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a lot of progress, can only give you a flavour …
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desire: excited hadrons in first-principles QCD 2

lattice QCD is controlled QCD
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not looking for precision (at first)

can compute correlation functions 
⤳ access to spectrum & matrix elements

lattice spacing / discretization choice  
⤳ relatively unimportant here

finite-volume 
⤳ tool to access scattering

choice of quark mass 
⤳ tool to explore QCD dynamics
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but what are we really trying to get at? 3

excited hadrons are resonances ⤳ scattering amplitudes ‘production’ closely related, see later …
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scattering amplitudes in finite-volume 4

simple concept — discrete spectrum in a finite volume controlled by scattering

relativistic QFT in periodic cubic volume
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e.g. non-relativistic potential scattering

0 = det [1 + iρ(E) t(E)(1 + iℳ(E, L))]
phase 
space

scattering 
t-matrix

finite-volume 
functions

a.k.a the “Lüscher method”

scattering 
continuum

resonance
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‘simple’ case of elastic scattering 5

e.g.  in   scatteringρ ππ I = 1
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‘simple’ case of elastic scattering 6

but …  in   scattering … ?σ ππ I = 0

will come back to this

where does this scatter come from?
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mπ ∼ 239 MeV

PRL 118 022002 (2017)



exploring meson resonances using lattice QCD

coupled-channel scattering 7

mandatory in finite-volume to consider all open (and nearly open) channels

0 = det [1 + iρ(E) t(E)(1 + iℳ(E, L))]
phase 
space

scattering 
t-matrix

finite-volume 
functions

matrix in space of coupled-channels (and partial-waves)

ππ → ππ
ππ → KK

0++

t(E) =
tππ,ππ tππ,KK tππ,ηη

tππ,KK tKK,KK tKK,ηη

tππ,ηη tKK,ηη tηη,ηη

ππ → ηη

subject to constraint of unitarity Im tij(E) = − ρi(E) δij
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coupled-channel scattering 8

compute the discrete spectrum of states in one or more volumes (and/or moving frames)

parameterize the t-matrix, solve                                                                   for the ‘model spectrum’0 = det [1 + iρ(E) t(E)(1 + iℳ(E, L))]
adjust parameters until the lattice QCD spectrum is described

try several variations of parameterization to check your result is robust
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scalars, tensors, axials … 9
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scalars, tensors, axials … 10
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scalars, tensors, axials … 11
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scalars, tensors, axials … 12
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overlapping resonances 13
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decays of an exotic hybrid 1−+ 14

QCD in the SU(3) limit, mu = md = ms
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‘eight’ coupled channels
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decays of an exotic hybrid 1−+ 15

QCD in the SU(3) limit, mu = md = ms
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production amplitudes 16

can also couple to an external current, e.g. electroweak production

photoproduction, B-decays, radiative charmonium decays …
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production amplitudes 17

can also couple to an external current, e.g. electroweak production
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a recent example of the approach …

resonance transition form-factor K* → Kγ

mπ ∼ 283 MeV
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parameterizing amplitudes — always reliable? 18

‘narrow’ resonances tend to be robust, but some hadrons are broad …
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parameterizing amplitudes — always reliable? 19

‘narrow’ resonances tend to be robust, but some hadrons are broad …
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different parameterizations 
analytically continued far into 
the complex energy plane

σ
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left-hand cut

this physics not  
present in our  
parameterizations
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parameterizing amplitudes — always reliable? 20

additional constraints of crossing symmetry/analyticity 
implemented through dispersion relations

pins down the  poleσ
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lattice QCD input: partial-wave amplitudes in  
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arXiv:  2304.03762 
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the three-body frontier 21

many resonances decay to three mesons

formalism to handle three-body scattering amplitudes (in infinite or finite volume) much more complicated
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summary 22

lattice QCD as a tool to investigate hadron spectroscopy within QCD has progressed rapidly

many tools from amplitude analysis have found application here

mostly calculations at unphysical quark masses — exploration of sensitivity of QCD

haven’t shown the impressive progress with charm quarks 
interrogate the Cambridge crew (Christopher, Dave, Travis, Daniel)
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 pole quark mass evolutionσ 23

bound-statesvirtual bound-state

broad resonance
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lattice QCD spectrum computed in 6 volumes 24
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increasing lattice volume
53 energy levels to constrain 
‘eight’ channel scattering

