
Wilson loops for 5d and 3d conformal linear quivers

Ali Fatemiabhari

Swansea University

Based on [2209.07536] AF, Carlos Nunez

YTF 22, Durham

December 16, 2022

Ali Fatemiabhari (SU) Wilson loops in linear quivers December 16, 2022 1 / 17



Overview

Introduction

Background
3d N = 4 SCFT
5d N = 1 SCFT

Results

Summary

Ali Fatemiabhari (SU) Wilson loops in linear quivers December 16, 2022 2 / 17



Introduction

Introduction

● The classification of Type II or M-theory backgrounds with AdSd+1

factors is of importance

● These backgrounds being holographic duals to SCFTs in d
dimensions with different amounts of SUSY.

● ⇒ Conformal and supersymmetric linear quiver field theories in 3d
and 5d preserving eight Poincare supercharges

● SUSY gauge theories → the Wilson loop can be computed exactly
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Background

Background

● N = 1 SUSY in five dimensions and N = 4 in three dimensions

In three dimensions, the Wilson loop in N = 4 supersymmetric field theories is
labelled by a representation R of a given gauge group,

WR = TrR Pe i
󰁋
(Aµẋ

µ+σ3

√
−ẋ2)dτ .

Where σ3 is one of the three scalars in the vector multiplet.
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Background 3d N = 4 SCFT

3d N = 4 linear quiver gauge theories

U(N1)− U(N2)− . . .− U(NL−1)− U(NL)

| | | |
[k1] [k2] [kL−1] [kL]

U(·) nodes are nodes connected by bifundamental hypermultiplets. The theory
also has SU(2)× SU(2) global R-symmetry.
These theories can be engineered by configurations of D3-branes which are ending
on and suspended between NS5 and D5 branes,

[Hanany, Witten ’96, Gaiotto Witten ’08].
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Background 3d N = 4 SCFT

0 1 2 3 4 5 6 7 8 9
D3 – – – –
D5 – – – – – –
NS5 – – – – – –
F1 – –
D5′ – – – – – –

[Coccia, Uhlemann ’21]

Each U(Nt) gauge node is represented by Nt D3-branes suspended between NS5
branes, while D5-branes intersecting the D3-branes represent fundamental matter.

. . .

k1 k2 k3 kL

N1 N2 NL
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Background 3d N = 4 SCFT

Half-BPS Wilson loops

● preserves U(1)C × SU(2)H subgroup of the SU(2)C × SU(2)H R-symmetry

[Assel, Gomis ’15]

Wilson loops in the fundamental representation of the each gauge node are built
by a string ending on the stack of D3-branes associated with it.
For the Wilson loops in the antisymmetric representation of rank k of the U(Nt)
gauge group, k fundamental strings stretching between D5′ branes and the
D3-branes associated with U(Nt), is needed.

. . . . . .

NS5 NS5

(Nt) D3

D5′

(k) F1
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Background 3d N = 4 SCFT

Type IIB supergravity solution

The type IIB background in string frame is: [Akhond, Legramandi, Nunez ’21]

ds210,st = f1(σ, η)
󰁫
ds2(AdS4) + f2(σ, η)ds

2(S2
1 ) + f3(σ, η)ds

2(S2
2 ) +

f4(σ, η)(dσ
2 + dη2)

󰁬
, e−2Φ = f5(σ, η),

B2 = f6(σ, η)Vol(S
2
1 ), C2 = f7(σ, η)Vol(S

2
2 ), C̃4 = f8(σ, η)Vol(AdS4),

f1 = f1(V3(σ, η)), f2 = f2(V3(σ, η)), · · ·

Where the fluxes are defined from the potentials as follows,

F1 = 0, H3 = dB2 F3 = dC2, F5 = dC̃4 + ∗dC̃4.

The configuration is solution to the Type IIB equations of motion, if the function
V (σ, η) satisfies,

∂σ
󰀃
σ2∂σV3

󰀄
+ σ2∂2

ηV3 = 0.
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Background 3d N = 4 SCFT

We define and σV3(σ, η) = ∂ηŴ (σ, η) with the coordinates to range in
0 ≤ η ≤ P and −∞ < σ < ∞.

∂2
σŴ (σ, η) + ∂2

ηŴ (σ, η) = 0, (almost everywhere)

Ŵ (σ, η = 0) = 0, Ŵ (σ, η = P) = 0,

∂σŴ (σ = 0+, η)− ∂σŴ (σ = 0−, η) = −R(η).

The function R(η) is the input determined by the dual quiver field theory.

