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Plan for the lectures

• Basics of collider physics

• Basics of QCD

• DIS and the Parton Model

• Higher order corrections 

• Asymptotic freedom

• QCD improved parton model


• State-of-the-art computations for the LHC

• Monte Carlo generators

• Higgs phenomenology

• Top phenomenology

• Searching for New Physics: EFT
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Factorisation 

3

Fabio MaltoniFabio MaltoniGGI Florence - 2017

p
⇠p short distance

long distance

The space-time picture suggests the possibility of separating short- and long-distance physics 
⇒ factorization! Turned into the language of Feynman diagrams DIS looks like:

d2�

dxdQ2
=

Z 1

0

d⇠

⇠

X

i

fi(⇠)
d2�̂

dxdQ2
(
x

⇠
, Q2)

where
is the probability to find a 
parton with flavor i in an 
hadron h carrying a light-
cone momentum ξp+

is the cross section for 
electron-parton scattering

d2�̂

dxdQ2

DIS: The parton model

120

Breit picture frame allows us to assume partons are free within proton: 

Fabio MaltoniFabio MaltoniGGI Florence - 2017

p
⇠p short distance

long distance

The space-time picture suggests the possibility of separating short- and long-distance physics 
⇒ factorization! Turned into the language of Feynman diagrams DIS looks like:

d2�

dxdQ2
=

Z 1

0

d⇠

⇠

X

i

fi(⇠)
d2�̂

dxdQ2
(
x

⇠
, Q2)

where
is the probability to find a 
parton with flavor i in an 
hadron h carrying a light-
cone momentum ξp+

is the cross section for 
electron-parton scattering

d2�̂

dxdQ2

DIS: The parton model

120

Fabio MaltoniFabio MaltoniGGI Florence - 2017

p
⇠p short distance

long distance

The space-time picture suggests the possibility of separating short- and long-distance physics 
⇒ factorization! Turned into the language of Feynman diagrams DIS looks like:

d2�

dxdQ2
=

Z 1

0

d⇠

⇠

X

i

fi(⇠)
d2�̂

dxdQ2
(
x

⇠
, Q2)

where
is the probability to find a 
parton with flavor i in an 
hadron h carrying a light-
cone momentum ξp+

is the cross section for 
electron-parton scattering

d2�̂

dxdQ2

DIS: The parton model

120

fi(ξ) Probability of finding parton  in hadron 
carrying momentum fraction 

i
ξ

Cross-section for parton-photon 
scattering
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DIS cross-section
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d2σ

dxdQ2
=

4πα2

Q4

{

[1 + (1 − y)2]F1(x, Q2) +
1 − y

x

[

F2(x, Q2) − 2xF1(x, Q2)
]

}

We can now compare with our “inclusive” description of DIS in terms of structure 
functions (which, BTW, are physical measurable quantities),

with our parton model formulas:

we find (be careful to distinguish x and ξ) 

* So we find the scaling is true: no dependence on Q2. 
* q and qbar enter together : no way to distinguish them with NC. Charged currents are needed. 
* FL(x) =  F2(x) - 2 F1(x) vanishes at LO (Callan-Gross relation), which is a test that quarks are 
spin 1/2 particles! In fact if the quarks where scalars we would have had F1(x) = 0 and F2=FL .

with d2σ̂

dQ2dx
=

4πα2

Q4

1

2

[

1 + (1 − y)2
]

e2

q
δ(x − ξ)

DIS: The parton model

122

d2σ

dxdQ2
=

∫ 1

0

dξ

ξ

∑
i

fi(ξ)
d2σ

dx̂dQ2
(
x

ξ
, Q2)

F2(x) = 2xF1 =
∑

i=q,q̄

∫ 1

0

dξfi(ξ) xe2

qδ(x − ξ) =
∑

i=q,q̄

e2

q xfi(x)

Comparing our inclusive cross-section: 
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Factorised cross-section in the parton model: 
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We can express the structure functions as: 



Eleni Vryonidou STFC HEP school 2023

DIS cross-section
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We can express the structure functions as: 

Quarks and anti-quarks enter together. 


No dependence on Q: Scaling 

 are the parton distribution functions which describe the probabilities of finding 
specific partons in the proton carrying momentum fraction 
fi(x)

x

How can we separate them?
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Scaling and Callan-Gross relation
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Scaling: Structure function does not depend on Q

Measuring the Structure Functions

Prof. M.A. Thomson Michaelmas 2011 186

!To determine     and    for a given and       need 
measurements of the differential cross section at several different
scattering angles and incoming electron beam energies (see Q13
on examples sheet)
Example: electron-proton scattering F2 vs. Q2 at fixed x

J.T.Friedm
an + H

.W
.K

endall,
A

nn. R
ev. N

ucl. S
ci. 22 (1972) 203

" Experimentally it is observed that both      and        are (almost) 
independent of

Bjorken Scaling and the Callan-Gross Relation

Prof. M.A. Thomson Michaelmas 2011 187

!The near (see later) independence of the structure functions on Q2 is
known as Bjorken Scaling, i.e.

•It is strongly suggestive of scattering from point-like constituents
within the proton

!It is also observed that        and
are not independent but satisfy the 
Callan-Gross relation

•As we shall soon see this is exactly what is
expected for scattering from spin-half quarks.

•Note if quarks were spin zero particles we would 
expect the purely magnetic structure function to 
be zero, i.e.

spin ½

spin 0

Callan-Gross relation


Quarks are spin-1/2 particles!  
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Parton distribution functions
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The sea is NOT SU(3) flavor symmetric.  

The gluon is huge at small x  

There is an asymmetry between the ubar 
and dbar quarks in the sea. 

Note that there are uncertainty bands!!

Comments:

Quark and gluon distribution functions

124
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Probed at scale Q, sea contains all quarks flavours with mq less than Q.  
For Q ∼1 we expect

And experimentally one finds 

Thus quarks carry only about 50% of proton’s momentum. The rest is carried by gluons.  
Although not directly measured in DIS, gluons participate in other hard scattering 
processes such as large-pt and prompt photon production.

DIS: The parton model

123
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Probed at scale Q, sea contains all quarks flavours with mq less than Q.  
For Q ∼1 we expect

And experimentally one finds 

Thus quarks carry only about 50% of proton’s momentum. The rest is carried by gluons.  
Although not directly measured in DIS, gluons participate in other hard scattering 
processes such as large-pt and prompt photon production.

DIS: The parton model

123

Quarks carry only 50% of the proton momentum


Evidence for gluons!
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Parton model summary

8

DIS experiments show that virtual photon scatters off massless, free, 
point like, spin-1/2 quarks 


One can factorise the short- and long-distance physics entering this 
process. Long-distance physics absorbed in PDFs. Short distance 
physics described by the hard scattering of the parton with the virtual 
photon. 


Phase-space integral Parton density functions Parton-level cross section

∑
a,b

∫ dx1dx2 dΦPS fa(x1)fb(x) ̂σ( ̂s)
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R-ratio@NLO

9

Fabio MaltoniFabio MaltoniGGI Florence - 2017

Real

Virtual

Anatomy of a NLO calculation

σ
NLO =

∫
R

|Mreal|
2
dΦ3 +

∫
V

2Re (M0M
∗

virt) dΦ2 = finite!

∫
ddk

(2π)d
. . .

The KLN theorem states that divergences appear because some of the final state are physically 
degenerate but we treated them as different. A final state with a soft gluon is nearly degenerate 
with a final state with no gluon at all (virtual).

65

σNLO = σLO + ∫R
|Mreal |

2 dΦ3 + ∫V
2Re(M0M*vir) dΦ2
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QCD in the final state
R-ratio@NLO
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p̄, j

p, i

k, a

p̄, j

p, i

k, a

γ∗, Z γ∗, Z

A = ū(p)!ε(−igs)
−i

!p + !k
Γµv(p̄)ta + ū(p)Γµ

i

!p̄ + !k
(−igs)!εv(p̄)ta

= −gs

[

ū(p)"ε("p + "k)Γµv(p̄)

2p · k
−

ū(p)Γµ("p̄ + "k)"εv(p̄)

2p̄ · k

]

ta

The denominators                              give singularities for collinear (cos θ →1) or soft (k0 →0)  
emission. By neglecting k in the numerators and using the Dirac equation, the amplitude simplifies 
and factorizes over the Born amplitude:

2p · k = p0k0(1 − cos θ)

ABorn = ū(p)Γµv(p̄)Asoft = −gst
a

(

p · ε

p · k
−

p̄ · ε

p̄ · k

)

ABorn

Factorization: Independence of long-wavelength (soft) emission form the hard (short-distance) 
process. Soft emission is universal!!

