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EXECUTIVE SUMMARY 3

The EIC is a new electron-ion collider to be built by 2035 at 
Brookhaven National Laboratory.  

Its main goal is to study the structure of nucleons and nuclei.
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https://www.eicug.org

Community Effort to Define EIC Detector

• ~400 authors / ~150 institutions / ~900 pages with strong international contributions!

• Review, community input, and editorial process completed:     
https://arxiv.org/abs/2103.05419

• Best reference guide for EIC detector requirements and technologies

arXiv:2103.05419

https://www.eicug.org
http://www.arxiv.org/abs/2103.05419
http://www.apple.com/uk
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A NEW ERA OF DISCOVERY | THE 2023 LONG RANGE PLAN FOR NUCLEAR SCIENCE

• How do we use atomic nuclei to uncover physics 
beyond the Standard Model?

These questions are addressed by thousands of nu-
clear scientists working in experimental, theoretical, 
and computational investigations. Anchoring this 
world-leading program are the four national user fa-
cilities, each with unique capabilities for addressing 
our science questions: the Argonne Tandem Linac 
Accelerator System (ATLAS), CEBAF, FRIB, and the 
Relativistic Heavy Ion Collider (RHIC). A consor-
tium of 13 university-based accelerator laboratories, 
known collectively as the Association for Research 
at University Nuclear Accelerators (ARUNA) labora-
tories, provide additional capability for cutting-edge 
experiments while training the next-generation scien-
tists in the tools and techniques of nuclear science. 
Our work is done in small and large collaborations 
across the country, connecting theoretical and ex-
perimental researchers at universities and national 
laboratories in a dynamic and exciting enterprise 
that leads to scientific discovery. Our progress on 
these and other intriguing questions since the last 
Long Range Plan—and the many opportunities for 
the future—are covered in this plan. We describe 
some of the many technological and computational 
innovations that drive our field and lead to consider-
able benefits to society. Central to this work are the 
people: we highlight the process of training nuclear 
scientists and how they go on to contribute to our 
nation in many areas.

Our vision for the future builds on the ongoing, 
world-leading US program in nuclear science, 
which includes

• Unfolding the quark and gluon structure of visible 
matter and probing the Standard Model at the 12 
GeV CEBAF facility.

• Exploring the nature of quark–gluon matter and 
the spin structure of the nucleon at the RHIC 
facility and through leadership across the heavy 
ion program at the Large Hadron Collider (LHC).

• Making breakthroughs in our understanding 
of nuclei and their role in the cosmos through 
research at the nation’s low-energy user facilities, 
ATLAS, the newly constructed FRIB, the ARUNA 
laboratories, and key national laboratory 
facilities.

• Carrying out a targeted program of experiments, 
distributed across the United States, that 
reaches for physics beyond the Standard Model 
through rare process searches and precision 
measurements.

gin of visible matter in the universe and significantly 
advance accelerator technology as the first new par-
ticle collider to be constructed since the LHC. Neu-
trinoless double beta decay experiments have the 
potential to dramatically change our understanding 
of the physical laws governing the universe.

RECOMMENDATION 2 
As the highest priority for new experiment con-
struction, we recommend that the United States 
lead an international consortium that will under-
take a neutrinoless double beta decay campaign, 
featuring the expeditious construction of ton-scale 
experiments, using different isotopes and comple-
mentary techniques.

One of the most compelling mysteries in all of sci-
ence is how matter came to dominate over antimat-
ter in the universe. Neutrinoless double beta decay, a 
process that spontaneously creates matter, may hold 
the key to solving this puzzle. Observation of this rare 
nuclear process would unambiguously demonstrate 
that neutrinos are their own antiparticles and would 
reveal the origin and scale of neutrino mass. The nu-
cleus provides the only laboratory through which this 
fundamental physics can be addressed.

The importance of the physics being addressed 
by neutrinoless double beta decay has resulted in 
worldwide excitement and has catalyzed the inter-
national cooperation essential to carrying out a suc-
cessful campaign. An extraordinary discovery of this 
magnitude requires multiple experiments using dif-
ferent techniques for a select set of isotopes. Such 
measurements demand unprecedented sensitivity 
and present unique challenges. Since the 2015 Long 
Range Plan, the US-led CUPID, LEGEND, and nEXO 
international collaborations have made remarkable 
progress with three distinct technologies. An inde-
pendent portfolio review committee has deemed 
these experiments ready to proceed now.

Neutrinoless double beta decay is sensitive to new 
physics spanning very different scales and physical 
mechanisms. The identification of the underlying 
physics will pose a grand challenge and opportuni-
ty for theoretical research. An enhanced theoretical 
effort is an integral component of the campaign and 
is essential for understanding the underlying physics 
of any signal. 

RECOMMENDATION 3
We recommend the expeditious completion of the 
EIC as the highest priority for facility construction.
Protons and neutrons are composed of nearly mass-
less quarks and massless gluons, yet as the build-

• Explaining how data gathered in these endeavors 
are connected and consistent through theory 
and computation. Nuclear theory motivates, 
interprets, and contextualizes experiments, 
opening up fresh research vistas.

Here are the recommendations of the 2023 Long 
Range Plan.

RECOMMENDATION 1 

The highest priority of the nuclear science com-
munity is to capitalize on the extraordinary oppor-
tunities for scientific discovery made possible by 
the substantial and sustained investments of the 
United States. We must draw on the talents of all in 
the nation to achieve this goal.
This recommendation requires

• Increasing the research budget that advances 
the science program through support of 
theoretical and experimental research across the 
country, thereby expanding discovery potential, 
technological innovation, and workforce 
development to the benefit of society. 

• Continuing effective operation of the national 
user facilities ATLAS, CEBAF, and FRIB, and 
completing the RHIC science program, pushing 
the frontiers of human knowledge. 

• Raising the compensation of graduate 
researchers to levels commensurate with 
their cost of living—without contraction of the 
workforce—lowering barriers and expanding 
opportunities in STEM for all, and so boosting 
national competitiveness.

• Expanding policy and resources to ensure a 
safe and respectful environment for everyone, 
realizing the full potential of the US nuclear 
workforce. 

Nuclear science is an ecosystem in which facility 
operations and research at laboratories and universi-
ties by senior investigators, technical staff, postdocs, 
and students work together to drive progress on the 
forefront science questions discussed above and 
throughout this Long Range Plan. A healthy work-
force is central not only to these scientific goals but 
also to the nation’s security, technological innova-
tion, and prosperity. 

Next, we reaffirm the exceptionally high priority of 
the following two investments in new capabilities 
for nuclear physics. The Electron–Ion Collider (EIC), 
to be built in the United States, will elucidate the ori-

ing blocks of atomic nuclei they make up essentially 
all the visible mass in the universe. Their mass and 
other properties emerge from the strong interactions 
of their relativistic constituents in ways that remain 
deeply mysterious. The EIC, to be built in the United 
States, is a powerful discovery machine, a precision 
microscope capable of taking three-dimensional pic-
tures of nuclear matter at femtometer scales. These 
images will uncover how the characteristic proper-
ties of the proton, such as mass and spin, arise from 
the interactions between quarks and gluons, and how 
new phenomena and properties emerge in extremely 
dense gluonic, nuclear environments. 

The EIC will be a unique, large-scale, high-luminosity 
electron–hadron collider and the only collider to be 
built in the world in the next decade. It will be capable 
of colliding high-energy beams of polarized electrons 
with heavy ions, polarized protons, and polarized 
light ions. The EIC will be constructed on the current 
site of RHIC, led by a partnership between Brookhav-
en National Laboratory (BNL) and Jefferson Lab. The 
EIC was put forward as the highest priority for new 
facility construction in the 2015 Long Range Plan. 
Since then, the EIC was launched as a DOE project 
in 2019, and the conceptual design was approved in 
2021. Its expeditious completion remains the high-
est priority for facility construction for the nuclear 
physics community. 

