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PBH and Stochastic Inflation

PBH Stochastic Inflation
A. A. Starobinsky, 1986
@
k gﬂl/ — g,uv(IR) + quU(UV)
X b =P+ Puy(Pyy < Q)

i L» We focus on

Y the super-horizon mode!

/"Q' LIGO-Virgo, LISA, SKA, etc.

Our goal : How accurate assumptions are in PBH formation



Flow

( Equation of motion in scalar field \

!

the stochastic approach

oNN formalism

!

\ Profile of curvature perturbation )

Solving with {

We developed the original lattice simulation code of stochastic inflation



Inflaton Potental

Focused potential
.. . 1
e Chaotic inflation (Linde,A. D.,1983) V(¢) = Emzcﬁz

e Inflection (v. Biagetti et a/,2018)
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Resultl: Stochastic lattice simulation

Chaotic inflation Inflection
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Chaotic inflation Inflection
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Resultl: Stochastic lattice simulation

Chaotic inflation Inflection
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Resultl: Stochastic lattice simulation

Chaotic inflation Inflection
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Resultl: Stochastic lattice simulation
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Resultl: Stochastic lattice simulation

Chaotic inflation Inflection
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Resultl: Stochastic lattice simulation
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Resultl: Stochastic lattice simulation

Chaotic inflation Inflection
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Resultl: Stochastic lattice simulation

Chaotic inflation Inflection
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Resultl: Stochastic lattice simulation

Chaotic inflation
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Inflection

¢ =3.60547, 7 = —2.37409 x 10~/
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¢ =3.60547, 7 = —2.37409 x 10~/




Resultl: Stochastic lattice simulation

Chaotic inflation
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Resultl: Stochastic lattice simulation

Chaotic inflation
At the end of Inflation
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Result2: Previous simulation w/bias

Chaotic inflation
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Result2: Previous simulation w/bias
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Summary and Future work

Profile of O/N at the end of Inflation with bias

_6pH

000000

Because collecting the statistics, repeating the simulation many times

!

Our goal : How accurate assumptions are in PBH formation

https://github.com/STOchasticLAtticeSimulation
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Appendix



Introduction ~Inflation~

What is cosmic Inflation?
e solving problems of Big Bang theory

e Exponentially spatial expanding duration in early universe

e Quantum fluctuation of scalar field (Inflaton)
—> Curvature perturbation{

(aH)™

/After Inflation A

Curvature perturbation

Classiéalization—é — \_> DL fluctuationj

TN
~O
TN\

In RD era,
Inflation Reheating RD

Production of PBH??

N(1)
Present
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Introduction ~Primordial Black Hole(PBH)~

Hypothesized object produced by large perturbation in RD

PBH: Dark matter??

Ll

L/
A\\' LIGO-Virgo

TN N

 /
Stochastic GW A\\' LISA, SKA, etc.

Gravitational collapse

39



Introduction ~Problems of PBH-~

Unclear PBH formation process from initial perturbation

— Conventional works: Press-Schechter theory, Peak theory, etc.

Many assumptions

e Press-Schechter theory

1. Probability density function(PDF) of {
2. Simple threshold value
3. Simple mass

e Peak theory

1. Gaussian probability density function(PDF) of

2. Already known &,
40



Motvation of our work
e PDF of {

> How accurate are these assumptions?

eFormation condition

Estimation of more accurate potential in PBH formation

(_FIOW ~

Decision of only potential

v

Lattice simulation x Stochastic inflation

v

Data of curvature perturbations

v

Discussion of PBH formation

41



Stochastic inflation

Curvature perturbation in Inflation — Large perturbation makes PBH

e Perturbation theory eStochastic formalism
g'm/ = g/ﬂ/ + 5g,u1/ ( g/,u/ >> 5g/,[y ) g,uv — gpw(lR) +
p=¢+5¢ P =P+ (Puy < dir)

Not good for g, = 6g,,, Good for g =~ &g
v — OV

% Komatsu-san’s group

5 —> _ '
(Lattice simulation of Inflation, etc.): Focus on super-horizon mode

’ _ Locally, nonlinear
g/,w(ta X) = &w(f) y gﬂy

(1, %) = P(t,X) + 5(t,X)