Let’s consider the real gluon emission 
corrections to the process e+e- →qq. 
The full calculation is a little bit tedious, 
but since we in any case interested in the 
issues arising in the infra-red, we already 
start in that approximation.

Anatomy of a NLO calculation

66
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Let’s consider the real gluon emission 
corrections to the process e+e- →qq. 
The full calculation is a little bit tedious, 
but since we in any case interested in the 
issues arising in the infra-red, we already 
start in that approximation.

Anatomy of a NLO calculation

66

What are those denominators? 

p ⋅ k = p0k0(1 − cosθ)

What happens when the gluon is soft ( ) or collinear ( ) to the quark?k0 → 0 θ → 0

Real corrections:
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QCD in the final state
R-ratio@NLO
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What happens when the gluon is soft ( ) or collinear ( ) to the quark?k0 → 0 θ → 0
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Very important property of QCD


Factorisation of long-wavelength 
(soft) emission from the short-
distance (hard) scattering! 


Soft emission factor is universal!
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QCD in the final state
R-ratio@NLO
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What does that mean for the NLO cross-section?
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σNLO = σLO + ∫R
|Mreal |

2 dΦ3 + ∫V
2Re(M0M*vir) dΦ2
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0 ≤ x1, x2 ≤ 1, and x1 + x2 ≥ 1

Two collinear divergences and a soft one.  Very often you find the integration over phase space 
expressed in terms of x1 and x2, the fraction of energies of the quark and anti-quark:

x1 = 1 − x2x3(1 − cos θ23)/2

x2 = 1 − x1x3(1 − cos θ13)/2

x1 + x2 + x3 = 2

collinear soft

collinear

dσ
VIRT
qq̄ = −σ

Born
qq̄ CF

αS

2π

∫
d cos θ

′
dk′

0

k′

0

1

1 − cos2 θ
2δ(k′

0)[δ(1−cos θ
′)+δ(1+cos θ

′)]+. . .

So we can now predict the divergent part of the virtual  
contribution, while for the finite part an explicit 
calculation is necessary:

Anatomy of a NLO calculation
By squaring the amplitude we obtain:

σqq̄g = CF g2
sσBorn

qq̄

∫
d3k

2k0(2π)3
2

p · p̄

(p · k)(p̄ · k)

= CF
αS

2π
σ

Born
qq̄

∫
d cos θ

dk0

k0

4

(1 − cos θ)(1 + cos θ)

REAL

67
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p̄, j

p, i

k, a

p̄, j

p, i

k, a

γ∗, Z γ∗, Z

A = ū(p)!ε(−igs)
−i

!p + !k
Γµv(p̄)ta + ū(p)Γµ

i

!p̄ + !k
(−igs)!εv(p̄)ta

= −gs

[

ū(p)"ε("p + "k)Γµv(p̄)

2p · k
−

ū(p)Γµ("p̄ + "k)"εv(p̄)

2p̄ · k

]

ta

The denominators                              give singularities for collinear (cos θ →1) or soft (k0 →0)  
emission. By neglecting k in the numerators and using the Dirac equation, the amplitude simplifies 
and factorizes over the Born amplitude:

2p · k = p0k0(1 − cos θ)

ABorn = ū(p)Γµv(p̄)Asoft = −gst
a

(

p · ε

p · k
−

p̄ · ε

p̄ · k

)

ABorn

Factorization: Independence of long-wavelength (soft) emission form the hard (short-distance) 
process. Soft emission is universal!!

Let’s consider the real gluon emission 
corrections to the process e+e- →qq. 
The full calculation is a little bit tedious, 
but since we in any case interested in the 
issues arising in the infra-red, we already 
start in that approximation.

Anatomy of a NLO calculation
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0 ≤ x1, x2 ≤ 1, and x1 + x2 ≥ 1
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expressed in terms of x1 and x2, the fraction of energies of the quark and anti-quark:

x1 = 1 − x2x3(1 − cos θ23)/2

x2 = 1 − x1x3(1 − cos θ13)/2

x1 + x2 + x3 = 2

collinear soft

collinear

dσ
VIRT
qq̄ = −σ

Born
qq̄ CF

αS

2π

∫
d cos θ

′
dk′

0

k′

0

1

1 − cos2 θ
2δ(k′

0)[δ(1−cos θ
′)+δ(1+cos θ

′)]+. . .

So we can now predict the divergent part of the virtual  
contribution, while for the finite part an explicit 
calculation is necessary:

Anatomy of a NLO calculation
By squaring the amplitude we obtain:

σqq̄g = CF g2
sσBorn

qq̄

∫
d3k

2k0(2π)3
2

p · p̄

(p · k)(p̄ · k)

= CF
αS

2π
σ

Born
qq̄

∫
d cos θ

dk0

k0

4

(1 − cos θ)(1 + cos θ)

REAL
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Soft divergence Collinear divergence

Fabio MaltoniFabio MaltoniGGI Florence - 2017

0 ≤ x1, x2 ≤ 1, and x1 + x2 ≥ 1

Two collinear divergences and a soft one.  Very often you find the integration over phase space 
expressed in terms of x1 and x2, the fraction of energies of the quark and anti-quark:

x1 = 1 − x2x3(1 − cos θ23)/2

x2 = 1 − x1x3(1 − cos θ13)/2

x1 + x2 + x3 = 2

collinear soft

collinear

dσ
VIRT
qq̄ = −σ

Born
qq̄ CF

αS

2π

∫
d cos θ

′
dk′

0

k′

0

1

1 − cos2 θ
2δ(k′

0)[δ(1−cos θ
′)+δ(1+cos θ

′)]+. . .

So we can now predict the divergent part of the virtual  
contribution, while for the finite part an explicit 
calculation is necessary:

Anatomy of a NLO calculation
By squaring the amplitude we obtain:

σqq̄g = CF g2
sσBorn

qq̄

∫
d3k

2k0(2π)3
2

p · p̄

(p · k)(p̄ · k)

= CF
αS

2π
σ

Born
qq̄

∫
d cos θ

dk0

k0

4

(1 − cos θ)(1 + cos θ)

REAL

67

Fabio MaltoniFabio MaltoniGGI Florence - 2017

0 ≤ x1, x2 ≤ 1, and x1 + x2 ≥ 1

Two collinear divergences and a soft one.  Very often you find the integration over phase space 
expressed in terms of x1 and x2, the fraction of energies of the quark and anti-quark:

x1 = 1 − x2x3(1 − cos θ23)/2

x2 = 1 − x1x3(1 − cos θ13)/2

x1 + x2 + x3 = 2

collinear soft

collinear

dσ
VIRT
qq̄ = −σ

Born
qq̄ CF

αS

2π

∫
d cos θ

′
dk′

0

k′

0

1

1 − cos2 θ
2δ(k′

0)[δ(1−cos θ
′)+δ(1+cos θ

′)]+. . .

So we can now predict the divergent part of the virtual  
contribution, while for the finite part an explicit 
calculation is necessary:

Anatomy of a NLO calculation
By squaring the amplitude we obtain:

σqq̄g = CF g2
sσBorn

qq̄

∫
d3k

2k0(2π)3
2

p · p̄

(p · k)(p̄ · k)

= CF
αS

2π
σ

Born
qq̄

∫
d cos θ

dk0

k0

4

(1 − cos θ)(1 + cos θ)

REAL

67

Fabio MaltoniFabio MaltoniGGI Florence - 2017

0 ≤ x1, x2 ≤ 1, and x1 + x2 ≥ 1

Two collinear divergences and a soft one.  Very often you find the integration over phase space 
expressed in terms of x1 and x2, the fraction of energies of the quark and anti-quark:

x1 = 1 − x2x3(1 − cos θ23)/2

x2 = 1 − x1x3(1 − cos θ13)/2

x1 + x2 + x3 = 2

collinear soft

collinear

dσ
VIRT
qq̄ = −σ

Born
qq̄ CF

αS

2π

∫
d cos θ

′
dk′

0

k′

0

1

1 − cos2 θ
2δ(k′

0)[δ(1−cos θ
′)+δ(1+cos θ

′)]+. . .