η8 ⤳ π,K,η

η1 ⤳ η′

ω8,ω1 ⤳ ρ,K*,(ω,φ)

h18,h11 ⤳ b1,K1,(h1,h1)′

f18,f11 ⤳ a1,K1,(f1,f1)′
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an ‘eight’ channel scattering amplitude 25
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describe scattering by a unitarity-preserving K-matrix featuring a pole 
(11 free parameters)

a good description of the spectrum …
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‘eight’ channel scattering amplitudes - varying parameterization 26
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octet 1−+ resonance pole & couplings 27
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extrapolation 28
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exploring meson resonances using lattice QCD

crude extrapolation to physical point 29

core assumption: couplings scale only with the relevant barrier factor kℓ

use PDG masses & COMPASS/JPAC π1 mass

generates for a π1 at 1564 MeV:

ΓTOT ~ 140-600 MeV 

Γ(πη) ≲ 1 MeV 

Γ(πη′) ≲ 20 MeV 

Γ(πρ) ≲ 12 MeV 

Γ(πb1) ~ 140-530 MeV

JPAC/COMPASS candidate:

ΓTOT ~ 492(115) MeV

Kopf et al analysis:

ΓTOT ~ 455(170) MeV

Γ(πη′) / Γ(πη) ~ 5.5(20)

if extrapolation correct,  
suggests prior observations in πη, πη′, πρ  
are in heavily suppressed decay channels  
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(incomplete) lattice QCD spectrum of mesons 30
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excited J−− meson resonances — mπ~700 MeV 31
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exact SU(3) flavor symmetry
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unprecedented number of energy levels
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f2 resonances — decay couplings & OZI 32
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couplings from pole residue

zero in ‘OZI’ limit  
— requires ss annihilation

_

OZI ‘allowed’

OZI ‘forbidden’
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physical pion masses = low-lying multipion channels 33

πη

KK
_

πππ

E

πη
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πππ

E

πη
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_

πππ

E
mπ ~ 391 MeV mπ < 391 MeV mπ → phys

two-body 
formalism 
valid

two-body 
formalism 
valid
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what do you calculate 34

calculate correlation functions

e.g.
<latexit sha1_base64="Tj2ARiDeEhEAkoj4pLCZ9HGcS10=">AAACMnicbVDLSsNAFJ34rPUVdelmsAjtpiQi2GXBja6sYB/QhDCZTtqxk0mYmQgl9pvc+CWCC10o4taPcJJmYVsvDJw59xzuvcePGZXKst6MldW19Y3N0lZ5e2d3b988OOzIKBGYtHHEItHzkSSMctJWVDHSiwVBoc9I1x9fZv3uAxGSRvxOTWLihmjIaUAxUpryzGvHp0OHIT5kBFow+z1CJ0RqhBFLb6YeraraHHFftWqFbqZ3RO72zIpVt/KCy8AuQAUU1fLMF2cQ4SQkXGGGpOzbVqzcFAlFMSPTspNIEiM8RkPS15CjkEg3zU+ewlPNDGAQCf24gjn715GiUMpJ6Gtltrtc7GXkf71+ooKGm1IeJ4pwPBsUJAyqCGb5wQEVBCs20QBhQfWuEI+QQFjplMs6BHvx5GXQOavbGt+eV5qNIo4SOAYnoApscAGa4Aq0QBtg8ARewQf4NJ6Nd+PL+J5JV4zCcwTmyvj5BQ3hqWA=</latexit>

where the operators are constructed from quark and gluon fields 
and have the quantum numbers of the hadronic system you want to study

