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Primordial BH

Yuichiro TADA 2

Carr & Hawking ’74 (cf. Escrivà, Kuhnel, YT 22)

δρ
ρ

∼ 1

"ζ ∼ 10−2

if  
→ 100% Dark Matter

MBH ∼ 1020 g

induced GW b.g. 
see Ryoto’s talk on Wed.LISA

Coarse-graining in stochastic inflation

Radiation Era

/20



PTB theory for small PTB

δϕ(N, x)

{ϕ(N, x) = ϕ̄(N) + δϕ(N, x)
gμν(N, x) = ḡμν(N) + δgμν(N, x)

ϕ̄(N)

Stochastic approach  Starobinsky ‘86

- even for large PTB 
- only for superH

{
ϕ(N, x) = ϕIR(N, x) + ϕUV(N, x)
gμν(N, x) = gIR

μν(N, x) + gUV
μν (N, x)

ϕIR(N, x)

H−1

Integrate out

Large PTB?
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- even for large PTB 
- only for superH

{
ϕ(N, x) = ϕIR(N, x) + ϕUV(N, x)
gμν(N, x) = gIR

μν(N, x) + gUV
μν (N, x)

ϕIR(N, x)

H−1

Integrate out

Large PTB?

dϕIR(N, x)
dN = − V′ 

3H2 (N, x) + H(N, x)
2π ξ(N, x)

⟨ξ(N, x)ξ(N′ , x′ )⟩ = δ(N − N′ ) sin(aHr)
aHr

3M2
PlH2(N, x) = ρ(N, x)

End of infl.

ϕ

V

'1

 : stochastic var.'2

Stoc. Noise

Stochastic approach  Starobinsky ‘86
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Kawasaki, YT ’15 + Fujita ’14 + Takesako ’13

ζH−1
inf

(x) = δ'(x) = '(x) − ⟨'⟩

Stochastic-δN
Lyth, Malik, Sasaki ’05 : the time difference δN is …  

- conserved on superH after inflation 

-  

- equivalent to the curv. ptb. ζ

δρ ≃ −
·ρ

H
δN

In the stochastic form.
End of infl.

ϕ

V

'1

 : stochastic var.'2

dϕIR(N, x)
dN = − V′ 

3H2 (N, x) + H(N, x)
2π ξ(N, x)

⟨ξ(N, x)ξ(N′ , x′ )⟩ = δ(N − N′ ) sin(aHr)
aHr

3M2
PlH2(N, x) = ρ(N, x)

Stoc. Noise
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Kawasaki, YT ’15 + Fujita ’14 + Takesako ’13

ζH−1
inf

(x) = δ'(x) = '(x) − ⟨'⟩

Stochastic-δN
Lyth, Malik, Sasaki ’05 : the time difference δN is …  

- conserved on superH after inflation 

-  

- equivalent to the curv. ptb. ζ

δρ ≃ −
·ρ

H
δN

In the stochastic form.
End of infl.

ϕ

V

'1

 : stochastic var.'2

dϕIR(N, x)
dN = − V′ 

3H2 (N, x) + H(N, x)
2π ξ(N, x)

⟨ξ(N, x)ξ(N′ , x′ )⟩ = δ(N − N′ ) sin(aHr)
aHr

3M2
PlH2(N, x) = ρ(N, x)

Stoc. Noise
How spatially 
correlated?

How probabilistically 
distributed?
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Vennin & Starobinsky ’15

Adjoint FP

Langevin eq. : 
dϕ
dN

= − V′ 

3H2 + H
2π

ξ
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Vennin & Starobinsky ’15

Adjoint FP

Langevin eq. : 
dϕ
dN

= − V′ 

3H2 + H
2π

ξ

⇔ Fokker—Planck eq. :  

with the absorption b.c.  at the end of inflation 

∂NP(ϕ ∣ N) = ℒFP ⋅ P(ϕ ∣ N) = ∂ϕ [ V′ 

3H2 P(ϕ ∣ N)] + ∂2
ϕ [ 1

2 ( H
2π )

2
P(ϕ ∣ N)]

P(ϕ = ϕf ∣ N) = 0 ϕf
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Langevin eq. : 
dϕ
dN

= − V′ 

3H2 + H
2π

ξ

⇔ Fokker—Planck eq. :  

with the absorption b.c.  at the end of inflation 

∂NP(ϕ ∣ N) = ℒFP ⋅ P(ϕ ∣ N) = ∂ϕ [ V′ 

3H2 P(ϕ ∣ N)] + ∂2
ϕ [ 1

2 ( H
2π )

2
P(ϕ ∣ N)]

P(ϕ = ϕf ∣ N) = 0 ϕf

⇔ Adjoint FP eq. :  

with the b.c. 

