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PBH and Stochastic Inflation
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gμν = gμν(IR) + gμν(UV)

 (  )ϕ = ϕIR + ̂ϕUV
̂ϕUV ≪ ϕIR

We focus on

the super-horizon mode!

PBH

LIGO-Virgo, LISA, SKA, etc.

Stochastic Inflation

Our goal : How accurate assumptions are in PBH formation

A. A. Starobinsky,1986



Flow
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Equation of motion in scalar field

Solving with
the stochastic approach

 formalismδN

Profile of curvature perturbation

We developed the original lattice simulation code of stochastic inflation



Inflaton Potential
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●Chaotic inflation V(ϕ) =
1
2

m2ϕ2

Focused potential

●Inflection (M. Biagetti et al,2018)

(Linde, A. D.,1983)

ϕ

V(ϕ)

ϕ

V(ϕ)
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Chaotic inflation Inflection
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Result1: Stochastic lattice simulation  
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At the end of Inflation
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Result2: Previous simulation w/bias
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At the end of Inflation

Inflection

At the end of Inflation

Chaotic inflation



Summary and Future work
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Profile of  at the end of Inflation with biasδN

Because collecting the statistics, repeating the simulation many times 

https://github.com/STOchasticLAtticeSimulation

Our goal : How accurate assumptions are in PBH formation
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Introduction ~Inflation~
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Classicalization

(aH)−1

Inflation RDReheating
N(t)

Present

After Inflation

Curvature perturbation
Density fluctuation

What is cosmic Inflation?

In RD era,
Production of PBH??

● Exponentially spatial expanding duration in early universe
● Quantum fluctuation of scalar field (Inflaton) 

Curvature perturbationζ

● solving problems of Big Bang theory



Introduction ~Primordial Black Hole(PBH)~

39

Hypothesized object produced  by large perturbation in RD

PBH: Dark matter??

Stochastic GW

LIGO-Virgo

LISA, SKA, etc.
Gravitational collapse



Introduction ~Problems of PBH~
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Unclear PBH formation process from initial perturbation

Conventional works: Press-Schechter theory, Peak theory, etc.

Many assumptions

1. Probability density function(PDF) of ζ
2. Simple threshold value

3. Simple mass

● Press-Schechter theory

● Peak theory

1. Gaussian probability density function(PDF) of ζ
2. Already known 𝒫ζ



Motivation of our work
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Estimation of more accurate potential in PBH formation

● PDF of ζ
● Simply threshold value

●Formation condition
How accurate are these assumptions?

Stochastic inflationLattice simulation ×

Decision of only potential

Data of curvature perturbations

Discussion of PBH formation

Flow



Stochastic inflation
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● Perturbation theory

Curvature perturbation in Inflation Large perturbation makes PBH

●Stochastic formalism

Not good for ḡμν ≃ δgμν Good for ḡμν ≃ δgμν

Focus on super-horizon mode
※ Komatsu-san’s group

 (  )gμν ≡ ḡμν + δgμν ḡμν ≫ δgμν

ϕ = ϕ̄ + δϕ

gμν = gμν(IR) + gμν(UV)

 (  )ϕ = ϕIR + ̂ϕUV
̂ϕUV ≪ ϕIR

gμν(t, x) ≃ ḡμν(t)

ϕ(t, x) = ϕ̄(t, x) + δϕ(t, x)

(Lattice simulation of Inflation, etc.)
Locally, nonlinear gμν



Property of  swinging term
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Equation of motion in inflaton field ··ϕ + 3H ·ϕ − a−2 ∇2ϕ + V′ (ϕ) = 0
Stochastic formula, Hamilton formula

·ϕIR = πIR + ξϕ

·πIR = − 3HπIR − V′ (ϕIR) + ξπ

In Bunchi-Davies vacuum

⟨ϕk⟩ = ⟨πk⟩ = 0 ⟨ξϕ⟩ = ⟨ξπ⟩ = 0

⟨ξϕ(t, x)ξϕ(t′ , x′ )⟩ ≃
H3

(2π)2

sin(kcr)
kcr

δ(t − t′ )

≃ θ(1 − kcr)
White noise

Per ,  mode comes in IR fieldt = t′ kc = aH  is GaussianϕkAND

Per ,  is independent Gaussian noisekc = aH ξϕ



Lattice simulation and Stochastic formalism
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● Lattice simulation

● Stochastic formalism

coarse-grained

Good match!

x

z y

Equation of inflaton
Langevin equation( )dN = Hdt

At each lattice, solving equation

Gaussian noise with correlation

dϕx =
πx

H(ϕx, πx)
dN +

H(ϕx, πx)
2π

dWx

dπx = − 3πxdN −
V′ (ϕx)

H(ϕx, πx)
dN

ξϕ

Getting information of ζx



Gaussian noise with correlation
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●Theoretical covariance matrix

