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• Particle physics today is driven by 
the LHC.

The need for precision

• Collides protons at high energies.

➡ Gives us access to physics 
at new energy scales!

• The LHC is a proton collider.

➡ LHC = Collisions  of quarks and 
gluons.

➡ Proton = bound state of quarks and 
gluons.

➡ How to make predictions?



• The ‘master formula’ for LHC observables:

QCD factorisation
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Parton Distribution Functions
non-perturbative; 


describe structure of the proton

Partonic cross section
computable in perturbation theory 


as collisions between quarks and gluons
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= scattering amplitude



➡ Each diagram translates into an analytic formula.

= + + + . . .

q

q̄

g

g

•     computed from Feynman diagrams:

Scattering amplitudes
A(L)

➡ Perturbative expansion ~ expansion in number of loops.

• Probabilities are related to the square of the amplitude:

|A|2
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• In general we do not know how to compute amplitudes exactly.

➡ Perturbation theory: ↵s = coupling constant

➡ How many terms needed?

The need for precision

• Precision increases with the number 
of terms.

' 0.118

NLO NNLO

• To reach 1%, need next-to-next-to-
leading order (NNLO) precision.

LO

➡ Is this needed?

3

√
s

TeV σLO σNLO σNNLO σgg→H→WW∗

7 29.52+1.6%
−2.5% 45.16+3.7%

−2.9% 49.04+2.1%
−1.8% 3.25+7.1%

−7.8%

8 35.50+2.4%
−3.5% 54.77+3.7%

−2.9% 59.84+2.2%
−1.9% 4.14+7.2%

−7.8%

13 67.16+5.5%
−6.7% 106.0+4.1%

−3.2% 118.7+2.5%
−2.2% 9.44+7.4%

−7.9%

14 73.74+5.9%
−7.2% 116.7+4.1%

−3.3% 131.3+2.6%
−2.2% 10.64+7.5%

−8.0%

TABLE I. LO, NLO and NNLO cross sections (in picobarn)
for on-shell W+W− production in the 4FNS and reference
results for gg → H → WW ∗ from Ref. [75].

decrease when moving from LO to NLO and NNLO.
Moreover, the NNLO (NLO) corrections turn out to ex-
ceed the scale uncertainty of the NLO (LO) predictions
by up to a factor 3 (34). The fact that LO and NLO
scale variations underestimate higher-order effects can be
attributed to the fact that the gluon–quark and gluon–
gluon induced partonic channels, which yield a sizable
contribution to the W+W− cross section, appear only
beyond LO and NLO, respectively. The NNLO is the
first order at which all partonic channels are contribut-
ing. The NNLO scale dependence, which amounts to
about 3%, can thus be considered a realistic estimate of
the theoretical uncertainty due to missing higher-order
effects.

In Figure 1, theoretical predictions in the 4FNS are
compared to CMS and ATLAS measurements at 7 and
8 TeV [5–8]. For a consistent comparison, our results
for on-shell W+W− production are combined with the
gg → H → WW ∗ cross sections reported in Table I.
It turns out that the inclusion of the NNLO corrections
leads to an excellent description of the data at 7 TeV and
decreases the significance of the observed excess at 8 TeV.
In the lower frame of Figure 1, predictions and scale vari-
ations at NNLO are compared to NLO ones, and also the
individual contribution of the gg → W+W− channel is
shown. Using NNLO parton distributions throughout,
the loop induced gluon fusion contribution is only about
35% of the total NNLO correction.

In the light of the small scale dependence of the 4FNS
NNLO cross section, the ambiguities associated with the
definition of a top-free W+W− cross section and its sen-
sitivity to the choice of the FNS might represent a sig-
nificant source of theoretical uncertainty at NNLO. In
particular, the omission of b-quark emissions in our 4FNS
definition of the W+W− cross section implies potentially
large logarithms of mb in the transition from the 4FNS
to the 5FNS. To quantify this kind of uncertainties, we
study the NNLO W+W− cross section in the 5FNS and
introduce a subtraction of its top contamination that al-
lows for a consistent comparison between the two FNSs.
An optimal definition of W+W− production in the 5FNS
requires maximal suppression of the top resonances in
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FIG. 1. The on-shell W+W− cross section in the 4FNS at

LO (dots), NLO (dashes), NLO+gg (dot dashes) and NNLO

(solid) combined with gg → H → WW ∗ is compared to re-

cent ATLAS and CMS measurements [5–8]. In the lower panel

NNLO and NLO+gg results are normalized to NLO predic-

tions. The bands describe scale variations.

the pp → W+W−b and pp → W+W−bb̄ channels. At
the same time, the cancellation of collinear singularities
associated with massless g → bb̄ splittings requires a suf-
ficient level of inclusiveness. The difficulty of fulfilling
both requirements is clearly illustrated in Figure 2 (left),
where 5FNS predictions are plotted versus a b-jet veto
that rejects b-jets with pT,bjet > pvetoT,bjet over the whole
rapidity range, and are compared to 4FNS results. In
the inclusive limit, pvetoT,bjet → ∞, the higher-order correc-
tions in the 5FNS suffer from a huge top contamination.
At 7 (14) TeV the resulting relative enhancement with
respect to the 4FNS amounts to about 30 (60)% at NLO
and a factor 4 (8) at NNLO. In principle, it can be sup-
pressed through the b-jet veto. However, for natural jet
veto values around 30 GeV the top contamination re-
mains larger than 10% of the W+W− cross section, and
a complete suppression of the top contributions requires
a veto of the order of 1 GeV. Moreover, as pvetoT,bjet → 0,
the (N)NLO cross section does not approach a constant,
but, starting from pvetoT,bjet ∼ 10 GeV, it displays a loga-
rithmic slope due to singularities associated with initial
state g → bb̄ splittings. This sensitivity to the jet-veto
parameters represents a theoretical ambiguity at the sev-
eral percent level, which is inherent in the definition of
top-free W+W− production based on a b-jet veto.

To circumvent this problem we will adopt an alterna-

[Gehrmann, Grazzini, Kallweit, Maierhöfer, von 
Manteuffel, Pozzorini, Rathlev, Tancredi]
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results for gg → H → WW ∗ from Ref. [75].

decrease when moving from LO to NLO and NNLO.
Moreover, the NNLO (NLO) corrections turn out to ex-
ceed the scale uncertainty of the NLO (LO) predictions
by up to a factor 3 (34). The fact that LO and NLO
scale variations underestimate higher-order effects can be
attributed to the fact that the gluon–quark and gluon–
gluon induced partonic channels, which yield a sizable
contribution to the W+W− cross section, appear only
beyond LO and NLO, respectively. The NNLO is the
first order at which all partonic channels are contribut-
ing. The NNLO scale dependence, which amounts to
about 3%, can thus be considered a realistic estimate of
the theoretical uncertainty due to missing higher-order
effects.

In Figure 1, theoretical predictions in the 4FNS are
compared to CMS and ATLAS measurements at 7 and
8 TeV [5–8]. For a consistent comparison, our results
for on-shell W+W− production are combined with the
gg → H → WW ∗ cross sections reported in Table I.
It turns out that the inclusion of the NNLO corrections
leads to an excellent description of the data at 7 TeV and
decreases the significance of the observed excess at 8 TeV.
In the lower frame of Figure 1, predictions and scale vari-
ations at NNLO are compared to NLO ones, and also the
individual contribution of the gg → W+W− channel is
shown. Using NNLO parton distributions throughout,
the loop induced gluon fusion contribution is only about
35% of the total NNLO correction.

In the light of the small scale dependence of the 4FNS
NNLO cross section, the ambiguities associated with the
definition of a top-free W+W− cross section and its sen-
sitivity to the choice of the FNS might represent a sig-
nificant source of theoretical uncertainty at NNLO. In
particular, the omission of b-quark emissions in our 4FNS
definition of the W+W− cross section implies potentially
large logarithms of mb in the transition from the 4FNS
to the 5FNS. To quantify this kind of uncertainties, we
study the NNLO W+W− cross section in the 5FNS and
introduce a subtraction of its top contamination that al-
lows for a consistent comparison between the two FNSs.
An optimal definition of W+W− production in the 5FNS
requires maximal suppression of the top resonances in
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the pp → W+W−b and pp → W+W−bb̄ channels. At
the same time, the cancellation of collinear singularities
associated with massless g → bb̄ splittings requires a suf-
ficient level of inclusiveness. The difficulty of fulfilling
both requirements is clearly illustrated in Figure 2 (left),
where 5FNS predictions are plotted versus a b-jet veto
that rejects b-jets with pT,bjet > pvetoT,bjet over the whole
rapidity range, and are compared to 4FNS results. In
the inclusive limit, pvetoT,bjet → ∞, the higher-order correc-
tions in the 5FNS suffer from a huge top contamination.
At 7 (14) TeV the resulting relative enhancement with
respect to the 4FNS amounts to about 30 (60)% at NLO
and a factor 4 (8) at NNLO. In principle, it can be sup-
pressed through the b-jet veto. However, for natural jet
veto values around 30 GeV the top contamination re-
mains larger than 10% of the W+W− cross section, and
a complete suppression of the top contributions requires
a veto of the order of 1 GeV. Moreover, as pvetoT,bjet → 0,
the (N)NLO cross section does not approach a constant,
but, starting from pvetoT,bjet ∼ 10 GeV, it displays a loga-
rithmic slope due to singularities associated with initial
state g → bb̄ splittings. This sensitivity to the jet-veto
parameters represents a theoretical ambiguity at the sev-
eral percent level, which is inherent in the definition of
top-free W+W− production based on a b-jet veto.

To circumvent this problem we will adopt an alterna-

⇠ 10% ⇠ 1%

A = A(0) + ↵s A(1) + ↵2
s A(2) + . . .



Loop integrations

Z
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➡ cf. phase space for 4 jets: 
(4-1) x 3 = 9 integrations.

• Loop integrals are usually divergent!

➡ UV divergencies: removed by renormalisation.
➡ IR divergencies: cancel against real emissions.

• State of the art:

➡ 1 loop: usually doable.

➡ 3 loops: some          .2 ! 1

➡ 2 loops: results for low multiplicity.

➡ 2x4 = 8 integrations: Cannot be so hard?
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Anatomy of higher orders

++

Individually divergent, but sum is fi

• Next-to-LO (NLO):

• Next-to-next-to-LO (NNLO):Virtual Real

• Leading order (LO):

We know how to combine reals and virtuals at NLO and NNLO.
[NNLO: Anastasiou, Melnikov, Petriello; Catani, de Florian, Grazzini; Gehrmann, Gehrmann-de Ridder, Glover; 

Czakon; Czakon, Fiedler, Mitov; Caola, Melnikov, Schulze; Caola, Melnikov, Röntsch; Gaunt, Stahlhofen, 
Tackmann, Walsh; Boughezal, Focke, Giele, Liu, Petriello; Cacciari, Dreyer, Karlberg, Salam, Zanderighi; 

G.Bevilacqua, A.Kardos, G.Somogyi, Z.Trocsanyi, Z.Tulipant; L.Magnea, L.Maina, G.Pelliccioli, C.Signorile-
Signorile, P.Torrielli, S.Uccirati, …]



State of the art

• Loop integrations:

➡ 1 loop: usually doable.

➡ 2 loops: typically            and            with massless particles.<latexit sha1_base64="hHu7YNp1nNIlefHbwkIqjdiOWSw=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcEtQzYWEYwD0iWMDu5m4yZnV1mZoWwBGzsbfUX7MTWD/EP/Awnj8IkHhg4nHPnPk6QCK6N6347a+sbm1vbuZ387t7+wWHh6Lih41QxrLNYxKoVUI2CS6wbbgS2EoU0CgQ2g+HNxG8+otI8lvdmlKAf0b7kIWfUWKlR7piYlLuFoltypyCrxJuTIsxR6xZ+Or2YpRFKwwTVuu25ifEzqgxnAsf5TqoxoWxI+9i2VNIItZ9Ntx2Tc6v0SBgr+6QhU/Xvj4xGWo+iwFZG1Az0sjcR//PaqQmv/YzLJDUo2WxQmApiT5ycTnpcITNiZAllittdCRtQRZmxAS1MmfRWOtTjvI3GWw5ilTTKJe+yVLmrFKvVp1lIOTiFM7gAD66gCrdQgzoweIAXeIU359l5dz6cz1npmjMP9gQW4Hz9AnmtmGM=</latexit>

2 ! 2
<latexit sha1_base64="sNRPNc+loOIjToNQUmABDVZd2uk=">AAACA3icbVDLSgMxFL2pr1pfVZdugkVwVWZqUZcFNy4r2Ae0Q8mkmTY2kxmSjFCGghv3bvUX3IlbP8Q/8DPMtF3Y1gOBwzk393H8WHBtHOcb5dbWNza38tuFnd29/YPi4VFTR4mirEEjEam2TzQTXLKG4UawdqwYCX3BWv7oJvNbj0xpHsl7M46ZF5KB5AGnxFipWemaCF/0iiWn7EyBV4k7JyWYo94r/nT7EU1CJg0VROuO68TGS4kynAo2KXQTzWJCR2TAOpZKEjLtpdNtJ/jMKn0cRMo+afBU/fsjJaHW49C3lSExQ73sZeJ/XicxwbWXchknhkk6GxQkAtsTs9NxnytGjRhbQqjidldMh0QRamxAC1Oy3koHelKw0bjLQaySZqXsXpard9VSrfY0CykPJ3AK5+DCFdTgFurQAAoP8AKv8Iae0Tv6QJ+z0hyaB3sMC0Bfv3tHmGQ=</latexit>

2 ! 3

➡ 3 loops:            and fi2 ! 1
<latexit sha1_base64="hHu7YNp1nNIlefHbwkIqjdiOWSw=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcEtQzYWEYwD0iWMDu5m4yZnV1mZoWwBGzsbfUX7MTWD/EP/Awnj8IkHhg4nHPnPk6QCK6N6347a+sbm1vbuZ387t7+wWHh6Lih41QxrLNYxKoVUI2CS6wbbgS2EoU0CgQ2g+HNxG8+otI8lvdmlKAf0b7kIWfUWKlR7piYlLuFoltypyCrxJuTIsxR6xZ+Or2YpRFKwwTVuu25ifEzqgxnAsf5TqoxoWxI+9i2VNIItZ9Ntx2Tc6v0SBgr+6QhU/Xvj4xGWo+iwFZG1Az0sjcR//PaqQmv/YzLJDUo2WxQmApiT5ycTnpcITNiZAllittdCRtQRZmxAS1MmfRWOtTjvI3GWw5ilTTKJe+yVLmrFKvVp1lIOTiFM7gAD66gCrdQgzoweIAXeIU359l5dz6cz1npmjMP9gQW4Hz9AnmtmGM=</latexit>

2 ! 2

• Combing real and virtual corrections:

➡ NLO: usually doable.

➡ NNLO: typically            and fi<latexit sha1_base64="hHu7YNp1nNIlefHbwkIqjdiOWSw=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcEtQzYWEYwD0iWMDu5m4yZnV1mZoWwBGzsbfUX7MTWD/EP/Awnj8IkHhg4nHPnPk6QCK6N6347a+sbm1vbuZ387t7+wWHh6Lih41QxrLNYxKoVUI2CS6wbbgS2EoU0CgQ2g+HNxG8+otI8lvdmlKAf0b7kIWfUWKlR7piYlLuFoltypyCrxJuTIsxR6xZ+Or2YpRFKwwTVuu25ifEzqgxnAsf5TqoxoWxI+9i2VNIItZ9Ntx2Tc6v0SBgr+6QhU/Xvj4xGWo+iwFZG1Az0sjcR//PaqQmv/YzLJDUo2WxQmApiT5ycTnpcITNiZAllittdCRtQRZmxAS1MmfRWOtTjvI3GWw5ilTTKJe+yVLmrFKvVp1lIOTiFM7gAD66gCrdQgzoweIAXeIU359l5dz6cz1npmjMP9gQW4Hz9AnmtmGM=</latexit>

2 ! 2
<latexit sha1_base64="sNRPNc+loOIjToNQUmABDVZd2uk=">AAACA3icbVDLSgMxFL2pr1pfVZdugkVwVWZqUZcFNy4r2Ae0Q8mkmTY2kxmSjFCGghv3bvUX3IlbP8Q/8DPMtF3Y1gOBwzk393H8WHBtHOcb5dbWNza38tuFnd29/YPi4VFTR4mirEEjEam2TzQTXLKG4UawdqwYCX3BWv7oJvNbj0xpHsl7M46ZF5KB5AGnxFipWemaCF/0iiWn7EyBV4k7JyWYo94r/nT7EU1CJg0VROuO68TGS4kynAo2KXQTzWJCR2TAOpZKEjLtpdNtJ/jMKn0cRMo+afBU/fsjJaHW49C3lSExQ73sZeJ/XicxwbWXchknhkk6GxQkAtsTs9NxnytGjRhbQqjidldMh0QRamxAC1Oy3koHelKw0bjLQaySZqXsXpard9VSrfY0CykPJ3AK5+DCFdTgFurQAAoP8AKv8Iae0Tv6QJ+z0hyaB3sMC0Bfv3tHmGQ=</latexit>

2 ! 3

➡ N3LO:           .2 ! 1
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Outline
• In the rest of the talk: focus (mostly) on virtual contributions.

[© xkcd.com]

Outline of the talk:

➡ The frontier of precision 
computations for the LHC.