∂'PFPT(' ∣ ϕ) = ℒ†
FP ⋅ PFPT(' ∣ ϕ) = − V′ 

3H2 ∂ϕPFPT(' ∣ ϕ) + 1
2 ( H

2π )
2

∂2
ϕPFPT(' ∣ ϕ)

PFPT(' ∣ ϕ = ϕf) = δ(')
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Vennin & Starobinsky ’15

Adjoint FP

Langevin eq. : 
dϕ
dN

= − V′ 

3H2 + H
2π

ξ

⇔ Fokker—Planck eq. :  

with the absorption b.c.  at the end of inflation 

∂NP(ϕ ∣ N) = ℒFP ⋅ P(ϕ ∣ N) = ∂ϕ [ V′ 

3H2 P(ϕ ∣ N)] + ∂2
ϕ [ 1

2 ( H
2π )

2
P(ϕ ∣ N)]

P(ϕ = ϕf ∣ N) = 0 ϕf

⇔ Adjoint FP eq. :  

with the b.c. 

∂'PFPT(' ∣ ϕ) = ℒ†
FP ⋅ PFPT(' ∣ ϕ) = − V′ 

3H2 ∂ϕPFPT(' ∣ ϕ) + 1
2 ( H

2π )
2

∂2
ϕPFPT(' ∣ ϕ)

PFPT(' ∣ ϕ = ϕf) = δ(')

⇔ Series of PDE :  

  with the b.c. 

ℒ†
FP ⋅ ⟨'n(ϕ)⟩ = − n⟨'n−1(ϕ)⟩, ℒ†

FP ⋅ ⟨δ'2(ϕ)⟩ = − ( H
2π )

2

(∂ϕ⟨'(ϕ)⟩)
2

⟨'n(ϕf)⟩ = 0
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obs. U.

ζH−1
f

ζH−1
f

ζH−1
f

ζH−1
f

ζH−1
f

ζH−1
f

ζH−1
f ζH−1

fζH−1
f

ζH−1
f

ζH−1
f

ζH−1
f

ζR?

Coarse-graining
YT & Vennin ‘21
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obs. U.

ζR?

 e-folds beforeNbw(R) = ln(RHf)

ϕ*(x, R)

Coarse-graining
YT & Vennin ‘21
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obs. U.

ζR?

 e-folds beforeNbw(R) = ln(RHf)

ϕ*(x, R)

ζR(x) = '(ϕi → ϕ*(x, R))
+⟨'(ϕ*(x, R))⟩ − ⟨'(ϕi)⟩

same dyn. until ϕ*

independent after ϕ*

Coarse-graining
YT & Vennin ‘21

Yuichiro TADA 8Coarse-graining in stochastic inflation /20



obs. U.

ζR?

 e-folds beforeNbw(R) = ln(RHf)

ϕ*(x, R)

ζR(x) = '(ϕi → ϕ*(x, R))
+⟨'(ϕ*(x, R))⟩ − ⟨'(ϕi)⟩

same dyn. until ϕ*

independent after ϕ*

× ℙ (ϕ = ϕ*@ − Nbw(R))
P(ζR) = ∫ dϕ* ℙ ('i→* = ⟨'i⟩ − ⟨'*⟩ + ζR)

Coarse-graining
YT & Vennin ‘21
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Power spectrum
Ando & Vennin ’20, YT & Yamada ‘23b

∫
−ln R

a

d ln k "ζ(k) = ⟨ζ2
R⟩ = ∫ dζR ζ2

RP(ζR)

×
∂ℙ (ϕ = ϕ*@ − Nbw)

∂Nbw
Nbw=ln afHf

k

⇒ "ζ(k) = − d⟨ζ2
R⟩

d ln R
R=a/k

= − ∫ dϕ*dζR ζ2
R ℙ ('i→* = ⟨'i⟩ − ⟨'*⟩ + ζR)

⋯ ≈ 1
S

S

∑
i=1

⟨δ'2(ϕ−
i )⟩ − ⟨δ'2(ϕ+

i )⟩
ΔN

stat. average of der. of variance
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Hybrid inflation
Kawasaki & YT ’15.