42



Property of swinging term

Equation of motion in inflaton field ¢ + 3H¢p —a=>V?¢p + V'(¢p) =0
l Stochastic formula, Hamilton formula

dir = Mg + S

g = — 3Hmp — V(pr) + S,

In Bunchi-Davies vacuum

() = (m) =0 —> (£, = (£ =0
. RN H? sin(k.r) s o
<§¢( ’ X)fgb( > X )> — (27[)2 kcr ( — )

~ (1 — k.r)

Per t = 1, k. = aHH mode comes in IR field AND ¢, is Gaussian

— Perk, = aH, {, is independent Gaussian noise 13



Lattice simulation and Stochastic formalism

coarse-grained

e Lattice simulation
> (Good match!

e Stochastic formalism

Equation of inflaton
— Langevin equation(dN = Hdt)

H(@,, r,
T L Hen)

dp, = —>dN g
H(¢y, my) 2T
<
%4 ¢
dn. = —3mdN — —2)_ gy
\ H(¢X’ ]TX)

Gaussian noise with correlation

At each lattice, solving equation — Getting information of CX

44



Gaussian noise with correlation

Correlation function of swinging term at same time
H? sin(k.r)

(271')2 kcl’ i |X—y|
dWXdWy
e [ heoretical covariance matrix

<§¢(X)5¢(X/)> =

5 sink_|Xx —y|

XYy

kGlx_yl

e Covariance matrix simulated

_ 9 2

\/ AL,
Cyy = dW AW, = Z : [cos(k,, - x) — sin(K - X)
y y . 2\/7—1_

l _
Gaussian noise

We use dW_ for stochastic perturbation

D. S. Salopek and J. R. Bond, 1991 49



Relationship between 0N and £ (0N formula)

Vennin, V., Starobinsky, A.A., 2015

op —» SN
b ¢  White line: development
I with no noise at each lattice
s Development
M., at each lattice 5¢h-
: g\
NH
: () = Neiy
_v_ 90\74 N N
Lattice simulation A
| imu SN
Equation of motion with no noise
< Hiom)
dny = — 3mdN — Y dN Solving until ¢ = 1
H(¢y, my)
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EoM of IR fields

EoM of scalar field

I Hamiltonian formula

7=

Focus on the picture in IR fields

¢ =R+ Gyy (Pyy < PR

|+ yg = Pir + dug

7+ 3Hr—a *V?¢p+V(p)=0

¢ +3Hp—a*V?¢p+V(p) =0

KInflaton In k-space

3

(2m)’
3

bunte) = | 5
\H(t) . Heviside step function

¢IR(t7 x) — “

e** DOk — ea(DH(D))

~

e (0)(1 — O(k — ea(n/H(1))

%

g + 3Hm, — a"*V2Pup + yg + 3Hryg — a > Vodyr + V(gr) = 0

- 43Kk

(ex)

$IR — EIR + GaH2J

].Z-IR —_ = 3HﬂlR — V,(¢IR) + Gasz

\_

eik'xgbké(k — ecaH)

~

3

mo(k — eaH)
W,

21)3

47



Swinging term ¢,

(27)’

3

<€aH 2J (j I; e®%ep 65k — eaH)ea' H ZJ k(1) = ea()H
71'

eXXeh S(k' — ea’H )>

5 d’kd’k’ el 21? ;
= k. (Ok(t")H "— e —P (1, k)2m)"5(k + K')S(k — k (£))6(k" — k (1))
(27)° k3
31,1317 2
= kc(r)kc(z')Hz[%eik“—x?ei<k+k°°X’2ki3@¢(z, 2778k + kNS(k — k(£)8(k (1) — k(1))
ﬂ' J
o(k.(t) —k.(t")) =o(t—1t')/k.H
- d’k k-(x—x)) o(t —t) 2 g)(p(t 9] J i(k+k')-x’ 3
— < 2 l X—X l X6 k+k/ d k/
kz(HH J Tt 5(k — k(1)) COH z e ( )
) r=|x-xexl1
=k (OH5(t — ')—— ‘d3kelk'<x—"°6<k — k(1)) d*k = k*dkd cos 0d¢p
(@)’ e kr cos 0
s | sm(kcr) . . oK (x=x) —> e’
= (t - t) kcl" qﬁ(t, C) kc(t) — k
H\2 H? sin(k.r)
Pyt k)= (— <] —» t,X)E(1,X)) ~ ot —1")
gk =(5) e (Ept 08,1 x0) = =