• Virtual corrections require the integration over momentum of 
unresolved particle. 
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➡ The mathematics of loop 
computations.

http://xkcd.com


The frontier of 

precision computations 

for the LHC



Loop integrations
AnalyticalNumerical

✓ Fast & Reliable.

✓ All cancellations analytic.

Analytic computations tough:
‘every integral is different’!

Often very slow.

Potential large cancellations 
& instabilities.

✓ In principle applicable to 
any integral!

State of the art

2-to-2 with massive 
propagators.

2-to-2 with massless 
propagators (no virtual tops!).

tt̄
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<latexit sha1_base64="D+k1iYOvlzMbMVOaIhc1C+7fdjs=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjwkmMU84BkCbOT2WTI7Mwy0yuEJeAHePGgiFf/yJt/4+Rx0MSChqKqm+6uKJXCou9/e2vrG5tb24Wd4u7e/sFh6ei4aXVmGG8wLbVpR9RyKRRvoEDJ26nhNIkkb0Wj26nfeuTGCq0ecJzyMKEDJWLBKDrpvlbrlcp+xZ+BrJJgQcqwQL1X+ur2NcsSrpBJam0n8FMMc2pQMMknxW5meUrZiA54x1FFE27DfHbphJw7pU9ibVwpJDP190ROE2vHSeQ6E4pDu+xNxf+8TobxTZgLlWbIFZsvijNJUJPp26QvDGcox45QZoS7lbAhNZShC6foQgiWX14lzctK4FeCu6tytfo0j6MAp3AGFxDANVShBnVoAIMYnuEV3ryR9+K9ex/z1jVvEeEJ/IH3+QNVOo2c</latexit><latexit sha1_base64="D+k1iYOvlzMbMVOaIhc1C+7fdjs=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjwkmMU84BkCbOT2WTI7Mwy0yuEJeAHePGgiFf/yJt/4+Rx0MSChqKqm+6uKJXCou9/e2vrG5tb24Wd4u7e/sFh6ei4aXVmGG8wLbVpR9RyKRRvoEDJ26nhNIkkb0Wj26nfeuTGCq0ecJzyMKEDJWLBKDrpvlbrlcp+xZ+BrJJgQcqwQL1X+ur2NcsSrpBJam0n8FMMc2pQMMknxW5meUrZiA54x1FFE27DfHbphJw7pU9ibVwpJDP190ROE2vHSeQ6E4pDu+xNxf+8TobxTZgLlWbIFZsvijNJUJPp26QvDGcox45QZoS7lbAhNZShC6foQgiWX14lzctK4FeCu6tytfo0j6MAp3AGFxDANVShBnVoAIMYnuEV3ryR9+K9ex/z1jVvEeEJ/IH3+QNVOo2c</latexit><latexit sha1_base64="D+k1iYOvlzMbMVOaIhc1C+7fdjs=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjwkmMU84BkCbOT2WTI7Mwy0yuEJeAHePGgiFf/yJt/4+Rx0MSChqKqm+6uKJXCou9/e2vrG5tb24Wd4u7e/sFh6ei4aXVmGG8wLbVpR9RyKRRvoEDJ26nhNIkkb0Wj26nfeuTGCq0ecJzyMKEDJWLBKDrpvlbrlcp+xZ+BrJJgQcqwQL1X+ur2NcsSrpBJam0n8FMMc2pQMMknxW5meUrZiA54x1FFE27DfHbphJw7pU9ibVwpJDP190ROE2vHSeQ6E4pDu+xNxf+8TobxTZgLlWbIFZsvijNJUJPp26QvDGcox45QZoS7lbAhNZShC6foQgiWX14lzctK4FeCu6tytfo0j6MAp3AGFxDANVShBnVoAIMYnuEV3ryR9+K9ex/z1jVvEeEJ/IH3+QNVOo2c</latexit><latexit sha1_base64="D+k1iYOvlzMbMVOaIhc1C+7fdjs=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjwkmMU84BkCbOT2WTI7Mwy0yuEJeAHePGgiFf/yJt/4+Rx0MSChqKqm+6uKJXCou9/e2vrG5tb24Wd4u7e/sFh6ei4aXVmGG8wLbVpR9RyKRRvoEDJ26nhNIkkb0Wj26nfeuTGCq0ecJzyMKEDJWLBKDrpvlbrlcp+xZ+BrJJgQcqwQL1X+ur2NcsSrpBJam0n8FMMc2pQMMknxW5meUrZiA54x1FFE27DfHbphJw7pU9ibVwpJDP190ROE2vHSeQ6E4pDu+xNxf+8TobxTZgLlWbIFZsvijNJUJPp26QvDGcox45QZoS7lbAhNZShC6foQgiWX14lzctK4FeCu6tytfo0j6MAp3AGFxDANVShBnVoAIMYnuEV3ryR9+K9ex/z1jVvEeEJ/IH3+QNVOo2c</latexit> Hj

<latexit sha1_base64="fAwseD+Q/XRZtRGy+1dKXqKfQ90=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcFLzlGMQ9IljA7mU3GzM4uM71CWAJ+gBcPinj1j7z5N04eB00saCiquunuClMpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh6Gbqtx65NiJR9zhOeRDTgRKRYBStdFd76JUrbtWdgawSb0EqsEC9V/7q9hOWxVwhk9SYjuemGORUo2CST0rdzPCUshEd8I6lisbcBPns0gk5s0qfRIm2pZDM1N8TOY2NGceh7YwpDs2yNxX/8zoZRtdBLlSaIVdsvijKJMGETN8mfaE5Qzm2hDIt7K2EDammDG04JRuCt/zyKmleVD236t1eVnz/aR5HEU7gFM7BgyvwoQZ1aACDCJ7hFd6ckfPivDsf89aCs4jwGP7A+fwBiMKNvg==</latexit><latexit sha1_base64="fAwseD+Q/XRZtRGy+1dKXqKfQ90=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcFLzlGMQ9IljA7mU3GzM4uM71CWAJ+gBcPinj1j7z5N04eB00saCiquunuClMpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh6Gbqtx65NiJR9zhOeRDTgRKRYBStdFd76JUrbtWdgawSb0EqsEC9V/7q9hOWxVwhk9SYjuemGORUo2CST0rdzPCUshEd8I6lisbcBPns0gk5s0qfRIm2pZDM1N8TOY2NGceh7YwpDs2yNxX/8zoZRtdBLlSaIVdsvijKJMGETN8mfaE5Qzm2hDIt7K2EDammDG04JRuCt/zyKmleVD236t1eVnz/aR5HEU7gFM7BgyvwoQZ1aACDCJ7hFd6ckfPivDsf89aCs4jwGP7A+fwBiMKNvg==</latexit><latexit sha1_base64="fAwseD+Q/XRZtRGy+1dKXqKfQ90=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcFLzlGMQ9IljA7mU3GzM4uM71CWAJ+gBcPinj1j7z5N04eB00saCiquunuClMpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh6Gbqtx65NiJR9zhOeRDTgRKRYBStdFd76JUrbtWdgawSb0EqsEC9V/7q9hOWxVwhk9SYjuemGORUo2CST0rdzPCUshEd8I6lisbcBPns0gk5s0qfRIm2pZDM1N8TOY2NGceh7YwpDs2yNxX/8zoZRtdBLlSaIVdsvijKJMGETN8mfaE5Qzm2hDIt7K2EDammDG04JRuCt/zyKmleVD236t1eVnz/aR5HEU7gFM7BgyvwoQZ1aACDCJ7hFd6ckfPivDsf89aCs4jwGP7A+fwBiMKNvg==</latexit><latexit sha1_base64="fAwseD+Q/XRZtRGy+1dKXqKfQ90=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcFLzlGMQ9IljA7mU3GzM4uM71CWAJ+gBcPinj1j7z5N04eB00saCiquunuClMpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh6Gbqtx65NiJR9zhOeRDTgRKRYBStdFd76JUrbtWdgawSb0EqsEC9V/7q9hOWxVwhk9SYjuemGORUo2CST0rdzPCUshEd8I6lisbcBPns0gk5s0qfRIm2pZDM1N8TOY2NGceh7YwpDs2yNxX/8zoZRtdBLlSaIVdsvijKJMGETN8mfaE5Qzm2hDIt7K2EDammDG04JRuCt/zyKmleVD236t1eVnz/aR5HEU7gFM7BgyvwoQZ1aACDCJ7hFd6ckfPivDsf89aCs4jwGP7A+fwBiMKNvg==</latexit>

��(finite mt)
<latexit sha1_base64="2VCoIp38UM4YeqwWZ/ey7miMT58=">AAACDHicbVBNSwMxFMz6bf2qevQSLIJeyq4Ieix48VjB2kK7lGz6tgaT7JK8FctS8OrFv+LFgyJe/QHe/Dem3R60dSBhmJlH8iZKpbDo+9/e3PzC4tLyymppbX1jc6u8vXNtk8xwaPBEJqYVMQtSaGigQAmt1ABTkYRmdHs+8pt3YKxI9BUOUggV62sRC87QSd1ypdNnSrHipocdhHs0Ko+FFgh0SFUXj1zKr/pj0FkSTEiFTFDvlr86vYRnCjRyyaxtB36KYc4MCi5hWOpkFlLGb1kf2o5qpsCG+XiZIT1wSo/GiXFHIx2rvydypqwdqMglFcMbO+2NxP+8dobxWZgLnWYImhcPxZmkmNBRM7QnDHCUA0cYN8L9lfIbZhhH11/JlRBMrzxLro+rgV8NLk8qtdpDUccK2SP75JAE5JTUyAWpkwbh5JE8k1fy5j15L96791FE57xJhbvkD7zPH412m60=</latexit><latexit sha1_base64="2VCoIp38UM4YeqwWZ/ey7miMT58=">AAACDHicbVBNSwMxFMz6bf2qevQSLIJeyq4Ieix48VjB2kK7lGz6tgaT7JK8FctS8OrFv+LFgyJe/QHe/Dem3R60dSBhmJlH8iZKpbDo+9/e3PzC4tLyymppbX1jc6u8vXNtk8xwaPBEJqYVMQtSaGigQAmt1ABTkYRmdHs+8pt3YKxI9BUOUggV62sRC87QSd1ypdNnSrHipocdhHs0Ko+FFgh0SFUXj1zKr/pj0FkSTEiFTFDvlr86vYRnCjRyyaxtB36KYc4MCi5hWOpkFlLGb1kf2o5qpsCG+XiZIT1wSo/GiXFHIx2rvydypqwdqMglFcMbO+2NxP+8dobxWZgLnWYImhcPxZmkmNBRM7QnDHCUA0cYN8L9lfIbZhhH11/JlRBMrzxLro+rgV8NLk8qtdpDUccK2SP75JAE5JTUyAWpkwbh5JE8k1fy5j15L96791FE57xJhbvkD7zPH412m60=</latexit><latexit sha1_base64="2VCoIp38UM4YeqwWZ/ey7miMT58=">AAACDHicbVBNSwMxFMz6bf2qevQSLIJeyq4Ieix48VjB2kK7lGz6tgaT7JK8FctS8OrFv+LFgyJe/QHe/Dem3R60dSBhmJlH8iZKpbDo+9/e3PzC4tLyymppbX1jc6u8vXNtk8xwaPBEJqYVMQtSaGigQAmt1ABTkYRmdHs+8pt3YKxI9BUOUggV62sRC87QSd1ypdNnSrHipocdhHs0Ko+FFgh0SFUXj1zKr/pj0FkSTEiFTFDvlr86vYRnCjRyyaxtB36KYc4MCi5hWOpkFlLGb1kf2o5qpsCG+XiZIT1wSo/GiXFHIx2rvydypqwdqMglFcMbO+2NxP+8dobxWZgLnWYImhcPxZmkmNBRM7QnDHCUA0cYN8L9lfIbZhhH11/JlRBMrzxLro+rgV8NLk8qtdpDUccK2SP75JAE5JTUyAWpkwbh5JE8k1fy5j15L96791FE57xJhbvkD7zPH412m60=</latexit><latexit sha1_base64="2VCoIp38UM4YeqwWZ/ey7miMT58=">AAACDHicbVBNSwMxFMz6bf2qevQSLIJeyq4Ieix48VjB2kK7lGz6tgaT7JK8FctS8OrFv+LFgyJe/QHe/Dem3R60dSBhmJlH8iZKpbDo+9/e3PzC4tLyymppbX1jc6u8vXNtk8xwaPBEJqYVMQtSaGigQAmt1ABTkYRmdHs+8pt3YKxI9BUOUggV62sRC87QSd1ypdNnSrHipocdhHs0Ko+FFgh0SFUXj1zKr/pj0FkSTEiFTFDvlr86vYRnCjRyyaxtB36KYc4MCi5hWOpkFlLGb1kf2o5qpsCG+XiZIT1wSo/GiXFHIx2rvydypqwdqMglFcMbO+2NxP+8dobxWZgLnWYImhcPxZmkmNBRM7QnDHCUA0cYN8L9lfIbZhhH11/JlRBMrzxLro+rgV8NLk8qtdpDUccK2SP75JAE5JTUyAWpkwbh5JE8k1fy5j15L96791FE57xJhbvkD7zPH412m60=</latexit>

jj
<latexit sha1_base64="o2OrnYmI3s8PVNZyDhXiaoEwPQI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbvtZhN2N0IJBX+AFw+KePUfefPfuE170NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvpn5rUdUmsfywUwS9CM6kDzkjBor3Y9GvXLFrbo5yCrxFqQCC9R75a9uP2ZphNIwQbXueG5i/Iwqw5nAaambakwoG9MBdiyVNELtZ/mlU3JmlT4JY2VLGpKrvycyGmk9iQLbGVEz1MveTPzP66QmvPYzLpPUoGTzRWEqiInJ7G3S5wqZERNLKFPc3krYkCrKjA2nZEPwll9eJc2LqudWvbvLSq32NI+jCCdwCufgwRXU4Bbq0AAGITzDK7w5Y+fFeXc+5q0FZxHhMfyB8/kDvGyN4A==</latexit><latexit sha1_base64="o2OrnYmI3s8PVNZyDhXiaoEwPQI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbvtZhN2N0IJBX+AFw+KePUfefPfuE170NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvpn5rUdUmsfywUwS9CM6kDzkjBor3Y9GvXLFrbo5yCrxFqQCC9R75a9uP2ZphNIwQbXueG5i/Iwqw5nAaambakwoG9MBdiyVNELtZ/mlU3JmlT4JY2VLGpKrvycyGmk9iQLbGVEz1MveTPzP66QmvPYzLpPUoGTzRWEqiInJ7G3S5wqZERNLKFPc3krYkCrKjA2nZEPwll9eJc2LqudWvbvLSq32NI+jCCdwCufgwRXU4Bbq0AAGITzDK7w5Y+fFeXc+5q0FZxHhMfyB8/kDvGyN4A==</latexit><latexit sha1_base64="o2OrnYmI3s8PVNZyDhXiaoEwPQI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbvtZhN2N0IJBX+AFw+KePUfefPfuE170NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvpn5rUdUmsfywUwS9CM6kDzkjBor3Y9GvXLFrbo5yCrxFqQCC9R75a9uP2ZphNIwQbXueG5i/Iwqw5nAaambakwoG9MBdiyVNELtZ/mlU3JmlT4JY2VLGpKrvycyGmk9iQLbGVEz1MveTPzP66QmvPYzLpPUoGTzRWEqiInJ7G3S5wqZERNLKFPc3krYkCrKjA2nZEPwll9eJc2LqudWvbvLSq32NI+jCCdwCufgwRXU4Bbq0AAGITzDK7w5Y+fFeXc+5q0FZxHhMfyB8/kDvGyN4A==</latexit><latexit sha1_base64="o2OrnYmI3s8PVNZyDhXiaoEwPQI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbvtZhN2N0IJBX+AFw+KePUfefPfuE170NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvpn5rUdUmsfywUwS9CM6kDzkjBor3Y9GvXLFrbo5yCrxFqQCC9R75a9uP2ZphNIwQbXueG5i/Iwqw5nAaambakwoG9MBdiyVNELtZ/mlU3JmlT4JY2VLGpKrvycyGmk9iQLbGVEz1MveTPzP66QmvPYzLpPUoGTzRWEqiInJ7G3S5wqZERNLKFPc3krYkCrKjA2nZEPwll9eJc2LqudWvbvLSq32NI+jCCdwCufgwRXU4Bbq0AAGITzDK7w5Y+fFeXc+5q0FZxHhMfyB8/kDvGyN4A==</latexit>