(ϕc,0)

ψ

ϕ

overproduce PBHs 
(Kawasaki & YT ’15)

stochastic

Clesse & Garcia-Bellido 2015

0 5 10 15 20 25

10-8

10-5

10-2

〈〉

ζ

V(ϕ, ψ) = Λ4 (1 − ψ2

M2 )
2

+ 2 ϕ2ψ2

ϕ2c M2 + ϕ − ϕc
μ1

− (ϕ − ϕc)2

μ2
2
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V(ϕ, ψ) = Λ4 (1 − ψ2

M2 )
2

+ 2 ϕ2ψ2

ϕ2c M2 + ϕ − ϕc
μ1

− (ϕ − ϕc)2

μ2
2

+ (ϕ − ϕc)3

μ3
3

"ζ(kc) = 0.1
"ζ(kc) = 0.05

"ζ(kc) = 0.02
"ζ(kc) = 0.01

"ζ(kc) = 0.005
d ln "ζ(kc)

d ln μ3
∼ 1 mild tuning

YT & Yamada ‘23a

No-Go 1 : ϕ3

Yuichiro TADA 11Coarse-graining in stochastic inflation /20



PPTA

LISA
ET

CE
DECIGO

BBO

SKA

LVK

LV  
(O3)

CMB

µ

XB

PA

V

EGB

GC

GW
HSC

O
EM

SN

PPTA

LISA

ET

CE

DECIGO

BBO

SKA

LVK

LV  
(O3)

M = ϕc/ 2 = MPl/10
Π2 = 185
μ2 = 4.21MPl
μ3 = 0.182MPl

YT & Yamada ‘23a

No-Go 1 : ϕ3
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Halpern+ ’14, YT & Yamada ‘23b

No-Go 2 : multi-ψ ψ → ⃗ψ = (ψ1, ψ2, ⋯, ψ6)

ℒ†
FP ⋅ PFPT(' ∣ ⃗ψ ) = − M2

Pl
Vi

V
∂iPFPT(' ∣ ⃗ψ ) + 1

2 ( H
2π )

2
∂2

i PFPT(' ∣ ⃗ψ )

= [−M2
Pl

Vi

V
+ 1

2 ( H
2π )

2 6 − 1
ψr ] ∂ψr

PFPT(' ∣ ψr) + 1
2 ( H

2π )
2

∂2
ψr

PFPT(' ∣ ψr)

Centrifugal force

⟨ψ2
r ⟩c = 6 ⟨ψ2⟩c 6=1

6 = 1 :

6 = 2 :

p = 1
2

p = 1
4

"max
ζ 6

= 1
6 "max

ζ 6=1
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ψ → ⃗ψ = (ψ1, ψ2, ⋯, ψ6)

D  1

D  3

D  10

D  100

D  1000

0 5 10 15 20 25
10-11
10-9
10-7
10-5
0.001

0.100

𝒩k

𝒫
ζ

Π2  100

 would be 
enough for PBHs
6 = 7(1)

6 = 1
6 = 3
6 = 10
6 = 100
6 = 1000

YT & Yamada ‘23b

No-Go 2 : multi-ψ
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PPTA
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CE
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BBO

SKA LVK

LV  
(O3)

CMB

µ

XB
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V

EGB

GC

GW
HSC

O
EM

SN

PPTA

LISA

ET
CE

DECIGO

BBO

SKA

LVK

LV  
(O3)

M = ϕc/ 2 = 1016 GeV
Π2 = 100
μ2 = 10MPl
6 = 5

YT & Yamada ‘23b

No-Go 2 : multi-ψ
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(linear) density contrast

δ = − 9
4

1
a2H2 ∇2ζ

(nonlinear) compaction func.

