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desire: excited hadrons in first-principles QCD 2

lattice QCD is controlled QCD

can compute correlation functions

~ access to spectrum & matrix elements

lattice spacing / discretization choice
~ relatively unimportant here

finite-volume
~ tool to access scattering

choice of quark mass
~ tool to explore QCD dynamics

not looking for precision (at first)
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but what are we really trying to get at?

excited hadrons are resonances ~ scattering amplitudes
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scattering amplitudes in finite-volume

simple concept — discrete spectrum in a finite volume controlled by scattering

scattering
- . . continuum
e.g. non-relativistic potential scattering R A ‘>
resonance
.
A
e 2r 2
I R P = T — Z(S(p)

relativistic QFT in periodic cubic volume

0=det |1+ ip(E)(E)(1+iM(E, L))]

phase scattering finite-volume
space t-matrix functions

a.k.a the “"Luscher method”
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'simple’ case of elastic scattering 5

e.g.pinnmrl =1 scattering
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simple’ case of elastic scattering

but...cin 7z I = 0 scattering ... ?
PRL 118 022002 (2017)
m_ ~ 239 MeV Re\/_
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200
3 ==X .
400 + ; |
S . o 5
e 1
N 600 -
800 where does this scatter come from?
will come back to this
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coupled-channel scattering 7

mandatory in finite-volume to consider all open (and nearly open) channels

0 = det [1+ip(E) 1(E) (1 + il (E, )|

phase scattering finite-volume
space t-matrix functions
matrix in space of coupled-channels (and partial-waves)

(tmr,mr tﬂ'ﬂ',KK tﬂﬂ,lm\
t(E) = | liekr 'kRKKE KKy
!

T AT \tmmm KB T )
s | — KK

subject to constraint of unitarity Im#(E) = — p(E) 5
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coupled-channel scattering 8

compute the discrete spectrum of states in one or more volumes (and/or moving frames)
parameterize the t-matrix, solve 0 = det [1 + ip(E) t(E)(l + i(E, L))] for the ‘model spectrum’

adjust parameters until the lattice QCD spectrum is described

try several variations of parameterization to check your result is robust
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scalars, tensors, axials ...

JP=0"1° =17 (yn, KK)
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exploring meson resonances using lattice QCD
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scalars, tensors, axials ... 10

JP=0"1° =1 (yn, KK)
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scalars, tensors, axials ... 11

JP =071 =0" (nn, KK, qny) JP = 2% 16 = 0* (nr, KK, nn)
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scalars, tensors, axials ... 12
P_ 1+ 1G _ 1—
TW — TTW
quOM
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50
100} +
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not shown here, the D/S ratio also determined
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overlapping resonances 13

QCD in the SU(3) limit, m, = m; = m

S
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decays of an exotic hybrid 177

PRD 103 054502 (2021) 14

2
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QCD in the SU(3) limit, m, = m; = mj

‘eight’ coupled channels
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. . __|_
decays of an exotic hybrid 1 oD 103 054502 (2021) 15

2

paph[tar QCD in the SU(3) limit, m, = m, = m,
05F NgWg — Hgg
04}
03l 778h18 — ;78h18 ngly ~ ]z';/]’
02} N — Mgl ngfis = Ms/1s Ngwg ~ TP
0.1} - | J , . | 7]8][18 ~ ﬂfla na,

043 0.44 045 046 047 048 nghyg ~ b,

a single narrow resonance

043 _ 0.44 0.45 0.46 047  Re(a/s)
& i
S 001} T
E
~
002 with a large coupling to 7b,

(speculative) extrapolation to physical point gives
broad resonance with dominant zb; decay
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production amplitudes 16

can also couple to an external current, e.g. electroweak production

photoproduction, B-decays, radiative charmonium decays ...
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production amplitudes 17

can also couple to an external current, e.g. electroweak production

compute three-point functions with a current insertion
correct for the finite-volume

a recent example of the approach ...
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parameterizing amplitudes — always reliable? 18

‘narrow’ resonances tend to be robust, but some hadrons are broad ...
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parameterizing amplitudes — always reliable? 19

‘narrow’ resonances tend to be robust, but some hadrons are broad ...