��
<latexit sha1_base64="rme5zaMgGc9aQkwpEx0hhC2Hehw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY8FLx4r2FZolzKbZtvQJLskWaEsBX+FFw+KePXPePPfmHZ70NYHMzzemyGTF6WCG+v7315pbX1jc6u8XdnZ3ds/qB4etU2SacpaNBGJfojQMMEVa1luBXtINUMZCdaJxjczv/PItOGJureTlIUSh4rHnKJ1Uq83RCmx6P1qza/7c5BVEixIDRZo9qtfvUFCM8mUpQKN6QZ+asMcteVUsGmllxmWIh3jkHUdVSiZCfP5zVNy5pQBiRPtSlkyV39v5CiNmcjITUq0I7PszcT/vG5m4+sw5yrNLFO0eCjOBLEJmQVABlwzasXEEaSau1sJHaFGal1MFRdCsPzlVdK+qAd+Pbi7rDUaT0UcZTiBUziHAK6gAbfQhBZQSOEZXuHNy7wX7937KEZL3iLCY/gD7/MHNlaSLg==</latexit><latexit sha1_base64="rme5zaMgGc9aQkwpEx0hhC2Hehw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY8FLx4r2FZolzKbZtvQJLskWaEsBX+FFw+KePXPePPfmHZ70NYHMzzemyGTF6WCG+v7315pbX1jc6u8XdnZ3ds/qB4etU2SacpaNBGJfojQMMEVa1luBXtINUMZCdaJxjczv/PItOGJureTlIUSh4rHnKJ1Uq83RCmx6P1qza/7c5BVEixIDRZo9qtfvUFCM8mUpQKN6QZ+asMcteVUsGmllxmWIh3jkHUdVSiZCfP5zVNy5pQBiRPtSlkyV39v5CiNmcjITUq0I7PszcT/vG5m4+sw5yrNLFO0eCjOBLEJmQVABlwzasXEEaSau1sJHaFGal1MFRdCsPzlVdK+qAd+Pbi7rDUaT0UcZTiBUziHAK6gAbfQhBZQSOEZXuHNy7wX7937KEZL3iLCY/gD7/MHNlaSLg==</latexit><latexit sha1_base64="rme5zaMgGc9aQkwpEx0hhC2Hehw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY8FLx4r2FZolzKbZtvQJLskWaEsBX+FFw+KePXPePPfmHZ70NYHMzzemyGTF6WCG+v7315pbX1jc6u8XdnZ3ds/qB4etU2SacpaNBGJfojQMMEVa1luBXtINUMZCdaJxjczv/PItOGJureTlIUSh4rHnKJ1Uq83RCmx6P1qza/7c5BVEixIDRZo9qtfvUFCM8mUpQKN6QZ+asMcteVUsGmllxmWIh3jkHUdVSiZCfP5zVNy5pQBiRPtSlkyV39v5CiNmcjITUq0I7PszcT/vG5m4+sw5yrNLFO0eCjOBLEJmQVABlwzasXEEaSau1sJHaFGal1MFRdCsPzlVdK+qAd+Pbi7rDUaT0UcZTiBUziHAK6gAbfQhBZQSOEZXuHNy7wX7937KEZL3iLCY/gD7/MHNlaSLg==</latexit><latexit sha1_base64="rme5zaMgGc9aQkwpEx0hhC2Hehw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY8FLx4r2FZolzKbZtvQJLskWaEsBX+FFw+KePXPePPfmHZ70NYHMzzemyGTF6WCG+v7315pbX1jc6u8XdnZ3ds/qB4etU2SacpaNBGJfojQMMEVa1luBXtINUMZCdaJxjczv/PItOGJureTlIUSh4rHnKJ1Uq83RCmx6P1qza/7c5BVEixIDRZo9qtfvUFCM8mUpQKN6QZ+asMcteVUsGmllxmWIh3jkHUdVSiZCfP5zVNy5pQBiRPtSlkyV39v5CiNmcjITUq0I7PszcT/vG5m4+sw5yrNLFO0eCjOBLEJmQVABlwzasXEEaSau1sJHaFGal1MFRdCsPzlVdK+qAd+Pbi7rDUaT0UcZTiBUziHAK6gAbfQhBZQSOEZXuHNy7wX7937KEZL3iLCY/gD7/MHNlaSLg==</latexit>

V j
<latexit sha1_base64="yzFmjzdk0GTJ2UW10BFzVdZzz9o=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUCyhNnJbDJmdmaZ6RXCEvADvHhQxKt/5M2/cfI4aGJBQ1HVTXdXlEph0fe/vZXVtfWNzcJWcXtnd2+/dHDYsDozjNeZltq0Imq5FIrXUaDkrdRwmkSSN6Ph9cRvPnJjhVb3OEp5mNC+ErFgFJ1013jolsp+xZ+CLJNgTsowR61b+ur0NMsSrpBJam078FMMc2pQMMnHxU5meUrZkPZ521FFE27DfHrpmJw6pUdibVwpJFP190ROE2tHSeQ6E4oDu+hNxP+8dobxVZgLlWbIFZstijNJUJPJ26QnDGcoR45QZoS7lbABNZShC6foQggWX14mjfNK4FeC24tytfo0i6MAx3ACZxDAJVThBmpQBwYxPMMrvHlD78V79z5mrSvePMIj+APv8weeCI3M</latexit><latexit sha1_base64="yzFmjzdk0GTJ2UW10BFzVdZzz9o=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUCyhNnJbDJmdmaZ6RXCEvADvHhQxKt/5M2/cfI4aGJBQ1HVTXdXlEph0fe/vZXVtfWNzcJWcXtnd2+/dHDYsDozjNeZltq0Imq5FIrXUaDkrdRwmkSSN6Ph9cRvPnJjhVb3OEp5mNC+ErFgFJ1013jolsp+xZ+CLJNgTsowR61b+ur0NMsSrpBJam078FMMc2pQMMnHxU5meUrZkPZ521FFE27DfHrpmJw6pUdibVwpJFP190ROE2tHSeQ6E4oDu+hNxP+8dobxVZgLlWbIFZstijNJUJPJ26QnDGcoR45QZoS7lbABNZShC6foQggWX14mjfNK4FeC24tytfo0i6MAx3ACZxDAJVThBmpQBwYxPMMrvHlD78V79z5mrSvePMIj+APv8weeCI3M</latexit><latexit sha1_base64="yzFmjzdk0GTJ2UW10BFzVdZzz9o=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUCyhNnJbDJmdmaZ6RXCEvADvHhQxKt/5M2/cfI4aGJBQ1HVTXdXlEph0fe/vZXVtfWNzcJWcXtnd2+/dHDYsDozjNeZltq0Imq5FIrXUaDkrdRwmkSSN6Ph9cRvPnJjhVb3OEp5mNC+ErFgFJ1013jolsp+xZ+CLJNgTsowR61b+ur0NMsSrpBJam078FMMc2pQMMnHxU5meUrZkPZ521FFE27DfHrpmJw6pUdibVwpJFP190ROE2tHSeQ6E4oDu+hNxP+8dobxVZgLlWbIFZstijNJUJPJ26QnDGcoR45QZoS7lbABNZShC6foQggWX14mjfNK4FeC24tytfo0i6MAx3ACZxDAJVThBmpQBwYxPMMrvHlD78V79z5mrSvePMIj+APv8weeCI3M</latexit><latexit sha1_base64="yzFmjzdk0GTJ2UW10BFzVdZzz9o=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUCyhNnJbDJmdmaZ6RXCEvADvHhQxKt/5M2/cfI4aGJBQ1HVTXdXlEph0fe/vZXVtfWNzcJWcXtnd2+/dHDYsDozjNeZltq0Imq5FIrXUaDkrdRwmkSSN6Ph9cRvPnJjhVb3OEp5mNC+ErFgFJ1013jolsp+xZ+CLJNgTsowR61b+ur0NMsSrpBJam078FMMc2pQMMnHxU5meUrZkPZ521FFE27DfHrpmJw6pUdibVwpJFP190ROE2tHSeQ6E4oDu+hNxP+8dobxVZgLlWbIFZstijNJUJPJ26QnDGcoR45QZoS7lbABNZShC6foQggWX14mjfNK4FeC24tytfo0i6MAx3ACZxDAJVThBmpQBwYxPMMrvHlD78V79z5mrSvePMIj+APv8weeCI3M</latexit>

Hj(mt = 1)
<latexit sha1_base64="jy2eliziMX7AEfamruallpiE4M0=">AAAB+HicbZBLSwMxFIUz9VXro6Mu3QSLUDdlRgTdCAU3XVawD2iHIZNm2thMZkjuCONQ8H+4caGIW3+KO/+N6WOhrQcCH+fckJsTJIJrcJxvq7C2vrG5Vdwu7ezu7Zftg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M807D0xpHss7yBLmRWQoecgpAWP5drlxj6uRD9d9LkPIzny74tScmfAquAuooIWavv3VH8Q0jZgEKojWPddJwMuJAk4Fm5T6qWYJoWMyZD2DkkRMe/ls8Qk+Nc4Ah7EyRwKeub9v5CTSOosCMxkRGOnlbGr+l/VSCK+8nMskBSbp/KEwFRhiPG0BD7hiFERmgFDFza6YjogiFExXJVOCu/zlVWif11yn5t5eVOr1p3kdRXSMTlAVuegS1VEDNVELUZSiZ/SK3qxH68V6tz7mowVrUeER+iPr8wfCvpLl</latexit><latexit sha1_base64="jy2eliziMX7AEfamruallpiE4M0=">AAAB+HicbZBLSwMxFIUz9VXro6Mu3QSLUDdlRgTdCAU3XVawD2iHIZNm2thMZkjuCONQ8H+4caGIW3+KO/+N6WOhrQcCH+fckJsTJIJrcJxvq7C2vrG5Vdwu7ezu7Zftg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M807D0xpHss7yBLmRWQoecgpAWP5drlxj6uRD9d9LkPIzny74tScmfAquAuooIWavv3VH8Q0jZgEKojWPddJwMuJAk4Fm5T6qWYJoWMyZD2DkkRMe/ls8Qk+Nc4Ah7EyRwKeub9v5CTSOosCMxkRGOnlbGr+l/VSCK+8nMskBSbp/KEwFRhiPG0BD7hiFERmgFDFza6YjogiFExXJVOCu/zlVWif11yn5t5eVOr1p3kdRXSMTlAVuegS1VEDNVELUZSiZ/SK3qxH68V6tz7mowVrUeER+iPr8wfCvpLl</latexit><latexit sha1_base64="jy2eliziMX7AEfamruallpiE4M0=">AAAB+HicbZBLSwMxFIUz9VXro6Mu3QSLUDdlRgTdCAU3XVawD2iHIZNm2thMZkjuCONQ8H+4caGIW3+KO/+N6WOhrQcCH+fckJsTJIJrcJxvq7C2vrG5Vdwu7ezu7Zftg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M807D0xpHss7yBLmRWQoecgpAWP5drlxj6uRD9d9LkPIzny74tScmfAquAuooIWavv3VH8Q0jZgEKojWPddJwMuJAk4Fm5T6qWYJoWMyZD2DkkRMe/ls8Qk+Nc4Ah7EyRwKeub9v5CTSOosCMxkRGOnlbGr+l/VSCK+8nMskBSbp/KEwFRhiPG0BD7hiFERmgFDFza6YjogiFExXJVOCu/zlVWif11yn5t5eVOr1p3kdRXSMTlAVuegS1VEDNVELUZSiZ/SK3qxH68V6tz7mowVrUeER+iPr8wfCvpLl</latexit><latexit sha1_base64="jy2eliziMX7AEfamruallpiE4M0=">AAAB+HicbZBLSwMxFIUz9VXro6Mu3QSLUDdlRgTdCAU3XVawD2iHIZNm2thMZkjuCONQ8H+4caGIW3+KO/+N6WOhrQcCH+fckJsTJIJrcJxvq7C2vrG5Vdwu7ezu7Zftg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M807D0xpHss7yBLmRWQoecgpAWP5drlxj6uRD9d9LkPIzny74tScmfAquAuooIWavv3VH8Q0jZgEKojWPddJwMuJAk4Fm5T6qWYJoWMyZD2DkkRMe/ls8Qk+Nc4Ah7EyRwKeub9v5CTSOosCMxkRGOnlbGr+l/VSCK+8nMskBSbp/KEwFRhiPG0BD7hiFERmgFDFza6YjogiFExXJVOCu/zlVWif11yn5t5eVOr1p3kdRXSMTlAVuegS1VEDNVELUZSiZ/SK3qxH68V6tz7mowVrUeER+iPr8wfCvpLl</latexit>

V V
<latexit sha1_base64="SUediel2wIQwF+jExCVToNvP3aU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqJi20oWy2m3bpZhN2J0IJBX+AFw+KePUfefPfuP04aOuDgcd7M8zMizIpDLrut1NaW9/Y3CpvV3Z29/YPqodHgUlzzbjPUpnqdkQNl0JxHwVK3s40p0kkeSsa3Uz91iPXRqTqAccZDxM6UCIWjKKV7oOgV625dXcGskq8BanBAs1e9avbT1mecIVMUmM6npthWFCNgkk+qXRzwzPKRnTAO5YqmnATFrNLJ+TMKn0Sp9qWQjJTf08UNDFmnES2M6E4NMveVPzP6+QYX4eFUFmOXLH5ojiXBFMyfZv0heYM5dgSyrSwtxI2pJoytOFUbAje8surJLioe27du7usNRpP8zjKcAKncA4eXEEDbqEJPjCI4Rle4c0ZOS/Ou/Mxby05iwiP4Q+czx9/uI24</latexit><latexit sha1_base64="SUediel2wIQwF+jExCVToNvP3aU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqJi20oWy2m3bpZhN2J0IJBX+AFw+KePUfefPfuP04aOuDgcd7M8zMizIpDLrut1NaW9/Y3CpvV3Z29/YPqodHgUlzzbjPUpnqdkQNl0JxHwVK3s40p0kkeSsa3Uz91iPXRqTqAccZDxM6UCIWjKKV7oOgV625dXcGskq8BanBAs1e9avbT1mecIVMUmM6npthWFCNgkk+qXRzwzPKRnTAO5YqmnATFrNLJ+TMKn0Sp9qWQjJTf08UNDFmnES2M6E4NMveVPzP6+QYX4eFUFmOXLH5ojiXBFMyfZv0heYM5dgSyrSwtxI2pJoytOFUbAje8surJLioe27du7usNRpP8zjKcAKncA4eXEEDbqEJPjCI4Rle4c0ZOS/Ou/Mxby05iwiP4Q+czx9/uI24</latexit><latexit sha1_base64="SUediel2wIQwF+jExCVToNvP3aU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqJi20oWy2m3bpZhN2J0IJBX+AFw+KePUfefPfuP04aOuDgcd7M8zMizIpDLrut1NaW9/Y3CpvV3Z29/YPqodHgUlzzbjPUpnqdkQNl0JxHwVK3s40p0kkeSsa3Uz91iPXRqTqAccZDxM6UCIWjKKV7oOgV625dXcGskq8BanBAs1e9avbT1mecIVMUmM6npthWFCNgkk+qXRzwzPKRnTAO5YqmnATFrNLJ+TMKn0Sp9qWQjJTf08UNDFmnES2M6E4NMveVPzP6+QYX4eFUFmOXLH5ojiXBFMyfZv0heYM5dgSyrSwtxI2pJoytOFUbAje8surJLioe27du7usNRpP8zjKcAKncA4eXEEDbqEJPjCI4Rle4c0ZOS/Ou/Mxby05iwiP4Q+czx9/uI24</latexit><latexit sha1_base64="SUediel2wIQwF+jExCVToNvP3aU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqJi20oWy2m3bpZhN2J0IJBX+AFw+KePUfefPfuP04aOuDgcd7M8zMizIpDLrut1NaW9/Y3CpvV3Z29/YPqodHgUlzzbjPUpnqdkQNl0JxHwVK3s40p0kkeSsa3Uz91iPXRqTqAccZDxM6UCIWjKKV7oOgV625dXcGskq8BanBAs1e9avbT1mecIVMUmM6npthWFCNgkk+qXRzwzPKRnTAO5YqmnATFrNLJ+TMKn0Sp9qWQjJTf08UNDFmnES2M6E4NMveVPzP6+QYX4eFUFmOXLH5ojiXBFMyfZv0heYM5dgSyrSwtxI2pJoytOFUbAje8surJLioe27du7usNRpP8zjKcAKncA4eXEEDbqEJPjCI4Rle4c0ZOS/Ou/Mxby05iwiP4Q+czx9/uI24</latexit>