⟨ξϕ(x)ξϕ(x′ )⟩ ≃
H3

(2π)2

sin(kcr)
kcr

Cxy =
sin kσ |x − y |

kσ |x − y |

Cxy ≃ dWxdWy = [∑
i

ΔΩi

2 π
[cos(kσ ⋅ x) − sin(kσ ⋅ x)]dWi]

2

Correlation function of swinging term at same time

● Covariance matrix simulated

Gaussian noise

D. S. Salopek and J. R. Bond, 1991 

We use  for stochastic perturbationdWx

r = |x − y |
dWxdWy



Relationship between  and  (  formula)δN ζ δN
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δϕ δN

⟨𝒩i⟩ ≃ Ncl(i)

N

ϕ

δN

NclNH

δϕ

ϕ

N

Lattice simulation

Development 
at each lattice

White line: development 
with no noise at each lattice

Equation of motion with no noise

dϕx =
πx

H(ϕx, πx)
dN

dπx = − 3πxdN −
V′ (ϕx)

H(ϕx, πx)
dN

ζi = 𝒩i − ⟨𝒩⟩ = δNi

Solving until ϵ = 1

Vennin, V., Starobinsky, A.A., 2015



EoM of IR fields
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EoM of scalar field ··ϕ + 3H ·ϕ − a−2 ∇2ϕ + V′ (ϕ) = 0

Hamiltonian formula

·π + 3Hπ − a−2 ∇2ϕ + V′ (ϕ) = 0

π = ·ϕ

Focus on the picture in IR fields

·ϕIR = πIR + ϵaH2 ∫
d3k

(eπ)3
eik⋅xϕkδ(k − ϵaH)

·πIR = − 3HπIR − V′ (ϕIR) + ϵaH2 ∫
d3k

(2π)3
πkδ(k − ϵaH)

πIR + πUR = ·ϕIR + ·ϕUR
·πIR + 3HπIR − a−2 ∇2ϕIR + ·πUR + 3HπUR − a−2 ∇2ϕUR + V′ (ϕIR) = 0

̂ϕUR(t, x) = ∫
d3k

(2ϕ)3
eik⋅x ̂ϕk(t)θ(k − ϵa(t)H(t))

ϕIR(t, x) = ∫
d3k

(2π)3
eik⋅xϕk(t)(1 − θ(k − ϵa(t)H(t)))

Inflaton in k-space

： Heviside step functionθ(t)
（ ）ϕ = ϕIR + ̂ϕUV ϕUV ≪ ϕIR



Swinging term ξϕ

48≃ θ(1 − kcr)

⟨ξϕ(t, x)ξϕ(t′ , x′ )⟩ ≃
H3

(2π)2

sin(kcr)
kcr

δ(t − t′ )
White spectrum

⟨ϕk(t)ϕk′ (t′ )⟩ =
2π2

k3
𝒫ϕ(t, k)(2π)3δ(k + k′ )

kc(t) = ϵa(t)H⟨ϵaH2 ∫
d3k

(2π)3
eik⋅xϕkδ(k − ϵaH)ϵa′ H2 ∫

d3k′ 

(2π)3
eik′ ⋅x′ ϕk′ δ(k′ − ϵa′ H)⟩

= kc(t)kc(t′ )H2 ∫
d3kd3k′ 

(2π)6
ei(k⋅x+k′ ⋅x′ ) 2π2

k3
𝒫ϕ(t, k)(2π)3δ(k + k′ )δ(k − kc(t))δ(k′ − kc(t′ ))

δ(kc(t) − kc(t′ )) = δ(t − t′ )/kcH
kc(t) = kc(t′ )

= kc(t)kc(t′ )H2 ∫
d3kd3k′ 

(2π)6
eik⋅(x−x′ )ei(k+k′ )⋅x′ 

2π2

k3
𝒫ϕ(t, k)(2π)3δ(k + k′ )δ(k − kc(t))δ(kc(t) − kc(t′ ))

= kc(t)Hδ(t − ′ t)
1

(2π)3 ∫ d3keik⋅(x−x′ )δ(k − kc(t))
2π2𝒫ϕ(t, k)

k3

= k2
c (t)H2 ∫

d3k
(2π)3

eik⋅(x−x′ )δ(k − kc(t))
δ(t − ′ t)
kc(t)H

2π2𝒫ϕ(t, k)
k3 ∫ ei(k+k′ )⋅x′ δ(k + k′ )d3k′ 

= Hδ(t − ′ t)
sin(kcr)

kcr
𝒫ϕ(t, kc)

d3k k2dkd cos θdϕ

eik⋅(x−x′ ) eikr cos θ

,r = |x − x′ | ϵ ≪ 1

kc(t) = k

Pϕ(t, kc) = ( H
2π )

2
ϵ ≪ 1



Importance sampling

49

Direct sampling

dϕx =
πx

H(ϕx, πx)
dN +

H(ϕx, πx)
2π

dWx

dπx = − 3πxdN −
V′ (ϕx)