So we can now predict the divergent part of the virtual  
contribution, while for the finite part an explicit 
calculation is necessary:

Anatomy of a NLO calculation
By squaring the amplitude we obtain:

σqq̄g = CF g2
sσBorn

qq̄

∫
d3k

2k0(2π)3
2

p · p̄

(p · k)(p̄ · k)

= CF
αS

2π
σ

Born
qq̄

∫
d cos θ

dk0

k0

4

(1 − cos θ)(1 + cos θ)

REAL

67



Eleni Vryonidou STFC HEP school 2023

Divergences
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σqq̄g =
4π2

3s
f2
qCF

αs

2π ∫ ∫ dx1dx2
x2

1 + x2
2

(1 − x1)(1 − x2)

Integral diverges if  or  or ! x1 → 1 x2 → 1 x1, x2 → 1

What happens now?

Why is  the soft 
case?

x1 = x2 = 1
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IR singularities

15

IR singularities arise when a parton is too soft or if two partons are collinear

• Infrared divergences arise from interactions that happen a long time after 
the creation of the quark/antiquark pair.


• When distances become comparable to the hadron size of ~1 Fermi, 
quasi-free partons of the perturbative calculation are confined/hadronized 
non-perturbatively. 

How do we proceed with our calculation? 
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Cancellation of divergences

16
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Real

Virtual

Anatomy of a NLO calculation

σ
NLO =

∫
R

|Mreal|
2
dΦ3 +

∫
V

2Re (M0M
∗

virt) dΦ2 = finite!

∫
ddk

(2π)d
. . .

The KLN theorem states that divergences appear because some of the final state are physically 
degenerate but we treated them as different. A final state with a soft gluon is nearly degenerate 
with a final state with no gluon at all (virtual).

65

Divergent!

Also divergent!
Cancellation of IR divergences in R is not a miracle. It follows directly from 
unitarity provided the measurement is inclusive enough 

Infrared finiteness

In the infrared region real and virtual are kinematically equivalent but for a 
(-1) from unitarity

Compute and regulate real and virtual separately, until a cancelation of 
divergences is achieved 

In practice: regularise both 
divergences (with either dimensional 
regularisation or mass regulator)
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Anatomy of a NLO calculation

Summary:

�REAL + �VIRT = 1�1 =?

Solution: regularize the “intermediate” divergences, by giving a gluon a mass (see later) or going to 
d=4-2ε dimensions.

Z 1 1

1� x
dx = � log 0

regularization!
Z 1 (1� x)�2✏

1� x
dx = � 1

2✏

lim
✏!0

(�REAL + �VIRT) = CF
3

4

↵S

⇡
�Born

R1 = R0

(

1 +
αS

π

)

as presented before

�REAL = �BornCF
↵S

2⇡

✓
2

✏2
+

3

✏
+

19

2
� ⇡2

◆

�VIRT = �BornCF
↵S

2⇡

✓
� 2

✏2
� 3

✏
� 8 + ⇡2

◆

This gives:

68

Fabio MaltoniFabio MaltoniGGI Florence - 2017

Anatomy of a NLO calculation

Summary:

�REAL + �VIRT = 1�1 =?

Solution: regularize the “intermediate” divergences, by giving a gluon a mass (see later) or going to 
d=4-2ε dimensions.

Z 1 1

1� x
dx = � log 0

regularization!
Z 1 (1� x)�2✏

1� x
dx = � 1

2✏

lim
✏!0

(�REAL + �VIRT) = CF
3

4

↵S

⇡
�Born

R1 = R0

(

1 +
αS

π

)

as presented before

�REAL = �BornCF
↵S

2⇡

✓
2

✏2
+

3

✏
+

19

2
� ⇡2

◆

�VIRT = �BornCF
↵S

2⇡

✓
� 2

✏2
� 3

✏
� 8 + ⇡2

◆

This gives:

68

Fabio MaltoniFabio MaltoniGGI Florence - 2017

Anatomy of a NLO calculation

Summary:

�REAL + �VIRT = 1�1 =?

Solution: regularize the “intermediate” divergences, by giving a gluon a mass (see later) or going to 
d=4-2ε dimensions.

Z 1 1

1� x
dx = � log 0

regularization!
Z 1 (1� x)�2✏

1� x
dx = � 1

2✏

lim
✏!0

(�REAL + �VIRT) = CF
3

4

↵S

⇡
�Born

R1 = R0

(

1 +
αS

π

)

as presented before

�REAL = �BornCF
↵S

2⇡

✓
2

✏2
+

3

✏
+

19

2
� ⇡2

◆

�VIRT = �BornCF
↵S

2⇡

✓
� 2

✏2
� 3

✏
� 8 + ⇡2

◆

This gives:

68

Finite!
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KLN Theorem
Why does this work? 
Kinoshita-Lee-Nauenberg theorem: Infrared singularities in a massless theory cancel 
out after summing over degenerate (initial and final) states 


17

Kinoshita-Lee-Nauenberg theorem: Infrared singularities in a massless 
theory cancel out after summing over degenerate (initial and final) states 

KLN Theorem

Physically a hard parton can not be distinguished from a hard parton plus a 
soft gluon or from two collinear partons with the same energy. They are 
degenerate states. 
Hence, one needs to add them to get a physically sound observable

Physically a hard parton can not be distinguished from a hard parton plus a soft gluon or from 
two collinear partons with the same energy. They are degenerate states. A final state with a soft 
gluon is nearly degenerate with a final state with no gluon at all (virtual) 
Hence, one needs to add all degenerate states to get a physically sound observable 
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Infrared safety
How can we make sure IR divergences cancel?

We need to pick observables which are insensitive to soft and collinear 
radiation. These observables are determined by hard, short-distance physics, 
with long distance effects suppressed by an inverse power of a large 
momentum scale. 


Schematically for an IR safe observable: 


whenever one of the ki/kj becomes soft or ki and kj are collinear 
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An observable     is infrared and collinear safe if

Infrared safety: definition 

On+1(k1, k2, . . . , ki, kj , . . . kn)� On(k1, k2, . . . ki + kj , . . . kn)

whenever one of the ki/kj becomes soft or ki and kj are collinear 

O

i.e. the observable is insensitive to emission of soft particles or to collinear 
splittings

 3
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Which observables are infrared safe?

19

‣ energy of the hardest particle in the event

‣ multiplicity of gluons 

‣ momentum flow into a cone in rapidity and angle

‣ cross-section for producing one gluon with E > Emin and θ > θmin

‣ jet cross-sections

Infrared safety: examples 

 4

Infrared safe ? 

NO
NO
YES
NO

DEPENDS

Only for infrared safe quantities is a comparison of data and theory well 
defined to all orders in perturbation theory See exercises!

‣ energy of the hardest particle in the event

‣ multiplicity of gluons 

‣ momentum flow into a cone in rapidity and angle

‣ cross-section for producing one gluon with E > Emin and θ > θmin

‣ jet cross-sections

Infrared safety: examples 

 4

Infrared safe ? 

NO
NO
YES
NO

DEPENDS

Only for infrared safe quantities is a comparison of data and theory well 
defined to all orders in perturbation theory 

NO


NO


YES


DEPENDS
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Event shapes

20
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q

q

Event shape variables

pencil-like spherical

74

Event shapes: describe the shape of the event, but are largely insensitive 
to soft and collinear branching  
• widely used to measure 𝛼s  

• measure colour factors  
• test QCD  
• learn about non-perturbative  

physics  

Fabio MaltoniFabio MaltoniGGI Florence - 2017

q

q

Event shape variables

pencil-like spherical

74

pencil-like spherical
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Thrust
Event-shape example

21

Sum over all final state particles


Find axis  which maximises this projectionn

T = 1

0 1
0

1

x1

x2

x1 > x2,3

x2 > x1,3

x3 > x1,2

Figure 10: Phase space for e+e− → qq̄g. The requirement that x3 ≤ 1 ensures that
x1 + x2 ≥ 1 by momentum conservation so that physical phase space is the upper half
plane.

or if a soft parton is emitted with momentum

p → 0, (30)

the result should not change.
After the total cross section, the simplest infrared safe observable is the thrust

T = max
!̂n

∑

i |!pi · !̂n|
∑

i |!pi|
, (31)

where the sum is over all the final-state particles and the direction of the unit vector !̂n,
the thrust axis, is chosen to maximize the projection of the momenta of the final-state
particles along that direction.

For a two-jet pencil-like event all the particles lie along the thrust axis giving T = 1.
For a totally spherical event the thrust can be calculated by taking a spherical distribution
of particles in the limit of an infinite number of particles giving T = 1

2 . For three partons
the thrust axis will lie along the direction of the most energetic parton, by momentum
conservation there is an equal contribution to the thrust from the other partons giving
T = max{x1, x2, x3}.

