynamics of Quantum Chromodynam-
ics (QCD). One of the primary mysteries of QCD, and
gauge theories more generally, is the real time dynam-
ics of confinement, namely of the transition from weakly
interacting quarks and gluons to hadrons. Clues to the
nature of this transition are imprinted in subtle patterns
in energy flux at colliders, but are di�cult to decode due
to our lack of non-perturbative field theory techniques.
A better understanding of the hadronization transition
will enhance all aspects of collider physics, from preci-
sion measurements, to searches for new physics.

One of the primary recent advances in collider physics
has been the development of jet substructure [1, 2],
which has enabled the measurement and theoretical
understanding of correlations in energy flux within
individual high energy jets. Theoretically, jet sub-
structure is studied through correlation functions [3–8],
hE(n1)E(n2) · · · E(nk)i, of energy flow operators, E(n) [9–
16]. For applications, see e.g. [17–26]. Due to their
infrared and collinear (IRC) safety [27, 28], these ob-
servables exhibit rigorous factorization theorems [29–
31], providing a separation of perturbative and non-
perturbative physics, and enabling systematically im-
provable calculations in complicated collider environ-
ments [7, 19]. However, despite the appealing features
of IRC safe observables, by their very nature they are
insensitive to many of the details of the hadronization
transition which one would like to understand.

To gain further insight into the parton-to-hadron tran-
sition will require extending the class of factorizable
observables through the identification of new universal
non-perturbative matrix elements. These can then be
combined through the renormalization group (RG), with
state-of-the-art perturbative calculations, allowing mod-
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Two-Point Charged Correlators

FIG. 1: Scaling of two point correlators of the E+ and E�
detectors, showing that the strong interactions generate
enhanced correlations between opposite sign hadrons as
compared to like sign hadrons. Theoretical calculations
at NLL accuracy are shown in solid and Pythia as a his-
togram. The transition to the non-perturbative regime
is shown in grey.

ern developments in perturbative field theory to be op-
timally utilized to explore the confinement transition.
While this has long been appreciated, it is technically dif-
ficult to achieve. The non-perturbative matrix elements
typically required in factorization theorems are functions

of longitudinal momentum fractions, which has two draw-
backs: first, these functions are often poorly known lead-
ing to large uncertainties and murky conclusions, and
second, these functions are convolved into perturbative
calculations, making higher order perturbative calcula-
tions with modern techniques intractable.

There has recently been progress in incorporating non-
perturbative information into perturbative calculations,
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and the asymmetric moments as

T
asy
i (N ; µ) =

Z 1

0
dx dy (x � y)N

T
+�
i (x, y; µ) . (4)

We will see that the two-point correlator hE+(n1)E�(n2)i
is sensitive to T

+�(1, 1; µ), while hEQ(n1)EQ(n2)i is sen-
sitive to T

asy(2; µ).
Much like for fragmentation functions, the RG evolu-

tion of joint track functions can be computed in pertur-
bation theory. A key advance in jet substructure has
been the ability to compute RG equations that go be-
yond the traditional linear DGLAP [45–47] paradigm.
The RG evolution of the joint track functions can be de-
rived from that for the standard track functions [32–35].
For the particular case of the second moments of joint
track functions of two charges, we have

d

d ln µ2
~�

+�(1, 1; µ) = ��̂(3)~�+�(1, 1; µ) (5)

+
~��2

ij

2

�
�+

i (µ)��
j (µ) + ��

i (µ)�+
j (µ)

�
,

d

d ln µ2
~�

asy(2; µ) = ��̂(3)~�asy(2; µ) (6)

+ ~��2
ij

�asy
i (µ)�asy

j (µ) ,

where �i(2; µ) = Ti(2; µ) � Ti(1; µ)2, �i(µ) = Ti(1; µ) �
Tg(1; µ), and the joint central moments are defined as

�
+�
i (n, m; µ) (7)

=

Z 1

0
dx dy (x � T

+
i (1; µ))n (y � T

�
i (1; µ))m

T
+�
i (x, y; µ) .