σ

η

0 PR(η)
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Background 3d N = 4 SCFT

We Fourier decomposition the rank function R(η)

R(η) =
∞󰁛

k=1

Rk sin

󰀕
kπ

P
η

󰀖
, Rk =

2

P

󰁝 P

0

R(η) sin

󰀕
kπη

P

󰀖
dη.

Imposing the quantisation of the conserved Page charges in the background it is
found that the function R(η) must be a convex piecewise linear function.

R(η) =

󰀻
󰁁󰀿

󰁁󰀽

N1η 0 ≤ η ≤ 1

Nl + (Nl+1 − Nl)(η − l) l ≤ η ≤ l + 1, l := 1, ....,P − 2

NP−1(P − η) (P − 1) ≤ η ≤ P .

η

R(η)

N1

N2

1 2 · · · N − 1 N
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Background 3d N = 4 SCFT

The number of D3 (colour) branes and D5 (flavour) branes in the interval
[k , k + 1] and the total number of branes are given as,

[Akhond, Legramandi, Nunez ’21]

ND3[k , k + 1] = Nk , ND5[k , k + 1] = 2Nk − Nk+1 − Nk−1, N total
NS5 = P .

For the generic rank function R(η), the supergravity background is proposed to
be dual to the strongly coupled, IR-fixed point of the quiver in the figure below
for which Fi = 2Ni − Ni+1 − Ni−1. In other words, the quiver is balanced.

N1 N2
. . . NP−1NP−2

F1 F2

. . .

FP−1FP−2

For Fourier transform of Ŵ we have

Ŵ (σ, η) =
󰁓∞

k=1 bk
󰀃

P
kπ

󰀄
sin

󰀓
kπη
P

󰀔
e−

kπ|σ|
P .

(1)
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Background 5d N = 1 SCFT

5d N = 1 linear quiver gauge theories

SU(N1)− SU(N2)− . . .− SU(NL−1)− SU(NL)

| | | |
[k1] [k2] [kL−1] [kL]

SU(·) nodes are nodes connected by bifundamental hypermultiplets.
These theories can be engineered by configurations of D5-branes which are ending
on and suspended between NS5 and D7 branes.

0 1 2 3 4 5 6 7 8 9
D5 – – – – – –
NS5 – – – – – –
D7 – – – – – – – –
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Background 5d N = 1 SCFT

For the Wilson loops in the antisymmetric representation of rank k we have

. . . . . .

NS5 NS5

(Nt) D5

D3

(k) F1
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Background 5d N = 1 SCFT

Type IIB supergravity solution

The type IIB background in string frame is [Legramandi, Nunez ’21]

ds210,st = f1(σ, η)
󰁫
ds2(AdS6) + f2(σ, η)ds

2(S2) + f3(σ, η)(dσ
2 + dη2)

󰁬
,

e−2Φ = f6(σ, η),B2 = f4(σ, η)Vol(S
2), C2 = f5(σ, η)Vol(S

2), C0 = f7(σ, η),

f1 = f1(V5(σ, η)), f2 = f2(V5(σ, η)), · · ·

The function V5(σ, η) solves

∂σ
󰀃
σ2∂σV5

󰀄
+ σ2∂2

ηV5 = 0.

V̂5(σ, η) =
∞󰁛

k=1

ak sin

󰀕
kπ

P
η

󰀖
e−

kπ
P |σ|, ak =

P

2πk
Rk .
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Results

Results

● For 3d SCFT Wilson loop

ln〈W∧〉 = π(−Ŵ (σ, η) + σ∂σŴ (σ, η))
󰀏󰀏󰀏
(σ∗,η∗)

, (2)

● For 5d Wilson loop

ln〈W∧〉 = −3π(−V̂5(σ, η) + σ∂σV̂5(σ, η))
󰀏󰀏󰀏
(σ∗,η∗)

. (3)

●
µ−1 ln〈W∧〉 = π

∞󰁛

k=1

Rk

2

󰀕
P

kπ

󰀖
sin

󰀕
kπ

P
η∗
󰀖
e−

kπ
P |σ∗|(

kπ

P
|σ∗|+ 1),

µ3d = π, µ5d = 3π.

● For triangular quivers, under mirror symmetry the Wilson loop transforms as
Nel

f ln〈W el
∧ 〉 = Nmag

f ln〈Wmag
∧ 〉.
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Summary

Summary

● We summarised the electrostatic description of an infinite family of Type IIB
backgrounds dual to SCFTs in five and three spacetime dimensions,
preserving eight Poincare supercharges.

● the result for the VEV of Wilson loops for a given gauge group in a given
antisymmetric representation.

● The action of mirror symmetry on three dimensional quiver field theories are
considered and also how the holographic description of balanced quivers
with one flavour node realises this symmetry.

● Generalisation to 4d and 6d SCFTs are expected.
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Summary

Thank you
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