The EIC facility design takes advantage of signif-
icant advances in accelerator and detector tech-
nologies, substantial investments in RHIC, and the 
unique expertise at BNL and Jefferson Lab, fulfilling 
the requirements of the 2018 National Academy of 
Sciences (NAS) report. The EIC’s compelling, unique 
scientific opportunities and cutting-edge technolo-
gies are attracting physicists worldwide, and interna-
tional engagement and contribution are important to 
the collider’s realization and the success of the EIC 
science. Together with ePIC, the general-purpose, 
large-acceptance EIC detector, the EIC will maintain 
US leadership at the frontiers of nuclear physics and 
accelerator science technology. Many applications 
in industry, medicine, and security use particle accel-
erator and detector technologies: leading-edge ac-
celerator and detector technology developments at 
EIC will have broad impact on these sectors.

To achieve the scientific goals of the EIC, a parallel 
investment in quantum chromodynamics (QCD) the-
ory is essential, as recognized in the 2018 NAS re-
port. Progress in theory and computing has already 
helped to drive and refine the physics program of the 
EIC. To maximize the scientific impact of the facility 
and to prepare for the precision expected at the EIC, 
theory must advance on multiple fronts, and new col-
laborative efforts are required.
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machine, a precision microscope 
capable of taking three-dimensional 
pictures of nuclear matter at 
femtometer scales. 
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a parallel investment in quantum chromo-
dynamics (QCD) theory is essential,.  

Progress in theory and computing has 
already helped to drive and refine the 
physics program of the EIC. 

To maximize the scientific impact of the 
facility and to prepare for the precision 
expected at the EIC, theory must advance 
on multiple fronts, and new collaborative 
efforts are required.  
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• wide energy range   GeV   s ∼ 29 − 140

100 to 1000 times  
the luminosity of HERA! 

In principle, in a couple of months 
can get the same statistics as HERA 
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• FAIR: 2.5 billion US dollars (source: Wikipedia)

• Einstein Telescope: 2 billion US dollars (source: Scientific American)

• James Webb Telescope: 10 billion US dollars (source: Wikipedia)

• FCC: 20 billion US dollars (source: Wikipedia)

1.7-2.8 billion US dollars (source: DOE)
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Collaboration
24 countries    
171 Institutions    
500+ members   

Possible second detector
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called quarks. There are six types of quark: up, 
down, strange, charm, bottom and top. The 
proton has a composition of up-up-down, 
while the neutron is up-down-down. 

Down quarks are slightly heavier than up 
quarks, but don’t expect that to explain the 
neutron’s sliver of extra mass: both quark 
masses are tiny. It’s hard to tell exactly how 
tiny, because quarks are never seen singly (see 
“Quark quirks”, right), but the up quark has a 
mass of something like 2 or 3 MeV, and the 
down quark maybe double that – just a tiny 
fraction of the total proton or neutron mass.

Like all fundamental particles, quarks 
acquire these masses through interactions 
with the sticky, all-pervasive Higgs field, the 
thing that makes the Higgs boson. But 
explaining the mass of matter made of 

multiple quarks clearly needs something else.
The answer comes by scaling the sheer 

cliff face that is quantum chromodynamics, 
or QCD. Just as particles have an electrical 
charge that determines their response to the 
electromagnetic force, quarks carry one of 
three “colour charges” that explain their 
interactions via another fundamental force, the 
strong nuclear force. QCD is the theory behind 
the strong force, and it is devilishly complex.

Electrically charged particles can bind 
together by exchanging massless photons. 
Similarly, colour-charged quarks bind 
together to form matter such as protons and 
neutrons by exchanging particles known as 
gluons. Although gluons have no mass, they 
do have energy. What’s more, thanks to 
Einstein’s famous E = mc2, that energy can be 

converted into a froth of quarks (and their 
antimatter equivalents) beyond the three 
normally said to reside in a proton or neutron. 
According to the uncertainty principle of 
quantum physics, these extra particles are 
constantly popping up and disappearing 
again (see diagram, left).

To try and make sense of this quantum 
froth, over the past four decades particle 
theorists have invented and refined a 
technique known as lattice QCD. In much the 
same way that meteorologists and climate 
scientists attempt to simulate the swirling 
complexities of Earth’s atmosphere by 
reducing it to a three-dimensional grid of 
points spaced kilometres apart, lattice QCD 
reduces a nucleon’s interior to a lattice of 
points in a simulated space-time tens of 
femtometres across. Quarks sit at the vertices 
of this lattice, while gluons propagate along 
the edges. By summing up the interactions 
along all these edges, and seeing how they 
evolve step-wise in time, you begin to build up 
a picture of how the nucleon works as a whole.

Trouble is, even with a modest number of 
lattice points – say 100 by 100 by 100 
separated by one-tenth of a femtometre – 

that’s an awful lot of interactions, and lattice 
QCD simulations require a screaming amount 
of computing power. Complicating things  
still further, because quantum physics offers 
no certain outcomes, these simulations must  
be run thousands of times to arrive at an 
“average” answer. To work out where the 
proton and neutron masses come from,  
Fodor and his colleagues had to harness two 
IBM Blue Gene supercomputers and two suites 
of cluster-computing processors. 

The breakthrough came in 2008, when they 
finally arrived at a mass for both nucleons of 
936 MeV, give or take 25 MeV – pretty much  
on the nose (Science, vol 322, p 1224). This 
confirmed that the interaction energies of 
quarks and gluons make up the lion’s share of 
the mass of stuff as we know it. You might feel 
solid, but in fact you’re 99 per cent energy. 

But the calculations were nowhere near 
precise enough to pin down that all-important 
difference between the proton and neutron 
masses, which was still 40 times smaller than 
the uncertainty in the result. What’s more, the 
calculation suffered from a glaring omission: 
the effects of electrical charge, which is 
another source of energy, and therefore mass. 

Heart of the matter
A full explanation of where stuff gets its mass from is buried deep in the atomic nucleus

The protons and neutrons in the nucleus 
make up the vast bulk of matter’s mass

The masses of the three 
up and down quarks 

that make up the charge 
of protons and 

neutrons account 
for only a tiny fraction 

of their total mass

Most of a proton or neutron’s mass is contained in the interaction energies 
of a “sea” of quarks, antiquarks and the gluons that bind them
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“Explaining the 
mass of normal 

matter needs more 
than the Higgs 

boson”

1) How are partons with their spins distributed in space and momentum 
inside the nucleon, such that its properties emerge from their interactions?
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called quarks. There are six types of quark: up, 
down, strange, charm, bottom and top. The 
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charge that determines their response to the 
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called quarks. There are six types of quark: up, 
down, strange, charm, bottom and top. The 
proton has a composition of up-up-down, 
while the neutron is up-down-down. 
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charge that determines their response to the 
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strong nuclear force. QCD is the theory behind 
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together to form matter such as protons and 
neutrons by exchanging particles known as 
gluons. Although gluons have no mass, they 
do have energy. What’s more, thanks to 
Einstein’s famous E = mc2, that energy can be 

converted into a froth of quarks (and their 
antimatter equivalents) beyond the three 
normally said to reside in a proton or neutron. 
According to the uncertainty principle of 
quantum physics, these extra particles are 
constantly popping up and disappearing 
again (see diagram, left).

To try and make sense of this quantum 
froth, over the past four decades particle 
theorists have invented and refined a 
technique known as lattice QCD. In much the 
same way that meteorologists and climate 
scientists attempt to simulate the swirling 
complexities of Earth’s atmosphere by 
reducing it to a three-dimensional grid of 
points spaced kilometres apart, lattice QCD 
reduces a nucleon’s interior to a lattice of 
points in a simulated space-time tens of 
femtometres across. Quarks sit at the vertices 
of this lattice, while gluons propagate along 
the edges. By summing up the interactions 
along all these edges, and seeing how they 
evolve step-wise in time, you begin to build up 
a picture of how the nucleon works as a whole.