<latexit sha1_base64="oFpAAyhLnaZwlZXljvVpuVTFgEE="></latexit>

a superposition of the (finite-volume) eigenstates of QCD

— use a large basis of operators* 
— form a matrix of correlation functions 
— diagonalize this matrix

powerful approach: [ 0 00 ]  A 1+  2 4 3

op e r a t o r  b a s i s

0.10

0.12

0.14

0.16

0.18

0.20

0.22

0.24

* could give a whole interesting talk on the 
construction of these operators 

e.g.



exploring meson resonances using lattice QCD

operator basis — I=0 ππ, KK, ηη 35

operator basis:     ‘single-meson’                +     ‘meson-meson’

( & if you like, 
    tetraquark & … )

maximum momentum  
guided by non-interacting 
energies

solutions of the det equation 
when t = 0

[ 0 00 ]  A 1+  2 4 3

op e r a t o r  b a s i s

0.10

0.12

0.14

0.16

0.18

0.20

0.22

0.24

at mπ = 0.069 
at mK = 0.097 
at mη = 0.104

_
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operator basis 36

operator basis:     ‘single-meson’                +     ‘meson-meson’

[ 0 00 ]  A 1+  2 4 3

op e r a t o r  b a s i s

0.10

0.12

0.14

0.16

0.18

0.20

0.22

0.24

at mπ = 0.069 
at mK = 0.097 
at mη = 0.104

<latexit sha1_base64="WGL3O4jUPbGrgUAf+MT9wI4m1To="></latexit>

sampling the whole 
lattice volume

prefer to use  
optimized single-meson operators …
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‘dropping’ ops in ρ→ππ 37

0.10

0.15

0.20

mπ = 0.039
mK = 0.083

L ~ 3.8 fm

exclude the 
KK operator

_ exclude all 
meson-meson

exclude 
all ψΓψ

_

PRD 9 2  0 9 4 5 0 2  ( 2 0 1 5 )
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what’s happening here ? 38

focus on the lowest two states

0.10

0.15

 0

 30

 60

 90

 120

 150

 180

0.08 0.10 0.12 0.14 0.16
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 30  32  34
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 30  32  34
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 30  32  34

an avoided level crossing
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“production” of ππ (as opposed to scattering) 39

1.0

  → J/ψ  π +π −0
s

_
B

b

s

c

c
_

s

s
_ _W

2.0 3.0

LHCb  2012

ππ

J/ψ→φ  ππ

0.5 1.0 1.5

BES  I I  2 0 0 5

not partial-wave  
projected

not partial-wave  
projected

can ‘look’ drastically different to scattering !
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“production” of ππ (as opposed to scattering) 40

1.0

  → J/ψ  π +π −0
s

_
B

b

s

c

c
_

s

s
_ _W

2.0 3.0

LHCb  2012

ππ

J/ψ→φ  ππ

0.5 1.0 1.5

BES  I I  2 0 0 5

not partial-wave  
projected

not partial-wave  
projected

… same poles (σ, f0(980)) — different couplings …

f0(980)
Re[E]

Im[E]
σ
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f0(980) as a peak in “ss” production 41

1.0

  → J/ψ  π +π −0
s

_
B

b

s

c

c
_

s

s
_ _W

2.0 3.0

LHCb  2012

0.5 1.0 1.5

ππ

KK
_

J/ψ→φ (ππ , KK )

0.5 1.0 1.5

BES  I I  2 0 0 5

_

_

note the rapid turn-on  
of KK at threshold

_

not partial-wave  
projected

not partial-wave  
projected
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f0(980) as ? 42

