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Overview

We discuss one-loop corrections to the power spectrum in inflaton potentials
with oscillatory features for a sufficient PBH production.
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Large perturbations for PBH scenarios
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For the PBH scenarios, the enhancement of the power spectrum on
small scales should be O(107).
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Inflaton potentials for large amplification

Canonical single field models for large amplification of density perturbations:

: Inflaton
flatter region & (Starobinsky 1992, Ivanov et al. 1994,
Inoue and Yokoyama 2001, Kinney 2005)

(Kefala et al. 2020, Inomata
etal. 2021)

step feature

bump/dip feature (Ozsoy et al. 2018,
Mishra and Sahni 2019)

oscillatory feature _
(R.G. Cai et al. 2019, Zhou et al.
2020, Peng et al. 2021)
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Motivation of this work

Lagrangian:

L= 50"60,6— V(9

E.o.m. for the inflaton perturbationS' (slow-roll-parameter suppressed terms neglected)
; L2V , " | (VW =0"v/ogm)
7 / . n n—
56" + 2HOG — V266 + a? a¢25qﬁ ?y —— oV E9)

n>2 )

The right-hand side comes from the higher order perturbations, which are often
neglected in many works.

However, it is not obvious whether the right-hand-side can be neglected especially when
we consider sharp features in the potential.

To clarify this, we discuss the modification from the higher order contributions by using

the in-in formalism. (Jordan 1986, Calzetta and Hu 1987, Weinberg 2005, Sloth 2006, Seery 2007, Adshead et
al 2008, Senatore and Zaldarriaga 2009)

Throughout this work, we focus on the oscillatory
feature model as a concrete example.

(Ultra slow roll case is discussed in: Kristiano and Yokoyama 2022, Riotto 2023,

Choudhury et al 2023, Firouzjahi 2023, Motohashi and Tada 2023, Firouzhahi and
Riotto 2023, Franciolini et al. 2023, Cheng et al 2023, Fumagalli 2023)
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Linear perturbation equation

Linear e.o.m.: (slow-roll-suppressed terms neglected in spatially-flat gauge)
5¢" + 2HY — V35p + a’V P ($)op =0 (VW =0"V/0¢")

We expand the perturbation as

3
dop(x,m) zf(gwl;eik'x(s(ﬁk(n)

3
-/ (;iﬂ’;seik-x [Uk(n)a(k) + Uf ()af ()]

where [a(k),a(k)] = [a'(k),a’ (k)] = 0, [a(k),a’ (—k)] = (27)%6(k + k')

Then, the linear e.o.m. can be rewritten as
U (1) + 2HU (1) + k*Uk (1) + a*V® ($) Uy () = 0

Tree-level power spectrum is given by

(01663 (n)5ne (m)|0) = (27)%5(k + k'>2i7>5¢ (),

]{73
Psg.ex(k,n) = 55 |Us(n )|
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Fiducial Potential with oscillatory features

2

2

D(é, do, b, €0, A) = (1 - tanh (\/%AngJ ) (1 + tanh (wioi}p))

1—ns ¢° ¢ — o
V(g :Vll— + 2ceq D(o, pg, ¢, €0, A (—1—|—COS( + Vena(o
(9)=Vo 2 2M2, 0 D{¢: 60, s, €0, A) V2e0A Mp) a(9)
base part oscillatory feature
base part: 10-13
This determines the large-scale power spectrum, case A
which is tuned to be consistent with the CMB/LSS | T caxB
observations. e
=
oscillatory feature: S 3.33777
This introduces the oscillatory feature within ¢y S ¢ < ¢s.
3.33776 |

€o (=- H/H?): slow-roll parameter at ¢, , which leads to
dp/dN = /2 €, Mp,.
A : determines the oscillation timescale, AN,;. ~ O(A).

c: the amplitude of the oscillatory feature.