Trouble is, even with a modest number of 
lattice points – say 100 by 100 by 100 
separated by one-tenth of a femtometre – 

that’s an awful lot of interactions, and lattice 
QCD simulations require a screaming amount 
of computing power. Complicating things  
still further, because quantum physics offers 
no certain outcomes, these simulations must  
be run thousands of times to arrive at an 
“average” answer. To work out where the 
proton and neutron masses come from,  
Fodor and his colleagues had to harness two 
IBM Blue Gene supercomputers and two suites 
of cluster-computing processors. 

The breakthrough came in 2008, when they 
finally arrived at a mass for both nucleons of 
936 MeV, give or take 25 MeV – pretty much  
on the nose (Science, vol 322, p 1224). This 
confirmed that the interaction energies of 
quarks and gluons make up the lion’s share of 
the mass of stuff as we know it. You might feel 
solid, but in fact you’re 99 per cent energy. 

But the calculations were nowhere near 
precise enough to pin down that all-important 
difference between the proton and neutron 
masses, which was still 40 times smaller than 
the uncertainty in the result. What’s more, the 
calculation suffered from a glaring omission: 
the effects of electrical charge, which is 
another source of energy, and therefore mass. 
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called quarks. There are six types of quark: up, 
down, strange, charm, bottom and top. The 
proton has a composition of up-up-down, 
while the neutron is up-down-down. 
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quarks, but don’t expect that to explain the 
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tiny, because quarks are never seen singly (see 
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thing that makes the Higgs boson. But 
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do have energy. What’s more, thanks to 
Einstein’s famous E = mc2, that energy can be 

converted into a froth of quarks (and their 
antimatter equivalents) beyond the three 
normally said to reside in a proton or neutron. 
According to the uncertainty principle of 
quantum physics, these extra particles are 
constantly popping up and disappearing 
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of this lattice, while gluons propagate along 
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a picture of how the nucleon works as a whole.
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separated by one-tenth of a femtometre – 
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quarks and gluons make up the lion’s share of 
the mass of stuff as we know it. You might feel 
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Standard collinear PDFs 
describe the distribution 
of partons in one 
dimension in momentum 
space.  
 
They are extracted 
through global fits

Accardi et al., arXiv:1603.08906
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Figure 2.2: Representative kinematic coverage in the (x,Q2) plane of the DIS and proton-(anti)proton hard-
scattering measurements that are used as input in a typical fit of unpolarized PDFs, NNPDF3.1 [13]. Di↵erent
datasets have been clustered together into families of related processes. For hadronic cross-sections, leading
order kinematics is assumed to map each experimental bin to a pair of points in the (x,Q2) plane. Additional
precise data from SLAC and Je↵erson Lab exist also in the bottom right corner of the (x,Q2) plane, although
they were excluded from the NNPDF3.1 fit by the cut on the invariant mass of the final state W 2 < 12.5 GeV2

adopted there.

In Fig. 2.3 we present a snapshot of the current understanding of the proton structure in the global
PDF fitting framework. We compare the CT14, MMHT2014 and NNPDF3.1 NNLO PDF sets at
Q = 100 GeV, normalized to the central value of the last. From top to bottom and from left to right we
show the u, d̄ and s quark PDFs and the gluon PDF. The error bands indicate the 68%-confidence level
(CL) PDF uncertainties associated with each set, computed with the corresponding master formula.
We observe that di↵erences for the up quark PDF are small, at the few percent level, but greater
di↵erences are observed for the sea quarks, in particular in the medium and large-x region. For the
gluon there is reasonable agreement except in the large-x region, where NNPDF3.1 is softer than CT14
and MMHT14. Any other comparison plots between PDFs can be straightforwardly obtained using the
APFEL-Web online plotting interface [201].

In addition to these latest versions of the global PDF fits, there has recently been a significant
development of techniques aiming to construct combined PDF sets that are based on a small num-
ber of Hessian eigenvectors or MC replicas and thus are more e�cient to use in lengthy higher-order
computations or Monte Carlo simulations. In particular, the PDF4LHC15 PDF sets are based on
the combination of the CT14, MMHT14 and NNPDF3.1 NNLO PDF sets, subsequently reduced to
a small number of eigenvectors (replicas) using the META-PDF [182] and MC2H [183] (CMC [202])
compression algorithms. In this respect, Specialized Minimal PDF sets [203] (SM-PDFs) have also
been advocated, which are tailored to specific physical processes and are based on a minimal number
of Hessian eigenvectors.

The PDF4LHC15 NLO set [10] is displayed in Fig. 2.4 at µ2 = Q2 = 4 GeV2 and at µ2 = Q2 =
102 GeV2. Specifically, we show the uv = u � ū and dv = d � d̄ valence combinations, the ū, d̄, s and
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Figure 3.2: A comparison of the unpolarized PDF benchmark moments between the lattice QCD computations
and global fit determinations. Results are displayed both in terms of absolute values (left) and ratios to the
lattice values (right) at µ2 = 4 GeV2.

As is apparent from Table 3.7 and Fig. 3.2, there is a significant di↵erence in the uncertainties
between the lattice QCD and global fit results, with the latter always about one order of magnitude
smaller than the former. Moreover, even within their large uncertainties, the lattice-QCD results for
the first moments of the total up and strange quark and the gluon PDFs are not compatible with their
global-fit counterparts. In the case of quarks, the discrepancy is below 2� (in units of the lattice-QCD
uncertainty), while in the case of the gluon the discrepancy is slightly larger than 3�.

On the lattice-QCD side, we note that in the flavor-singlet sector calculations neglected part of the
renormalization and computed some other parts only perturbatively. Most of the discrepancies between
lattice-QCD and global-fit results are observed in the flavor-singlet sector. Progress in taking into
account the renormalization properly could shift lattice-QCD results significantly, and reconcile them
with the global fits in the future. We also note that the momentum sum rule, Eq. (2.53), usually is not
imposed in lattice-QCD calculations. In the ETMC17 analysis [250], it turns out to be 1.071(93)(72),
see Table 3.1, if uncertainties are assumed to be uncorrelated. Although there is no evidence for a
violation of the momentum sum rule based on this result, one must be careful combining results from
di↵erent calculations to account for correlations and other sources of error. Also, note that the ETMC17
analysis is performed with Nf = 2 flavors, hence the strange quark should not participate in the sum
rule.

On the global-fit side, we note that the amount of experimental information that constrains the
total up-quark distribution is the largest among all distributions. Therefore, it seems unlikely that its
global-fit central value could vary significantly in the future, and become compatible with the current
lattice result. Conversely, the amount of experimental information that constrains the total strange
distribution in a global fit is less abundant and less accurate. A slight shift in its central value, towards
the current lattice-QCD results, might be observed in the future, as soon as new data sensitive to the
strange quark becomes available. Finally, in an attempt to reconcile the lattice-QCD and the global-fit
results of the first moment of the gluon PDF, one could assume a completely di↵erent behavior of the
gluon PDF below the HERA kinematic coverage, x ⇠ 10�5 (see Fig. 2.2). While such a kinematic region
remains completely unexplored, in general the contribution of this region to the moments is negligible
and thus unlikely to resolve the situation.
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FIG. 33: Final results for the unpolarized PDF (upper left), helicity PDF (upper right) and transversity PDF (lower), using
the largest momentum P3=10⇡/L (blue curve). The global fits of Refs. [112–114] (unpolarized) , Refs. [115–117] (helicity) ,
Refs. [118] (transversity) are shown for qualitative comparison.