m_ ~ 239 MeV Re\/g
450 500 550 600 650 700 750 800
200 t . L
different parameterizations
% . . .
> 400 oy L1 analytically continued far into
g T i —
= _ ] the complex energy plane
600
800
A
left-hand cut
APAAAAAAAAAAAAAAAAA ) (OAAAAAAALALLNNDSNNANNNNNNLNY,

this physics not
present in our
parameterizations
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parameterizing amplitudes — always reliable? 20

additional constraints of crossing symmetry/analyticity
implemented through dispersion relations
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’/ 1§

f(s) =tis) + ) | ds' Kl(s\s) Imel(s")

¢ s
lattice QCD input: partial-wave amplitudesin I = 0,1,2
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the three-body frontier 21

many resonances decay to three mesons

formalism to handle three-body scattering amplitudes (in infinite or finite volume) much more complicated

The energy-dependent 777t scattering amplitude from QCD

Maxwell T. Hansen,! * Raul A. Bricefio,? 3> T Robert G. Edwards,?: ¥ Christopher E. Thomas,*: $ and David J. Wilson*: ¥
(for the Hadron Spectrum Collaboration)
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summary 22

lattice QCD as a tool to investigate hadron spectroscopy within QCD has progressed rapidly
many tools from amplitude analysis have found application here

mostly calculations at unphysical quark masses — exploration of sensitivity of QCD

haven’t shown the impressive progress with charm quarks
interrogate the Cambridge crew (Christopher, Dave, Travis, Daniel)
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o pole quark mass evolution

23

virtual bound-state bound-states
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lattice QCD spectrum computed in 6 volumes

24

(Ljag=18 | o Lfa, =24 i |
E - N : :L/as Z 20 : ................ ...|.J|..|.. mstlieind
é s Ii;.i J— .III- “ I....--II. .h.l ...IIII. kil ! : | " __I_...|L.||i o ||| ) .|| I II, : __.u.L —-—‘-"
bt Do l —
atEcm
\ N
1.8
fl U T— e N \ N N R A fll[ooo]n[sooo]
L0 N S
|\ g BRI S BN
—_— L —j _'-—— i : _? _____ ! 77[012]77[012}
fSTIS /I\_ ;ﬁ — | 3 '_____§_.|=-_ 1 1 i
! § N lﬁ E nﬂé&% ., AN Ef_ FTio001Mio0or
0.46 | b I 5 @iooz Mooa
E % -_._-___ .-—_ — ED%DE {4}"‘)[10011(‘03)01]
§'E E § - & nt . nd
n°n°n%1 - - — —EmF - (002} ooz
10'844 i B % o % - Wi My
Wit |
— ar \ My Moy
} ~me—
042 - 407 £,
o] 'r_ Wio111M011]
0.40 — % ) Mio11M011]
b S
: ) Wi0011M001]
I
038 F
77[1001]77[8001}
win®l_
036 -
increasing lattice volume
1.8
'yl >
| | | | L /Cls
12 16 20 24
WILLIAM & MARY

exploring meson resonances using lattice QCD

né ~ m,K,n
nt~n’

ws’w1 ~ p’K*’(w)(p)

hs8,h1 ~ b1)K1)(h1’h1,)
fi8,f11 ~ a1,K1,(f1,f1)

53 energy levels to constrain
‘eight’ channel scattering

Je,f_a?son Lab
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an ‘eight’ channel scattering amplitude 25

describe scattering by a unitarity-preserving K-matrix featuring a pole
(11 free parameters)

aftEcm
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a good description of the spectrum ...
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‘eight’ channel scattering amplitudes - varying parameterization 26
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10

0.8
0.6
04
0.2

| * | L = - =
0.43 0.44 0.45 0.46 0.47 0.48
10

0.8
0.6
04
0.2

| % | |
043 0.44 045
02 r f18n8-f18ns
|

—O0 ] ] ]
0.43 0.44 0.45 0.46 0.47 0.48

04
02 h18n8-h18n8

] —0 ] ] ] O ]
0.43 0.44 0.45 0.46 0.47 048 a;FEcm

WILLIAM & MARY exploring meson resonances using lattice QCD thj_f/,e”?sor)t_l_%b .
omas Jerrerson National Accelerator racility




octet 1-*resonance pole & couplings 27
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R at the SU(3)r point:
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resonance below hi8n8 threshold, but with a large coupling
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extrapolation 28

h k® hys(m%hys) ‘ ‘ ; ,
|c|PYs = c]. example ‘success’ — f2 f2" calculated at m;~400 MeV
k(mg)
Scaled PDG
N R phys c(f2 = )| 488(28) 45373,
[(R — i) = " phys pi(mg=). ¢(f, = KK)| 139(27) 132(7),
mpg c(ff,Z — 77r)| 103(32) 33(4),
c(f, > KK)| 321(50) 389(12),
L0 0+ L et g0 RO*+ o
7§(”ﬂ —np )+75(K K™ - K°K*), o
3 200