0.092

0.094 0.096 0.098
¢/Mp
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Perturbations in fiducial parameter sets

" / 2 277(2) _ 2) W W ¢ — ¢o
U (n) + 2HU () + k°Uk(n) + a”V(9)Ur(n) =0 V@)= g5 = 1) = s cos (=
: — x10~13 |
10-6 In : : — case A, k = kpeax case A
Y:.. \I\i\f ........ k= 0.7 kpeak —- case B
NE— 1078 : b)\‘. 5 : .............................. ===k =13kpeax ~3.33778 ....... case O
= ,\ L A I(Tl.#' R R IRt —— case B, k= kpeak E
| AN
= 4 I 170 W A N i REEE SRR I k= 0.7 Kpeak = 333777 N
= 10710 i Koo F o >
& | I‘ \ [ Y R P AP T k:13kpeak >~ \‘
g ko 18 /RN AS: »
& Ao OF B Y L — case C, k = kpeak
oSS e k= 0.7 pea 3.33776 A\
.1= .::.-': 1 :..%.. o k= 1.3kpeak
—14 k [ .092 .094 . .
10 M 0.092  0.09 ¢/1?4 096 0.098
N — Ny Pl
‘ €0 = 1075, Vo /M2, = 3.338 x 10713
10_2 - —— case A A ¢0_¢s
— case B ¢ A V260 Mpy |kpeak770|
10-4F — case C case A | 0.203 | 0.04 | 1 214
B 022 [01 |2 11.4
3 1076} C 019 [0.1 |213 10.2
N ARt
10-8 Case A and B are for PBH scenarios.
1010 | The wavenumber at resonance peak is

102101 100 107 102 10° 10° 10° 10° 107
k [Mpc~1]

kpeak ~ O(1/A)/no.

(ANOSC ~ O(A))

Keisuke Inomata

Questions on calculation of primordial power spectrum with large spikes



Outline

* |Introduction

* Fiducial setups
* One loop power spectrum

* Summary



In-in formalism

In the in-in formalism, the two-point correlation function is given by
(Jordan 1986, Calzetta and Hu 1987, Weinberg 2005)

e / A\ T WK " &
(6duc(n)drer (n)) = <0|(:re—1f—ood’7 Hine (1 ’) 0P (1)d¢r (1) (Te‘zf—ood” Hine ))I0>

1
(Huin = [ 0 0o, Hogon) = 25V (0)56)

tree
(0x(n)ddw (n)), = (0[6dk(n)ddx (1)|0)
two vertices . i n
(56150 (1) g = <0\(T [—z' / dn'Him,sm')]) nc(n)5ne (1) (T [—z' [ int,3<n">])|o>
+ {015x(n)05ne () (T 5 ([ artusatn) D|o>
n 27\ T
* <0|<T 5 ([ antaon) D S ) (1) 0)
one vertex

n

(001 (Mo (1) 1vx = (016 () I (1) (T {_Z/

— 00

ot a(1)] ) 0

ol [ o) )T S (n)3re (n)]0)

L
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One loop power spectrum

two vertices

We divide the two-vertex contribution into two parts:

(0K (n)ddis (77)>2vx = (27T)35(k + k/) 2;; [7)5¢ ovx (K, 1) + P5¢ ovx (K "7)] .

1-|—v
P6¢> avx (k1) = / dv/ I(k, ku, kv, n)I*(k, ku, kv,n), ()\(77) _ _a4(n)v(3)(¢)>

I(k, ku, kv, ) = & / Ay 2Im[Uk< UL (1)) Uk (1 Ui ().

14+v
P5¢2vx (k,n) —8/ dv/ duwkﬁ/ dn/ dn” X(n/

x Im [Ug (m) Uy (n")] Re [Ur (m) U (n"")] (Im [U (0" ) U, (n")] Re [Unu (0 ) Up, (1)) + (w0 4 v)

one vertex

A V(e
(061 ()0 (1)) 1 = (27) 0 (K + k’)—7’5¢ 1o (5 7). (“(m - (”)—6( )>

3

3 n
Paswslben) = =2 [ o) w0z ) [ 52

WG Re[Ux(n) Uy (n)]Up(n")Uy (1)

We solve the linear e.o.m. and substitute the numerical solution of 8¢, (that is, U, (n)) into the
above loop equations.
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One Ioo_ps from equation of motion

Equation of motion:

2
60" 4+ 2Ho — V250 + a® 20V 5¢ =—a’) ! V) (§p)nt

2 _
O = (n—1)!
Second order perturbation: 3¢ = o) 4 5 4 590
(2)" @ 92552 + 20V s5@ — 213 5402
502" + 210D — V20 + a2 55002 = —a?5V D (59(0)