The parameters of the ensembles are expected to satisfy certain criteria for the range of values of the pion mass,
the volume and the lattice spacing, to study uncertainties such as:

• Cuto↵ e↵ects: A reliable control of cuto↵ e↵ects requires at least three values of the lattice spacing smaller than 0.1
fm. Normally, cuto↵ e↵ects are found to be relatively small in lattice hadron structure calculations. In the quasi-PDF
computation, the nucleon is boosted to momenta for which P3 becomes significant in comparison to the inverse lattice
spacing and this may lead to increased cuto↵ e↵ects. We note that for our largest momentum, we have aP3=0.65
which is below the lattice cuto↵ (unlike Refs. [26, 28, 31] where the employed nucleon momenta are significantly above
the lattice cuto↵), and the continuum dispersion relation is still satisfied, as shown in Fig. 4. Still, it is unclear to
what extent the good quality of the dispersion relation translates into discretization e↵ects of the matrix elements
considered here.

• Finite volume e↵ects : Similarly to discretization e↵ects, finite volume e↵ects are also usually found to be rather
small in hadron structure observables. The situation with quasi-PDFs is likely to be somewhat more complicated,
since we use operators with Wilson lines of significant length. The volume behavior of such extended operators was
considered by Briceño et al. [109] within a model using current-current correlators in a scalar theory. Despite the
fact that the model is not directly applicable to our investigation, it does provide a warning that the suppression of
finite volume e↵ects for matrix elements of spatially extended operators may change from the standard exp(�m⇡L)
to (Lm

/|L� z|
n) exp(�mN (L� z)), where m and n are undetermined exponents, which may become dominating for

large z. Thus, finite volume e↵ects may turn out to be a significant source of systematics and their investigation is
crucial in the future.

• Systematic uncertainties in the determination of the renormalization functions : Uncertainties also arise in the
computation of renormalization functions due to the breaking of rotational invariance. We have partly improved our

Alexandrou, Cichy, Constantinou, Hadjiyiannakou, Jansen, Scapellato, Steffens, arXiv:1902.00587  

global fits

lattice calculation 
(quasi-PDF approach)

quarksantiquarks
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Parton Distribution Functions 
• Expected impact on the unpolarized sea quark PDFs from EIC SIDIS 

measurements for identified pions and kaons
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• Moderate impact on
up, down, anti-up and
anti-down

• Major improvement
for strange PDFs,
especially at low x,
and s/light
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Figure 9: 90% C.L. uncertainty estimates for the running integrals of the gluon helicity (left), quark helicity
(middle), and orbital angular momentum (right) distribution at Q2 = 10 GeV2 as a function of xmin. The gray-
shaded band denotes the DSSV08 [17] fit which includes primarily DIS data. The blue-shaded band is based on
the DSSV14 fit [18], which includes polarized p+p data from RHIC collected prior to 2012. The yellow-shaded
band is a projection, which accounts for the most recent RHIC data [19]. The region constrained by current data
lies to the right of the vertical dashed lines.

Q2, the spin of the proton can be written in terms
of its constituents using the Ja↵e–Manohar sum
rule [21]

1

2
=

1

2

Z 1

0
dx�⌃

�
x,Q2

�
+

Z 1

0
dx�g

�
x,Q2

�
+ L(Q2) , (2)

where 1
2�⌃(x,Q2) represents the quark helicity

contribution, and �g(x,Q2) represents the gluon
helicity contribution to the total spin of the pro-
ton. The respective orbital angular momenta of
quarks and gluons are represented by L(Q2) =P

q

⇥
Lq(Q2) + Lq̄(Q2)

⇤
+ Lg(Q2).

Figure 9 shows an extraction of the integrals of
the quark and gluon contributions in Eq. 2, run-
ning between x = xmin and x = 1 with their 90%
confidence level (C.L) uncertainties. The gray-
shaded band is the outcome of the DSSV08 [17]
analysis, which is almost exclusively based on
the existing DIS data. The blue-shaded band
shows the result of the DSSV14 [18] fit, which in-
cludes polarized p+p data from RHIC. The yellow-
shaded region shows the projected constraints on
the parton distributions once all RHIC data col-
lected through 2015 is included. In the plots, the
region to the right of the dashed vertical line is
constrained by current data. It is clear that preci-

sion data are needed to determine the parton con-
tribution to the proton’s spin, especially at low x.
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The fraction of the spin from angular mo-
menta can be obtained by subtracting 1

2�⌃(Q2)
and �G(Q2) from the total spin of the proton, us-
ing the sum rule in Eq. 2. The right panel in Fig. 9
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Q2, the spin of the proton can be written in terms
of its constituents using the Ja↵e–Manohar sum
rule [21]
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contribution, and �g(x,Q2) represents the gluon
helicity contribution to the total spin of the pro-
ton. The respective orbital angular momenta of
quarks and gluons are represented by L(Q2) =P
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Figure 9 shows an extraction of the integrals of
the quark and gluon contributions in Eq. 2, run-
ning between x = xmin and x = 1 with their 90%
confidence level (C.L) uncertainties. The gray-
shaded band is the outcome of the DSSV08 [17]
analysis, which is almost exclusively based on
the existing DIS data. The blue-shaded band
shows the result of the DSSV14 [18] fit, which in-
cludes polarized p+p data from RHIC. The yellow-
shaded region shows the projected constraints on
the parton distributions once all RHIC data col-
lected through 2015 is included. In the plots, the
region to the right of the dashed vertical line is
constrained by current data. It is clear that preci-

sion data are needed to determine the parton con-
tribution to the proton’s spin, especially at low x.
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the quark and gluon contributions in Eq. 2, run-
ning between x = xmin and x = 1 with their 90%
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shows the result of the DSSV14 [18] fit, which in-
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tion g1(x,Q2) (solid line) and 90% C.L. estimates of its
uncertainties (dotted lines) as a function of the momen-
tum fraction x at Q2 = 10GeV2. Unlike in Fig. 2, the
alternative fits at 90% C.L. now include combined vari-
ations of quark and gluon helicity PDFs away from the
DSSV 2014 best fit [17] which lead to uncertainties at
least twice as large as for the variations just based on ∆g
shown in Fig. 2. We note that throughout our paper the
allowed ranges of variations at 90% C.L. are determined
for each of the shown results by the robust Lagrange
multiplier technique and dynamic tolerances for the ap-
propriate increase in the χ2 of the fit similar to what is
done in most of the recent PDF fits [24].
To illustrate once again the accuracy of future mea-

surements at an EIC, we also show here a few repre-
sentative projected data points taken from Fig. 2 in the
relevant Q2 regime around 10GeV2 for the three differ-
ent c.m.s. energies we consider. Clearly, measurements
of g1(x,Q2) at small x will dramatically reduce the un-
certainties in the quark helicity PDFs and, indirectly,
through the coupled QCD scale evolution of quarks and
gluons also in ∆g(x,Q2). At any given x, scaling viola-
tions for g1(x,Q2) will further constrain ∆g(x,Q2). As
was already shown in Fig. 2, they are numerically not
very pronounced for the optimum DSSV 2014 fit, which
can be also inferred from Fig. 3, where we show g1(x,Q2)
at Q2 = 1 and 100GeV2 in addition to our default scale
of 10GeV2. However, each of the alternative fits exhibits
a somewhat different Q2 dependence driven by the uncer-
tainties in the x shapes of the quark and gluon densities.
For x ! 0.01, the scale dependence of g1(x,Q2) in the
range from Q2 = 1 to 100GeV2 is typically larger than
the uncertainty on g1(x,Q2) from present data.