_ _ 1
—/=(KT,K° + K}, KT) +—=(afng + (f1)gz™),
10 \/5 30 F1(1285)7

T ! pjr
e 8

1500 1550 1600 1650 mp / MeV

WILLIAM & MARY exploring meson resonances using lattice QCD .igi?qﬁ?somt_LqA .
omas Jerrerson National Accelerator racility




crude extrapolation to physical point 29

core assumption: couplings scale only with the relevant barrier factor k¢
use PDG masses & COMPASS/JPAC 1 mass

generates for a 1 at 1564 MeV: JPAC/COMPASS candidate: Kopf et al analysis:
o ~ 140-600 MeV Nror ~ 492(115) MeV ror ~ 455(170) MeV
r(mn’) / I'(ntn) ~ 5.5(20)
r(mn) = 1 MeV
[(nn’) = 20 MeV
[(rp) = 12 MeV
(nb1) ~ 140-530 MeV

if extrapolation correct,
suggests prior observations in ntn, nn’, np
are in heavily suppressed decay channels

WILLIAM & MARY JefferSon Lab



(incomplete) lattice QCD spectrum of mesons 30

_ hybrid mesons ?|
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PRD 88 094505 (2013)
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excited J~~ meson resonances — m;~700 MeV PRD103 074502 (2021) | 31

exact SU(3) flavor symmetry  w} — n3w® 21
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i
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unprecedented number of energy levels
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f> resonances — decay couplings & OZ| PRD97 054513 (2018) | 32

1k JP:2—|—

0.8} m. = 391 MeV
0.6}

OZl ‘allowed’ 04}

\ 02_ T — T

pipj’tijP
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ol I mr — KK
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| 200 - S—
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couplings from pole residue

at|Cror| at|cx |
(atkﬂﬂ)2 (atka{)Z

fs5 7.1(4) 4.8(9)
o 1.0@)  5.5(8)
zero in ‘OZI’ limit
— requires ss annihilation
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physical pion masses = low-lying multipion channels 33

my ~ 391 MeV mr < 391 MeV my — phys
E 4 E 4 E 4
4------ I
two-body
formalism
valid
4------ KK _
4------ KK _
4------ KK
- - - - - - M
two-body
formalism
valid
e S p— nn
N e — nn
R U pu— nn
- - - - - - M




what do you calculate 34

calculate correlation functions

_ . where the operators are constructed from quark and gluon fields
€8 <O‘O”/(t)0~7 (0) ’O> and have the quantum numbers of the hadronic system you want to study

(0]0:(H)0;(0)[0) = 3 (0[O |n) (n|O;|0) &= Fn

a superposition of the (finite-volume) eigenstates of QCD

powerful approach: e.g. [000] A+ 243
— use a large basis of operators* ak =
. . . 024 rr 3 "
— form a matrix of correlation functions B
— diagonalize this matrix 0 L ; N
0.20 | E =
R . =l operator basis
- —
0.16 |- —— —
} = —
== — i
= — LY
0.14 - : 1
* could give a whole interesting talk on the Cm——
i 0.12 | [INE T
construction of these operators = K [5777

=h
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operator basis — I=0 nn, KK, nn

35

operator basis:

‘single-meson’

YTy

( & if you like,
tetraquark & ... )

[000] A+ 243

CLtE
0.24

0.22

0.20

0.18

0.16

0.14

0.12

0.10

at mr=0.069
a: mg= 0.097
ar mp=0.104

operator basis

|
s

&quwdci

KK
1

U

‘meson-meson’

Z C(p1,P2;P) M1(p1) M2(p2)

f’l)f)Q

p:

27

L

[n:va Toy, nz]

maximum momentum
guided by non-interacting
energies

\Jm?+ 3+ \/m3 + p3

solutions of the det equation
whent =0
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operator basis 36

)

operator basis:  ‘single-meson +  ‘meson-meson’

T Z C(p1,P2; P

f)laf)2

[000] A+ 243

ar .a*_-‘:_‘
024 I
o=
022 | §
020 L E :E*H N ZX eipl'x &xrwx Zy eiPQ-y %Zy]:‘,@by
0-18 |- = sampling the whole
=~ lattice volume
0.16 - ") .
[ JE== operator basis
Tk - R prefer.to.use .
: — . optimized single-meson operators ...
[ —_— wrwuuw&
0.12 | '; =" ]
0.10 - dt Mp= 0.069 -
ar mg=0.097 ————————— 944
atmn=0-104 | 7777
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p . , .
droppmg ops N p—bnn PRD92 094502 (2015)| 37