0.5 1.0 1.5

pp→p (ππ , KK )p

1.0 1.5 2.0

WA102  1 999ππ

KK
_

_

 0.4

40

12

7

9

 0.6  0.8 1.0  1.2  1.4  1.6  1.8

 0.4  0.6  0.8  1.0  1.2  1.4  1.6  1.8

 0.4  0.6  0.8 1.0  1.2  1.4  1.6  1.8

 0.4  0.6  0.8 1.0  1.2  1.4  1.6  1.8

π −p→π 0π 0  n

central production at p = 450 GeV

f0(980) as a shoulder on 
a large σ ‘background’

E8 5 2  2 0 0 1  

S-wave  
projected
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S—wave ππ production 43

 0.4

40

12

7

9

 0.6  0.8 1.0  1.2  1.4  1.6  1.8

 0.4  0.6  0.8  1.0  1.2  1.4  1.6  1.8

 0.4  0.6  0.8 1.0  1.2  1.4  1.6  1.8

 0.4  0.6  0.8 1.0  1.2  1.4  1.6  1.8

π −p→π 0π 0  n

E8 5 2  2 0 0 1  
KS

dominated by π exchange 
— looks like the the 1970s  

elastic phase-shift data

other (non-π) exchanges  
becoming significant, 
f0(980) dip less pronounced

σ no longer large, 
f0(980) starting to be a peak ?
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resonance transition form-factors 44

the process of interest is
current + stable hadron → resonance → hadron−hadron pair 

γ*

K

π

K

e.g.  in a P-waveγK → πK

after the current produces  …Kπ

𝒜

strong scattering amplitude, , can have resonance polesℳ ℳℓ=1(s) ∼
c2

R

s0 − s

ℋ(Q2, s) ∼
cR f (Q2)

s0 − s

γ*

K

π

K

res.f cR
hence

s0 = mR − i 1
2 ΓR

π

K

π

K
ℳ

…  strongly rescattersKπ

ℋ(Q2, E⋆
Kπ) ≡ ⟨K | j |Kπ; E⋆

Kπ⟩

= 𝒜(Q2, E⋆
Kπ) ⋅

1
k⋆

Kπ
⋅ ℳℓ=1(E⋆

Kπ)

residue at the  
complex pole
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current matrix-elements in a finite-volume — cartoon 45

|thr.ππ

π

ππ
γ

infinite volume finite volume

|thr.ππ

π

γ

can only transition  
to one of the discrete 
f.v. eigenstates

can transition  
to any energy 
in the  continuumππ

E⋆

L⟨π | j |ππ; E⋆
n ⟩L

finite-volume matrix element

|π⟩L ∼ |π⟩∞ + 𝒪(e−mπL)
single hadron state

hadron-hadron state

|ππ; E⋆
n ⟩L ∼ R̃n |ππ; E⋆

ππ = E⋆
n ⟩∞

effective f.v. 
normalization

R̃n(L) ≡ 2En ⋅ lim
E→En

(E − En)(F−1(E⋆; L) + ℳ(E⋆))
−1

effective f.v. normalization 
depends on the scattering 
amplitude

c.f. “Lellouch-Lüscher” factor
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finite-volume spectrum → S,P-wave amplitudes 46

20 24 28 20 24 28 20 24 28 20 24 28 20 24 28 20 24 28 20 24 28 20 24 28 20 24 28 20 24 28

0.14

0.15

0.16

0.17

0.18

0.2

0.4

0.6

0.8

1.0

0.14 0.15 0.16 0.17 0.18

0.2

0.4

0.6

0.8

1.0

0.14 0.15 0.16 0.17 0.18

0.2

0.4

0.6

0.8

1.0

0.14 0.15 0.16 0.17 0.18

0.2

0.4

0.6

0.14 0.15 0.16 0.17 0.18

0.2

0.4

0.6

0.14 0.15 0.16 0.17 0.18

ℓ ≥ 1

850 MeV 1000 MeV

mπ ∼ 284 MeV

 found to be negligible in this energy regionℓ = 2

various 
amplitude  
parameterizations

det [F−1(E⋆; L) + ℳ(E⋆)] = 0
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what’s different in  ?γK → πK 47

relation between finite-volume matrix element, and infinite-volume matrix element, ℋ