9(r) = 2
3 [1 − (1 + rζ′ (r))2]

( − ∇2ζR)(k) = k2W ( kR
a ) ζ(k) ≈ γ (ζR2

− ζR1) =: Δζ
w/ appropriate R1, R2, γ

kR/a0.1 0.5 1 5 10
10-4

0.001

0.010

0.100

1

k2W(kR/a)

R−1
2

γ

R−1
1

δ as coarse-shelled ζ
YT & Vennin ‘21
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0 ϕw
ϕ

V0

V(ϕ)

reflective B.

absorbing B.

quantum well

classical slope

no noise

only noise

μ = 2 ϕw
H/2π

Quantum well 
YT & Vennin ‘21
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Quantum well 
YT & Vennin ‘21
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0.0 0.5 1.0 1.5 2.0 2.5
10-30

10-20

10-10

1

Δζ

P(
Δζ

)

μ 
1
6
, Nbw

(2) < 0

larger R PBH

0.0 0.5 1.0 1.5 2.0 2.5
10-30

10-20

10-10

1

Δζ

P(
Δζ

)

μ 
1
6
, Nbw

(2) > 0

larger R

PBH

/20



0.01 0.10 1 10 100
10-6

10-4

0.01

1

M / 1020 g

f PB
H
(M

)

μ 
1
6

larger R

Quantum well 
YT & Vennin ‘21
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0.01 0.10 1 10 100
10-6

10-4

0.01

1

M / 1020 g

f PB
H
(M

)

μ 
1
6

larger R

critical behavior 
MPBH ∝ (9 − 9th)p

Quantum well 
YT & Vennin ‘21

Yuichiro TADA 19Coarse-graining in stochastic inflation /20



0.01 0.10 1 10 100
10-6

10-4

0.01

1

M / 1020 g

f PB
H
(M

)

μ 
1
6

larger R

critical behavior 
MPBH ∝ (9 − 9th)p

“Q-contami.”

Quantum well 
YT & Vennin ‘21
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Summary

Stochastic formalism, EFT of superH fields, is a powerful tool 

- w/ δN-formalism  →  stats. of ζ 

- Coarse-graining → spatial correlation 

- More direct num. calc.? → See Yurino’s talk! (this afternoon)
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Linde ‘94

V(ϕ, ψ) = 1
4λ

(M2 − λψ2)2 + g2

2 ϕ2ψ2 + V(ϕ)

waterfall ψ

inflaton ϕ

- ’s ptb. determines the whole dynamics 

during/after phase trs. 

- Flat potential can extend  

the waterfall phase 

ψ

'water ≃ 'BH

Realise Massive PBH?? 
García-Berido, Linde, Wands ’96 
Clesse & García-Berido ’15

Hybrid Inflation



Kawasaki & YT ‘15

V(ϕ, ψ) = Λ4 (1 − ψ2

M2 )
2

+ 2 ϕ2ψ2

ϕ2c M2 + ϕ − ϕc
μ1

− (ϕ − ϕc)2

μ2
2

ns ≃ 1 + 2
Vϕϕ

V
≃ 0.96"ζ(kCMB) ≃ Λ4

24π2ϵ
≃ 2 × 10−9

- Valley phase
d⟨ψ2⟩

dN
≃ −

Vψψ

V
(N)

ψ=0

⟨ψ2⟩ + ( H
2π )

2

ϕ ≃ ϕc − N − Nc
μ1

- Waterfall phase

 from (ϕb.g., ψb.g.) ϕ = ϕc, ψ = ⟨ψ2⟩
ϕc

linear ptb. around (ϕb.g., ψb.g.)

No-Go on Massive PBHs



V(ϕ, ψ) = Λ4 (1 − ψ2

M2 )
2

+ 2 ϕ2ψ2

ϕ2c M2 + ϕ − ϕc
μ1

− (ϕ − ϕc)2

μ2
2

ns ≃ 1 + 2
Vϕϕ

V
≃ 0.96"ζ(kCMB) ≃ Λ4

24π2ϵ
≃ 2 × 10−9

{
'BH ≃ 'c ∝ Π
"ζ,max ≃ "ζ(kc) ∝ Π

Π = M ϕcμ1

∴ "ζ(kc) ≃ 0.01'BH
e.g.      for "ζ(kc) ≃ 7(0.1) 'BH = 7(10)

Massive PBHs will be inevitably overproduced!

Kawasaki & YT ‘15

No-Go on Massive PBHs

- Valley phase
d⟨ψ2⟩

dN
≃ −

Vψψ

V
(N)

ψ=0

⟨ψ2⟩ + ( H
2π )

2

ϕ ≃ ϕc − N − Nc
μ1

- Waterfall phase

 from (ϕb.g., ψb.g.) ϕ = ϕc, ψ = ⟨ψ2⟩
ϕc

linear ptb. around (ϕb.g., ψb.g.)

Clesse & García-Bellido ‘15