V H
<latexit sha1_base64="9Dklo9vPdgKNjBEV04X7fvqNrfE=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjwkmMU84BkCbOT2WTI7Mwy0yuEJeAHePGgiFf/yJt/4+Rx0MSChqKqm+6uKJXCou9/e2vrG5tb24Wd4u7e/sFh6ei4aXVmGG8wLbVpR9RyKRRvoEDJ26nhNIkkb0Wj26nfeuTGCq0ecJzyMKEDJWLBKDrpvlnrlcp+xZ+BrJJgQcqwQL1X+ur2NcsSrpBJam0n8FMMc2pQMMknxW5meUrZiA54x1FFE27DfHbphJw7pU9ibVwpJDP190ROE2vHSeQ6E4pDu+xNxf+8TobxTZgLlWbIFZsvijNJUJPp26QvDGcox45QZoS7lbAhNZShC6foQgiWX14lzctK4FeCu6tytfo0j6MAp3AGFxDANVShBnVoAIMYnuEV3ryR9+K9ex/z1jVvEeEJ/IH3+QNqgI2q</latexit><latexit sha1_base64="9Dklo9vPdgKNjBEV04X7fvqNrfE=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjwkmMU84BkCbOT2WTI7Mwy0yuEJeAHePGgiFf/yJt/4+Rx0MSChqKqm+6uKJXCou9/e2vrG5tb24Wd4u7e/sFh6ei4aXVmGG8wLbVpR9RyKRRvoEDJ26nhNIkkb0Wj26nfeuTGCq0ecJzyMKEDJWLBKDrpvlnrlcp+xZ+BrJJgQcqwQL1X+ur2NcsSrpBJam0n8FMMc2pQMMknxW5meUrZiA54x1FFE27DfHbphJw7pU9ibVwpJDP190ROE2vHSeQ6E4pDu+xNxf+8TobxTZgLlWbIFZsvijNJUJPp26QvDGcox45QZoS7lbAhNZShC6foQgiWX14lzctK4FeCu6tytfo0j6MAp3AGFxDANVShBnVoAIMYnuEV3ryR9+K9ex/z1jVvEeEJ/IH3+QNqgI2q</latexit><latexit sha1_base64="9Dklo9vPdgKNjBEV04X7fvqNrfE=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjwkmMU84BkCbOT2WTI7Mwy0yuEJeAHePGgiFf/yJt/4+Rx0MSChqKqm+6uKJXCou9/e2vrG5tb24Wd4u7e/sFh6ei4aXVmGG8wLbVpR9RyKRRvoEDJ26nhNIkkb0Wj26nfeuTGCq0ecJzyMKEDJWLBKDrpvlnrlcp+xZ+BrJJgQcqwQL1X+ur2NcsSrpBJam0n8FMMc2pQMMknxW5meUrZiA54x1FFE27DfHbphJw7pU9ibVwpJDP190ROE2vHSeQ6E4pDu+xNxf+8TobxTZgLlWbIFZsvijNJUJPp26QvDGcox45QZoS7lbAhNZShC6foQgiWX14lzctK4FeCu6tytfo0j6MAp3AGFxDANVShBnVoAIMYnuEV3ryR9+K9ex/z1jVvEeEJ/IH3+QNqgI2q</latexit><latexit sha1_base64="9Dklo9vPdgKNjBEV04X7fvqNrfE=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjwkmMU84BkCbOT2WTI7Mwy0yuEJeAHePGgiFf/yJt/4+Rx0MSChqKqm+6uKJXCou9/e2vrG5tb24Wd4u7e/sFh6ei4aXVmGG8wLbVpR9RyKRRvoEDJ26nhNIkkb0Wj26nfeuTGCq0ecJzyMKEDJWLBKDrpvlnrlcp+xZ+BrJJgQcqwQL1X+ur2NcsSrpBJam0n8FMMc2pQMMknxW5meUrZiA54x1FFE27DfHbphJw7pU9ibVwpJDP190ROE2vHSeQ6E4pDu+xNxf+8TobxTZgLlWbIFZsvijNJUJPp26QvDGcox45QZoS7lbAhNZShC6foQgiWX14lzctK4FeCu6tytfo0j6MAp3AGFxDANVShBnVoAIMYnuEV3ryR9+K9ex/z1jVvEeEJ/IH3+QNqgI2q</latexit>

Examples:



State-of-the-art NNLO

➡ Frontier: two-loop computations with massive propagators.

• Fully differential predictions for             processes at NNLO 
are becoming the standard, e.g.:

<latexit sha1_base64="OH16vYoxN0Q9IwXR0laDikuL1zY=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqswMoi4LblxWsA9oh5JJM21skhmSjFCGghv3bvUX3IlbP8Q/8DPMtF3Y1gOBwzk393HChDNtXPfbKaytb2xuFbdLO7t7+wflw6OmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HoJvdbj1RpFst7M05oIPBAsogRbKzU9LsmRn6vXHGr7hRolXhzUoE56r3yT7cfk1RQaQjHWnc8NzFBhpVhhNNJqZtqmmAywgPasVRiQXWQTbedoDOr9FEUK/ukQVP1748MC63HIrSVApuhXvZy8T+vk5roOsiYTFJDJZkNilKO7In56ajPFCWGjy3BRDG7KyJDrDAxNqCFKXlvpSM9KdlovOUgVknTr3qXVf/uolKrPc1CKsIJnMI5eHAFNbiFOjSAwAO8wCu8Oc/Ou/PhfM5KC8482GNYgPP1C3kJmGE=</latexit>

2 ! 2

<latexit sha1_base64="3bTk4XBnpEpsHiZDpKhI3DkYc8Y=">AAACCHicbVDLSgMxFM34rPVVdekmWARBKTNF1GXBTZcV7ANmhpJJM21sJglJRihDwbV7t/oL7sStf+Ef+Blm2i5s64HA4Zyb+ziRZFQb1/12VlbX1jc2C1vF7Z3dvf3SwWFLi1Rh0sSCCdWJkCaMctI01DDSkYqgJGKkHQ1vc7/9SJSmgt+bkSRhgvqcxhQjYyVfBhcyMALWzx+6pbJbcSeAy8SbkTKYodEt/QQ9gdOEcIMZ0tr3XGnCDClDMSPjYpBqIhEeoj7xLeUoITrMJiuP4alVejAWyj5u4ET9+yNDidajJLKVCTIDvejl4n+en5r4Jswol6khHE8HxSmD9sj8ftijimDDRpYgrKjdFeIBUggbm9LclLy30rEeF2003mIQy6RVrXhXlerdZblWe5qGVADH4AScAQ9cgxqogwZoAgwEeAGv4M15dt6dD+dzWrrizII9AnNwvn4BQ1KadA==</latexit>

p p ! H + j

<latexit sha1_base64="F9/pl5y707ayd5pmIy1p97lWRZE=">AAACCHicbVDLSgMxFM3UV62vqks3wSIISpkpoi4LblxWsA+YGUomzbSxmSQkGaEMBdfu3eovuBO3/oV/4GeYabuwrQcCh3Nu7uNEklFtXPfbKaysrq1vFDdLW9s7u3vl/YOWFqnCpIkFE6oTIU0Y5aRpqGGkIxVBScRIOxre5H77kShNBb83I0nCBPU5jSlGxkq+DM5lYARsnT10yxW36k4Al4k3IxUwQ6Nb/gl6AqcJ4QYzpLXvudKEGVKGYkbGpSDVRCI8RH3iW8pRQnSYTVYewxOr9GAslH3cwIn690eGEq1HSWQrE2QGetHLxf88PzXxdZhRLlNDOJ4OilMG7ZH5/bBHFcGGjSxBWFG7K8QDpBA2NqW5KXlvpWM9LtlovMUglkmrVvUuq7W7i0q9/jQNqQiOwDE4BR64AnVwCxqgCTAQ4AW8gjfn2Xl3PpzPaWnBmQV7CObgfP0CWdqagg==</latexit>

p p ! V + j

<latexit sha1_base64="eTxVCprnVPCaDPQcIjOIRtc4CLc=">AAACD3icbZDLSgMxFIYzXmu9jbp0EyyCoJSZIuqy4MZlBXuBzlAyaaaNTTIhyRTKUPAV3LvVV3Anbn0E38DHMNN2YVsPBH7+/yTn5Isko9p43rezsrq2vrFZ2Cpu7+zu7bsHhw2dpAqTOk5YoloR0oRRQeqGGkZaUhHEI0aa0eA2z5tDojRNxIMZSRJy1BM0phgZa3VcVwYXMjAJDHqIc3T+2HFLXtmbFFwW/kyUwKxqHfcn6CY45UQYzJDWbd+TJsyQMhQzMi4GqSYS4QHqkbaVAnGiw2yy+RieWqcL40TZIwycuH9vZIhrPeKR7eTI9PVilpv/Ze3UxDdhRoVMDRF4OihOGbQ/zTHALlUEGzayAmFF7a4Q95FC2FhYc1Pyt5WO9bho0fiLIJZFo1L2r8qV+8tStfo0hVQAx+AEnAEfXIMquAM1UAcYDMELeAVvzrPz7nw4n9PWFWcG9gjMlfP1C+gfnO4=</latexit>

p p ! � + j

<latexit sha1_base64="d5sRn9dwBrkeXOAaru+8MkAWa/g=">AAACFXicbVDLSgMxFM3UV62vUcGNm2ARXJQyU0RdFty4rGBboVNKJs20oUkmJBmhjAX/wr1b/QV34ta1f+BnmOl0YVsPhBzOuTf35oSSUW0879sprKyurW8UN0tb2zu7e+7+QUvHicKkiWMWq/sQacKoIE1DDSP3UhHEQ0ba4eg689sPRGkaizszlqTL0UDQiGJkrNRzj2RQkYGJYTBAnKOgkt89t+xVvSngMvFnpAxmaPTcn6Af44QTYTBDWnd8T5puipShmJFJKUg0kQiP0IB0LBWIE91Np/tP4KlV+jCKlT3CwKn6tyNFXOsxD20lR2aoF71M/M/rJCa66qZUyMQQgfNBUcKg/W8WBuxTRbBhY0sQVtTuCvEQKYSNjWxuSva20pGelGw0/mIQy6RVq/oX1drteblef8pDKoJjcALOgA8uQR3cgAZoAgwewQt4BW/Os/PufDifeWnBmQV7CObgfP0Cpz2ffA==</latexit>p p ! � �

<latexit sha1_base64="z/9h2afdYN/9ZEIL/fLRCEEsuF8=">AAACCXicbZDLSgMxFIbP1Futt6pLN8EiuChlpoi6LLhxWcFeoDOUTJpp02YyIckIpRTcu3err+BO3PoUvoGPYabtQlsPBH7+/yTn5AslZ9q47peTW1vf2NzKbxd2dvf2D4qHR02dpIrQBkl4otoh1pQzQRuGGU7bUlEch5y2wtFNlrceqNIsEfdmLGkQ475gESPYWMuXfln6JkFDvzzsFktuxZ0VWhXeQpRgUfVu8dvvJSSNqTCEY607nitNMMHKMMLptOCnmkpMRrhPO1YKHFMdTGY7T9GZdXooSpQ9wqCZ+/vGBMdaj+PQdsbYDPRylpn/ZZ3URNfBhAmZGirIfFCUcmR/mQFAPaYoMXxsBSaK2V0RGWCFibGY/kzJ3lY60tOCReMtg1gVzWrFu6xU7y5KtdrjHFIeTuAUzsGDK6jBLdShAQQkPMMLvDpPzpvz7nzMW3POAuwx/Cnn8wc4A5r9</latexit>

p p ! j j
<latexit sha1_base64="dy/qX6P77D4EY640lL9waFew9pE=">AAACEXicbZDLSgMxFIYz9VbrbaxLN8EiuChlpoi6LLhxWcFeoDOUTJppQzOZITkjlqHgO7h3q6/gTtz6BL6Bj2Gm7UJbDwR+/v8k5+QLEsE1OM6XVVhb39jcKm6Xdnb39g/sw3Jbx6mirEVjEatuQDQTXLIWcBCsmyhGokCwTjC+zvPOPVOax/IOJgnzIzKUPOSUgLH6djnxqokHMQav6gVEZTDt2xWn5swKrwp3ISpoUc2+/e0NYppGTAIVROue6yTgZ0QBp4JNS16qWULomAxZz0hJIqb9bLb7FJ8aZ4DDWJkjAc/c3zcyEmk9iQLTGREY6eUsN//LeimEV37GZZICk3Q+KEwFzv9qQOABV4yCmBhBqOJmV0xHRBEKBtefKfnbSod6WjJo3GUQq6Jdr7kXtfrteaXReJxDKqJjdILOkIsuUQPdoCZqIYoe0DN6Qa/Wk/VmvVsf89aCtQB7hP6U9fkD4ACeBw==</latexit>

p p ! t t̄
[Czakon, Fiedler, Mitov; 
Catani, Devoto, Grazzini, 

Kallweit, Mazzitelli]
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• The relevant two-loop virtual integrals are mostly known 
(analytically or numerically).
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The renormalized amplitudes can be obtained from their bare counterparts by replacing
in eq. (2.6) the bare QCD coupling ↵0 by the renormalized coupling ↵s in D = 4 � 2✏
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s/(4⇡). The �i are the coefficients in the perturbative

expansion of the QCD �-function, which we give explicitly in appendix A. Here, µ2
0 is the

scale introduced in dimensional regularization to keep the coupling dimensionless in the

– 6 –

5-parton scattering
• Algebraic complexity (‘bookkeeping of algebraic expressions’):

➡ Increase in the number of scales!
➡ Swell in algebraic complexity: standard 

computer algebra tools cannot handle this!

• Analytic complexity (‘doing the integrals’):
➡ Complicated special functions in many variables.

✓ Numerical ways of dealing with algebraic complexity.
[Badger et al.; Ita et al.; Peraro; …]

✓ Heavily inspired by computational algebraic geometry.

[Henn]

[Chicherin, Henn, Sokatchev; 

Chicherin, Henn, Mitev; …]

✓ Better understanding of how to perform loop integrals.
✓ Some developments were inspired by modern mathematics 

and/or more formal areas of physics.



The 2-to-3 frontier
• Two-loop integrals for 5-point functions (with massless propagators) 

are slowly becoming available.
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[Gehrmann, Henn, Lo Presti; Papadopoulos, Tommasini, Wever; Gehrmann, 
Henn, Wasser, Zhang, Zoia; Abreu, Ita, Moriello, Page, Tschernow]

➡ Extremely challenging computation, often requiring the 
development of novel computational techniques and/or 
new insight from mathematics.

• This opens the way for two-loop amplitudes for            
processes at the LHC:
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Figure 6: Same as Figure 5, but for the transverse momentum spectrum of each photon.

at LO since these two photons need to recoil against the hardest photon �1. As a consequence,
the LO cross section vanishes for ���1,�2 < 2⇡/3 and ���2,�3 > 2⇡/3, respectively. Those phase
space regions are filled only upon inclusion of real QCD radiation through higher-order corrections,
which is required to overcome the kinematic constraints at LO. Accordingly, the NLO (NNLO)
predictions in these regimes are e↵ectively only LO (NLO) accurate, which is reflected by the
increased size of both corrections and uncertainty bands. We find that back-to-back configurations
of �1 and �2 are still preferred at higher orders, whereas the distribution of the azimuthal separation
between �2 and �3 becomes much more uniform when adding higher-order corrections.

In the central plots of Figure 8 we show the invariant-mass and transverse-momentum distributions
of the three-photon system. The invariant-mass distribution peaks around 100GeV. Below the
peak the distribution falls o↵ steeply with a lower bound imposed by the phase space selection cut
m��� � 50 GeV. In that low m��� region radiative corrections increase quite strongly. By contrast,
higher-order corrections become successively smaller in the tail of the m��� distribution, which

11

• Over the last year, the fi
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in the following way

R
(2)(s12) ⇡ R

(2)l.c.(s12) , (2)

where R
(2)l.c.(s12) denotes its leading-colour approxima-

tion. It is taken from the C++ implementation provided
in ref. [27].

Eq. (2) above is the only approximation made in the
present computation. We have checked that the overall
contribution of R

(2)l.c.(s12) is about O(2%) and we ex-
pect the missing pure virtual contributions beyond the
leading-colour approximations to be further suppressed.

We consider production of two and three jets at the
LHC with a center of mass energy of 13 TeV with jet re-
quirements adapted from experimental phase space defi-
nitions like, for example, ref. [6]. Jets are clustered using
the anti-kT algorithm [36] with a radius of R = 0.4 and
required to have transverse momentum pT (j) of at least
60 GeV and rapidity y(j) fulfilling |y(j)| < 4.4. All jets
passing this requirement are sorted and labeled according
to their pT from largest to smallest. Among those jets we
require the two leading jets to fulfill pT (j1)+pT (j2) > 250
GeV in order to avoid large higher-order corrections in
two-jet production close to the phase space boundary.
We denote by d� the di↵erential cross section for at least
n jets fulfilling the above criteria. Its expansion in ↵S

reads
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We quantify the size of (N)NLO corrections with the
help of the following ratios of di↵erential cross sections

K
NNLO =

d�
NNLO

d�NLO
and K

NLO =
d�

NLO

d�LO
. (4)

The pdf set NNPDF31 nnlo as 0118 is used for all per-
turbative orders. The renormalization µR and factoriza-
tion µF scales are set equal µR = µF = µ0. The central
scale µ0 is chosen as ĤT /n for n = 1, 2, where

ĤT =
X

i2partons

pT,i . (5)

The sum in the above equation is over all final state par-
tons, irrespective of the jet requirements. Previous stud-
ies of perturbative convergence in jet production support
this event-based dynamic scale [37, 38]. Unless stated
otherwise, uncertainties from missing higher orders in
perturbation theory are estimated by independent vari-
ation of µF and µR by a factor of 2 around the central
scale µ0, subject to the constraint 1/2  µR/µF  2.
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FIG. 1: The three panels show the ith leading jet transverse
momentum pT (ji) for i = 1, 2, 3 for the production of (at
least) three jets. LO (green), NLO (blue) and NNLO (red) are
shown for the central scale (solid line). 7-point scale variation
is shown as a coloured band. The grey band corresponds to
the uncertainty from Monte Carlo integration.

III. RESULTS

We begin by discussing typical jet observables at
hadron colliders. In fig. 1 we show di↵erential cross sec-
tions for three-jet production with respect to the trans-
verse momentum pT (ji) of the ith leading jet. In all his-
tograms the outer bins do not include over- or under-flow
events.

The NNLO K-factor of the pT (j1) distribution is not
flat: at small pT (j1) one observes negative NNLO correc-
tions of about �10%, while at large pT (j1) the corrections
tend to be small and positive. The change in scale depen-
dence for this observable when going from NLO to NNLO
is also dependent on pT (j1). One observes a rather signif-
icant reduction at large pT (j1) (from about 7% at NLO to
about 2% at NNLO) while at small pT (j1), where the K-
factor is largest, the scale dependence slightly increases
(from about 4% at NLO to about 5% at NNLO). In-
terestingly, the scale dependence at NLO and NNLO be-
haves rather di↵erently: at NLO it steadily increases with
pT (j1) while at NNLO it decreases with pT (j1). Through-
out this work we define the scale dependence as one half
of the width of the scale uncertainty band. This is rel-
evant for cases where the scale variation is asymmetric,
as for example is the case of pT (j1) at NLO.