In order to calculate the differential cross section with respect to the thrust for e+e− →
qq̄g we can start from the differential cross section in Eqn. 12. In many cases when we
wish to introduce a new quantity into a differential cross section it is easier to insert the
definition using a δ-function rather than performing a Jacobian transform, in this case we
use

1 =

∫

dT δ(T −max{x1, x2, x3}), (32)

T = 1/2

What happens in an  event?e+e− → qq̄g

Noteby: if one of the partons emits a soft or 
collinear gluon the value of thrust is not 
changing. IRC safe
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Thrust

22
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x1
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x1 > x2,3

x2 > x1,3

x3 > x1,2

Figure 10: Phase space for e+e− → qq̄g. The requirement that x3 ≤ 1 ensures that
x1 + x2 ≥ 1 by momentum conservation so that physical phase space is the upper half
plane.

or if a soft parton is emitted with momentum

p → 0, (30)

the result should not change.
After the total cross section, the simplest infrared safe observable is the thrust

T = max
!̂n

∑

i |!pi · !̂n|
∑

i |!pi|
, (31)

where the sum is over all the final-state particles and the direction of the unit vector !̂n,
the thrust axis, is chosen to maximize the projection of the momenta of the final-state
particles along that direction.

For a two-jet pencil-like event all the particles lie along the thrust axis giving T = 1.
For a totally spherical event the thrust can be calculated by taking a spherical distribution
of particles in the limit of an infinite number of particles giving T = 1

2 . For three partons
the thrust axis will lie along the direction of the most energetic parton, by momentum
conservation there is an equal contribution to the thrust from the other partons giving
T = max{x1, x2, x3}.

In order to calculate the differential cross section with respect to the thrust for e+e− →
qq̄g we can start from the differential cross section in Eqn. 12. In many cases when we
wish to introduce a new quantity into a differential cross section it is easier to insert the
definition using a δ-function rather than performing a Jacobian transform, in this case we
use

1 =

∫

dT δ(T −max{x1, x2, x3}), (32)

What happens in an  event?e+e− → qq̄g
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1

σ

dσ

dT
= CF

αS

2π

[

2(3T 2
− 3T + 2)

T (1 − T )
log

(

2T − 1

1 − T

)

−

3(3T − 2)(2 − T )

1 − T

]

.

Calculation of event shape variables: Thrust
The values of the different event-shape variables for different topologies are

O(αS2) corrections (NLO) are also 
known. Comparison with data provide 
test of QCD matrix elements, through 
shape distribution and measurement 
of αS from overall rate. Care must be 
taken around T=1 where  
(a) hadronization effects become large 
and  
(b) large higher order terms of the 
form αSN [log2N-1 (1-T)]/(1-T) need to 
be resummed.  
At lower T multi-jet matrix element 
become important. 

77

Divergent for T=1 
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to give
dσ

dT
= σ0CF

αS

2π

∫

dx1dx2
x2
1 + x2

2

(1− x1)(1− x2)
δ(T −max{x1, x2, x3}), (33)

where σ0 is the leading-order cross section for e+e− → qq̄. This expression can be evalu-
ated in each of the three phase-space regions shown in Fig. 10. First in the region where
x1 > x2,3

dσ

dT

∣
∣
∣
∣
x1>x2,3

= σ0CF
αS

2π

∫ T

2(1−T )

dx2
T 2 + x2

2

(1− T )(1− x2)
(34)

= σ0CF
αS

2π

1

1− T

∫ T

2(1−T )

dx2
T 2 + 1

(1− x2)
− (1 + x2),

where we have used the δ-function to integrate over x1 and the limits on x2 are given by
x2 = x1 = T for the upper limit and T = x1 = x3 = 2 − x1 − x2 = 2 − T − x2 for the
lower limit. Performing the integral gives

dσ

dT

∣
∣
∣
∣
x1>x2,3

= σ0CF
αS

2π

1

1− T

[

(T 2 + 1) ln

(
2T − 1

1− T

)

+ 4− 7T +
3

2
T 2

]

. (35)

The same result is obtained in the region x2 > x1,3 due to the symmetry of the formulae
under x1 ↔ x2.

In the final region we can take the integrals to be over x2,3 and use the δ-function to
eliminate the integral over x3 giving

dσ

dT

∣
∣
∣
∣
x3>x1,2

= σ0CF
αS

2π

∫ T

2(1−T )

dx2
(2− T − x2)2 + x2

2

(T + x2 − 1)(1− x2)
, (36)

= σ0CF
αS

2π

∫ T

2(1−T )

dx2
1

T

[

(2− T − x2)
2 + x2

2

]
[

1

T + x2 − 1
+

1

1− x2

]

,

= σ0CF
αS

2π

2

T

[

(2− 2T + T 2) ln

(
2T − 1

1− T

)

+ 2T − 3T 2

]

,

where after the integral over x3, x1 = 2−x2−T and the limits are calculated in the same
way as before.

Putting the results from the three regions together gives

dσ

dT
= σ0CF

αS

2π

[
2

T (1− T )
(3T (T − 1) + 2) ln

(
2T − 1

1− T

)

+
3(3T − 2)(T − 2)

1− T

]

. (37)

This result clearly diverges as T → 1, indeed in this limit

1

σ0

dσ

dT
T→1−→ −CF

αS

2π

[
4

(1− T )
ln (1− T ) +

3

1− T

]

. (38)

We can use this result to define a two- and three-jet rate so that the three jet rate is

R3(τ) =

∫ 1−τ

1
2

1

σ0

dσ

dT
τ→0−→ CF

αS

2π
2 ln2 τ, (39)

Large higher order terms of the form  

need to be resummed. 


αN
S

Log2N−1(1 − T)
1 − T

Use either analytic resummation or the parton shower! See later!

Why?
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‣ One of the first tests of QCD was the measurement of the R-ratio, defined as 

‣ Second order QCD correction (NNLO = next-to-neat-to-leading order)

‣ UV divergences do not cancel => Renormalisation procedure: the UV divergence is dealt 
with renormalisation of bare coupling   

↵S(µ) = ↵bare
S + b0 log

✓
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UV

µ2
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(↵bare

S )2
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e-

e+

γ*,Z

Let us consider the process: 
e-e+ → hadrons and for a Q2 >> ΛS2.  
At this point (though we will!) we don’t 
have an idea how to calculate the details of 
such a process. 
So let’s take the most inclusive approach 
ever: we just want to count how many 
events with hadrons in the final state there 
are wrt to a pair of muons.  

First improvement:  e+ e- → qq at NLO 
Already a much more difficult calculation!  
There are real and virtual contributions. 
There are: 
* UV divergences coming from loops  
* IR divergences coming from loops and 
real diagrams. Ignore the IR for the moment 
(they cancel anyway) We need some kind of 
trick to regulate the divergences. Like 
dimensional regularization or a cutoff M.  
At the end the result is VERY SIMPLE:

R1 = R0

(

1 +
αS

π

)

No renormalization is needed! Electric charge is left untouched by strong interactions!
45

Ren. group and asymptotic freedom

_
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Second improvement: e+ e- → qq at NNLO 
Extremely difficult calculation!  
Something new happens:

R2 = R0

(

1 +
αS

π
+

[

c + πb0 log
M2

Q2

]

(αS

π

)2
)

The result is explicitly dependent on the 
arbitrary cutoff scale. We need to perform 
normalization of the coupling and since QCD 
is renormalizable we are guaranteed that this 
fixes all the UV problems at this order. αS(µ) = αS + b0 log

M2

µ2
α2

S

e-

e+

γ*,Z

Let us consider the process: 
e-e+ → hadrons and for a Q2 >> ΛS2.  
At this point (though we will!) we don’t 
have an idea how to calculate the details of 
such a process. 
So let’s take the most inclusive approach 
ever: we just want to count how many 
events with hadrons in the final state there 
are wrt to a pair of muons.  

46
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_

No divergences! 

What happens at higher orders? 
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UV divergences don’t cancel! We need renormalisation! 


Renormalising the bare coupling we have: 
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Comments: 

1. Now R2 is finite but depends on an arbitrary scale µ, directly and through αs. We had to 
introduce µ because of the presence of M. 

2. Renormalizability guarantees than any physical quantity can be made finite with the SAME 
substitution. If a quantity at LO is AαsN then the UV divergence will be N A b0 log M2 αsN+1. 

3. R  is a physical quantity and therefore cannot depend on the arbitrary scale µ!!  One can show 
that at order by order: 

which is obviously verified by Eq. (1).  Choosing µ ≈ Q the logs ...are resummed!