0,200 F — = — E
0.15 |- F
0.10 |- } )
exclude the exclude all exclude
— KK operator meson-meson all wry
mn=0.039 , _
my=0.083 -~ 3-81m
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what's happening here ? 38

focus on the lowest two states

O. 1 5 [ ( ) 180 ; = = = = o o o o oo
- : b
P = [000]
- — — - 150 ]3:[100] . 0.14
T[001) 7[00 -1] P = [110) =
L ) 120 P =[111] mu
(—) 5t
e ~ o P =[200] - 0.12
S 90 -
or 0.10F
0.10 | \ J ol
Ze3]
oL T e . . . 0'08'_"r"'|'"'1"'
0.08 0.10 0.12 0.14 0.16 ¢, E_,, 30 32 3

an avoided level crossing
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"production” of nn (as opposed to scattering) 39

BO—-J/y m*m-

C
. //E
, W 5
s s
not partial-wave
projected
®e
°
o &
iy ~"'M. LHCb 2012
° ."‘
. | . | Py
1.0 2.0 3.0 mys / GeV

06

04+

0.2

0]

J/gy—->@ mm
T .|. BES Il 2005
not partial-wave
1 projected
t
H
Hy t
ity ++ ++ h
+ 1
+ +++ H * 'H'++‘|'
. +++ IH I++++ I-|++'++ +++
0.5 1.0 1.5 mgr / GeV

can ‘look’ drastically different to scattering !
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"production” of nn (as opposed to scattering)

40

BO—-J/y m*m-

: //

06

04+

0.2

0]

°
not partial-wave
projected

®e
°
o @
L
- s, LHCb 2012
° | | “M
1.0 2.0 3.0 myr/GeV

M (éeV)

WILLIAM & MARY exploring meson resonances using lattice QCD Je ff/ﬁ?SOQtLa,A I

It

1 1
+++’r } ++ +
H

J/gy—->@ mm

+ BES Il 2005

not partial-wave
1 projected

# Hy t

t %

1.0 1.5 mgr / GeV

... same poles (o, fo(980)) — different couplings ...

v
Im[E]

O »Re[E]
® f0(980)



fo(980) as a peak in “ss” production

41

BO—J/y m*m-

C
° w S
3 s
. ( }
o
o &
,,." ~"'M. LHCb 2012
o ."O
. | | Porfotornsaesssnmseny
1.0 2.0 3.0
My | GeV
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J/y—-@(mm,KK)
Tt Jr BES Il 2005
{
:
H
++++++ i +,,P"'++"+
+++++++ + + +.|.++ +-H- +H+H++++
+ | | + | +y
0.5 1.0 1.5
KK }
}
{
t
}
by vt
+++++l+ﬂ+++ ++++

note the rapid turn-on
of KK at threshold



fo(980) as ?

42

pp—p(nm,KK)p

WA102 1999

+
+++

s central production at p = 450 GeV

S-wave
projected

++.|.-I—I-+
-+
e

gt

1.0 1.5
fo(980) as a shoulder on
a large o ‘background’
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2.0

40

12

m-p—uonldn

— 0.01 < -t < 0.10

OOOOoooOoOO OOOOQQO
oOO w Qo
o
QO: O 5050 ?
| | | I | }§ §q © q §§
04 06 08 10 1.2 14 16 1.8
B 0@ 0.10 < —t < 0.20
o) a
. ooooooooOO | §§§
00 @@
Q0
§QQOQOQ§©§§§Q
I I I I I I I I
04 06 08 10 12 14 16 138
B 0.20 < —t < 0.40
: G
ol Q %
e O,Cp00 a §
OOO % §§§ QQ 5
8o =200 550
I i

04 06 08 10 12 14 16 138

or §§§ 0.40 < —t < 1.50
50 2
o° OOOOQ Q050 ©O§§
00~ ©000000050° § §§o§
| | | I | | I |
04 06 08 10 12 14 16 18
Mrr | GeV
E852 2001

J f;?son Lab

OTfiomas Jefferson National Accelerator Facility



S—wave nn production

m-p—nuondn

40 o 0.01 < —t < 0.10
o 5020970, 000,
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dominated by m exchange
— looks like the the 1970s
elastic phase-shift data —» os