III. PRESENT STATUS OF ∆g AND IMPACT
OF PROJECTED RHIC AND EIC DATA

Before addressing the question of how precisely an EIC
will constrain the total gluon and quark polarizations in
the spin decomposition (2), and, indirectly, also the total
OAM L, it is important to first make a precise assessment
of how well these quantities are expected to be known by
the end of the current experimental programs, in partic-
ular, RHIC spin. This will set the best possible baseline
to judge on the impact a future EIC could have in the
field of QCD spin physics.
Different indicators and measures can be adopted to

quantify how well the gluon helicity density and the re-
sulting contribution ∆g(Q2) to the proton’s spin are con-
strained by data. The standard way to study uncertain-
ties as a function of the parton’s momentum fraction x
at a given Q2 in a global QCD fit to all available data
is certainly the most obvious possibility, however, it nei-
ther provides an immediate idea of the accuracy for the
phenomenologically interesting x-integral (1) that is the
focus of our study, nor does it indicate the relevance of
the different regions in x probed by the different experi-
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FIG. 4: [color online] The running integral of the gluon he-
licity distribution at Q2 = 10GeV2 as a function of xmin ac-
cording to the DSSV 2014 analysis [17] (solid line) and 90%
C.L. uncertainty estimates (shaded bands) based on global
QCD fits utilizing different sets of existing and projected pp
and EIC data (see text).

ments used in the fit.
Instead, we choose to present most of our results in

terms of the “running integral” of, for instance, the gluon
helicity density, defined analogously to Eq. (1) as

∆g(Q2, xmin) ≡
∫ 1

xmin

dx∆g(x,Q2) , (3)

which represents the share of the proton spin (2) from
gluons as a function of the lower integration limit xmin.
Its uncertainty takes into account the non-trivial corre-
lations between the different regions of x contributing to
(3). By varying xmin in (3), one can explore how low in x
– or, alternatively, how high in

√
s – one likely needs to go

with future experiments to reduce x → 0 extrapolation
uncertainties to a level small enough to make meaningful
statements about how gluons and quarks in the proton
make up its spin. To study the important question of
the convergence of (3) with xmin in more detail, we will
also compute the contributions to (3) from different bins
[xmin, xmax] in x in case of ∆g.
To estimate the impact of past, current, and future

data sets on ∆g and ∆Σ we proceed in steps. To this
end, we will present uncertainty estimates for various
running integrals by including different data sets one-
by-one into our global analysis framework. As we have
mentioned already, to demonstrate the impact an EIC
will have on∆g in the future, we should take into account
the experimental information that is expected to become
available soon from the RHIC spin program. Essentially,

gluon spin w/ EIC

Aschenauer et al., arXiv:1708.01527 and arXiv:1509.06489

http://www.arXiv.org/abs/1708.01527
http://arxiv.org/abs/arXiv:1509.06489


EIC IMPACT ON POLARIZED PDFS 45

 

-0.5

0

0.5

1

1.5

xmin xmin xmin

0

0.2

0.4

0.6

0.8

1

-0.2

0

0.2

0.4

0.6

0.8

∫d
xΔ

g(
x,

Q
2 )

1 x m
in ∫d

xΔ
Σ

(x
,Q

2 )
1 x m

in

½
-∫

dx
[½

Δ
Σ

(x
,Q

2 )+
Δ

g(
x,

Q
2 )]

1 x m
in

10-6 10-5 10-4 10-3 10-2 10-1 1 10-6 10-5 10-4 10-3 10-2 10-1 1 10-6 10-5 10-4 10-3 10-2 10-1 1

Q2 = 10 GeV2 Q2 = 10 GeV2

DSSV 2008
90% C.L. band

DSSV 2014
90% C.L. band

DSSV 2008
90% C.L. band

DSSV 2014
90% C.L. band

DSSV 2014
90% C.L. band

DIS+SIDIS 
no pp data in fit

RHIC spin
projected data 
up to 2015

Data
Data

Figure 9: 90% C.L. uncertainty estimates for the running integrals of the gluon helicity (left), quark helicity
(middle), and orbital angular momentum (right) distribution at Q2 = 10 GeV2 as a function of xmin. The gray-
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Q2, the spin of the proton can be written in terms
of its constituents using the Ja↵e–Manohar sum
rule [21]
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2�⌃(x,Q2) represents the quark helicity

contribution, and �g(x,Q2) represents the gluon
helicity contribution to the total spin of the pro-
ton. The respective orbital angular momenta of
quarks and gluons are represented by L(Q2) =P
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⇤
+ Lg(Q2).

Figure 9 shows an extraction of the integrals of
the quark and gluon contributions in Eq. 2, run-
ning between x = xmin and x = 1 with their 90%
confidence level (C.L) uncertainties. The gray-
shaded band is the outcome of the DSSV08 [17]
analysis, which is almost exclusively based on
the existing DIS data. The blue-shaded band
shows the result of the DSSV14 [18] fit, which in-
cludes polarized p+p data from RHIC. The yellow-
shaded region shows the projected constraints on
the parton distributions once all RHIC data col-
lected through 2015 is included. In the plots, the
region to the right of the dashed vertical line is
constrained by current data. It is clear that preci-

sion data are needed to determine the parton con-
tribution to the proton’s spin, especially at low x.
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the structure function g1, based on the DSSV14 ex-
traction [19]. The dotted lines show the results for
alternative fits that are within the 90% C.L. limit.

The fraction of the spin from angular mo-
menta can be obtained by subtracting 1

2�⌃(Q2)
and �G(Q2) from the total spin of the proton, us-
ing the sum rule in Eq. 2. The right panel in Fig. 9
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the quark and gluon contributions in Eq. 2, run-
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uncertainties (dotted lines) as a function of the momen-
tum fraction x at Q2 = 10GeV2. Unlike in Fig. 2, the
alternative fits at 90% C.L. now include combined vari-
ations of quark and gluon helicity PDFs away from the
DSSV 2014 best fit [17] which lead to uncertainties at
least twice as large as for the variations just based on ∆g
shown in Fig. 2. We note that throughout our paper the
allowed ranges of variations at 90% C.L. are determined
for each of the shown results by the robust Lagrange
multiplier technique and dynamic tolerances for the ap-
propriate increase in the χ2 of the fit similar to what is
done in most of the recent PDF fits [24].
To illustrate once again the accuracy of future mea-

surements at an EIC, we also show here a few repre-
sentative projected data points taken from Fig. 2 in the
relevant Q2 regime around 10GeV2 for the three differ-
ent c.m.s. energies we consider. Clearly, measurements
of g1(x,Q2) at small x will dramatically reduce the un-
certainties in the quark helicity PDFs and, indirectly,
through the coupled QCD scale evolution of quarks and
gluons also in ∆g(x,Q2). At any given x, scaling viola-
tions for g1(x,Q2) will further constrain ∆g(x,Q2). As
was already shown in Fig. 2, they are numerically not
very pronounced for the optimum DSSV 2014 fit, which
can be also inferred from Fig. 3, where we show g1(x,Q2)
at Q2 = 1 and 100GeV2 in addition to our default scale
of 10GeV2. However, each of the alternative fits exhibits
a somewhat different Q2 dependence driven by the uncer-
tainties in the x shapes of the quark and gluon densities.
For x ! 0.01, the scale dependence of g1(x,Q2) in the
range from Q2 = 1 to 100GeV2 is typically larger than
the uncertainty on g1(x,Q2) from present data.