µ2
d

dµ2
Rren = 0 ⇒ Rren(αS(µ),

µ2

Q2
) = Rren(αS(Q), 1)

b0 =
11Nc − 2nf

12π

Rren

2 (αS(µ),
µ2

Q2
) = R0

(

1 +
αS(µ)

π
+

[

c + πb0 log
µ2

Q2

] (

αS(µ)

π

)2
)

(1)

αS(µ) = αS + b0 log
M2

µ2
α2

S(2) >0

47

Ren. group and asymptotic freedom

Finite but scale dependent!
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Asymptotic freedom
Among QFT theories in 4 dimension only the non-Abelian gauge theories are “asymptotically 
free”.  

It becomes then natural to promote the global color SU(3) symmetry into a local symmetry where 
color is a charge.  

This also hints to the possibility that the color neutrality of the hadrons could have a dynamical 
origin

Q2

αs Perturbative region

In renormalizable QFT’s scale invariance is broken by the renormalization procedure and couplings 
depend logarithmically on scales.

14
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Roughly speaking, quark loop diagrams contribute with Nf negative terms in b0, while the 
gluon loop, diagram gives a positive contribution proportional to Nc, which is dominant 
and make the overall beta function negative.

in QED

in QCD

Perturbative regionPerturbative region
αEM

b0 =
11Nc � 2nf

12⇡
> 0 ) �(↵S) < 0

b0 = �nf
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arXiv: 1606.08659, … , 
arXiv: 1709.08541
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β(αS) ≡ µ2
∂αS

∂µ2
= −b0α

2

S ⇒
4.  From (2) one finds that:

αS(µ) =
1

b0 log µ2

Λ2

This gives the running of αS.  Since b0 > 0, this expression make sense for all scales µ>Λ.  
In general one has:

dαS(µ)

d log µ2
= −b0α

2
S(µ) − b1α

3
S(µ) − b2α

4
S(µ) + . . .

where all bi  are finite (renormalization!).  At present we know the bi up to b3 (4 loop calculation!!). 
b1and b2 are renormalization scheme independent. Note that the expression for αS( µ) changes 
accordingly to the loop order.  At two loops we have:

αS(µ) = αS + b0 log
M2

µ2
α2

S b0 =
11Nc − 2nf

12π
(2) >0

αS(µ) =
1

b0 log µ2

Λ2

[

1 −

b1

b2
0

log log µ2/Λ2

log µ2/Λ2

]
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Ren. group and asymptotic freedom

1-loop

2-loop
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Roughly speaking, quark loop diagram (a) contributes a negative Nf  term in b0, while the 
gluon loop, diagram (b) gives a positive contribution proportional to the number of colors Nc, 
which is dominant and make the overall beta function negative.

b0 =
11Nc − 2nf

12π
>0     ⇒  β(αS)<0 in QCD

b0 = −

nf

3π
<0     ⇒  β(αS)>0 in QED

αEM (µ) =
1

b0 log µ2

Λ2
QED

Perturbative regionPerturbative region
αEM

Why is the beta function negative in QCD? 

49

QCD
QED



Eleni Vryonidou STFC HEP school 2023

Running of αs

25

BUSSTEPP@50 - QUEEN MARY UNIVERSITY OF LONDON, JANUARY 2020    - COLLIDER PHENOMENOLOGY, M. UBIALI

THE STRONG COUPLING CONSTANT

‣ In pQCD all theoretical  
predictions are expressed in 
terms of the renormalised 
coupling !S(µ2R), a function 
of unphysical 
renormalization scale µR. 

‣ When one takes µR close to 
the scale of the momentum 
transfer Q in a given 
process, then !S(Q2) is 
indicative of the effective 
strength of the strong 
interaction in that process

Measurements of the running coupling

Summarizing:

• overall consistent picture: αs from very 
different observables compatible

• αs is not so small at current scales  

• αs decreases slowly at higher energies 
(logarithmic only) 

• higher order corrections are and will 
remain important 

World average

 13

↵s(MZ) = 0.1181± 0.0011

Many measurements at different scales all leading to very consistent results once 
evolved to the same reference scale, MZ. 
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Going back to the Master formula
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�
dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)

�

a,b

∑
a,b

∫ dx1dx2 dΦPS fa(x1)fb(x) ̂σ( ̂s)

∑
a,b

∫ dx1dx2 dΦPS fa(x1)fb(x) ̂σ( ̂s, μR)
???
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At HERA scaling violations were observed!

first ep collider

Scaling violations
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The parton model predicts scaling. Experiment shows:
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We got a long way without even invoking QCD. Let’s do it now. 

The first diagram to consider is the same as in the parton model: 

At NLO we find again both real and virtual corrections:

Our experience so far: have to expect IR divergences!  
In order to make the intermediate steps of the calculation finite, we introduce a 
regulator, which will be removed at the end. 

Dimensional regularization is the best choice to perform serious calculations. 
However for illustrative purposes other regulators (that cannot be easily used beyond 
NLO) are better suited. We’ll use here a small quark/gluon mass.

αS corrections to the LO process        photon-gluon fusion

DIS in QCD

127

What are we missing? 

Scaling violation
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We got a long way without even invoking QCD. Let’s do it now. 

The first diagram to consider is the same as in the parton model: 

At NLO we find again both real and virtual corrections:

Our experience so far: have to expect IR divergences!  
In order to make the intermediate steps of the calculation finite, we introduce a 
regulator, which will be removed at the end. 

Dimensional regularization is the best choice to perform serious calculations. 
However for illustrative purposes other regulators (that cannot be easily used beyond 
NLO) are better suited. We’ll use here a small quark/gluon mass.

αS corrections to the LO process        photon-gluon fusion

DIS in QCD

127

What do we expect?

Given the computation of R at NLO, we expect IR divergences


We need to regulate these, and hope that they cancel! 
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Once we compute the diagrams we indeed find that UV and soft divergences all cancel, 
but for a collinear divergence arising when the emitted gluon becomes collinear to the 
incoming quark: 

= e2

qx

[

δ(1 − x) +
αS

4π

[

Pqq(x) log
Q2

m2
g

+ Cq
2
(x)

]]

d2σ̂

dxdQ2
|F2

≡ F̂
q
2

d2σ̂

dxdQ2
|F2

≡ F̂
g
2

=
∑

q

e2

qx

[

0 +
αS

4π

[

Pqg(x) log
Q2

m2
q

+ C
g
2
(x)

]]

The presence of large logs is a clear sign that we have a 
residual infrared sensitivity that we have to deal with! 

IR cutoff

DIS in QCD

128

̂Fq
2 = e2

q x[δ(1 − x) +
αs

4π
Pqqlog Q2

m2
g

+ Cq
2 (x)] ̂Fg

2 = e2
q x[0 +

αs

4π
Pqglog Q2

m2
g

+ Cg
2 (x)]

Soft and UV divergences cancel but a collinear divergence arises: 
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We got a long way without even invoking QCD. Let’s do it now. 

The first diagram to consider is the same as in the parton model: 

At NLO we find again both real and virtual corrections:
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̂Fq
2 = e2

q x[δ(1 − x) +
αs

4π
Pqqlog Q2

m2
g

+ Cq
2 (x)] ̂Fg

2 = e2
q x[0 +

αs

4π
Pqglog Q2

m2
g

+ Cg
2 (x)]

Soft and UV divergences cancel but a collinear divergence arises: 

IR cut-off
What are functions  and ?Pqq Pqg

Splitting functions : they give the probability of parton j splitting 
into parton i which carries momentum fraction x of the original parton 

Pij(x)
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 The process factorizes in the collinear limit. This procedure it universal! 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z

�
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Notice that what has been roughly called ‘branching probability’ is actually a 
singular factor, so one will need to make sense precisely of this definition.
At the leading contribution to the (n+1)-body cross section the Altarelli-Parisi 
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 The process factorizes in the collinear limit. This procedure it universal! 
 

61

2a
b

c
θ

Mn+1 θ ➞ ×
b

c

a
2a

Mn

|Mn+1|2d�n+1 ' |Mn|2d�n
dt

t
dz

d�

2⇡

↵S

2⇡
Pa!bc(z)

Pg!qq(z) = TR

⇥
z2 + (1� z)2

⇤
, Pg!gg(z) = CA


z(1� z) +

z

1� z
+

1� z

z

�
,

Pq!qg(z) = CF


1 + z2

1� z

�
, Pq!gq(z) = CF


1 + (1� z)2

z

�
.