H(ϕx, πx)
dN

Importance sampling
Introduction of bias function

Raising probability at tail
Adding weight instead

dϕx = ( πx

Hx
+ ℬx)dN +

H(ϕx, πx)
2π

dWx

dπx = − 3πxdN −
V′ (ϕx)

H(ϕx, πx)
dN

1 2 3 4 5
0.0

0.1

0.2

0.3

0.4

Ex: ( PDF of )P(ζ) ζ
Discussing PBH formation

PBH：rare object
We want to get data effectively

Number of attempts: Increasing



Necessary of  importance sampling
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PBH formation from large perturbation

PBH: rare object

Direct sampling Importance sampling

Raising Probability at tail 

0.0 0.0005−0.0005

δNFor getting data effectively
through large sampling 

0.0 0.0005−0.0005

δN

0.0 0.0005−0.0005

δN

0.0 0.0005−0.0005

δN

0.0 0.0005−0.0005

δN

Collect statistics bias functiondϕx =
πx

H(ϕx, πx)
dN +

H(ϕx, πx)
2π

dWx

dπx = − 3πxdN −
V′ (ϕx)

H(ϕx, πx)
dN

＋

Good!



General Importance sampling
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Langevin equation
dx
dt

= [D(t, x) + ℬ(t, x)] + S(t, x)ξ

[5]Jackson, Joseph H. P. et al, 2022

xm+1 − xm = [D(tm, xm) + ℬ(tm, xm)]Δtm + S(tm, xm)ξm Δtm
the deterministic drift Bias term amplitude of stochastic diffusion

: random white Gaussian noise w/ξ ⟨ξ(t)ξ(t′ )⟩ = δ(t − t′ )
Statistical weight

1 2 3 4 5
0.0

0.1

0.2

0.3

0.4

tj
FPT tj+1

FPT

: number of nj tFPT

tFPT

●starting from some initial value x0

w( j)
i (X) =

p( j)
T,i(X |x0)

p( j)
S,i (X |x0)

 : number of runsM

X = (x1, x2, . . . , xM)
 : the probability of target(sample) distribution pT(S)(X |x0)



The PDF of stochastic inflation
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̂P(t( j)
FPT) =

nj

∑
i=0

w(i)
j

(tj+1
FPT − tj

FPT)ntotal

The target PDF using importance sampling

w( j)
i (X) =

p( j)
T,i(X |x0)

p( j)
S,i (X |x0)

⟨wj⟩ = exp(⟨ln wj⟩ +
σ2

ln wj

2 ) ̂P(𝒩j) =
nj

̂⟨wj⟩
ntotal(𝒩j+1 − 𝒩j)

How does the EoM of the inflaton be described  
                                                           with Importance sampling?

Hypothesis: PDF of weight  is a lognormal distributionP(w)

[5]Jackson, Joseph H. P. et al, 2022



How does the EoM of the inflaton be described?
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Cxy ≃ dWxdWy = [∑
i

ΔΩi

2 π
[cos(kσ ⋅ x) − sin(kσ ⋅ x)]dWi]

2

Independent random Gaussian with bias function 

ϕend ϕini

EoM of the Inflaton

We want to focus on the symmetric of the region 

where curvature perturbations are large

V(ϕ)

It is important to choose properly  
the bias function

dϕx =
πx

H(ϕx, πx)
dN +

H(ϕx, πx)
2π

dWx

dπx = − 3πxdN −
V′ (ϕx)

H(ϕx, πx)
dN

dWi  ?dWi + ℬ

 
πx

H(ϕx, πx)
 ?

πx

H(ϕx, πx)
+ ℬ

xm+1 − xm = [D(tm, xm) + ℬ(tm, xm)]Δtm + S(tm, xm)ξm ΔtmLangevin equation



Powerspectrum
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Powerspectrum
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Biased

Inflection

, ϕ = 3.60547 π = − 2.37409 × 10−7

No biased



 , , m = 10−5 ϕ = 15.0 π = − 10−11

Result1: Stochastic lattice simulation  
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Chaotic inflation

−0.0006 0.00060.0
ζ̃

P(ζ̃)

 formalismδN

At the end of Inflation



Result1: Stochastic lattice simulation  
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Inflection

, ϕ = 3.60547 π = − 2.37409 × 10−7

−0.2 0.20.0
ζ̃

P(ζ̃)

At the end of Inflation

 formalismδN



Result2: Previous simulation w/bias
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 , , m = 10−5 ϕ = 15.0 π = − 10−11

Chaotic inflation

−1.5 1.50.0
ζ̃

P(ζ̃)

At the end of Inflation

 formalismδN



Result2: Previous simulation w/bias
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Inflection

, ϕ = 3.60547 π = − 2.37409 × 10−7

−0.4 0.40.0
ζ̃

P(ζ̃)

At the end of Inflation

 formalismδN