The pT (j2) distribution has a similar pattern of NNLO
corrections: relative to NLO they are negative, about
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• Algebraic complexity under control:
➡ ~100.000 diagrams & 1.028 integrals.

• Analytic complexity an issue: Elliptic functions show up…

• First             computation for the LHC: Higgs production in 
gluon fusion (in large      - limit).mt
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[Anastasiou, CD, Dulat, Furlan, Gehrmann, Herzog, Lazopoulos, Mistlberger]

The dawn of 
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N3LO AT THE LHC OVER TIME 6

2015 2016
2017

2018

2019N3LO

Slide inspired by G. Salam / L. Cieri...

2020

2021

Higgs Threshold Exp.  
[Anastasiou, Duhr, Dulat, Herzog, BM, 15]

Higgs Jet Veto [Banfi, et al. 15]
Higgs VBF  [Dreyer,  Karlberg,16]

Higgs Diff. Threshold App. [Dulat, BM, A. Pelloni,17]

Higgs Diff. qT [Cieri,Chen, Gehrmann,  
Glover,Huss,18]

Higgs (Y approx.) [Dulat, BM,Pelloni,18]

HH (VBF) [Dreyer, Karlberg,18]

Higgs, [BM,18]

bb->H [Dulat, Duhr, BM,19]

ggF->HH [Chen,Li,Shoa,Wang]

Drell-Yan [Dulat, Duhr, BM,20]

bbH 4FS+5FS [Dulat, Duhr, Hirschi, BM,20]

CCDY [Dulat, Duhr, BM,20]
Fully differential Higgs -> 2Photons  [Chen, BM, et al. 21]

Fiducial Higgs and DY [Billis, Tackmann, et al., 21]

Fiducial DY [Camarda,Cieri,Ferrera, 21]DY-Rapidity [Chen,Gehrmann,Glover,et al.]

Production Cross Sections 

The dawn of 

[Picture by B. Mistlberger]
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•             corrections to           processes are mature.2 ! 1
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         for 2-to-1 processes

LO NLO NNLO NNNLO
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Figure 6: The K-factors ⌃N
k
LO

/⌃N
3
LO as a function of invariant masses Q 1.800 GeV

for k  3. The bands are obtained by varying the perturbative scales by a factor of two

around the central µcent. = Q.

Figure 7: Dependence of the invariant-mass distribution through N3LO on one of the

two perturbative scales with the other held fixed. The bands are obtained by varying the

other scale by a factor of two around the central scale Q = 100 GeV.

Before we discuss these ratios, we need to make a comment. Whenever one studies

ratios of cross sections, there is an ambiguity in how to choose the perturbative scales. For

example, if one believes that QCD corrections should be similar between W , �
⇤ and Z pro-

duction (as motivated for example by the universality of certain limits, like the threshold

limit), it is natural to vary the scales in the numerator and the denominator in a correlated

way. Alternatively, one may choose the scales in an uncorrelated way (e.g., because di↵er-

ent partonic channels are weighted di↵erently by the PDFs for these processes, breaking

the universality of the QCD corrections), typically leading to larger scale variation bands.

In ref. [33] it was shown that for the W and �
⇤ cross sections the correlated prescription

leads to a vanishingly small scale dependence at the sub-permille level at N3LO, while the

uncorrelated prescription produces excessively large scale variation bands at N3LO (much

larger than the absolute shift from NNLO to N3LO). As a consequence, neither the corre-

lated nor the uncorrelated prescriptions are expected to give reliable estimates for missing

higher-order terms for these ratios at N3LO. Therefore, in ref. [33] a new prescription

was considered, which uses the relative size of the last considered order compared to the

– 15 –

➡ K-factors (           /NNLO) 
~ 2-5 %.

➡ Scale dependence & PDF uncertainties ~ few %.

Gluon fusion: Drell-Yan:

[Anastasiou, CD, Dulat, Herzog, Mistlberger; 
Mistlberger]

[CD, Dulat, Mistlberger]
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q q̄ ! Z/�⇤ ! e+ e�

and needed if we want to achieve percent-level precision for hadron collider observables.

Q [GeV] K-factor �(scale) [%] �(PDF + ↵S) �(PDF-TH)
gg ! Higgs mH 1.04 +0.21%

�2.37%
±3.2% ±1.2%

bb̄ ! Higgs mH 0.978 +3.0%

�4.8%
±8.4% ±2.5%

NCDY
30 0.952 +1.53%

�2.54%

+3.7%

�3.8%
±2.8%

100 0.979 +0.66%

�0.79%

+1.8%

�1.9%
±2.5%

CCDY(W+)
30 0.953 +2.5%

�1.7%
±3.95% ±3.2%

150 0.985 +0.5%

�0.5%
±1.9% ±2.1%

CCDY(W�)
30 0.950 +2.6%

�1.6%
±3.7% ±3.2%

150 0.984 +0.6%

�0.5%
±2% ±2.13%

Table 1: Representative results for the K-factor for inclusive 2 ! 1 processes at the LHC
with

p
S = 13 TeV, as well as for the main sources of uncertainty [6–8,10,14–16]. For details,

see the discussion in the main text.

Achieving precise predictions for hadron collider processes does not only rely on our
ability to perform high-order perturbative calculations, but it also requires the knowledge of
the structure of the proton at the same level of precision. The latter is described by parton
density functions (PDFs), which are non-perturbative quantities that need to be extracted
from experimental data. Consequently, PDFs come with their own sources of uncertainty,
which depend on the quality of the data and the fitting methodology used. Moreover, the
value of the strong coupling constant used in the perturbative computations can only be
measured from experiment or is extracted from Lattice QCD simulation. In table 1 we show
how the uncertainties on the PDFs and the strong coupling constant impact our theoretical
predictions at N3LO. The uncertainty �(PDF + ↵S) quoted in table 1 was computed using
the recipe of [26]. We observe that �(PDF+↵S) is always of the order of a few percent, and
always significantly larger than the residual scale dependence. We also note that currently
there is no PDF set available that was extracted by comparing theory and experiment at
N3LO accuracy, which formally introduces a mismatch into our computation. In order to
assess the impact of this mismatch on our N3LO predictions, we investigate the e↵ect of
evaluating the NNLO cross sections with NLO or NNLO PDFs following the recipe of [7]:

�(PDF-TH) =
1

2

����
⌃NNLO,NNLO-PDFs(Q)� ⌃NNLO,NLO-PDFs(Q)

⌃NNLO,NNLO-PDFs(Q)

���� . (1)

We find that in all cases �(PDF-TH) leads again to an uncertainty of a few percent, within
the same ballpark as the dependence on the perturbative scales. We conclude that in order
to achieve percent-level precision for hadron colliders, it is insu�cient to just push to higher
orders in perturbations theory, including the third order in the strong coupling. Instead,
developments on the perturbative side must be accompanied by corresponding advances in
our understanding of the PDFs.

6

[Table from Snowmass ’21 Whitepaper [2203.06730]]
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thorough study of the robustness of these theory predic-
tions in the presence of di↵erent sets of fiducial cuts. We
also present a detailed analysis of the reliability of the
computational method adopted, and show that reaching
a robust control over the involved systematic uncertain-
ties requires an excellent stability of the numerical calcu-
lation in deep infrared kinematic regimes.

Methodology.— The starting point of our calculation
for the production cross section d�DY of a Drell–Yan lep-
ton pair, di↵erential in its phase space and in the pair’s
transverse momentum p``T , is the formula:

d�N
3
LO+N

3
LL

DY
⌘ d�N

3
LL

DY
+d�NNLO

DY+jet
�
⇥
d�N

3
LL

DY

⇤
O(↵3

s)
(1)

where d�N
3
LL

DY
represents the N3LL resummed p``T dis-

tribution obtained in Ref. [59] with the computer code
RadISH [52, 104, 105], including the analytic constant

terms up to O(↵3
s); the quantity

⇥
d�N

3
LL

DY

⇤
O(↵3

s)
is its

expansion up to third order in ↵s, and d�NNLO

DY+jet
is the

di↵erential p``T distribution at NNLO, obtained with the
NNLOJET code [15, 19, 20]. Eq. (1) is finite in the limit
p``T ! 0: by integrating it inclusively over p``T one can ob-
tain predictions di↵erential in the leptonic phase space at
N3LO+N3LL perturbative accuracy, allowing for the in-
clusion of fiducial cuts. An important challenge in the
evaluation of the integral of Eq. (1) over p``T is given by

the fact that both d�NNLO

DY+jet
and

⇥
d�N

3
LL

DY

⇤
O(↵3

s)
diverge

logarithmically in the limit p``T ! 0, and only their di↵er-
ence is finite. Guaranteeing the cancellation of such di-
vergences requires high numerical precision in the NNLO
distribution d�NNLO

DY+jet
down to very small values of p``T .

Setting d�NNLO

DY+jet
�

⇥
d�N

3
LL

DY

⇤
O(↵3

s)
= 0 for p``T  pcutT in-

troduces a slicing error of order O((pcutT /m``)n), which
is further enhanced by logarithms of pcutT and requires
pcutT /m`` to be very small to ensure a good control over
this systematic uncertainty. If one integrates inclusively
over the leptonic phase space one has n = 2, while
the presence of fiducial cuts in general leads to the ap-
pearance of linear terms with n = 1 [100, 106–108].
Such linear corrections can be resummed at all orders in
Eq. (1) [56] by applying a simple recoil prescription [109]

to d�N
3
LL

DY
, and their inclusion would in principle allow

for a larger pcutT in the calculation. These e↵ects are ac-
counted for in Eq. (1), as discussed in Ref. [59]. As a con-
sequence, our N3LO+N3LL fiducial predictions obtained
by integrating Eq. (1) are only a↵ected by a slicing error
of order O((pcutT /m``)2).

The perturbative expansion of the N3LO+N3LL fidu-
cial cross section to third order in ↵s leads to the N3LO
prediction as obtained according to the qT -subtraction
formalism [102]. In this case, the outlined procedure to
include linear power corrections below pcutT in the N3LO
computation is analogous to that of Refs. [101, 110].
Since the fiducial cross section can be computed up to
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FIG. 1. Fiducial p``
T distribution at N3LO+N3LL (blue,

solid) and NNLO+NNLL (red, dotted) compared to ATLAS
data from Ref. [113]. The binning is linear up to 30GeV and
logarithmic above.

NNLO using the NNLOJET code, which implements a sub-
traction technique [111, 112] that does not require the
introduction of a slicing parameter, in the fixed-order
results quoted in this letter we apply the above proce-
dure only to the computation of the N3LO correction,
while retaining the pcutT -independent result up to NNLO.
This e↵ectively suppresses the slicing error in our fiducial
N3LO cross section to O(↵3

s (p
cut

T /m``)2).

The problematics related to the presence of linear
power corrections can be avoided by modifying the defi-
nition of the fiducial cuts in such a way that the scaling
of the power corrections be quadratic across most of the
leptonic phase space. In the following we present a cal-
culation of Eq. (1) and of the fiducial cross section both
for the standard (symmetric) cuts adopted by LHC ex-
periments [113, 114] as well as for the modified (product)
cuts proposed in Ref. [100]. This state-of-the-art calcu-
lation allows us to assess precisely the e↵ect of di↵erent
types of fiducial cuts on the theoretical prediction for
the cross section, as well as on the performance of the
computational approach adopted here.

Results.— We consider proton–proton collisions at
a centre-of-mass energy

p
s = 13TeV. We adopt

the NNPDF4.0 parton densities [115] at NNLO with
↵s(MZ) = 0.118, whose scale evolution is performed
with LHAPDF [116] and Hoppet [117], correctly account-
ing for heavy quark thresholds. We adopt the Gµ

scheme with the following EW parameters taken from
the PDG [118]: MZ = 91.1876GeV, MW = 80.379GeV,
�Z = 2.4952GeV, �W = 2.085GeV, and GF =
1.1663787 ⇥ 10�5 GeV�2. We consider two fiducial vol-
umes, in both of which the leptonic invariant mass win-
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Order � [pb] Symmetric cuts � [pb] Product cuts

k NkLO NkLO+NkLL NkLO NkLO+NkLL

0 721.16+12.2%
�13.2% — 721.16+12.2%

�13.2% —

1 742.80(1)+2.7%
�3.9% 748.58(3)+3.1%

�10.2% 832.22(1)+2.7%
�4.5% 831.91(2)+2.7%

�10.4%

2 741.59(8)+0.42%
�0.71% 740.75(5)+1.15%

�2.66% 831.32(3)+0.59%
�0.96% 830.98(4)+0.74%

�2.73%

3 722.9(1.1)+0.68%
�1.09% ± 0.9 726.2(1.1)+1.07%

�0.77% 816.8(1.1)+0.45%
�0.73% ± 0.8 816.6(1.1)+0.87%

�0.69%

TABLE I. Fiducial cross sections for the symmetric (2a) and product (2b) cuts both at fixed perturbative order and including
all-order resummation.

dow is 66GeV < m`` < 116GeV and the lepton rapidi-
ties are confined to |⌘`

±
| < 2.5. The transverse momen-

tum of the two leptons is constrained as

Symmetric cuts [113]: |~p `±

T | > 27GeV , (2a)

Product cuts [100]:
q

|~p `+
T | |~p `�

T | > 27GeV ,

min{|~p `±

T |} > 20GeV . (2b)

The central factorisation and renormalisation scales

are chosen to be µR = µF =
q

m``
2 + p``T

2
and the cen-

tral resummation scale is set to Q = m``/2. In the results
presented below, the theoretical uncertainty is estimated
by varying the µR and µF scales by a factor of two about
their central value, while keeping 1/2  µR/µF  2. In
addition, for the resummed results, for central µR = µF

scales we vary Q by a factor of two around its central
value. Moreover, a matching-scheme uncertainty is esti-
mated by including the full scale variation of the additive
matching scheme of Ref. [59] (27 variations that comprise
the one of the central matching scale v0 introduced in
Eq. (5.2) of that article). The final uncertainty is ob-
tained as the envelope of all the above variations, corre-
sponding to 7 and 36 curves for the fixed-order and re-
summed computations, respectively. In the fiducial cross
sections quoted below at N3LO and N3LO+N3LL, we do
not consider the uncertainty related to the missing N3LO
parton distributions, which are currently unavailable.

In Fig. 1, we start by showing the transverse-
momentum distribution of the Drell–Yan lepton pair in
the fiducial volume (2a), obtained with Eq. (1), compared
to experimental data [113]. In the figure we label the
distributions by the perturbative accuracy of their inclu-
sive integral over p``T . Our state-of-the-art N3LO+N3LL
prediction provides an excellent description of the data
across the spectrum, with the exception of the first bin at
small p``T which is susceptible to non-perturbative correc-
tions not included in our calculation. We point out that
the term d�NNLO

DY+jet
�
⇥
d�N

3
LL

DY

⇤
O(↵3

s)
in Eq. (1) gives a non-

negligible contribution even for p``T  15GeV. The resid-
ual theoretical uncertainty in the intermediate p``T region
is at the few-percent level, and it increases to about 5%
for p``T & 50GeV. A more accurate description of the

large-p``T region requires the inclusion of EW corrections,
which we neglect in our calculation.
We now consider the fiducial cross section with sym-

metric cuts (2a). In order to gain control over the slicing
systematic error, we choose pcutT as low as 0.81GeV. In
the first column of Tab. I, denoted as NkLO, we show the
fixed-order results toO(↵k

s ). The second column of Tab. I
displays the result obtained including resummation ef-
fects. In the fixed-order case, the theoretical uncertainty
at N3LO, estimated as discussed above, is supplemented
with an estimate of the slicing uncertainty obtained by
varying pcutT in the range [0.45, 1.48]GeV and taking the
average di↵erence from the result with pcutT = 0.81GeV.
In the resummed case, we quote the total theoretical un-
certainty including also the matching scheme variation.
In both cases the statistical uncertainty is reported in
parentheses.
We observe that the new N3LO corrections decrease

the fiducial cross section by about 2.5%, and the final
prediction at N3LO has larger theoretical errors than
the NNLO counterpart, whose uncertainty band does not
capture the N3LO central value. This indicates a poor
convergence of the fixed-order perturbative series for this
process, which is consistent with what has been observed
in the inclusive case in Refs. [10–12]. In the resummed
case, the theoretical uncertainty is more reliable and
within errors the convergence of the perturbative series
is improved. The presence of linear power corrections is
also responsible for the moderate di↵erence between the
fixed-order and the resummed prediction for the symmet-
ric cuts (2a), which in turn indicates a sensitivity of the
cross section to the infrared region of small p``T . This ul-
timately worsens further the perturbative convergence of
the fixed-order series thereby challenging the perspectives
to reach percent-accurate theoretical predictions within
symmetric cuts.
A possible solution to this problem [100] is to slightly

modify the definition of the fiducial cuts as in Eq. (2b)
in order to reduce such a sensitivity to infrared physics.
We present for the first time theoretical predictions up
to N3LO and N3LO+N3LL for this set of cuts, reported
in the third and fourth column of Tab. I. The relative
di↵erence between the fixed-order and resummed calcu-
lations for the fiducial cross section never exceeds the
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Symmetric cuts [113]: |~p `±
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Product cuts [100]:
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are chosen to be µR = µF =
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and the cen-

tral resummation scale is set to Q = m``/2. In the results
presented below, the theoretical uncertainty is estimated
by varying the µR and µF scales by a factor of two about
their central value, while keeping 1/2  µR/µF  2. In
addition, for the resummed results, for central µR = µF

scales we vary Q by a factor of two around its central
value. Moreover, a matching-scheme uncertainty is esti-
mated by including the full scale variation of the additive
matching scheme of Ref. [59] (27 variations that comprise
the one of the central matching scale v0 introduced in
Eq. (5.2) of that article). The final uncertainty is ob-
tained as the envelope of all the above variations, corre-
sponding to 7 and 36 curves for the fixed-order and re-
summed computations, respectively. In the fiducial cross
sections quoted below at N3LO and N3LO+N3LL, we do
not consider the uncertainty related to the missing N3LO
parton distributions, which are currently unavailable.