Notice that what has been roughly called ‘branching probability’ is actually a 
singular factor, so one will need to make sense precisely of this definition.
At the leading contribution to the (n+1)-body cross section the Altarelli-Parisi 
splitting kernels are defined as:

Collinear factorization

I

�n+ ⇡ �n
t

t

�

⇡
z
↵

⇡
Pab(z)

I

Pqg = T (z + ( � z) )Pgq = C
+ ( � z)

z

zz

Pgg = C
( � z( � z))

z( � z)

z z

Pqq = C
+ z

� z

I

�n+ ⇡ �n
t

t

�

⇡
z
↵

⇡
Pab(z)

I

Pqg = T (z + ( � z) )Pgq = C
+ ( � z)

z

zz

Pgg = C
( � z( � z))

z( � z)

z z

Pqq = C
+ z

� z

These functions are universal for each type of splitting

Altarelli-Parisi Splitting functions
Branching has a universal form given by the Altarelli-Parisi splitting 
functions
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What does this collinear divergence mean?

Residual long-distance physics, not disappearing once real and virtual corrections 
are added. These appear along with the universal splitting functions. 

Can a physical observable be divergent? 

No, as the physical observable is the hadronic structure function: 
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So the natural question is: what is it that is going wrong? Do we have IR sensitiveness in a 
physical observable? Well not yet!! 

To obtain the physical cross section we have to convolute our partonic results with the 
parton densities, as we have learned from the parton model.  

For instance: 

And now comes the magic:  as long as the divergences are universal and do not depend on 
the hard scattering functions but only on the partons involved in the splitting, we can 
reabsorb the dependence on the IR cutoff (once for all!) into fq,0(x):

“Renormalized” parton densities: we have factorized the IR collinear physics into a 
quantity that we cannot calculate but it is universal. So how does the final result looks like?
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DIS in QCD
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We can absorb the dependence on the IR cutoff into the PDF: 

Renormalised PDFs! 
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Factorisation
Structure function is a measurable object and cannot depend on scale 
at all orders (renormalisation group invariance)

32

Long distance physics is universally factorised into the PDFs, which now depend 
on . PDFs are not calculable in perturbation theory. PDFs are universal, they 
don’t depend on the process. 


Factorisation scale    acts as a cut-off, emissions below  are included in the 
PDFs. 

μf

μf μf
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F q
2
(x, Q2) = x

∑
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∫ 1
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Questions: 

1. Can we exploit the fact that physical quantities have to be scale 
independent to gain information on the pdfs? 

2. What exactly have we gained in hiding the large logs in the 
redefined pdf’s?  Aren’t we just hiding the problem?

Factorization

132
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DGLAP
We can’t compute PDFs in perturbation theory but we can predict their evolution 
in scale: 


Universality of splitting functions: we can measure pdfs in one process and use 
them as an input for another process 
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DGLAP equation

µ2 ⇧f(z, µ2)
⇧µ2

=
⇤ 1

x

dz

z

�s

2⇤
P (z)f

�x

z
, µ2

⇥

Master equation of QCD: we can not compute parton densities, but we 
can predict how they evolve from one scale to another

Universality of splitting functions: we can measure pdfs in one process 
and use them as an input for another process

 Altarelli, Parisi; Gribov-Lipatov; Dokshitzer ’77 

x
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Non-perturbative information that is fitted from a wealth of experimental data 

• The pdf is parametrised at a given low scale in terms of an analytic or NN 
function and momentum sum rules are imposed. 

• They are evolved through the DGLAP equations:

LO (1974) NLO (1980) NNLO (2004)

PDFs

149

Splitting functions improved in 
perturbation theory!

LO Dokshitzer; Gribov, Lipatov; Altarelli, Parisi (1977) 
NLO Floratos,Ross,Sachrajda; Floratos, Lacaze, Kounnas, 
Gonzalez-Arroyo,Lopez,Yndurain; Curci,Furmanski 
Petronzio, (1981) 
NNLO - Moch, Vermaseren, Vogt, 2004 
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PDF evolution
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Hadronic scale:
global fit of PDFs

High scale:
input to the LHC

Perturbative QCD

fi(x, µ)
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Plan for the lectures

• Basics of collider physics

• Basics of QCD

• DIS and the Parton Model

• Higher order corrections 

• Asymptotic freedom

• QCD improved parton model


• State-of-the-art computations for the LHC

• Monte Carlo generators

• Higgs phenomenology

• Top phenomenology

• Searching for New Physics: EFT

36
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LHC Master Formula

37

�
dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)

�

a,b

∑
a,b

∫ dx1dx2 dΦPS fa(x1)fb(x) ̂σ( ̂s)

∑
a,b

∫ dx1dx2 dΦPS fa(x1)fb(x) ̂σ( ̂s, μR)

Parton model

Renormalisation

QCD improved parton model
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PDF extraction

We can’t compute PDFs in perturbation theory but we can extract them from data, and use 
DGLAP equations to evolve them to different scales.

• Choose experimental data to fit and include all info on correlations 

Theory settings: perturbative order, EW corrections, intrinsic heavy quarks, , quark 
masses value and scheme 


• Choose a starting scale Q0 where pQCD applies 


• Parametrise independent quarks and gluon distributions at the starting scale 


• Solve DGLAP equations from initial scale to scales of experimental data and build up 
observables 


• Fit PDFs to data

• Provide PDF error sets to compute PDF uncertainties 

αs

38
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Data for PDF determination
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x-dependence: from data

Up to O(!s) corrections
DISENTANGLING PDFS WITH EXPERIMENTAL DATA
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LHC kinematics
How can we tell which x data probes?

For the production of a particle of mass M:

40Fabio MaltoniFabio MaltoniGGI Florence - 2017

We describe the collision in terms of parton 
energies 

E1= x1 Ebeam 
E2= x2 Ebeam 

Obviously the partonic c.m.s. frame will be in  
general boosted. Let us say that the two partons 
annihilate into a particle of mass M.   

M
2

= x1x2S = x1x24E
2
beam

y =
1

2
log

x1

x2

x1 =

M
√

S
e
y

x2 =

M
√

S
e
−y

pp kinematics
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See exercises!
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Data complementarity

41
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LHC KINEMATICS
 Inclusive jets and dijets  
         (medium/large x) 
 Isolated photon and γ+jets  
         (medium/large x) 
 Top pair production (large x) 
 High pT V(+jets) distribution  
          (small/medium x) 
  
 High pT W(+jets) ratios  
         (medium/large x) 
 W and Z production  
         (medium x) 
 Low and high mass Drell-Yan  
         (small and large x) 
 Wc (strangeness at medium x) 

 Low and high mass Drell-Yan  
 WW production

{

{

{
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x1,2 =
Mp
S
e±y

From. M. Ubiali
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Modern PDFs
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MODERN PDF SETS

• Post- Run I now exist from three major global fitters 

CT18 MSTH20 NNPDF3.1

• LHC data also playing key role in ABM fits 
• ATLAS/CMS keep providing their own PDF 
analyses based on more restricted PDF 
parametrizations (XFitter) 

Different collaborations, predictions usually computed with different PDFs 
to extract an uncertainty envelope. 
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Impact of PDF uncertainties
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PHENO IMPLICATION OF PDF UNCERTAINTIES
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PDF uncertainties
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Higgs physics

PHENO IMPLICATION OF PDF UNCERTAINTIES
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Progress in PDFs!
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Matrix elements

• Perturbation theory/Feynman diagrams give us (fairly
accurate) final states for a few number of legs (O(1)).

• OK for very inclusive observables.
• Starting point for further simulation.
• Want exclusive final state at the LHC (O(100)).
• Want arbitrary cuts.
• ! use Monte Carlo methods.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 45/81

Fixed order computations
Going to higher orders

44
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Resolution

Need to introduce resolution t0, e.g. a cutoff in p?. Prevent us
from the singularity at q ! 0.

Emissions below t0 are unresolvable.

Finite result due to virtual corrections:

+ = finite.

unresolvable + virtual emissions are included in Sudakov form
factor via unitarity (see below!).
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Perturbative expansion

• The parton-level cross section can be computed as a series in perturbation 
theory, using the coupling constant as an expansion parameter 

16

Parton-level cross section⇥̂ab�X(ŝ, µF , µR)

⇤̂ = ⇤Born

⇤
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��s
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��s
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⇥3
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LO NLO NNLO N3LO
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dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)
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We need to add real and virtual corrections to the hard scattering 
dealing with singularities

Relatively straightforward at NLO (automated), complicated at NNLO (tens of 
processes), extremely hard at NNNLO (handful of processes known)
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Structure of an NLO calculation

46
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Elements of a NLO computation

NLO contributions have three parts

Virtual part

�NLO
=

Z

m
d(d)�V +

z }| {

Real emission part

Z

m+1
d(d)�R+

Z

m
d(4)�B

Born

Loops have been for long the bottleneck of NLO computations

Virtuals and Reals are each divergent and subtraction scheme need to be used (Dipoles, FKS, 
Antenna’s)
A lot of work is necessary for each computation

45

Difficulties: 


• Loop calculations: tough and time consuming


• Divergences: Both real and virtual corrections are divergent


• More channels, more phase space integrations

Difficulty
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How to deal with NLO in practice?