~ 6(1 — k,r) 48



Importance sampling

Discussing PBH formation

%
—» PBH ' rare object il
We want to get data effectively , l |‘
F "
Direct sampling Importance sampling

—> |ntroduction of bias function

¢ H , Ty ¢ H :
dp. = — % AN+ D  aw. b, = <ﬁ + %) aN + 2™y,
H(¢y, r,) 27 < H, . T
V/ /
dr, = — 3ndN — Y dN dr, = — 3ndN — Y dN
‘ H(gbx, 7Z'X) ‘ H(¢X’ ﬂx)
Number of attempts: Increasing Raising probabillity at tail

Adding weight instead

49



Necessary of importance sampling

PBH formation from large perturbation

— PBH: rare object

For getting data effectively

through large sampling
Direct sampling Importance sampling
.. =i + 0T gy : :
Collect statistics s " 4+ bias function
dn, = — 3mdN — H‘(;(qs::)dN

|

Raising Probability at tail
Good!

50



General Importance sampling

Langevin equation

% = [D(t, x) + B(t, x)] + (1, x)¢&
—_ x, . — X, =[D(,x,)+ B, x, )]At, + 50, x, At

m

e

wi(j)( X) =

FPT tf“

FPT

Statistical weight
- I ‘
M . Nu ber Of runs “.. I' .h.._ t
— — FPT

PYIX | xo)
pT(S)(X | x) : the probability of target(sample) distribution

Bias term amplitude of stochastic diffusion
&: random white Gaussian noise w/{&E()&(t)) = 6(t — t')
n;: number of tFp\
p§)(X | x0)
estarting from some initial value x;,
\X—(xl,xz,..., Xyy) /
51
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The PDF of stochastic inflation

The target PDF using importance sampling

n.

() S ()

W (X) = —5 — (10 ) = =0
Ps’i (X [ Xp) FPT) = | j+1

(Fpr — Bopr)Mypsal

Hypothesis: PDF of weight P(w) is a lognormal distribution

W)

ntotal('/’/j+l I '/V])

(w;) = exp((lnwj> | > j) — IA’(/VJ-) =

How does the EoM of the inflaton be described
with Importance sampling?

[5]Jackson, Joseph H. P. et al, 2022



How does the EoM of the inflaton be described?

Langevin equation x,.,—x, =I[D(,, x,)+ 9%5(t,,x,)]At, + S(,,x,)E,A/ AL,

EoM of the Inflaton
’ ﬂx H(¢X’ EX)
do, = dN + dW,
) H(¢,, ) 27
V/
dr, = — 3n dN — Y dN
) H(gy, my)

v/ AQ; . ] ¢end ¢im’
Cyy = AW dW, = Z [cos(k, - X) — sin(K, - X) @
/7 ]

l

Independent random Gaussian with bias function

AW, AW, + B 2 -
It Is important to choose properly

) Ttx Tlx oL the bias function

\ H(¢X’ EX) H(¢X’ ]TX)

[We want to focus on the symmetric of the regionj
53

where curvature perturbations are large




Powerspectrum

Chaotic inflation
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Inflection

¢ =3.60547, 7 = —2.37409 x 10’

No biased

0.100-+ | '
w
N

. ‘ {»Mh HM b ::&:H : ++>++#
10 ‘mﬁ ﬂhkﬁ‘:w* 3
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Resultl: Stochastic lattice simulation

Chaotic inflation At the end of Inflation
m=10" ¢ =150 7= — 107" . ¥
/ » | ‘~ 0‘
N =0.1 ~0.0002
ON formalism T ]
f=-%" \
J 0.0004
0.0002 P([:" )
’ AT TS
0 // \\
~0.0002 / \
-
o000t Y.
B ¥
—0.0006 0.0 0.0006

56



Resultl: Stochastic lattice simulation
At the end of Inflation
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Result2: Previous simulation w/bias

At the end of Inflation
Chaotic inflation
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Result2: Previous simulation w/bias

At the end of Inflation
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