04

0.2

v
other (non-1) exchanges
becoming significant,
f0(980) dip less pronounced

v

o no longer large,
f0(980) starting to be a peak ?
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resonance transition form-factors 44

the process of interest is
current + stable hadron = resonance = hadron—hadron pair

e.g.yK — 7K in a P-wave

after the current produces K7 ... ... Kr strongly rescatters
y*
/\
It T T .
(%) H(Q% Eg) = (K|j|Kn; E)
K ‘ S SIS ERRPPRR
= o (0% Eg,) @/ﬂ (Eg)
. . ool Ck 1
strong scattering amplitude, ., can have resonance poles  #"='(s) ~ \/S_o =mp— i1
So— §
2 y*
hence (0% s) ~ M res. n
So — §
K
residue at the K
complex pole
WILLIAM & MARY exploring meson resonances using lattice QCD Jefg?son Lab
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current matrix-elements in a finite-volume — cartoon 45

infinite volume finite volume
E*
A
—_— finite-volume matrix element
o . *
L<ﬂ|] | T, En >L
/¥4
Y R |
Y single hadron state
........... —m_L
TTT | thr. TTT | thr., |7y, ~ | 7)o + O(e™")
/4 T hadron-hadron state
iti it X D N nb SN nb ¢
can transition can only tran5|t.|on | nr; E; >L ~ A /Rn | 7, E” =FE )oo
to any energy to one of the discrete
in the zzx continuum f.v. eigenstates effective fv.

normalization

R(L)=2E,- lim (E—E,) (F-l(E*; L)+ /%(E*)>_1
E-E,

effective f.v. normalization
depends on the scattering
amplitude
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finite-volume spectrum — S,P-wave amplitudes

m,_ ~ 284 MeV 46

ag
0.18

0.17

0.16

0.15

0.14

[100] 4,

[110] A,

[111] A,

—

s

T

[200] A;

L o
1

\

(000] T}

[100] B

[110] B,

[110] B,

[111] E,

\\

200] B

5]

20 24 28 20 24 28 20 24 28 20 24 28

¢ = 2 found to be negligible in this energy region

WILLIAM & MARY

20 24 28 20 24 28 20 24 28 20 24 28

20 24 28 20 24 28

£ >1

—» det [F—l(E*;L) + ﬂ(E*)] =0

=0

v
!p./\/l/1677’2
10 F
/=1
08
06
04 .
various
0l amplitude
: parameterizations
& I W e _ *
0.14 0.17 018 alb
850 MeV 1000 MeV

0.15

0.16

0.17 0.18
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what's different in yK — 7K ?

47

relation between finite-volume matrix element, and infinite-volume matrix element, Z
3 12
LK1 1Kn), | o (7 - R, - 7)
where the residue of the finite-volume hadron-hadron propagator appears

R(L)=2E, lim (E—E,) (F—l(E*; L)+ ./%(12*))_1

E-E,
matrix in £ = 0,1 diagonal
matrix in £ = 0,1
VVsz*:()
using an eigen-decomposition F+ 4! = Z'“i w.w! wo=|
I l
i ; > ZE; -1 T w7—1
the residue factorizes R, =| —— | MWW M
Ho
zero crossing
slope of eigenvector
zero crossing
eigenvalue
remember,
and the net finite-volume correction is F(Q% Ef =E}) = ——F,(0% E)) no vK — (Km),_
}"n(L) amplitude
( 1 )
=1 *
H=d — M . 2FE 11
ko where 7 (L) = 4] —— [w/T | —
K n */ 0 k*
Ho K
A =K-F
kinematic form-factor
€ factor )
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- : 1
finite-volume correction factors FQ% EG=ED = -5 FulQ% B 48

* : *
atEK ........ : 2E 1 ........
T . =~ n =1 o S
041 =0 -1 I’n(L) — _T g ‘ _* 0.56 Fo(L) = /167 Cp
Wo Wo 2% k[@- in limit of a
0.18 F 056 - zero width state
—2E% | Tp
036 099 -0.13 Vo kg 1.38
302 6.87 0.89
017 B 0.96 -0.27
1000 MeV I
563 1.52
0.88 0.48
0.60 -0.80 .
[
O 16 — 107 341 584 282
0.88 . .0.47. .
8.13 3.83 :
0.80 _0.60 ' - e
— : 567 _5 o8 5.68 567 .
762 457 : ’ ' I - K
O 15 | et : - —
. 0.78 _0.63 0.61 -0.79 :
] 0.82 -0.57 .
6.71 423 01 485
705 401
093 -0.33
"""" 843 281
014 099 -0.13
850 MeV ]
0.0 159
1.00 -0.02
303 065