NLO corrections involve divergences: Divergences are bad for 
numerical computations

47

MCnet Beijing Hua-Sheng Shao51

NLO SUBTRACTION

�NLO =

Z
d�(n)B +

Z
d�(n)V +

Z
d�(n+1)R

• Master formula:

• The subtraction counterterm S should be chosen:
• It exactly matches the singular behaviour of  real ME
• It can be integrated numerically in a convenient way
• It can be integrated exactly in d dimension
• It is process independent (overall factor times Born ME)

• In gauge theory, the singular structure is universal

Friday, June 11, 21

Subtraction:
finite finite
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Subtraction techniques at NLO

Dipole subtraction

• Catani, Seymour hep-ph/9602277

• Automated in MadDipole, Sherpa, HELAC-NLO

FKS subtraction

• Frixione, Kunszt, Signer hep-ph/9512328

• Automated in MadGraph5_aMC@NLO and Powheg/Powhel

48

Detailed discussion of these could be another lecture course!
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A note about NLO
NLO is relative

49
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Calling a code  “a NLO code” is an abuse of language and can be confusing.
A NLO calculation always refers to an IR-safe observable, when the genuine αS corrections to 
this observable on top of the LO estimate are known.

An NLO code will, in general, be able to produce results for several quantities and 
distributions, only some of which will be at NLO accuracy.

☞  Total cross section, σ(tt)

☞  PT >0 of one top quark

☞  PT >0 of the tt pair

☞  PT >0 of the jet

☞  tt invariant mass, m(tt)

☞  ΔΦ(tt)>0

LO

Virt

Real

-

..............  ✓
   .................. ✓

................................... ✗

......................... ✗

................... ✓

47

Predictions at NLO
Warning!

Example:  Suppose we use the NLO code for pp → ttExample: top pair production Which observables do we compute at NLO?

NLO

Total cross-section


pT of a top quark


pT of top pair


pT of hardest jet


tt invariant mass


It is certain observables which are computed at NLO
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Need for higher-orders
Why is this so important?

50

Reminder: 


Level of experimental precision 
demands precise theoretical predictions


Theorists are not simply having fun!!!
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Higher order computations

51
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THE PARTONIC CROSS SECTION

From Gavin Salam’s lectures  
Quy Nhon Vietnam 2018 
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THE PARTONIC CROSS SECTION

From Gavin Salam’s lectures  
Quy Nhon Vietnam 2018 

Complexity rises a lot with each N!
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Status of hard scattering cross-sections

LO automated

NLO automated

NNLO: Several processes known (VV production, top pair production, all  processes)


NNNLO: only a handful of processes!

• Higgs in gluon fusion (Anastasiou et al, arXiv:1602.00695)

• Higgs in VBF (Dreyer et al, arXiv:1811.07906) 

• Higgs in bottom annihilation (Duhr et al, arXiv:1904.09990)

• Drell-Yan (Duhr et al, arXiv:2001.07717, 2007.13313) 

2 → 1

52
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Progress in higher-order computations
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PARTONIC CROSS SECTION COMPUTATION: STATE OF THE ART

• LO: almost all processes 
• NLO: most processes (automated calculations) 
• NNLO: all 2 → 1, most 2→2 (explosion of calculations in the past few years) 
• N3LO: five processes so far 
• No time to mention very important pheno linked with resummation of large logs

A. Huss, QCD@LHC-X 2020
A. Huss, QCD@LHC-X 2020 
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Hard scattering cross-section
Perturbative expansion

54
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Perturbative expansion

• The parton-level cross section can be computed as a series in perturbation 
theory, using the coupling constant as an expansion parameter 

16
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NkLO, for k = 0, .., 3. The bands are obtained by varying the perturbative scales by a factor
of 2 around the central scale µcent. = mH/2. We see that, as expected, the scale dependence
�(scale) is reduced considerably as the perturbative order is increased, reaching a few percent
at N3LO. Moreover, we observe a nice convergence of the perturbative series, with the scale
variation band at N3LO strictly contained within the NNLO band. We stress, however, that
this convergent behaviour depends on the choice of the hard scale [6, 7].

In the right panel of figure 1 we show the NCDY cross section at di↵erent orders normal-
ized to the N3LO prediction as a function of the invariant mass Q of the produced lepton
pair. Similar to the case of Higgs production, we observe a considerable reduction of the
dependence on the perturbative scales as the order is increased. At the same time, we find
that the bands obtained from scale variation at NNLO and N3LO do not overlap for invariant
masses 60 GeV . Q . 400 GeV, and this conclusion is independent of the choice of the cen-
tral scale. This clearly shows that care is needed when interpreting scale variation as a tool
to estimate the size of the missing higher orders, especially at high orders in perturbation
theory where we aim for precision predictions.

In order to investigate the relevance and the impact of N3LO computations, we summarize
in table 1 the results for the inclusive production cross section for various 2 ! 1 processes.
All results are obtained for the LHC with

p
S = 13 TeV, and we fold partonic cross sections

with the pdf4lhc15_nnlo_mc set [26]. We show results for the K-factors from NNLO to
N3LO, and we observe that in all cases the N3LO corrections can change the value of the
predictions by a few percent, up to 5% depending on the invariant mass Q considered. We
also show the uncertainty �(scale) on the cross section from varying the perturbative scales
by a factor of 2 up and down around the central scale µcent. = Q/2. We see that in all
cases the residual scale dependence at N3LO is of the order of a few percent. Based on these
results, we conclude that N3LO predictions for hadron collider observables are highly desired
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Figure 1: The left panel shows the Higgs boson production cross section in gluon fusion
as a function of the LHC energy through di↵erent orders in perturbation theory. The right
panel shows the invariant-mass distribution ⌃(Q) of the Drell-Yan production process at the
LHC with

p
S = 13 TeV at di↵erent orders in perturbation theory.
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Dilepton production
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Uncertainties in theory predictions
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µ0 = MH

<latexit sha1_base64="lj4scN0hx8Jtl6lCeNXr178Uw+o=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexKRS9C0UsvQgX7AdtlyabZNjSbLMmsUEp/hhcPinj113jz35i2e9DWBwOP92aYmRelghtw3W+nsLa+sblV3C7t7O7tH5QPj9pGZZqyFlVC6W5EDBNcshZwEKybakaSSLBONLqb+Z0npg1X8hHGKQsSMpA85pSAlfxekoUuvsH3YSMsV9yqOwdeJV5OKihHMyx/9fqKZgmTQAUxxvfcFIIJ0cCpYNNSLzMsJXREBsy3VJKEmWAyP3mKz6zSx7HStiTgufp7YkISY8ZJZDsTAkOz7M3E/zw/g/g6mHCZZsAkXSyKM4FB4dn/uM81oyDGlhCqub0V0yHRhIJNqWRD8JZfXiXti6pXq14+1Cr12zyOIjpBp+gceegK1VEDNVELUaTQM3pFbw44L86787FoLTj5zDH6A+fzB6BAkC4=</latexit>

 Not so good perturbative convergence until N3LO for  !0 =  MH 

N3LO: GLUON FUSION INTO HIGGS

How do we estimate 
uncertainties?


Vary the renormalisation and 
factorisation scale


Typically pick some central scale 
 and vary the scale up and 

down by a factor of 2
μ0
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How do we actually compute all of these?

56

Monte Carlo
Theory

Experiment
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Example: 3 jet production in pp collisions

1. Know the Feynman rules (SM or BSM)

2. Find all possible Subprocesses

97 processes with 781 diagrams generated in 2.994 s

Total: 97 processes with 781 diagrams

3. Compute the amplitude


4. Compute  for each subprocess, sum over spin and colour

5. Integrate over the phase space

|M |2

Focusing on LO
How to compute a LO cross-section

57
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LO calculation of a cross-section

58

How many subprocesses?