In Fig. 1, we start by showing the transverse-
momentum distribution of the Drell–Yan lepton pair in
the fiducial volume (2a), obtained with Eq. (1), compared
to experimental data [113]. In the figure we label the
distributions by the perturbative accuracy of their inclu-
sive integral over p``T . Our state-of-the-art N3LO+N3LL
prediction provides an excellent description of the data
across the spectrum, with the exception of the first bin at
small p``T which is susceptible to non-perturbative correc-
tions not included in our calculation. We point out that
the term d�NNLO
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in Eq. (1) gives a non-

negligible contribution even for p``T  15GeV. The resid-
ual theoretical uncertainty in the intermediate p``T region
is at the few-percent level, and it increases to about 5%
for p``T & 50GeV. A more accurate description of the

large-p``T region requires the inclusion of EW corrections,
which we neglect in our calculation.
We now consider the fiducial cross section with sym-

metric cuts (2a). In order to gain control over the slicing
systematic error, we choose pcutT as low as 0.81GeV. In
the first column of Tab. I, denoted as NkLO, we show the
fixed-order results toO(↵k

s ). The second column of Tab. I
displays the result obtained including resummation ef-
fects. In the fixed-order case, the theoretical uncertainty
at N3LO, estimated as discussed above, is supplemented
with an estimate of the slicing uncertainty obtained by
varying pcutT in the range [0.45, 1.48]GeV and taking the
average di↵erence from the result with pcutT = 0.81GeV.
In the resummed case, we quote the total theoretical un-
certainty including also the matching scheme variation.
In both cases the statistical uncertainty is reported in
parentheses.
We observe that the new N3LO corrections decrease

the fiducial cross section by about 2.5%, and the final
prediction at N3LO has larger theoretical errors than
the NNLO counterpart, whose uncertainty band does not
capture the N3LO central value. This indicates a poor
convergence of the fixed-order perturbative series for this
process, which is consistent with what has been observed
in the inclusive case in Refs. [10–12]. In the resummed
case, the theoretical uncertainty is more reliable and
within errors the convergence of the perturbative series
is improved. The presence of linear power corrections is
also responsible for the moderate di↵erence between the
fixed-order and the resummed prediction for the symmet-
ric cuts (2a), which in turn indicates a sensitivity of the
cross section to the infrared region of small p``T . This ul-
timately worsens further the perturbative convergence of
the fixed-order series thereby challenging the perspectives
to reach percent-accurate theoretical predictions within
symmetric cuts.
A possible solution to this problem [100] is to slightly

modify the definition of the fiducial cuts as in Eq. (2b)
in order to reduce such a sensitivity to infrared physics.
We present for the first time theoretical predictions up
to N3LO and N3LO+N3LL for this set of cuts, reported
in the third and fourth column of Tab. I. The relative
di↵erence between the fixed-order and resummed calcu-
lations for the fiducial cross section never exceeds the
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scales we vary Q by a factor of two around its central
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mated by including the full scale variation of the additive
matching scheme of Ref. [59] (27 variations that comprise
the one of the central matching scale v0 introduced in
Eq. (5.2) of that article). The final uncertainty is ob-
tained as the envelope of all the above variations, corre-
sponding to 7 and 36 curves for the fixed-order and re-
summed computations, respectively. In the fiducial cross
sections quoted below at N3LO and N3LO+N3LL, we do
not consider the uncertainty related to the missing N3LO
parton distributions, which are currently unavailable.
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momentum distribution of the Drell–Yan lepton pair in
the fiducial volume (2a), obtained with Eq. (1), compared
to experimental data [113]. In the figure we label the
distributions by the perturbative accuracy of their inclu-
sive integral over p``T . Our state-of-the-art N3LO+N3LL
prediction provides an excellent description of the data
across the spectrum, with the exception of the first bin at
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tions not included in our calculation. We point out that
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in Eq. (1) gives a non-

negligible contribution even for p``T  15GeV. The resid-
ual theoretical uncertainty in the intermediate p``T region
is at the few-percent level, and it increases to about 5%
for p``T & 50GeV. A more accurate description of the

large-p``T region requires the inclusion of EW corrections,
which we neglect in our calculation.
We now consider the fiducial cross section with sym-

metric cuts (2a). In order to gain control over the slicing
systematic error, we choose pcutT as low as 0.81GeV. In
the first column of Tab. I, denoted as NkLO, we show the
fixed-order results toO(↵k
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displays the result obtained including resummation ef-
fects. In the fixed-order case, the theoretical uncertainty
at N3LO, estimated as discussed above, is supplemented
with an estimate of the slicing uncertainty obtained by
varying pcutT in the range [0.45, 1.48]GeV and taking the
average di↵erence from the result with pcutT = 0.81GeV.
In the resummed case, we quote the total theoretical un-
certainty including also the matching scheme variation.
In both cases the statistical uncertainty is reported in
parentheses.
We observe that the new N3LO corrections decrease

the fiducial cross section by about 2.5%, and the final
prediction at N3LO has larger theoretical errors than
the NNLO counterpart, whose uncertainty band does not
capture the N3LO central value. This indicates a poor
convergence of the fixed-order perturbative series for this
process, which is consistent with what has been observed
in the inclusive case in Refs. [10–12]. In the resummed
case, the theoretical uncertainty is more reliable and
within errors the convergence of the perturbative series
is improved. The presence of linear power corrections is
also responsible for the moderate di↵erence between the
fixed-order and the resummed prediction for the symmet-
ric cuts (2a), which in turn indicates a sensitivity of the
cross section to the infrared region of small p``T . This ul-
timately worsens further the perturbative convergence of
the fixed-order series thereby challenging the perspectives
to reach percent-accurate theoretical predictions within
symmetric cuts.
A possible solution to this problem [100] is to slightly

modify the definition of the fiducial cuts as in Eq. (2b)
in order to reduce such a sensitivity to infrared physics.
We present for the first time theoretical predictions up
to N3LO and N3LO+N3LL for this set of cuts, reported
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lations for the fiducial cross section never exceeds the
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�10.4%

2 741.59(8)+0.42%
�0.71% 740.75(5)+1.15%

�2.66% 831.32(3)+0.59%
�0.96% 830.98(4)+0.74%

�2.73%

3 722.9(1.1)+0.68%
�1.09% ± 0.9 726.2(1.1)+1.07%

�0.77% 816.8(1.1)+0.45%
�0.73% ± 0.8 816.6(1.1)+0.87%

�0.69%

TABLE I. Fiducial cross sections for the symmetric (2a) and product (2b) cuts both at fixed perturbative order and including
all-order resummation.

dow is 66GeV < m`` < 116GeV and the lepton rapidi-
ties are confined to |⌘`

±
| < 2.5. The transverse momen-

tum of the two leptons is constrained as

Symmetric cuts [113]: |~p `±

T | > 27GeV , (2a)

Product cuts [100]:
q

|~p `+
T | |~p `�

T | > 27GeV ,

min{|~p `±

T |} > 20GeV . (2b)

The central factorisation and renormalisation scales

are chosen to be µR = µF =
q

m``
2 + p``T

2
and the cen-

tral resummation scale is set to Q = m``/2. In the results
presented below, the theoretical uncertainty is estimated
by varying the µR and µF scales by a factor of two about
their central value, while keeping 1/2  µR/µF  2. In
addition, for the resummed results, for central µR = µF

scales we vary Q by a factor of two around its central
value. Moreover, a matching-scheme uncertainty is esti-
mated by including the full scale variation of the additive
matching scheme of Ref. [59] (27 variations that comprise
the one of the central matching scale v0 introduced in
Eq. (5.2) of that article). The final uncertainty is ob-
tained as the envelope of all the above variations, corre-
sponding to 7 and 36 curves for the fixed-order and re-
summed computations, respectively. In the fiducial cross
sections quoted below at N3LO and N3LO+N3LL, we do
not consider the uncertainty related to the missing N3LO
parton distributions, which are currently unavailable.

In Fig. 1, we start by showing the transverse-
momentum distribution of the Drell–Yan lepton pair in
the fiducial volume (2a), obtained with Eq. (1), compared
to experimental data [113]. In the figure we label the
distributions by the perturbative accuracy of their inclu-
sive integral over p``T . Our state-of-the-art N3LO+N3LL
prediction provides an excellent description of the data
across the spectrum, with the exception of the first bin at
small p``T which is susceptible to non-perturbative correc-
tions not included in our calculation. We point out that
the term d�NNLO

DY+jet
�
⇥
d�N

3
LL

DY

⇤
O(↵3

s)
in Eq. (1) gives a non-

negligible contribution even for p``T  15GeV. The resid-
ual theoretical uncertainty in the intermediate p``T region
is at the few-percent level, and it increases to about 5%
for p``T & 50GeV. A more accurate description of the

large-p``T region requires the inclusion of EW corrections,
which we neglect in our calculation.
We now consider the fiducial cross section with sym-

metric cuts (2a). In order to gain control over the slicing
systematic error, we choose pcutT as low as 0.81GeV. In
the first column of Tab. I, denoted as NkLO, we show the
fixed-order results toO(↵k

s ). The second column of Tab. I
displays the result obtained including resummation ef-
fects. In the fixed-order case, the theoretical uncertainty
at N3LO, estimated as discussed above, is supplemented
with an estimate of the slicing uncertainty obtained by
varying pcutT in the range [0.45, 1.48]GeV and taking the
average di↵erence from the result with pcutT = 0.81GeV.
In the resummed case, we quote the total theoretical un-
certainty including also the matching scheme variation.
In both cases the statistical uncertainty is reported in
parentheses.
We observe that the new N3LO corrections decrease

the fiducial cross section by about 2.5%, and the final
prediction at N3LO has larger theoretical errors than
the NNLO counterpart, whose uncertainty band does not
capture the N3LO central value. This indicates a poor
convergence of the fixed-order perturbative series for this
process, which is consistent with what has been observed
in the inclusive case in Refs. [10–12]. In the resummed
case, the theoretical uncertainty is more reliable and
within errors the convergence of the perturbative series
is improved. The presence of linear power corrections is
also responsible for the moderate di↵erence between the
fixed-order and the resummed prediction for the symmet-
ric cuts (2a), which in turn indicates a sensitivity of the
cross section to the infrared region of small p``T . This ul-
timately worsens further the perturbative convergence of
the fixed-order series thereby challenging the perspectives
to reach percent-accurate theoretical predictions within
symmetric cuts.
A possible solution to this problem [100] is to slightly

modify the definition of the fiducial cuts as in Eq. (2b)
in order to reduce such a sensitivity to infrared physics.
We present for the first time theoretical predictions up
to N3LO and N3LO+N3LL for this set of cuts, reported
in the third and fourth column of Tab. I. The relative
di↵erence between the fixed-order and resummed calcu-
lations for the fiducial cross section never exceeds the

[Chen, Gehrmann, Glover, Huss, Monni, Rottoli, Re, Torielli]

         for 2-to-1 processes
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The 3-loop frontier
• Recently also the fi
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2 ! 2
[Henn, Mistlberger, Smirnov, Wasser]

• We also have fi
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➡ Together with the 2-loop corrections to                      , 
these are all the loop corrections needed to compute 
diphoton production at            .
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p p ! 2� + j

[Caola, Chakraborty, Gambuti, von Manteuffel, Tancredi]
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The mathematics of 

loop computations



➡ What kind of functions?

• Scattering amplitudes are functions of the energies and 
momenta of the scattered particles.

• What kind of objects are scattering amplitudes?

Scattering amplitudes

• Unitarity: Probabilities must add up to 1.

DiscA 6= 0
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➡ They cannot be simple polynomials or rational functions.

➡ Consequence: Amplitudes must have discontinuities:



• One-loop integrals: 

The logarithm & beyond

log z =

Z z

1

dt

t
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Li2(z) = �
Z z

0

dt

t
log(1� t)
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➡ Extension to two-loop integrals with massless partons. 

➡ Well understood mathematics! [Goncharov; Brown; Goncharov, Spradling, Vergu, 
Volovich; CD; Panzer; …] 

• Beyond one loop, also multiple polylogarithms appear: 

G(a1, . . . , an; z) =

Z z

0

dt

t� a1
G(a2, . . . , an; t) G(a1; z) = log

✓
1� z

a1

◆

G(0, 1; z) = �Li2(z)

[Poincaré; Kummer; Lappo-Danilevsky; Goncharov; …]

G(0; z) = log z
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From mathematics to physics

➡            cross sections (H, DY, W).

➡ 2-to-3 processes at 2 loops.
 [Papadopoulos et al.; Abreu et al.; Badger et al.]

• New insight into (planar) N=4 SYM:

• Recent pheno applications (non-exhaustive!):

➡ 3-loop Soft Anomalous Dimensions.


➡ 4-loop cusp anomalous dimension.


➡ 6-point planar amplitude through 7 loops.


➡ 7-point planar amplitude through 4 loops.


➡ 3-loop 4-point non-planar amplitude.


[Anastasiou et al.; CD, Dulat, Mistlberger]

[Henn, Korchemsky, Mistlberger]

[Almelid, CD, Gardi]

[Dixon et al.]

[Henn, Mistlberger, Smirnov, Wasser]
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The elliptic sunrise

➡ Look at maximal cut (in D=2):

3

in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–32]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [22]. The latter is
a special case of a more general class of functions, called elliptic multiple polylogarithms (eMPLs) [33–35],
and they have recently appeared also in the context of superstring amplitudes at one-loop [36–38]. The
result of ref. [22] has sparked a wealth of new results and representations for the sunrise integral, including
also higher-order terms in dimensional regularization and results in four space-time dimensions [12, 23–
30]. A common feature of these results is that most of them require the introduction of a new elliptic
generalization of MPLs, whose relationship to the eMPLs that have appeared in pure mathematics and
string theory is often unclear. This is somewhat disconcerting, because in the non-elliptic case it was
precisely the realisation that ordinary MPLs constitute the right class of functions with beautiful algebraic
properties that was at the heart of a lot of progress in multi-loop computations.

In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ≠ 2‘ dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [39], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di�erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.

II. THE SUNRISE INTEGRAL: OVERVIEW

The most popular example of a family of Feynman integrals that cannot be computed in terms of
multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
years. The sunrise integrals can be represented by the following graph,

m1

m2

m3

p

and the corresponding family of Feynman integrals reads

S‹1‹2‹3(S, m2
1, m2

2, m2
3) =

⁄
Ddk1 Ddk2

(k2
1 ≠ m2

1)‹1(k2
2 ≠ m2

2)‹2((k1 ≠ k2 + p)2 ≠ m2
3)‹3

, (II.1)

where the integration measure is defined as
⁄

Ddk © e“E‘

⁄ ddk

i fid/2 , (II.2)

“E = ≠�Õ(1) is the Euler-Mascheroni constant and ‹i œ Z denote the multiplicities of the propagators. We
work in dimensional regularization in d = d0 ≠2‘ dimensions, where d0 is even. We define S = ≠s = ≠p2,
and the quantities ki and mi denote the loop momenta and the masses of the propagators respectively.

=

Z (
p
s�m1)

2

(m2+m3)2

dxp
R2(x,m2

2,m
2
3)R2(s, x,m2

1)
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g. Relationship to the eMPLs by Brown & Levin: Finally, our eMPLs are closely related to multiple
elliptic polylogarithms that appear in pure mathematics and string theory [35, 36, 42]. In particular, in
ref. [39] we show that every E4 function can be written as a linear combination of the elliptic polyloga-
rithms of ref. [35, 36, 42], and vice-versa (Up to a technical distinction which is irrelevant in the context
of this paper; see ref. [39] for details). In other words, the functions defined in eq. (III.13) are simply an
alternative basis for the eMPLs in ref. [35, 36, 42]. As such, our functions deserve indeed to be called
elliptic polylogarithms.

VI. SEVERAL APPLICATIONS

In this section we present additional applications of our elliptic polylogarithms to integrals from the
sunrise topology. While in previous sections we have focused on the equal-mass case, from now on we
consider the generic case with three di�erent non-zero masses. Using IBP identities, one finds four master
integrals with three propagators for the sunrise topology, which we may choose as

S111 , S211 , S121 and S112 . (VI.1)

The three master integrals with an additional power on one of the propagators are obviously related by
a simple permutation of the masses mi. It will therefore be su�cient to discuss the integrals S111 and
S211, and the remaining integrals can be obtained by symmetry. For this reason, we will again refer to
S111 and S211 as the first and second master integrals of the sunrise topology.