III. PRESENT STATUS OF ∆g AND IMPACT
OF PROJECTED RHIC AND EIC DATA

Before addressing the question of how precisely an EIC
will constrain the total gluon and quark polarizations in
the spin decomposition (2), and, indirectly, also the total
OAM L, it is important to first make a precise assessment
of how well these quantities are expected to be known by
the end of the current experimental programs, in partic-
ular, RHIC spin. This will set the best possible baseline
to judge on the impact a future EIC could have in the
field of QCD spin physics.
Different indicators and measures can be adopted to

quantify how well the gluon helicity density and the re-
sulting contribution ∆g(Q2) to the proton’s spin are con-
strained by data. The standard way to study uncertain-
ties as a function of the parton’s momentum fraction x
at a given Q2 in a global QCD fit to all available data
is certainly the most obvious possibility, however, it nei-
ther provides an immediate idea of the accuracy for the
phenomenologically interesting x-integral (1) that is the
focus of our study, nor does it indicate the relevance of
the different regions in x probed by the different experi-
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FIG. 4: [color online] The running integral of the gluon he-
licity distribution at Q2 = 10GeV2 as a function of xmin ac-
cording to the DSSV 2014 analysis [17] (solid line) and 90%
C.L. uncertainty estimates (shaded bands) based on global
QCD fits utilizing different sets of existing and projected pp
and EIC data (see text).

ments used in the fit.
Instead, we choose to present most of our results in

terms of the “running integral” of, for instance, the gluon
helicity density, defined analogously to Eq. (1) as

∆g(Q2, xmin) ≡
∫ 1

xmin

dx∆g(x,Q2) , (3)

which represents the share of the proton spin (2) from
gluons as a function of the lower integration limit xmin.
Its uncertainty takes into account the non-trivial corre-
lations between the different regions of x contributing to
(3). By varying xmin in (3), one can explore how low in x
– or, alternatively, how high in

√
s – one likely needs to go

with future experiments to reduce x → 0 extrapolation
uncertainties to a level small enough to make meaningful
statements about how gluons and quarks in the proton
make up its spin. To study the important question of
the convergence of (3) with xmin in more detail, we will
also compute the contributions to (3) from different bins
[xmin, xmax] in x in case of ∆g.
To estimate the impact of past, current, and future

data sets on ∆g and ∆Σ we proceed in steps. To this
end, we will present uncertainty estimates for various
running integrals by including different data sets one-
by-one into our global analysis framework. As we have
mentioned already, to demonstrate the impact an EIC
will have on∆g in the future, we should take into account
the experimental information that is expected to become
available soon from the RHIC spin program. Essentially,
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present data, in light cyan, and those that one would
expect from the projected EIC measurements. The diag-
onal lines represent the combinations of low and high x

contributions for which the resulting orbital angular mo-
mentum would be as large as the proton spin and parallel
to it, vanishing, or exactly opposite. The EIC data would
be able to discard at least one of these extreme scenarios,
and perhaps two of them.

B. Impact of Semi-Inclusive Deep Inelastic
Scattering Data

In the following we discuss the impact that the
EIC measurements of the semi-inclusive production of
charged pions and kaons in collisions between longitudi-
nally polarized electrons and protons will have in con-
straining helicity of quarks.

We restrict the analysis to transverse-momentum in-
tegrated final-state hadrons produced in the current-
fragmentation region. Even though the QCD frame-
work to describe transverse-momentumdependent final-
state hadron production is known at NLO accuracy [32]
as well as hadron production in the target fragmentation
region in terms of fracture functions [33, 34] in the un-
polarized case, the helicity dependent framework is still
in development.

As we have already shown in Sec. II B, that charged
pion and kaon SIDIS spin asymmetries have the potential
to pin down sea quark helicities, complementing inclusive
DIS measurements, that at least in the electromagnetic
case, are unable to disentangle quark and antiquark helic-
ities. Even though the NLO framework for longitudinally
polarized DIS processes mediated by weak vector bosons
is well known [31], it has not been explored yet, leav-

FIG. 12: The same as Fig.11, but in a common scale for com-
parison. The red curve represents the central values of the
truncated moments as a function of xmin, computed extrap-
olating the DSSV14 scenario.
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FIG. 13: Room left for potential orbital angular momentum
contributions to the proton spin according to present data
and future EIC measurements.

ing pion and kaon SIDIS as the main tools to probe sea
quark polarization as a function of the parton momen-
tum fraction. The EIC allows to extend the kinematical
reach of those measurements and improve dramatically
their precision.

In Fig. 14 we show the impact of the projected SIDIS
measurements on the sea quark helicity distributions.
The light cyan bands in the lefthand, center and right-
hand side panels represent the uncertainty estimates from
DSSV14 for �u, �d and �s, respectively at Q

2 = 10
GeV2. In the DSSV14 analysis, these distributions
are constrained by charged pion, kaon, and unidenti-
fied charged hadrons SIDIS data that reach down to
x = 5.2 10�3. In the case of strange quarks, the charge
conjugation symmetry assumption, �s = �s, together
with the hyperon semi-leptonic �-decay data on the full
moments, constrain further the helicity distribution. The
sky blue bands in Fig. 14 show the uncertainty estimated
by the Monte Carlo sampling variant of DSSV14 that in-
cludes also EIC inclusive DIS pseudodata at

p
s = 44.7

GeV. An inclusive DIS data set by itself would be unable
to constrain the sea-quark densities, however, combined
with the SIDIS data already present in the fit, improve
the determination in the region of overlap. This e↵ect is
milder for �u and �d, however in the case of the strange
quarks, the impact is much more noticeable, specially at
intermediate and large x. Remember that the charge con-
jugation symmetry assumption turns the strange quark
distribution e↵ectively into a �q + �q quantity for in-
clusive measurements. On the other hand, the increased
flexibility of the new replica set, bypass the hyperon de-
cay constraints at very small-x.

The results of reweighting the replicas with EIC SIDIS
pseudo-data at

p
s = 44.7 and

p
s = 141.4 GeV are

shown as royal blue and dark blue bands, respectively.
The reduction of the uncertainties driven by the inclu-
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FIG. 2: Comparison between theoretical predictions and data
from JLab 6 GeV PVDIS (solid points) and SLAC E122 (open
points) experiments as a function of Q2. Upper panel: elec-
tron e� asymmetry APV of Eq. (7). Central panel: rela-
tive difference with SM predictions for the E122 asymmetry.
Lower panel: same for the PVDIS asymmetry. Uncertainty
bands correspond to the 68% C.L.

CONCLUSIONS

In this paper, we explored the impact of violating QCD
parity invariance (strong P violation) on nucleon struc-
ture, focusing on inclusive DIS with longitudinally polar-
ized leptons and unpolarized targets. This leads to the
introduction of a new P-odd and CP-even PDF, denoted
as gPV

1 , that describes the difference in the probability
to find right-handed vs. left-handed quarks inside an
unpolarized proton. This function generates a new con-
tribution to the structure function F3 from pure photon
exchange.

We briefly discuss DIS with an unpolarized lepton
beam and a longitudinally polarized target, introducing
another function, denoted as fPV

1L , which is P-odd and
CP-odd, and is related to the proton electric dipole mo-
ment.

To estimate the size of gPV
1 , we perform a fit to existing

experimental data from HERA, SLAC, and JLab, which
are sensitive to PV effects. As a preliminary model,
we assume that the PV PDFs are proportional to their
parity-even counterparts and we fit the proportionality
constant, a. Our analysis shows that including strong
PV contributions improves the description of the data.
We obtain the value a = (�1.01 ± 0.66) · 10�4, which
indicates that there are more left-handed quarks than
right-handed ones in an unpolarized proton.

We emphasize that detecting strong P violation could
have implications beyond nucleon structure, potentially
shedding light on the matter-antimatter asymmetry in
the universe. We highlight the potential for future anal-
yses of experimental data from DIS processes with dif-
ferent lepton beam polarizations and charges, especially
from experiments like the 12 GeV program of Jefferson
Lab and the future Electron Ion Collider, which may con-
firm or constrain strong P violation.
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points) experiments as a function of Q2. Upper panel: elec-
tron e� asymmetry APV of Eq. (7). Central panel: rela-
tive difference with SM predictions for the E122 asymmetry.
Lower panel: same for the PVDIS asymmetry. Uncertainty
bands correspond to the 68% C.L.

CONCLUSIONS

In this paper, we explored the impact of violating QCD
parity invariance (strong P violation) on nucleon struc-
ture, focusing on inclusive DIS with longitudinally polar-
ized leptons and unpolarized targets. This leads to the
introduction of a new P-odd and CP-even PDF, denoted
as gPV

1 , that describes the difference in the probability
to find right-handed vs. left-handed quarks inside an
unpolarized proton. This function generates a new con-
tribution to the structure function F3 from pure photon
exchange.

We briefly discuss DIS with an unpolarized lepton
beam and a longitudinally polarized target, introducing
another function, denoted as fPV

1L , which is P-odd and
CP-odd, and is related to the proton electric dipole mo-
ment.