(06736 ) = Piooum

Third order perturbation:

1. Induced by §¢p@5¢p™

3
560" 1 956D — V256 4 020V 27

967 PR
<5¢(1) ¢(3) + 5¢(3) ¢(1)> N pg¢’2vx
2. Induced by (5¢(1))3
56" 1 215" — v2543) 4 ¢2

Y 563 = _ (5¢<2>5¢<1> I 5¢<1>5¢<2>>

, 0*V
02
<5¢(1) ¢(3)+5¢(3) ¢(1)> — Pro.1vx
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Numerical results
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Numerical results in other cases
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Order estimates

Equation of motion:

69" +2H5¢ — V69 + a® a ¢2 9V 56 = —a? Z V<n>(5¢)

a(n) ? n>2
~ <a—0> k}?)eauk(sqZS
modification due to V®

2
21/(3) 2 2 217 (3) 4
agV @\ . [ % (1)
50 ~ BT (550) W (30) (k) (#4)
2
a2V ) a
» 7)5¢>,100p~ ( ISQ > ,P(?d),tr (N 7)5¢,2VX)

(same for ?6l‘)¢,2vx)

a2V @)
» 7)5¢a10019 l{?2 P5¢tr (N 7Déqb,lvx)

peak
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Implications on PBH scenarios

The linear perturbation theory is valid only when the loop power spectrum does not dominate
over the tree power spectrum during the resonance.

The conditions for the negligible one loops are: (,: the global maximum time)

7D5q§,2vx(kpeaka ne) 2

Péd),tr(kpeak? 776) A4
‘ 7D&qb,lvx(k‘peauka 776)
P5¢,tr(kpeaka 776) A4

The resonance strength is determined by the amplitude (c) and the frequency (1/A) of the oscillatory
features in the potential. | —n,
2 2M3

PC tr(kpeak) < 17

PC tr( peak) <1

1 2ce0 D6, 6, s €0, A) (—1 T cos (M)ﬂ T Vina(9)

V(¢) =W [1 - \/Q_EOAMpl

Actually, to realize the large enhancement, ¢2/A cannot be much smaller than O(1).
So, the larger A can lead to the smaller loops with the tree power spectrum fixed.

However, the resonance models typically have A « 1 to realize the resonance with the rapid oscillation of
the slow-roll parameter within less than one e-fold.

Case B realizes the PBH scenarios with A = 0.1, but the loop dominates the tree power spectrum.

¥

The typical resonance models for the PBH scenarios give nonnegligible loop contributions.
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Summary

We have discussed one-loop corrections to the power spectrum in inflaton potentials with oscillatory

features for a sufficient PBH production.
Prer (solid), Pei1oop (dotted (> 0) and dashed (< 0) )

Inﬂaton 1072} case A 100} case A L.ooire 1'\|
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10 ; :
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1010 o ic b
L L | L 1 I | 1 1 10_10 ,gt H
10721071 10° 10! 10% 10° 10%* 10° 10% 107 1 0

k [Mpc!] kol

The domination of the one-loop over tree power spectrum indicates the break down of the
perturbation theory.

If we consider the typical oscillatory feature models, the 0(107) enhancement in in P, for the
PBH scenarios leads to the nonnegligible loop power spectrum.

Our result indicates that we need a new computational method to discuss whether the oscillatory
feature models can realize the PBH scenarios.
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Loop integrals

Example (one vertex): Pse1vx(k,n) = —%/_n dn’u(n’)lm[Uk(n)UE(n')]/ (;1;))36Re[Uk(n)Uiﬁ(U')]Up(n')U;(n’)-

To focus on the loop corrections from the amplified perturbations (exited states), we
introduce the wavenumber cutoff scales for the loop integral.

3
Psg,ic(k,n) (E ;?|Uk:(77)|2) In our fiducial setups, we take
[kirmo| = 0.1, [kuvmno| = 60
([kpearto| < 20)

A

|kn| =1

orange: vacuum fluctuations

kIR kUV

This procedure is based on the assumption that the UV/IR divergences are already
renormalized by the potential parameters and the finite loop corrections from the
vacuum fluctuations are much smaller than those from the exited states.
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