Analytic results for the first master integral S111 with three di�erent masses can be found in ref. [25, 26],
while one of the main results of this paper is to present an analytic expression for S211 with di�erent
masses for the first time. In order to calculate this result, we take an approach that is complementary
to the Feynman parameters used in the equal-mass case: we compute analytic expressions for S111 and
S211 from dispersion relations. In this way we demonstrate the flexibility of our language of elliptic
polylogarithms, and at the same time we obtain more compact representations for the sunrise integrals
in the case of three di�erent masses [43].

To compute the sunrise integrals in the dispersive approach, we begin by first computing the imaginary
part of the master integrals. The imaginary part can be computed using the optical theorem by replacing
all propagators of the sunrise diagram by on-shell ” functions, and we discuss in detail the computation
of the maximal cut of S111 in terms of eMPLs. Once the imaginary part is obtained, we can recover the
master integrals S111 and S211 by performing a dispersion integral.

A. The maximal cut of the first master integral

In this section we discuss the computation of the maximal cut of S111. In ref. [28] it was shown that
the imaginary part of S111 can be written as follows

Im S111(s, m2
1, m2

2, m2
3) = S‘

⁄ (Ô
s≠m1)2

(m2+m3)2
dx

1
R2(x,m2

2,m2
3)R2(s,x,m2

1)
sx

2(d≠2)/2


R2(x, m2

2, m2
3)R2(s, x, m2

1)
, (VI.2)

with s = ≠S = p2 and where we defined

S‘ = 2dfi3/2

�(3 ≠
d
2 )�( d≠1

2 )
with lim

dæ2
S‘ æ 4fi , (VI.3)

and the Källen function is

R2(x, y, z) = x2 + y2 + z2
≠ 2xy ≠ 2xz ≠ 2yz. (VI.4)

Since the Källen function is a polynomial of degree two, we can immediately recognize the square root
of a quartic polynomial in the denominator of eq. (VI.2). The quartic polynomial is given by

y2
© R2(x, m2

2, m2
3)R2(s, x, m2

1) = (x ≠ b1)(x ≠ b2)(x ≠ b3)(x ≠ b4), (VI.5)

where the roots are given by

b1 = (m2 ≠ m3)2, b2 = (m2 + m3)2, b3 = (m1 ≠
Ô

s)2 and b4 = (m1 +
Ô

s)2. (VI.6)

➡ Evaluates to a (complete) elliptic integral of the 1st kind:

K(�) =

Z 1

0

dxp
(1� x2)(1� �x2)
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[Laporta, Remiddi]

• Prototype example: the massive sunrise graph.
p p

m1
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• Polylogarithms are not the end of the story.



The elliptic sunrise

• Example:

➡ cf. the elliptic integral:

• Elliptic curve ~ set of points          that satisfy an equation of the 
form                  , where          is a polynomial of degree 3 or 4.

K(�) =

Z 1

0

dxp
(1� x2)(1� �x2)
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➡ Kinematics encoded in ‘shape’ 
of the elliptic curve.

➡ When looked over the 
complex numbers, it becomes 
torus.



Beyond elliptic
• It does not stop with elliptic curves!

➡ Riemann sphere (~complex plane): polylogarithms.
➡ Elliptic curves: elliptic polylogarithms.

➡ K3 surfaces, Calabi-Yau manifolds,…

[Brown, Schnetz; Bloch, Kerr, 
Vanhove; Bourjaily, McLeod, von 

Hippel, Vergu, Volk, Wilhelm; 
Bönisch, CD, Fischbach, Klemm, 

Nega, Safari; CD, Klemm, Loebbert, 
Nega, Porkert; CD, Klemm, Nega, 
Tancredi; Pögel, Wang, Weinzierl ]
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Sphere Torus (elliptic curve) Calabi-Yau manifold

• New mathematical structures, with connections to string theory.



Bananas and ice-cones
• The equal-mass banana integrals (in 2D) can be expressed in 

terms of iterated integrals involving the periods of Calabi-Yau.

➡ Natural iterated integrals on the moduli space of the CY.

➡ Natural generalisation of the iterated integrals of modular 
forms encountered at 2 loops (and 3 loops).

m

m

m

m

<latexit sha1_base64="+gDyYhiiyRAYy3R/AXPr62D98oc=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG5cV7APaoWQymTY2kwxJplCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjppapIrRBJJeqHWBNORO0YZjhtJ0oiuOA01YwvM391ogqzaR4MOOE+jHuCxYxgo2Vmt1RKI3ulStu1Z0CrRJvTiowR71X/umGkqQxFYZwrHXHcxPjZ1gZRjidlLqppgkmQ9ynHUsFjqn2s+m1E3RmlRBFUtkSBk3VvxMZjrUex4HtjLEZ6GUvF//zOqmJbvyMiSQ1VJDZoijlyEiUfx2FTFFi+NgSTBSztyIywAoTYwNa2JK/rXSkJyUbjbccxCppXlS9q+rl/WWlVnuahVSEEziFc/DgGmpwB3VoAIFHeIFXeHOenXfnw/mctRacebDHsADn6xe9BJks</latexit>...
[Bönisch, CD, Fischbach, Klemm, 

Nega; Pögel, Wang, Weinzierl; CD, 
Klemm, Nega, Tancredi]

• The same functions arise from the ‘ice-cone’ integral:

<latexit sha1_base64="+gDyYhiiyRAYy3R/AXPr62D98oc=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG5cV7APaoWQymTY2kwxJplCGghv3bvUX3IlbP8Q/8DPMtF3Y1gMXDufcm3tzgoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjppapIrRBJJeqHWBNORO0YZjhtJ0oiuOA01YwvM391ogqzaR4MOOE+jHuCxYxgo2Vmt1RKI3ulStu1Z0CrRJvTiowR71X/umGkqQxFYZwrHXHcxPjZ1gZRjidlLqppgkmQ9ynHUsFjqn2s+m1E3RmlRBFUtkSBk3VvxMZjrUex4HtjLEZ6GUvF//zOqmJbvyMiSQ1VJDZoijlyEiUfx2FTFFi+NgSTBSztyIywAoTYwNa2JK/rXSkJyUbjbccxCppXlS9q+rl/WWlVnuahVSEEziFc/DgGmpwB3VoAIFHeIFXeHOenXfnw/mctRacebDHsADn6xe9BJks</latexit>...

[CD, Klemm, 
Nega, Tancredi]



From mathematics to physics

Is there anything useful you can 
possibly do with this math?



Towards phenomenology

• Are these things relevant for phenomenology?

➡ YES!

• Elliptic curves show up in many processes of phenomenological 
relevance:

<latexit sha1_base64="k7++0gb/C3dMrjSHLWryrC4bJmU=">AAACC3icbZDLSgMxFIYz9VbrrerSTbAIrsqMFHVZcOOygr1AZyyZNNOGZjIhOSOUoeALuHerr+BO3PoQvoGPYabtwrYeCPz8/0nOyRcqwQ247rdTWFvf2Nwqbpd2dvf2D8qHRy2TpJqyJk1EojshMUxwyZrAQbCO0ozEoWDtcHST5+1Hpg1P5D2MFQtiMpA84pSAtR6U8iHB4IdEZzDplStu1Z0WXhXeXFTQvBq98o/fT2gaMwlUEGO6nqsgyIgGTgWblPzUMEXoiAxY10pJYmaCbLr1BJ9Zp4+jRNsjAU/dvzcyEhszjkPbGRMYmuUsN//LuilE10HGpUqBSTobFKUC5z+1CHCfa0ZBjK0gVHO7K6ZDogkFC2phSv62NpGZlCwabxnEqmhdVL3Lau2uVqnXn2aQiugEnaJz5KErVEe3qIGaiCKNXtArenOenXfnw/mctRacOdhjtFDO1y8LIJyg</latexit>

pp ! tt̄

<latexit sha1_base64="va1y+EdZtWavRDJ/royPRJuXUeA=">AAACDnicbZDLSsNAFIYn9VbrpVGXboJFcFUSEXVZcOOygr1AE8pkOmnHTibDzIlQQsBHcO9WX8GduPUVfAMfw0nbhW09MPDz/2fmnPlCyZkG1/22SmvrG5tb5e3Kzu7eftU+OGzrJFWEtkjCE9UNsaacCdoCBpx2paI4DjnthOObIu88UqVZIu5hImkQ46FgESMYjNW3q1L6kDjgh1hlkD/07Zpbd6flrApvLmpoXs2+/eMPEpLGVADhWOue50oIMqyAEU7zip9qKjEZ4yHtGSlwTHWQTRfPnVPjDJwoUeYIcKbu3xsZjrWexKHpjDGM9HJWmP9lvRSi6yBjQqZABZkNilLuFF81FJwBU5QAnxiBiWJmV4eMsMIEDKuFKcXbSkc6rxg03jKIVdE+r3uX9Yu7i1qj8TSDVEbH6ASdIQ9doQa6RU3UQgSl6AW9ojfr2Xq3PqzPWWvJmoM9Qgtlff0CWhadRQ==</latexit>

pp ! tt̄j
<latexit sha1_base64="hVCwWTJIiJnjymytFNs7NfYcfKE=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS4LbrqsYB/QDiWTZtrYTCYkGaEMBXfu3eovuBO3fod/4GeYabuwrQcCh3Nu7uMEkjNtXPfbyW1sbm3v5HcLe/sHh0fF45OWjhNFaJPEPFadAGvKmaBNwwynHakojgJO28H4NvPbj1RpFot7M5HUj/BQsJARbKzUkbJnYlR/6BdLbtmdAa0Tb0FKsECjX/zpDWKSRFQYwrHWXc+Vxk+xMoxwOi30Ek0lJmM8pF1LBY6o9tPZvlN0YZUBCmNlnzBopv79keJI60kU2MoIm5Fe9TLxP6+bmPDGT5mQiaGCzAeFCUf2xux4NGCKEsMnlmCimN0VkRFWmBgb0dKUrLfSoZ4WbDTeahDrpHVV9qrlyl2lVKs9zUPKwxmcwyV4cA01qEMDmkCAwwu8wpvz7Lw7H87nvDTnLII9hSU4X7+t3pml</latexit>

pp ! Hj
<latexit sha1_base64="69+UTEcO2/58ciWLEkEAm0TCVDw=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2ARBLHMSFGXBTcuK9gLtNOSSc+0oZnMkGQKpRR8Bfdu9RXciVsfwTfwMcx0urCtBwIf/3+Sc/L7MWdKO863lVtb39jcym8Xdnb39g/sw6O6ihJJoUYjHsmmTxRwJqCmmebQjCWQ0OfQ8Id3qd8YgVQsEo96HIMXkr5gAaNEG6lr29C5gM5lW0c4o65ddErOrPAquHMoonlVu/ZPuxfRJAShKSdKtVwn1t6ESM0oh2mhnSiICR2SPrQMChKC8iazzaf4zCg9HETSHKHxTP17Y0JCpcahbzpDogdq2UvF/7xWooNbb8JEnGgQNBsUJBybf6Yx4B6TQDUfGyBUMrMrpgMiCdUmrIUp6dtSBWpaMNG4y0GsQv2q5F6Xyg/lYqXylIWURyfoFJ0jF92gCrpHVVRDFI3QC3pFb9az9W59WJ9Za86aB3uMFsr6+gXkx5xQ</latexit>

e+e� ! e+e�

<latexit sha1_base64="K4M3KNcWCgl25yf0sczjPcTXbas=">AAACCXicbZDLSgMxFIbP1Futt6pLN4NFcFVmRNRlwY3LCvYCnaFk0jNtaCYTkoxQhoJ79271FdyJW5/CN/AxTC8L23og8PP/JzknXyQ508bzvp3C2vrG5lZxu7Szu7d/UD48auo0UxQbNOWpakdEI2cCG4YZjm2pkCQRx1Y0vJ3krUdUmqXiwYwkhgnpCxYzSoy1AikDk7oBGtKl3XLFq3rTcleFPxcVmFe9W/4JeinNEhSGcqJ1x/ekCXOiDKMcx6Ug0ygJHZI+dqwUJEEd5tOdx+6ZdXpunCp7hHGn7t8bOUm0HiWR7UyIGejlbGL+l3UyE9+EORMyMyjobFCccdf+cwLA7TGF1PCRFYQqZnd16YAoQo3FtDBl8rbSsR6XLBp/GcSqaF5U/avq5f1lpVZ7mkEqwgmcwjn4cA01uIM6NICChBd4hTfn2Xl3PpzPWWvBmYM9hoVyvn4B9KSbcw==</latexit>pp ! ⌘c
<latexit sha1_base64="wyN9VeewdgbfSwLA3ZHQGrrdzIA=">AAACFnicbZC7SgNBFIZn4y3G26qFhc1iEGwMuxLUMmBjGcFcIFnC7ORsMmT2wsxZMSwLPoa9rb6Cndja+gY+hrNJCpN4YODn/8+cM/N5seAKbfvbKKysrq1vFDdLW9s7u3vm/kFTRYlk0GCRiGTbowoED6GBHAW0Ywk08AS0vNFNnrceQCoehfc4jsEN6CDkPmcUtdUzj7pyGHURHlEG6XlMJQ0AQWY9s2xX7ElZy8KZiTKZVb1n/nT7EUsCCJEJqlTHsWN0UyqRMwFZqZsoiCkb0QF0tAz1HuWmkw9k1ql2+pYfSX1CtCbu3xspDZQaB57uDCgO1WKWm/9lnQT9azflYZwghGy6yE+EhZGV07D6XAJDMdaCMsn1Wy021BCYZjC/JZ8tla+ykkbjLIJYFs2LinNZqd5Vy7Xa0xRSkRyTE3JGHHJFauSW1EmDMJKRF/JK3oxn4934MD6nrQVjBvaQzJXx9QtF6aEG</latexit>

⇢-parameter

+many more!

• This is one of the major obstacles to obtaining (analytic) results 
for precision predictions!



Elliptic Feynman integrals
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t t̄
<latexit sha1_base64="cHP9fw9nn2c5Y6jcoUa/APbI5Ck=">AAACB3icdVDLSgMxFM3UV62vqks3wSK4kDKtU9RdwY3LCvaBnVIyaaYNzWSG5I5QhoJb9271F9yJWz/DP/AzzHQqWNEDgcM5N/dxvEhwDbb9YeWWlldW1/LrhY3Nre2d4u5eS4exoqxJQxGqjkc0E1yyJnAQrBMpRgJPsLY3vkz99h1TmofyBiYR6wVkKLnPKQEj3YJ74npEJTDtF0t22Z4BZ8RJiXPh1OwarsytEpqj0S9+uoOQxgGTQAXRuluxI+glRAGngk0LbqxZROiYDFnXUEkCpnvJbOMpPjLKAPuhMk8Cnqk/fyQk0HoSeKYyIDDSv71U/MvrxuCf9xIuoxiYpNkgPxYYQpyejwdcMQpiYgihiptdMR0RRSiYkBampL2V9vW0YKL5vh//T1rVcuW0XL12SvX6fRZSHh2gQ3SMKugM1dEVaqAmokiiR/SEnq0H68V6td6y0pw1D3YfLcB6/wLRNJrb</latexit>
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(d) (e)
EW form factor

<latexit sha1_base64="3P1c/wwserIwNEHXDXBIOE55J44=">AAACFnicdVDLSgMxFM34rPVVdeHCTbAIrsq0tqi7ggguK9gHtEPJpJk2NJkZkjtiGQb8DPdu9RfciVu3/oGfYaZTwYoeCBzOucnJPW4ouAbb/rAWFpeWV1Zza/n1jc2t7cLObksHkaKsSQMRqI5LNBPcZ03gIFgnVIxIV7C2O75I/fYtU5oH/g1MQuZIMvS5xykBI/UL+z1gd6BkfNnGXqAk9giFQCX9QtEu2VPgjFRTUj2v1uwaLs+sIpqh0S989gYBjSTzgQqidbdsh+DERAGngiX5XqRZSOiYDFnXUJ9Ipp14ukCCj4wySPPN8QFP1Z83YiK1nkjXTEoCI/3bS8W/vG4E3pkTcz+MgPk0C/IigSHAaRt4wBWjICaGEKq4+SumI6JMB6azuZT0baU9neRNNd/74/9Jq1Iqn5Qq19VivX6flZRDB+gQHaMyOkV1dIUaqIkoStAjekLP1oP1Yr1ab9nogjUrdg/NwXr/ApqBoJw=</latexit>

m
<latexit sha1_base64="64ufBW/ITpDI1+7aQr9Q1gER4p8=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4TMA9IQpid9CZDZnaXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUoeIgNw43AdqyQSl9gyx8/ZH7rGZXmUfhkJjH2JB2GPOCMGivVZb9YcsvuHGSTeEtSgiVq/eJPdxCxRGJomKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYsDalE3Uvnh07JlVUGJIiUrdCQufp3IqVS64n0baekZqTXvUz8z+skJrjvpTyME4MhWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM1K2bspV+q3pWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BlmqW1g==</latexit>