To estimate the size of gPV
1 , we perform a fit to existing

experimental data from HERA, SLAC, and JLab, which
are sensitive to PV effects. As a preliminary model,
we assume that the PV PDFs are proportional to their
parity-even counterparts and we fit the proportionality
constant, a. Our analysis shows that including strong
PV contributions improves the description of the data.
We obtain the value a = (�1.01 ± 0.66) · 10�4, which
indicates that there are more left-handed quarks than
right-handed ones in an unpolarized proton.

We emphasize that detecting strong P violation could
have implications beyond nucleon structure, potentially
shedding light on the matter-antimatter asymmetry in
the universe. We highlight the potential for future anal-
yses of experimental data from DIS processes with dif-
ferent lepton beam polarizations and charges, especially
from experiments like the 12 GeV program of Jefferson
Lab and the future Electron Ion Collider, which may con-
firm or constrain strong P violation.
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FIG. 2: Comparison between theoretical predictions and data
from JLab 6 GeV PVDIS (solid points) and SLAC E122 (open
points) experiments as a function of Q2. Upper panel: elec-
tron e� asymmetry APV of Eq. (7). Central panel: rela-
tive difference with SM predictions for the E122 asymmetry.
Lower panel: same for the PVDIS asymmetry. Uncertainty
bands correspond to the 68% C.L.
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ized leptons and unpolarized targets. This leads to the
introduction of a new P-odd and CP-even PDF, denoted
as gPV

1 , that describes the difference in the probability
to find right-handed vs. left-handed quarks inside an
unpolarized proton. This function generates a new con-
tribution to the structure function F3 from pure photon
exchange.

We briefly discuss DIS with an unpolarized lepton
beam and a longitudinally polarized target, introducing
another function, denoted as fPV

1L , which is P-odd and
CP-odd, and is related to the proton electric dipole mo-
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To estimate the size of gPV
1 , we perform a fit to existing

experimental data from HERA, SLAC, and JLab, which
are sensitive to PV effects. As a preliminary model,
we assume that the PV PDFs are proportional to their
parity-even counterparts and we fit the proportionality
constant, a. Our analysis shows that including strong
PV contributions improves the description of the data.
We obtain the value a = (�1.01 ± 0.66) · 10�4, which
indicates that there are more left-handed quarks than
right-handed ones in an unpolarized proton.
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have implications beyond nucleon structure, potentially
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ferent lepton beam polarizations and charges, especially
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CONCLUSIONS

In this paper, we explored the impact of violating QCD
parity invariance (strong P violation) on nucleon struc-
ture, focusing on inclusive DIS with longitudinally polar-
ized leptons and unpolarized targets. This leads to the
introduction of a new P-odd and CP-even PDF, denoted
as gPV

1 , that describes the difference in the probability
to find right-handed vs. left-handed quarks inside an
unpolarized proton. This function generates a new con-
tribution to the structure function F3 from pure photon
exchange.

We briefly discuss DIS with an unpolarized lepton
beam and a longitudinally polarized target, introducing
another function, denoted as fPV

1L , which is P-odd and
CP-odd, and is related to the proton electric dipole mo-
ment.

To estimate the size of gPV
1 , we perform a fit to existing

experimental data from HERA, SLAC, and JLab, which
are sensitive to PV effects. As a preliminary model,
we assume that the PV PDFs are proportional to their
parity-even counterparts and we fit the proportionality
constant, a. Our analysis shows that including strong
PV contributions improves the description of the data.
We obtain the value a = (�1.01 ± 0.66) · 10�4, which
indicates that there are more left-handed quarks than
right-handed ones in an unpolarized proton.

We emphasize that detecting strong P violation could
have implications beyond nucleon structure, potentially
shedding light on the matter-antimatter asymmetry in
the universe. We highlight the potential for future anal-
yses of experimental data from DIS processes with dif-
ferent lepton beam polarizations and charges, especially
from experiments like the 12 GeV program of Jefferson
Lab and the future Electron Ion Collider, which may con-
firm or constrain strong P violation.
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expressed as a convolution over the partonic transverse momenta of two TMD PDFs:
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In the above equation, HDY is the hard factor, which can be computed order by order in the strong coupling ↵s

and is equal to 1 at leading order.3 This function encodes the virtual part of the hard scattering and depends on
the hard scale Q and on the renormalisation scale µ. The unpolarized TMDs are denoted by f1. They depend
on the renormalization scale µ and the rapidity scale ⇣. The rapidity scales must obey the relation ⇣A⇣B = Q

4.
Throughout the paper, we will set µ2 = ⇣A = ⇣B = Q

2.
The following definition of the Fourier transform of the TMD PDFs has been used:4
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The structure of the TMD PDFs will be addressed in details in Sec. II C. The transverse momentum of the
active quark and antiquark are denoted as k?A,B . At low transverse momenta, the two variables xA,B take the
values:

xA =
Qp
s
e
y
, xB =

Qp
s
e
�y

. (6)

The summation over a in Eq. (4) runs over the active quarks and antiquarks at the scale Q, and ca(Q2) are
the respective electroweak charges given by

ca(Q
2) = e

2
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where ea, Va, and Aa are the electric, vector, and axial charges of the flavor a, respectively; V` and A` are the
vector and axial charges of the lepton `; sin ✓W is the weak mixing angle; MZ and �Z are mass and width of
the Z boson.

As discussed in Sec. III and summarized in Tab. II, for DY production the observable provided by the
experimental collaborations is the (normalized) cross section di↵erential with respect to |qT |. For each bin
delimited by the initial (i) and final (f) values of kinematical variables, the experimental values are compared
with the following theoretical quantity:

Oth
DY, 1(|qT |i,f , yi,f , Qi,f ) =

 
|qT |f

|qT |i

d|qT |
ˆ yf

yi

dy

ˆ Qf

Qi

dQ
d�
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d|qT | dy dQ
, (10)

where the
�

symbol represents the integral divided by the width of the integration range. Hence, Eq. (10)
corresponds to the cross section in Eq. (3) averaged over the transverse momentum and integrated over rapidity
and invariant mass of the exchanged boson. The normalized cross section is obtained by dividing both sides of
Eq. (10) by the appropriate fiducial cross section, which is computed by employing the DYNNLO code [35, 36].5

3 In the present work, we follow the definition of Ref. [34].
4 Notice that in Ref. [5] the Fourier transform was defined with an extra 1/(2⇡) factor.
5 See https://www.physik.uzh.ch/en/groups/grazzini/research/Tools.html

http://www.arxiv.org/abs/2304.03302


TMD STRUCTURE 53

see, e.g.,  Collins, “Foundations of Perturbative QCD” (11) 
TMD collaboration, “TMD Handbook,” arXiv:2304.03302 
 

4

expressed as a convolution over the partonic transverse momenta of two TMD PDFs:

F
1
UU

�
xA, xB , |qT |, Q

�

= xA xB HDY(Q,µ)
X

a

ca(Q
2)

ˆ
d
2k?A d

2k?B f
a
1 (xA,k

2
?A;µ, ⇣A) f

ā
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ā
1 (xB ,k

2
?B ;µ, ⇣B) �

(2)(k?A + k?B � qT )

=
xAxB

2⇡
HDY(Q,µ)

X

a

ca(Q
2)

ˆ +1

0
d|bT ||bT |J0

�
|bT ||qT |

�
f̂
a
1 (xA, b

2
T ;µ, ⇣A) f̂

ā
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The structure of the TMD PDFs will be addressed in details in Sec. II C. The transverse momentum of the
active quark and antiquark are denoted as k?A,B . At low transverse momenta, the two variables xA,B take the
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where ea, Va, and Aa are the electric, vector, and axial charges of the flavor a, respectively; V` and A` are the
vector and axial charges of the lepton `; sin ✓W is the weak mixing angle; MZ and �Z are mass and width of
the Z boson.