F + ℳ−1 = ∑
i

μi wiw⊺
i

R̃n = (−
2E⋆

n

μ⋆′ 
0 ) ℳ−1w0 w⊺

0ℳ
−1

r̃n(L) = −
2E⋆

n

μ⋆′ 
0

wℓ=1
0

1
k⋆

Kπ

F(Q2, E⋆
Kπ =E⋆

n ) =
1

r̃n(L)
FL(Q2, E⋆

n )

wi = (wℓ=0
i

wℓ=1
i )

slope of  
zero crossing  
eigenvalue

L⟨K | j |Kπ⟩L ∝ (ℋ ⋅ R̃n ⋅ ℋ)
1/2

R̃n(L) ≡ 2En ⋅ lim
E→En

(E − En)(F−1(E⋆; L) + ℳ(E⋆))
−1

where the residue of the finite-volume hadron-hadron propagator appears

using an eigen-decomposition

the residue factorizes
zero crossing  
eigenvector

and the net finite-volume correction is 

where

matrix in ℓ = 0,1 diagonal 
matrix in ℓ = 0,1

𝒜 = K ⋅ F

ℋ = 𝒜 ⋅
1

k⋆
Kπ

⋅ ℳℓ=1

kinematic 
factor

form-factor

remember,  
no   
amplitude

γK → (Kπ)ℓ=0
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finite-volume correction factors 48
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0.15
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4.23

0.60 -0.80
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2.81

0.80 0.60

4.57

0.96 -0.27

1.52

0.36 -0.94

1.02

0.82 -0.57

4.01

0.88 0.47

3.83

0.99 -0.13

0.89

0.41 0.91

0.56

1.00 -0.02

0.65

0.88 0.48

2.82

12.1

6.71

4.27

8.43

7.62

5.63

0.96

7.05

8.13

6.87

0.61

32.3

0.61 -0.79

4.856.13

5.84

5.67 5.68

5.49

1.38

5.68

5.62

0.56

5.67

F(Q2, E⋆
Kπ =E⋆

n ) =
1

r̃n(L)
FL(Q2, E⋆

n )

r̃n(L) = −
2E⋆

n

μ⋆′ 
0

wℓ=1
0

1
k⋆

Kπ

1
k⋆

Kπ

r̃n(L) → 16π ̂cR

in limit of a  
zero width state

850 MeV

1000 MeV
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infinite-volume form-factor 49
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experimental determination 50

Γ(K*± → K±γ) = 50(5) keV

Γ(K*0 → K0γ) = 116(10) keV

K
π
K

nucleus nucleus

handful of Primakoff  
experiments in the 70s, 80s

Γ(K*+ → K+γ) =
4
3

α
k⋆3

Kγ

m2
K

| f |2 loss of rigor here 
this is not the pole residue

(very forward production of  
using  beams on nuclear targets)

πK
K±, K0

L

pdg average of a couple of experiments

very simplistic analysis scheme

| fpdg | = 0.206(10)
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dispersive amplitudes check 51

t̃ I
ℓ(s) = τI

ℓ(s) + ∑
I′ ,ℓ′ 

∫
∞

sthr.

ds′ KII′ 
ℓℓ′ (s′ , s) Im tI′ 

ℓ′ (s′ )
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dispersive amplitudes check 52
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LQCD dispersive  analysisππ 53

High-energy Regge parameterization details are unimportant

t̃ I
ℓ(s) = τI

ℓ(s) + ∑
I′ ,ℓ′ 

∫
∞

sthr.

ds′ KII′ 
ℓℓ′ (s′ , s) Im tI′ 

ℓ′ (s′ )
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subthreshold zeroes at mπ = 239 MeV 54
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closer to threshold

further away from threshold
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subthreshold zeroes at mπ = 283 MeV 55
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closer to threshold