M
<latexit sha1_base64="fsEskCmMOwWtZiEgwKsODqb0Vmo=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxYuQgHlAsoTZSW8yZHZ2mZkVQgjk7lV/wZt49Vf8Az/D2SQHk1jQUFR1T/dUkAiujet+OxubW9s7u7m9/P7B4dFx4eS0oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhfeY3n1FpHssnM0rQj2hf8pAzaqxUe+wWim7JnYGsE29BirBAtVv46fRilkYoDRNU67bnJsYfU2U4EzjJd1KNCWVD2se2pZJGqP3x7NAJubRKj4SxsiUNmal/J8Y00noUBbYzomagV71M/M9rpya888dcJqlByeaLwlQQE5Ps16THFTIjRpZQpri9lbABVZQZm83SluxtpUM9ydtovNUg1kmjXPKuS+XaTbFSmc5DysE5XMAVeHALFXiAKtSBAcILvMKbM3XenQ/nc9664SyCPYMlOF+/YyqWtg==</latexit>

M
<latexit sha1_base64="fsEskCmMOwWtZiEgwKsODqb0Vmo=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxYuQgHlAsoTZSW8yZHZ2mZkVQgjk7lV/wZt49Vf8Az/D2SQHk1jQUFR1T/dUkAiujet+OxubW9s7u7m9/P7B4dFx4eS0oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhfeY3n1FpHssnM0rQj2hf8pAzaqxUe+wWim7JnYGsE29BirBAtVv46fRilkYoDRNU67bnJsYfU2U4EzjJd1KNCWVD2se2pZJGqP3x7NAJubRKj4SxsiUNmal/J8Y00noUBbYzomagV71M/M9rpya888dcJqlByeaLwlQQE5Ps16THFTIjRpZQpri9lbABVZQZm83SluxtpUM9ydtovNUg1kmjXPKuS+XaTbFSmc5DysE5XMAVeHALFXiAKtSBAcILvMKbM3XenQ/nc9664SyCPYMlOF+/YyqWtg==</latexit>

M
<latexit sha1_base64="fsEskCmMOwWtZiEgwKsODqb0Vmo=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxYuQgHlAsoTZSW8yZHZ2mZkVQgjk7lV/wZt49Vf8Az/D2SQHk1jQUFR1T/dUkAiujet+OxubW9s7u7m9/P7B4dFx4eS0oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhfeY3n1FpHssnM0rQj2hf8pAzaqxUe+wWim7JnYGsE29BirBAtVv46fRilkYoDRNU67bnJsYfU2U4EzjJd1KNCWVD2se2pZJGqP3x7NAJubRKj4SxsiUNmal/J8Y00noUBbYzomagV71M/M9rpya888dcJqlByeaLwlQQE5Ps16THFTIjRpZQpri9lbABVZQZm83SluxtpUM9ydtovNUg1kmjXPKuS+XaTbFSmc5DysE5XMAVeHALFXiAKtSBAcILvMKbM3XenQ/nc9664SyCPYMlOF+/YyqWtg==</latexit>

⇢-parameter
<latexit sha1_base64="jQIO1X2z9yuPQnXdVqWEzmsIXQQ=">AAACFnicdVDLSgMxFM34rPVVdeHCTbAIbizT2qLuCm5cVrAPaEvJpHfa0MyD5I5YhgE/w71b/QV34tatf+BnmGkrWNEDgcM5Nzm5xwml0GjbH9bC4tLyympmLbu+sbm1ndvZbeggUhzqPJCBajlMgxQ+1FGghFaogHmOhKYzukz95i0oLQL/BschdD028IUrOEMj9XL7HTUMOgh3qLz4JGSKeYCgkl4ubxfsCeiUlFNSvihX7Aotzqw8maHWy312+gGPPPCRS6Z1u2iH2I2ZQsElJNlOpCFkfMQG0DbUNzm6G08WSOiRUfrUDZQ5PtKJ+vNGzDytx55jJj2GQ/3bS8W/vHaE7nk3Fn4YIfh8GuRGkmJA0zZoXyjgKMeGMK6E+SvlQ1MCNx3Mp6RvK+3qJGuq+d6f/k8apULxtFC6Luer1ftpSRlyQA7JMSmSM1IlV6RG6oSThDySJ/JsPVgv1qv1Nh1dsGbF7pE5WO9fcuKhIA==</latexit>

m

m

m

m

g g ! H
<latexit sha1_base64="yeNYnhDUW8/Evy0O/E5kK4oAs2s=">AAACBnicdVDLSgMxFM34rPVVdekmWAQXUqZ1iroruOmygn1IZyiZNDMNTTJDkhHKUHDp3q3+gjtx62/4B36GmU4FK3ogcDjn5j6OHzOqtG1/WEvLK6tr64WN4ubW9s5uaW+/o6JEYtLGEYtkz0eKMCpIW1PNSC+WBHGfka4/vsr87h2RikbiRk9i4nEUChpQjLSRbkP3NHR1BJuDUtmu2DPAnDgZcS6dul2H1blVBnO0BqVPdxjhhBOhMUNK9at2rL0USU0xI9OimygSIzxGIekbKhAnyktnC0/hsVGGMIikeULDmfrzR4q4UhPum0qO9Ej99jLxL6+f6ODCS6mIE00EzgcFCYPmxOx6OKSSYM0mhiAsqdkV4hGSCGuT0cKUrLdUgZoWTTTf98P/SadWqZ5VatdOudG4z0MqgENwBE5AFZyDBmiCFmgDDDh4BE/g2XqwXqxX6y0vXbLmwR6ABVjvXxSWmdU=</latexit>
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, � �, etc.
<latexit sha1_base64="kglkaGuxuN9IKuG/MxXp97OhdIA=">AAACH3icdVDLSgMxFM34tr6qLt0Ei+CilGmtqLuCG5cVrBY6pWTSOzU0mRmSO2IZCq78D/du9Rfcidv+gZ9hpq1gRQ+EHM65Nzf3+LEUBl135MzNLywuLa+s5tbWNza38ts71yZKNIcGj2Skmz4zIEUIDRQooRlrYMqXcOP3zzP/5g60EVF4hYMY2or1QhEIztBKnTwtekWvx5Ri33fRQ7hHrVIKyEvDTr7gltwx6IRUM1I9qx67x7Q8tQpkinon/+l1I54oCJFLZkyr7MbYTplGwSUMc15iIGa8z3rQsjRkCkw7HW8ypAdW6dIg0vaESMfqz46UKWMGyreViuGt+e1l4l9eK8HgtJ2KME4QQj4ZFCSSYkSzWGhXaOAoB5YwroX9K+W3TDOONryZKdnb2gRmmLPRfO9P/yfXlVL5qFS5rBZqtYdJSCtkj+yTQ1ImJ6RGLkidNAgnj+SZvJBX58l5c96dj0npnDMNdpfMwBl9AWspo5c=</latexit>

t t̄
<latexit sha1_base64="cHP9fw9nn2c5Y6jcoUa/APbI5Ck=">AAACB3icdVDLSgMxFM3UV62vqks3wSK4kDKtU9RdwY3LCvaBnVIyaaYNzWSG5I5QhoJb9271F9yJWz/DP/AzzHQqWNEDgcM5N/dxvEhwDbb9YeWWlldW1/LrhY3Nre2d4u5eS4exoqxJQxGqjkc0E1yyJnAQrBMpRgJPsLY3vkz99h1TmofyBiYR6wVkKLnPKQEj3YJ74npEJTDtF0t22Z4BZ8RJiXPh1OwarsytEpqj0S9+uoOQxgGTQAXRuluxI+glRAGngk0LbqxZROiYDFnXUEkCpnvJbOMpPjLKAPuhMk8Cnqk/fyQk0HoSeKYyIDDSv71U/MvrxuCf9xIuoxiYpNkgPxYYQpyejwdcMQpiYgihiptdMR0RRSiYkBampL2V9vW0YKL5vh//T1rVcuW0XL12SvX6fRZSHh2gQ3SMKugM1dEVaqAmokiiR/SEnq0H68V6td6y0pw1D3YfLcB6/wLRNJrb</latexit>
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e self-energy
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[Bloch, Vanhove; Adams, Bogner, Chaubey, Schweitzer, Weinzierl; Brödel, CD, 
Dulat, Marzucca, Tancredi, Penante; Hiddings, Moriello; …)]

The next frontier in (analytic) precision computations!



Bhabha scattering @ 2 loops

➡ We would like to know NNLO QED corrections, retaining 
the complete dependence on the electron mass. 

➡ Missing ingredient: 2-loop corrections.

➡ Elastic scattering 
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• One of the key processes at an          collider is Bhabha scattering.
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A complete set of scalar master integrals for massive 2-loop Bhabha

scattering: where we are ∗

M. Czakonab, J. Gluzaab and T. Riemanna

aDeutsches Elektronen-Synchrotron, DESY Zeuthen, Platanenallee 6, 15738 Zeuthen, Germany

bInstitute of Physics, University of Silesia, ul. Uniwersytecka 4, 40007 Katowice, Poland

We define a complete set of scalar master integrals (MIs) for massive 2-loop QED Bhabha scattering. Among
others, there are thirty three 2-loop box type MIs. Five of them have been published in (semi-)analytical form,
one is determined here, the rest remains to be calculated. Further, the last four so far unknown 2-loop 3-point
MIs are identified and also computed here.

1. INTRODUCTION

The determination of luminosity at high energy
colliders is a backbone linking theoretical calcu-
lations with experimental data. Bhabha scatter-
ing, e+e− → e+e−(nγ), is the process that al-
lows to accomplish this task. So far the complete
NNLO corrections in massive QED have not been
computed. There are several reasons to fill this
gap. First, the future experimental accuracy is
expected to be of the order of 10−4 [1]. Obviously,
the theoretical error should be smaller. Second,
the current Monte Carlo generators for real pho-
ton radiation assume massive external fermions.
Analytical results of NNLO corrections in mas-
sive QED are clearly needed there for consistency.
There are also technical reasons to perform the
calculation. First, as argued in [2], 2-loop QED
results are a useful testing ground for 2-loop QCD
physics containing more than one kinematic in-
variant. Second, the full analytic results can be
easily approximated to various kinematic regions;
this is not possible for massless results. Finally,
the complete calculation of virtual 2-loop correc-
tions in massive QED is a prelude to the deter-
mination of analogous effects within the Standard

∗Work supported in part by European’s 5-th Framework
under contract HPRN–CT–2000–00149 Physics at Collid-
ers, by TMR, EC-Contract No. HPRN-CT-2002-00311
(EURIDICE), by Deutsche Forschungsgemeinschaft under
contract SFB/TR 9–03, and by the Polish State Com-
mittee for Scientific Research (KBN) under contract Nos.
2P03B01025 and 1P03B00927.

Model.

Figure 1. The 2-loop self energy diagrams.

In this contribution, we report on first results
of our calculation of virtual 2-loop corrections in
massive QED. We have determined a complete set
of scalar master integrals to be calculated for the
problem at hand, including 33 2-loop box master
integrals2. Subsequently, we have calculated all 2-
and 3-point MIs, four of which were still lacking
in the literature. We also started the calculation
of boxes.

2More detailed information, including the MIs computed
so far, can be found at the webpage bhabha.html in [5].

1

➡ Open problem for 20 years!



Bhabha scattering @ 2 loops

• 3 integral families:
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Figure 1. Planar graphs of the first and the second type for two-loop Bhabha scattering. Solid
(dashed) lines indicate massive (massless) propagators. All the external momenta are incoming.

evaluation was hindered by the presence of the a non-rationalisable square-root in the

symbol alphabet. More recently, it was shown that also this last integral can be expressed

in terms of multiple polylogarithms by an integration technique based on an ansatz of

MPLs with suitable arguments [24].

The goal of the present paper is to analytically evaluate the master integrals for the

second planar family, which is associated with graph (b) of fig. 1. In a way that is rem-

iniscent of the first planar family of integrals, we will show that also in this case we can

obtain results in terms of MPLs for all master integrals but one (see fig. 2), due to the

presence of the same non-rationalisable square root found in the evaluation of the master

integrals for graph (a). While it can be shown by direct integration techniques that also

for this master integral a representation in terms of MPLs exist, the representation we

obtained is extremely cumbersome and of no practical use. Nevertheless, it turns out that

a compact result for this integral can be derived in terms of the elliptic MPLs introduced in

refs. [25–27]. As a byproduct of our analysis, we will also provide a very compact analytic

result for the remaining master integral in the first family in fig. 1(a) in terms of the same

class of functions.1

The rest of the paper is organised as follows. In section 2 we explain the notation,

present the system of canonical di↵erential equations for the problem at hand, and intro-

duce the alphabet needed to describe the planar family in fig. 1(b). The alphabet contains

multiple square roots, and it is a priori not obvious that the di↵erential equations can be

integrated in terms of multiple polylogarithms. In section 3 we review general su�cient

criteria and algorithms to solve a system of canonical di↵erential equations in terms of

MPLs or their elliptic generalisations. We then continue in section 4 to apply these ideas

to our computation. We explain how our di↵erential equations can straightforwardly be

solved in terms of multiple polylogarithms for all elements of the basis of the master inte-

grals but one, which is connected with the graph shown in fig. 2. In section 5 we show how

a convenient and compact representation for this integral can be found in terms of elliptic

1This result had first been presented by one of the authors at the Loops and Legs Conference 2018 in

St. Goar, but it has never been published before.
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Two-loop Bhabha scattering and modular symmetry

Claude Duhr,1, ⇤ Lorenzo Tancredi,2, † Maximilian Delto,2, ‡ and Yu Jiao Zhu1, §

1
Bethe Center for Theoretical Physics, Universität Bonn, D-53115, Germany

2
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D–85748 Garching, Germany

We report an analytic computation of the 2-loop polarized Bhabha scattering in QED. We con-
struct the amplitudes from a minimal set of physical projectors, and make up the final results
through a set of pure function bases. To minimize the complexity of the results, we choose canon-
ical coordinates on an elliptic Moduli space, and obtained compact results for the pure functions
in terms of iterated integrations over modular forms, of Hecke subgroup of �1(4). We corroborate
one-loop-exactness on the IR singularities of massive QED and derive the finite remainder functions.
In addition, we consider the Regge limit and extract the electron Regge trajectory in massive QED.

INTRODUCTION

Phenomenology side
Significance: Elastic e

+
e
� scattering, or Bhabha scat-

tering,

e
� (p1) + e

+ (p2) ! e
� (p3) + e

+ (p4) , (1)

was one of the first scattering processes that were ob-
served and predicted in quantum mechanics [1].

Motivation: Massless scattering amplitude were calcu-
lated in [2], yet insu�cient for the description of Bhabha
scattering at flavor factories and the ILC where isolated
leptons rather than “QED jets” are observed.

Low energy QED [3, 4].
Historic steps towards massive bhabha [5–24].
Theoretical aspects:
K3 surface [25], amplitude beyond genus 0, modular

forms, balabala...
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FIG. 1. The non-planar topology (left) and the next-to-top
sector (right) with 6 master integrals. Solid lines correspond
to massive propagators of mass m, dashed lines correspond
to massless propagators. All external momenta are out-going
and on-shell: p1 + p2 + p3 + p4 = 0 , p2i = m2.

CANONICAL BASES FOR THE NON-PLANAR
FEYNMAN INTEGRALS

The 2-loop amplitude A(2)(s, t, ✏) for e
+
e
� ! e

+
e
�

in Quantum Electrodynamics (QED) can be described
by a linear array of Feynman integrals, the later natu-
rally fit into several topologies, the planar integrals are
considered in [22, 23]. In this section, we are mainly in-
terested in the non-planar family shown in fig. (1), the
corresponding dimensional regulated integrals are defined
as
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where �E denotes the Euler-Mascheroni constant, D =
4� 2✏ denotes the dimension of space-time, and µ is the
renormalization scale introduced to render the Feynman
integral dimensionless. The propagators are given by

P1 = k
2

1
�m

2
, P2 = (k1 � k2 � p2)

2 �m
2
,

P3 = k
2

2
�m

2
, P4 = (k2 + p1 + p2)

2 �m
2
,

P5 = (k1 + p1)
2
, P6 = (k1 � k2)

2
, P7 = (k2 � p3)

2
,

P8 = (k2 + p1)
2
, P9 = (k1 � p3)

2
. (3)

➡ 2 planar families, expressible in terms of polylogarithms:

➡ 1 non-planar family, involves an elliptic curve:

[Henn, Smirnov, Smirnov (2013); Heller, 
von Manteuffel, Schabinger (2019)] [CD, Smirnov, Tancredi (2021)]

[Delto, CD, Tancredi, Zhu (to appear, 2023)]



Bhabha scattering @ 2 loops

• We have analytic results for the 2-loop QED corrections to 
Bhabha scattering, including the full dependence on the electron 
mass! [Delto, CD, Tancredi, Zhu (to appear, 2023)]

➡ Both for the polarised and unpolarised cross sections

• Analytic results involve iterated integrals over kernels associated 
with elliptic curves.

• We are currently comparing to existing approximate 2-loop 
results.

➡ Stay tuned!



Conclusion
• In recent years we have seen many breakthroughs in our ability 

to perform analytic multi-loop computations.

➡ 2-to-3 processes at two loops are within reach.

• Loop amplitudes involve very interesting mathematics.
➡ Elliptic curves, Calabi-Yau varieties, … 

➡            corrections to 2-to-1 inclusive process are under 
becoming available, and 3-loop 2-to-2 amplitudes are being 
explored!
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• Understanding this mathematics will allow us to obtain new 
results of phenomenological interest.

➡ Example: Complete 2-loop QED corrections to Bhabha 
scattering.


