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Primordial black hole(PBH)
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Gravitational collapse

PBH

Density perturbation

Induced GWs
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Constraints of PBH abundance
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This work

10−15M⊙ ≤ MPBH ≤ 10−11M⊙
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Test of PBH DM scenario by induced GWs 
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N.Bartolo et al. ’19, R.Saito et al. ’11

Assumption : density perturbation follows Gaussian distribution 

Indirect evidence of 
PBH=DM scenario
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Non-Gaussianity of primordial perturbation
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ζ = −
1
3

ln(1 − 3ζg)

 Random fieldζg :

Cai, Chen, Namjoo, Sasaki, Wang and Wang ’18, Atal, Cid, Escriv`a and Garriga ’19, 

G.Figuroa, Raatikainen, Rasanen, Tomberg ’21

Exponential tail
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Test the detectability of GWs  
Induced by Expotail in LISA

Down

PBH abundance GWs spectrum (PBH=DM)

The aim of this work

Kitajima et al.2021 
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Formulation of scalar induced GWs
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Solution: hλ(τ, k) ∝ ζ(q1)ζ( |k − q1 | )

Power spectrum of GWs
(2π)3Pλλ(τ, k)δ(3)(k + k′ ) = ⟨hλ(τ, k)hλ(τ, k′ )⟩ ⟨ζ(q1)ζ(k − q1)ζ(q2)ζ(k − q2)⟩∝

Ex)： （Gaussian perturbation）ζ = ζg

⟨ζg(q1)ζg(k − q1)ζg(q2)ζg(k − q2)⟩ ∼ O(A2
g)⟨ζ(q1)ζ(k − q1)ζ(q2)ζ(k − q2)⟩ =

∼ O(Ag)

Equation of motion for GWs
□ hλ(τ, k) + 2ℋh′ λ(τ, k) = 4Sλ(τ, k) ∝ ζ(q1)ζ( |k − q1 | )

Source(λ = + , × )
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Non-Gaussian perturbation

Exponential tail 
FNL = 3/2, GNL = 3, HNL = 27/4, INL = 81/5

ζ = −
1
3

ln (1 − 3ζg) = ζg + FNLζ2
g + GNLζ3

g + HNLζ4
g + INLζ5

g ⋅ ⋅ ⋅
Corrections of non-Gaussianities

⟨ζζζζ⟩ ∝ ⟨ζgζgζgζg⟩
O(A2

g)

+ F2
NL ⟨ζgζgζ2

gζ2
g⟩ + GNL ⟨ζgζgζgζ3

g⟩ + ⋅ ⋅ ⋅

O(A3
g)

+ F4
NL ⟨ζ2

gζ2
gζ2

gζ2
g⟩ + F2

NLGNL ⟨ζgζ2
gζ2

gζ3
g⟩ + ⋅ ⋅ ⋅

O(A4
g)

+ O(A5
g) + ⋅ ⋅ ⋅

Ex) : Effects of Exponential tail

Formulation of scalar induced GWs



Result
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Summary
・Can GWs test the scenario where PBH = 100% DM?

10

・We investigated the detectability of GWs induced by  
   Exponential tail

DECIGO might detect the footprint of Exponential tail

GWs are detectable in LISA

Exponential tail-type



Appendix
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Feynman diagram
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Adshead et al 2105.01659

Diagram of ⟨hλ(τ, k)hλ′ (τ, k′ )⟩
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⟨ζg(q1)ζg(k − q1)ζg(q2)ζg(k − q2)⟩ ∼ O(A2
g)

hλ′ 

k′ 

q1 − k

k

q1

q1 − k
q1 − k

hλ

q1 q1

Vanilla

Contribution of Gaussian perturbation

Adshead et al’ 21
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Adshead et al’ 21

Contributions of Exponential tail

1-convolution Z

C 1 loop

O(A3
g)

C. Yuan and Q.-G. Huang’ 20 
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2-conv

X Box

(1,1)-conv

Adshead et al 2105.01659

Yuan and Huang, 2007.10686

1-conv. C 1 1-conv. Z 1

CZ

Abe, RI, Tada, Yokoyama
New

1-conv. C 2 1-conv. Z 2

O(A4
g)

Contributions of Exponential tail

JCAP05(2023)044
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Abe, RI, Tada, Yokoyama
New

Contributions of Exponential tail
O(A4

g)

JCAP05(2023)044



USR (Ultra slow-roll models)
PBH can be realized in USR
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ϵ ≡
Mpl

2 (
Vϕ

V )
2

High peak spectrum

Pζg
(k) ∝

H2

M2
plϵk3

ϕ

V

Flat region Vϕ ≃ 0

Primordial density perturbation 

k*

Large amplitude at k*

PBHsCollapse
Pass through

Produced
Scalar field



PBH abundance
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Primordial perturbation：ζ =
1
β

ln(1 − βζg)

Spacial distribution
Maximum mean compaction > threshold
Determination of PBH formation

PBH

ζ

x

Peak theory
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Around peak：spherical symmetricPeak number density
npk(μ, k̃)dμdk̃

Peak theory

x

 : Gaussian field ζg(x)
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ψ (r) = ∫
dk
k

sin kr
kr

𝒫g(k)

2point function

̂ζg(r) = ̂ζg(ψ(r), μ, k̃) = μ
sin k*r

k*r

𝒫g(k) = AζGδ(ln k − ln k*)

Yoo, Harada, Garriga,  and Kohri ’ 18

PBH abundance



Compaction function
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C =
MMS − Mbg

4πM2
plR

=
1

V(R) ∫
R

0
δ4πR2dR

R=H−1

=
2
3

[1 − (1 + rζ′ )2]

Spacial mean valueOverdensity Conserved at super horizon

> Cth

?

MMS

Mbg
R = aeζr

r

Shibata & Sasaki ’99 
Harada, Yoo, Nakama, Koga ’15 

Kopp, Hofmann, Weller ’11

Type II :  monotonic  R ≠

Type I :  monotonicR =



Mean compaction function
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1
5

≤ Cth ≤
1
3

Changed by the peak profile

Mean compaction function

Atal, Cid, Escrivà, Garriga ’19 
Escriv`a, Germani,  Sheth ’19

Threshold value of the compaction function

C̄m > C̄th ≃
2
5

Almost universal

C̄ =
1

V(R) ∫
R

0
C(R) × 4πR2dR



Diagrammatic rules
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Diagrammatic approach

k − q

q

λ

k

Ik( |k − q | , q, k)Q(k, q)

1.

q1 + q2

q1

n

∑
i=2

qi

q3

 n n!F(n−1)
NL

2.

q

Pg(q)

3.

4. Integrate over each undetermined momentum  

∫
d3q

(2π)3

5. Divide by the symmetric factor

JCAP05(2023)044



Loop structures
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Diagrammatic approach

 lines n

q1 q1

q1 + q2

q1

n−2m

∑
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qi

l1
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lj

Symmetric factor n! Symmetric factor 2mm!

JCAP05(2023)044
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Diagrammatic approach

Renormalized propagator

Renormalized vertex

q1 + q2
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Diagrammatic approach
Prohibited structure

q1

q1 − k

λ

k

q1 − k
∫

d3q
(2π)3

Qλ(k, q) I( |k − q | , q, τ) Pg(q)

= ∫
2π

0
dϕ {cos 2ϕ (λ = + )

sin 2ϕ (λ = × )
× ℱ(k, q, θ, τ)

= 0
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Diagrammatic approach
Vanilla term
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1
48 ( k

aH )
2

∑
λ=+, ×
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