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Motivation for cosmological black holes
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Lore

● PBHs form in the early 
universe, at the horizon scale, 
and surrounded by the thermal 
bath
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● PBHs form in the early 
universe, at the horizon scale, 
and surrounded by the thermal 
bath

● How relevant will these effects 
be?



Some quick criteria:
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● Embedded in cosmological fluid
● Asymptotically FLRW
● Local definitions for mass, horizons, etc

○ (i.e. ADM won’t work, event horizon won’t work, etc.)

● Valid when near horizon size
○ Or even just in radiation-domination at all…

● Avoid physical singularities (i.e. that lead to negative energy 
densities outside the horizon etc)
○ Or naked singularities, etc.



Dynamical Spacetimes

1. Motivation 2. Dynamical Spacetimes 3. Cosmological metrics  4. Thakurta



The Kodama foliation

● Lack a killing field
○ Replace with Kodama vector:
○ (Kodama 1980)
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The Kodama foliation

● Lack a killing field
○ Replace with Kodama vector:
○ (Kodama 1980)

● Defines a unique + natural 
time coordinate 
○ (Abreu & Visser 2010) 

● In this ‘Kodama foliation’, 
any spherically symmetric 
metric can be written:
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●         is naturally the Misner-Sharp mass in this foliation 
○ (Misner & Sharp 1964)
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●         is naturally the Misner-Sharp mass in this foliation 
○ (Misner & Sharp 1964)

● Invariant, quasi-local, effective mass 
○ In these coordinates, we can see:

● Kodama foliation gives natural time coordinate and local mass automatically

Misner-Sharp mass
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Cosmological metrics
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● Stitch a Schwarzschild solution into 
the background
○ (Einstein & Strauss 1945)

The Einstein-Strauss (Swiss-cheese) vacuole
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● Stitch a Schwarzschild solution into 
the background
○ (Einstein & Strauss 1945)

● Matching conditions require zero 
pressure (i.e. matter domination)
○ And dynamic stitching

The Einstein-Strauss (Swiss-cheese) vacuole
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● Gravitational collapse spacetimes
● Also require dust backgrounds
● Have shell-crossing singularities or 

result in naked singularities
○ (Joshi, Malafarina 2015)

Lemaitre-Tolman-Bondi spacetimes
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● Central inhomogeneity in FLRW 
universe
○ (McVittie 1933)

McVittie and Einstein-de Sitter/Kottler spacetimes
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● Central inhomogeneity in FLRW 
universe
○ (McVittie 1933)

● Stationary, spacelike singularity at 
R=2m

● Perfect fluid as source
○ Divergent pressure at horizon
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● Central inhomogeneity in FLRW 
universe
○ (McVittie 1933)

● Stationary, spacelike singularity at 
R=2m

● Perfect fluid as source
○ Divergent pressure at horizon

● Einstein-de Sitter spacetime is special 
case
○ (de Sitter 1917, Kottler 1918)

McVittie and Einstein-de Sitter/Kottler spacetimes
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● Remove perfect fluid requirement
○ I.e. stress-energy can have radial components
○ Fixes singularity problems
○ (Faraoni & Jacques 2007)
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● Remove perfect fluid requirement
○ I.e. stress-energy can have radial components
○ Fixes singularity problems
○ (Faraoni & Jacques 2007)

● Sultana-Dyer solution as special case
○ Conformal transformation of Schwarzschild metric:
○ Also needs null dust + massive dust background
○ (Sultana & Dyer 2005)

● Unique late-time attractor solution: Thakurta metric
○ (Thakurta 1981)
○ Also GR limit of Brans-Dicke gravity with cosmological fluid

■ (Clifton, Mota & Barrow 2005)

Generalized McVittie metrics
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Case study: the Thakurta metric
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● Relatively simple spacetime:
● In cosmological coordinates:

● Source is imperfect fluid, with radial energy flow: 

Thakurta metric
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● In the Kodama foliation:

● Horizons: 

Mass and apparent horizons
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● In the Kodama foliation:

● Should be somewhat careful:

Interpreting the Misner-Sharp mass
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Technically these metrics are eternal, but we need a more realistic PBH model:

1. Form from overdensity of mass m
2. Stay as Thakurta black holes, until—
3. Their local environment becomes dominated by anything other than the imperfect 

fluid 
a. Other black holes, structure formation, etc

4. Spacetime should transition back to ~Schwarzschild black hole of mass m

Physical implementation
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● Binary formation is greatly 
suppressed
○ No LIGO signatures from coalescing 

binaries today
○ (Boehm, Kobakhidze, O’Hare, ZP, 

Sakellariadou 2020)

● Hawking radiation may be 
significantly higher
○ ‘Larger’ black holes evaporate rapidly
○ (ZP 2021)

Possible phenomenological consequences
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Pros:

● No spacelike singularities
● Valid in radiation domination (only 

one??)
● Simple…

Are Thakurta black holes realistic?
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Pros:

● No spacelike singularities
● Valid in radiation domination (only 

one??)
● Simple…

Are Thakurta black holes realistic?
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Cons:

● Question about white hole vs black 
hole horizon

● Unrealistic temperature gradients?
● Multi-black hole solution/ global 

energy density
● ‘Synge’ procedure
● Doesn’t follow the ‘lore’
● Simple…
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● We probably do need a clear, reliable cosmological black hole metric
○ Esp. for radiation-domination and just after formation
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Conclusions

● We probably do need a clear, reliable cosmological black hole metric
○ Esp. for radiation-domination and just after formation

● It is possible that this metric may have larger phenom. consequences than we are 
willing to admit
○ Case study: Thakurta metric

● …I think we probably should care, but I can’t say I definitely have the right answers

Thanks for listening!



Appendices: apparent horizons

● Null radial geodesics:

● Expansion scalars: 



Appendices: Thakurta horizons

Cosmological foliation: Kodama foliation:



Appendices: Thakurta decoupling

‘Standard:’ ‘Dynamical’:



Appendices: Hawking radiation

● Hayward’s surface gravity:

● Follow ‘usual’ recipe: 



Appendices: Farrah et al.

● Main differences:
○ We only assume relevance at early times, transition to ~standard BH after decoupling
○ They are more worried about spin when interpolating between locally Kerr and FLRW 
○ No specific metric given in their paper
○ Different mass dependence:

■ k=3