Amplitude computation (Feynman diagrams)


Square the amplitude, sum over spin and colour


Integrate over the phase space 

Difficulty

Complexity increases with


• number of particles in the final state 


• number of Feynman diagrams for the process (typically organise these in 
terms of leading couplings: see tutorial)
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Structure of an automated MC generator

I. Input Feynman rules

II. Define initial and final state

III. Automatically find all subprocesses

IV. Compute matrix element (including tricks like helicity amplitudes)

V. Integrate over the phase space by optimising the PS 

parametrisation and sampling 

VI. Unweight and write events in the Les Houches format

59

Next: Shower+Hadronisation 
Detector simulation and reconstruction
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Output of LO MC generators
Les houches events

60

PDG Momenta Mass

All Information needed to pass to parton shower is included in the event

Example: gg>ZZ
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Available public MC generators

61

Matrix element generators (and integrators): 

• MadGraph/MadEvent

• Comix/AMEGIC (part of Sherpa)

• HELAC/PHEGAS

• Whizard

• CalcHEP/CompHEP 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Is Fixed Order enough?

Fixed order computations can’t give us the full picture of what we see 
at the LHC

62

Studied so far Reality
p

Fabio MaltoniFabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) Fabio Maltoni14

pp

µFµF
x1E x2E

`+ `�

long distance

long distance

Phase-space 
integral

Parton density 
functions

Parton-level cross 
section

�
dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)

�

a,b

Master formula for the LHC

p
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An LHC event

63
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1. High-Q  Scattering2 2. Parton Shower 

3. Hadronization 4. Underlying Event 

Sherpa artist

53
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Is fixed order enough?

64
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Limits of fixed-order predictions

?
• Particle multiplicity?
• Jet structure?
• Hadrons?

• Fixed order calculations involve 
only a few partons 


• Not what we see in detectors


• Need Shower and Hadronisation
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A multiscale story

High-  scattering: process 
dependent, systematically improvable 
with higher order corrections, where 
we expect new physics 

Parton Shower: QCD, universal, soft 
and collinear physics

Hadronisation: low , universal, 
based on different models

Underlying event: low , involves 
multiple interactions

Q2

Q2

Q2

65

Colliders, Higgs and the strong interaction — MPG PKS, July 2021Gavin Salam 46

schematic view of key 
components of QCD 

predictions and Monte 
Carlo event simulation
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pattern of particles in 
MC can be directly 

compared to pattern in 
experiment@G.Salam
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Parton Shower
What does the parton shower do/should do?

• Dress partons with radiation with an arbitrary number of branchings


• Preserve the inclusive cross-section: unitary 


• Needs to evolve in scale from Q~1TeV (hard scattering) down to ~GeV

66
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Basics of parton shower
Collinear factorisation

67

small angle=collinear
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 The process factorizes in the collinear limit. This procedure it universal! 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1 + z2
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�
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1 + (1� z)2
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�
.

Notice that what has been roughly called ‘branching probability’ is actually a 
singular factor, so one will need to make sense precisely of this definition.
At the leading contribution to the (n+1)-body cross section the Altarelli-Parisi 
splitting kernels are defined as:

Collinear factorization
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2
a

b

c
θ

Mn+1θ ➞ 0

Collinear factorization

• Consider a process for which two particles are separated by a small angle θ.

• In the limit of θ  ➞ 0 the contribution is coming from a single parent particle 
going on shell: therefore its branching is related to time scales which are very 
long with respect to the hard subprocess.

• The inclusion of such a branching cannot change the picture set up by the hard 
process: the whole emission process must be writable in this limit as the simpler 
one times a branching probability.

• The first task of Monte Carlo physics is to make this statement quantitative.
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2
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θ

Mn+1θ ➞ 0

Collinear factorization

• Consider a process for which two particles are separated by a small angle θ.

• In the limit of θ  ➞ 0 the contribution is coming from a single parent particle 
going on shell: therefore its branching is related to time scales which are very 
long with respect to the hard subprocess.

• The inclusion of such a branching cannot change the picture set up by the hard 
process: the whole emission process must be writable in this limit as the simpler 
one times a branching probability.

• The first task of Monte Carlo physics is to make this statement quantitative.
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θ ➞ 0 ×
b

c

a

2a

Mnθ ≪

• Time scale associated with splitting much longer than the one of the hard scattering


• This kind of splitting should be described by a branching probability


• The parton shower will quantify the probability of emission 

Collinear factorisation: 

Starting with one splitting
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Collinear factorisation and splitting functions

68
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 The process factorizes in the collinear limit. This procedure it universal! 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singular factor, so one will need to make sense precisely of this definition.
At the leading contribution to the (n+1)-body cross section the Altarelli-Parisi 
splitting kernels are defined as:

Collinear factorization

•  is the evolution variable


•  tends to zero in the collinear limit (this factor is singular)


•  energy fraction transferred from parton a to parton b in splitting (  in the soft limit) 


•  azimuthal angle 

t
t

z z → 1
ϕ

The branching probability has the same form for all quantities 


• transverse momentum 


• invariant mass 

∝ θ2

k⊥ ∼ z2(1 − z)2θ2E2

Q2 ∼ z(1 − z)θ2E2

a

b

c
θ

dθ2

θ2
=

dk2
⊥

k2
⊥

=
dQ2

Q2

t ∈ {θ2, k2
⊥, Q2}
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Altarelli-Parisi Splitting functions
Branching has a universal form given by the Altarelli-Parisi splitting 
functions (as we saw in DIS)
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 The process factorizes in the collinear limit. This procedure it universal! 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 The process factorizes in the collinear limit. This procedure it universal! 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 The process factorizes in the collinear limit. This procedure it universal! 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Notice that what has been roughly called ‘branching probability’ is actually a 
singular factor, so one will need to make sense precisely of this definition.
At the leading contribution to the (n+1)-body cross section the Altarelli-Parisi 
splitting kernels are defined as:

Collinear factorization

These functions are universal for each type of splitting
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Multiple emissions
How does this change with multiple emissions?
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Multiple emission

• Now consider Mn+1 as the new core process and use the recipe we used for the 
first emission in order to get the dominant contribution to the (n+2)-body cross 
section: add a new branching at angle much smaller than the previous one: 
 
 

• This can be done for an arbitrary number of emissions. The recipe to get the leading 
collinear singularity is thus cast in the form of an iterative sequence of emissions 
whose probability does not depend on the past history of the system: a ‘Markov 
chain’. No interference!!!
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We can generalise this for an arbitrary number of emissions


Iterative sequence of emissions which does not depend on the history 
(Markov Chain)
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Multiple emission

• Now consider Mn+1 as the new core process and use the recipe we used for the 
first emission in order to get the dominant contribution to the (n+2)-body cross 
section: add a new branching at angle much smaller than the previous one: 
 
 

• This can be done for an arbitrary number of emissions. The recipe to get the leading 
collinear singularity is thus cast in the form of an iterative sequence of emissions 
whose probability does not depend on the past history of the system: a ‘Markov 
chain’. No interference!!!
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Multiple emission

• Now consider Mn+1 as the new core process and use the recipe we used for the 
first emission in order to get the dominant contribution to the (n+2)-body cross 
section: add a new branching at angle much smaller than the previous one: 
 
 

• This can be done for an arbitrary number of emissions. The recipe to get the leading 
collinear singularity is thus cast in the form of an iterative sequence of emissions 
whose probability does not depend on the past history of the system: a ‘Markov 
chain’. No interference!!!
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Multiple emissions
How does this change with multiple emissions?
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Multiple emission

• Now consider Mn+1 as the new core process and use the recipe we used for the 
first emission in order to get the dominant contribution to the (n+2)-body cross 
section: add a new branching at angle much smaller than the previous one: 
 
 

• This can be done for an arbitrary number of emissions. The recipe to get the leading 
collinear singularity is thus cast in the form of an iterative sequence of emissions 
whose probability does not depend on the past history of the system: a ‘Markov 
chain’. No interference!!!
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Multiple emission

• The dominant contribution comes from the region where the subsequently emitted 
partons satisfy the strong ordering requirement: θ ≫ θ’ ≫ θ’’... 
For the rate for multiple emission we get 
 
 
 
 
where Q is a typical hard scale and Q0 is a small infrared cutoff that separates 
perturbative from non perturbative regimes.

• Each power of αs comes with a logarithm. The logarithm can be easily large, and 
therefore it can lead to a breakdown of perturbation theory.
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Dominant contribution comes from subsequent emissions which satisfy strong ordering 



For  emissions the rate takes the form:

θ ≫ θ′ ≫ θ′ ′ 

k

•  is the hard scale and  is an infrared cut off (separating non-perturbative regime)

• Each power of  comes with a logarithm (breakdown of perturbation theory when large) 

Q Q0
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