[100] A, [110] Ay [111] 4, [200]A1§ 000] 7] [100)E,  [110) By  [110] B, [111]E, [200] E,
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infinite-volume form-factor 49
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§ ;
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Fr,
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ﬁ 0.02 |- 5 = 5
: . DE?
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experimental determination

K
— T
handful of Primakoff —K (very forward production of 7K
experiments in the 70s, 80s using K=, K} beams on nuclear targets)
nucleus nucleus ) ' ' ’ 0.6
-0.4
. . 25/~ 1 K (890) °Joo
pdg average of a couple of experiments T'(K'* — K*y) = 50(5) keV o ,% Pb .
{1\ 1<0.004Gev®
NK? - KY%) =116(10) keV ES 4 Jf
TOoHL
% St ‘}7/ \ 8
i\p’ ! L *_xk—‘H.—rF_x_ é
f-‘é T T T -0.4%
e | Jo3 %
3
b -
© 25~mﬁo'2
20 O.1
1<0.0046Gev® g
very simplistic analysis scheme T jr
o= | ,"
S /
Fobldl J“ 114
*% assteev)

(K + K+}/) Tk |f|2 loss of rigor here

3 m2 this is not the pole residue

| foag | = 0.206(10)
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dispersive amplitudes check 51

2
Re t8 S0 Re t% Pl Re t(2) S
0 T T T \/g/m’ﬂ'
1.02(16) 05 I 2.5 3.0 3.5
-0.252(9) ‘}‘ %
0.5 b 234 A ? 1.21
% 0 2I5 3I0 by |
0 T T I -0.5
2.5 3.0 3.5 0.5 17
' 0.75
-0.5 0.93 108
LT 0.2 0.5 e ————
000000000060000000606006000000, ! - o000 canereeseeees 0000000030000 — I
o B S s oS -0.2 ) -0.5 199
380. 4
0 V'8/Mx
10| I 2.5 3.0 3.5
' -0.124(20)
% {,\%—4\
0.66(13) - s L
0.5 > —
. . 1.28
2.5 3.0 "\ 3.5
0 -0.5 +
i 1.07
-0.5 0.75
O°1 e errrrrrrZIIZIILIIITIINL TITIITIITT 0.1 B 0.1 i rrrrzrzrzTTTTIIIITIITITITTTITTITITITIIT
N A e s 0 0 SO N C i | [ B R P T T AL
-0.1 0.92 0.1 0.43 0.1 0.03

0
iL(s) = 7l(s) + 2 J ds' KIL(s,s) Im £L.(s")
I, * Sthr.
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dispersive amplitudes check 52

7,
y
S
O||
-

%

Z
%
S

~0.081(6)

~0.090(7)

~0.094(7)
~0.121(22)
~0.122(16)
~0.124(20)
~0.126(20)
~0.130(16)
~0.134(16)
~0.163(14)

y
01796 dddddddddd 48 4
OO 4 d ddddddddd

—-0.252(9)

U
dy

30

20

10
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LQCD dispersive nr analysis 53
Ret) S0 Ret] P1 Re t2 S2
0 . : . V's/mx
1.0 + 0.5 - 2.5 3.0 3.5
: | * |
05 | : —t
0 2.5 3.0 ™\ 35
0 o — _‘% 0.5 |
| T R 0.5 |
0.5 |
1.0 + 1.0 + 1.0 -
0.5 r o5 o5+
0 0 . . . 0 . . .

High-energy Regge parameterization details are unimportant

iL(s) = tl(s) + Z J ds' KL(s, s) Im £L.(s")

I, * Sthr.
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subthreshold zeroes at m_, = 239 MeV 54

2.0
1.5
1.0 -

0.5 1/

0.0 K=

-0.5

2.0 +
1.5
1.0 +
0.5

0.0

-0.5 |

0.2
0.0

-0.2 |
-04 r
-0.6 |

0.2 -

0.0

-0.2 |
-0.4
-0.6

1.0

closer to threshold

0.5 1.0

further away from threshold
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subthreshold zeroes at m,, 55

0.5 1.0

no zero observed — “further” ?

0.8 closer to threshold
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