Here the vector is in flavor space, and �
(L)
ij (k) =

�
R 1
0 dz z

k�1
P

(L)
ij (z) is a moment of the timelike splitting

functions [48–52], and ~��2
ij

is a new anomalous dimen-

sion that we have computed in perturbation theory. Due
to the positivity of the eigenvalues of the anomalous di-
mension matrix, �̂(3), [53, 54], the covariance of the joint
track function, �

+�(1, 1; µ), decreases monotonically as
it is evolved to the UV, as can be clearly seen in Fig. 2.

Small Angle Scaling of Charged Correlators.—We can
apply the joint track function formalism to derive fac-
torization formulas for multi-point correlators involving
charge, allowing their scaling behavior in the small an-
gle limit to be derived from the RG. Following, [7] we
work in terms of the cumulant, ⌃(z, ln Q

2
/µ

2
, µ) of the

energy correlator, expressed in terms of the variable
z = (1�cos ✓)/2, where ✓ is the angle between the detec-
tors. As for the standard energy correlator [7, 8, 19], or
the energy correlator on tracks [55], we can perform a fac-
torization into an inclusive hard function and a jet func-
tion incorporating the infrared measurement. In QCD,
this factorization takes the form

⌃(z, ln
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Z 1

0
dx x

2 ~J(ln
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2
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(8)
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FIG. 4: The scaling of the C-odd three-point correla-
tor, hEQEQEQi, for up-type and up-type quarks, and for
gluons. Analytic results at NLL accuracy are shown in
solid, and Pythia is shown as a histogram. The tran-
sition to the non-perturbative regime is shown in grey.
C-invariance dictates that this distribution vanishes for
gluons, and gives nearly opposite values for up-type and
down-type quarks.

where ~J = {Ju, Jū, Jd, Jd̄, Js, Js̄, Jc, Jc̄, Jg} is a vector in

flavor space, and similarly for ~H. Note that as compared
to the standard energy correlator, we must treat quarks
and anti-quarks, as well as di↵erent flavors, distinctly.
Here Q is an appropriate hard scale, for example in the
case of a jet at the LHC, Q = pT R. Using the joint
track functions, we can factorize the jet functions into a
perturbative matching coe�cient and (moments of) joint
track functions.

This factorization allows us to use the renormaliza-
tion group to derive the asymptotic scaling behavior of
these more general correlators in the small angle limit.
At leading logarithmic (LL) order, the jet functions take
a particularly simple closed form, where we find for the
two-point hE+(n1)E�(n2)i,

~J
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,

(9)

and for the two-point hEQ(n1)EQ(n2)i,
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p

z Q) ·
✓

↵s(
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�0

,

(10)

highlighting how di↵erent observables probe di↵erent mo-
ments of the joint track function. This generalizes results
for the standard energy correlators [7, 42, 56–58] to cor-
relators with charge.

We have extracted the relevant moments of the joint
track functions from Pythia [43, 44], enabling predictions
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Conclusions and outlook

• Tracks offer superior angular 
resolution and reduce pile-up. 

• Track functions now at order       

• It’s evolution contains that of multi-
hadron fragmentation functions 

• Applications: thrust, azimuthal 
decorrelation. energy correlators, … 

• Energy correlators are particular 
simple as they only use moments.
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Bonus: studying factorization violation with  
vector angularities



• Factorization proven for Drell-Yan transverse momentum 
[Bodwin; Collins, Soper, Sterman] 

• Vector angularities generalize transverse momentum: 

• Use Pythia’s MPI as proxy for factorization violation:

Vector angularities and factorization violation

28
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a = 1

factorization violation?

[Bijl, Niedenzu, WW]



• Factorization:  

• Compared to transverse momentum resummation: also in 
impact parameter space, but no rapidity divergences. 

• Precise predictions could provide baseline for studying 
factorization violation

Resummation for vector angularities

29
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