As discussed in Sec. III and summarized in Tab. II, for DY production the observable provided by the
experimental collaborations is the (normalized) cross section di↵erential with respect to |qT |. For each bin
delimited by the initial (i) and final (f) values of kinematical variables, the experimental values are compared
with the following theoretical quantity:
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where the
�

symbol represents the integral divided by the width of the integration range. Hence, Eq. (10)
corresponds to the cross section in Eq. (3) averaged over the transverse momentum and integrated over rapidity
and invariant mass of the exchanged boson. The normalized cross section is obtained by dividing both sides of
Eq. (10) by the appropriate fiducial cross section, which is computed by employing the DYNNLO code [35, 36].5

3 In the present work, we follow the definition of Ref. [34].
4 Notice that in Ref. [5] the Fourier transform was defined with an extra 1/(2⇡) factor.
5 See https://www.physik.uzh.ch/en/groups/grazzini/research/Tools.html
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where ea, Va, and Aa are the electric, vector, and axial charges of the flavor a, respectively; V` and A` are the
vector and axial charges of the lepton `; sin ✓W is the weak mixing angle; MZ and �Z are mass and width of
the Z boson.

As discussed in Sec. III and summarized in Tab. II, for DY production the observable provided by the
experimental collaborations is the (normalized) cross section di↵erential with respect to |qT |. For each bin
delimited by the initial (i) and final (f) values of kinematical variables, the experimental values are compared
with the following theoretical quantity:
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where the
�

symbol represents the integral divided by the width of the integration range. Hence, Eq. (10)
corresponds to the cross section in Eq. (3) averaged over the transverse momentum and integrated over rapidity
and invariant mass of the exchanged boson. The normalized cross section is obtained by dividing both sides of
Eq. (10) by the appropriate fiducial cross section, which is computed by employing the DYNNLO code [35, 36].5

3 In the present work, we follow the definition of Ref. [34].
4 Notice that in Ref. [5] the Fourier transform was defined with an extra 1/(2⇡) factor.
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where ea, Va, and Aa are the electric, vector, and axial charges of the flavor a, respectively; V` and A` are the
vector and axial charges of the lepton `; sin ✓W is the weak mixing angle; MZ and �Z are mass and width of
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As discussed in Sec. III and summarized in Tab. II, for DY production the observable provided by the
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Accuracy SIDIS 
HERMES

SIDIS 
COMPASS

DY fixed 
target DY collider N of points χ2/Npoints

Pavia 2017 
arXiv:1703.10157 NLL ✔ ✔ ✔ ✔ 8059 1.55

SV 2019 
arXiv:1912.06532 N3LL− ✔ ✔ ✔ ✔ 1039 1.06

MAP22 
arXiv:2206.07598 N3LL− ✔ ✔ ✔ ✔ 2031 1.06
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FIG. 12: Graphical representation of the correlation matrix for the fitted parameters.
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FIG. 13: The TMD PDF of the up quark in a proton at µ =
p
⇣ = Q = 2 GeV (left panel) and 10 GeV (right panel) as

a function of the partonic transverse momentum |k?| for x = 0.001, 0.01 and 0.1. The uncertainty bands represent the
68% CL.

Fig. 3). Future data from the Electron-Ion Collider (EIC) are expected to play an important role in getting a
better description of the TMD PDFs at low x [107, 108].

In Fig. 14, we show the TMD FF for the up quark fragmenting into a ⇡
+ at µ =

p
⇣ = Q = 2 GeV (left

panel) and 10 GeV (right panel) as a function of the pion transverse momentum |P?| (with respect to the
fragmenting quark axis) for two di↵erent values of z = 0.3 and 0.6. As in the previous figure, the uncertainty
bands correspond to the 68% CL. In both left and right panels, an additional structure clearly emerges at
intermediate P?, especially at z = 0.3, which is induced by the weighted Gaussian in Eq. (39). Further
investigations on this topic are needed, and data from electron-positron annihilations would be valuable to
better explore these features.

We stress that the error bands displayed in Figs. 13-14 reflect the uncertainty on the fitted parameters (see
Eqs. (38)-(39)) that are determined by taking into account the uncertainty on the collinear PDFs and FFs as
discussed in Sec. III C. However, since the fits are performed using the central set of the collinear distributions,
all TMD replicas have the same integral in k? (i.e., their values at bT = 0 are the same). As a consequence,
the plots in Figs. 13-14 only partially account for the error of the collinear distributions.
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68% CL.

Fig. 3). Future data from the Electron-Ion Collider (EIC) are expected to play an important role in getting a
better description of the TMD PDFs at low x [107, 108].

In Fig. 14, we show the TMD FF for the up quark fragmenting into a ⇡
+ at µ =

p
⇣ = Q = 2 GeV (left

panel) and 10 GeV (right panel) as a function of the pion transverse momentum |P?| (with respect to the
fragmenting quark axis) for two di↵erent values of z = 0.3 and 0.6. As in the previous figure, the uncertainty
bands correspond to the 68% CL. In both left and right panels, an additional structure clearly emerges at
intermediate P?, especially at z = 0.3, which is induced by the weighted Gaussian in Eq. (39). Further
investigations on this topic are needed, and data from electron-positron annihilations would be valuable to
better explore these features.

We stress that the error bands displayed in Figs. 13-14 reflect the uncertainty on the fitted parameters (see
Eqs. (38)-(39)) that are determined by taking into account the uncertainty on the collinear PDFs and FFs as
discussed in Sec. III C. However, since the fits are performed using the central set of the collinear distributions,
all TMD replicas have the same integral in k? (i.e., their values at bT = 0 are the same). As a consequence,
the plots in Figs. 13-14 only partially account for the error of the collinear distributions.
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FIG. 14: The TMD FF for an up quark fragmenting into a ⇡
+ at µ =

p
⇣ = Q = 2 GeV (left panel) and 10 GeV (right

panel) as a function of the hadron transverse momentum |P?| for z = 0.3 and 0.6. The uncertainty bands represent the
68% CL.

1. Collins–Soper kernel

It is interesting to study the Collins–Soper kernel [6, 109] that drives the evolution of TMDs in terms of the
rapidity scale ⇣. Recent discussions of this crucial component of the TMD formalism have been presented in
Refs. [110, 111] and estimates based on lattice QCD have been proposed in Refs. [112–114].

The Collins–Soper kernel, as written in Eq. (36), is composed of two parts. The first part can be calculated
perturbatively at NkLL accuracy, and is computed at b⇤:
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, (58)

where K
(n,0) and �

(n)
K are coe�cients of the perturbative expansion (see, e.g., Ref. [34]). Note that the integral

on the r.h.s. is directly computed by means of numerical integration, thus providing a fully resummed result.
The second part, denoted as gK , cannot be computed in perturbation theory and is one of the results of our fit.
Only the full Collins–Soper kernel can be compared with other works.

In Fig. 15, we show the Collins–Soper kernel as a function of |bT | by conventionally keeping the scale µ fixed
at 2 GeV, for our present analysis (MAPTMD22, green band) and for four other analyses in the literature [5, 7,
20, 22]. The solid lines at low |bT | follow the perturbative result. For MAPTMD22, PV19 [7] and PV17 [5], they
correspond to setting bmin = 0 for sake of comparison with the other SV19 [22], SV17 [20] results. The slight
di↵erences between the curves are due to the di↵erent logarithmic accuracies of the perturbative calculations:
the PV17 analysis was performed at NLL, the SV17 analysis at N2LL, the PV19, SV19 and MAPTMD22 at
N3LL. The size of the bands around the solid lines corresponds to one standard deviation of the parameter g2
around its best-fit value. The b⇤ prescription modifies the curves starting from |bT | ⇡ 1 GeV�1. The behavior
at high |bT | is driven by gK and is di↵erent for the various analyses.

The dashed curves show the e↵ect of using our prescription bmin = 2e��E/µ ⇡ 1.123/µ in MAPTMD22, PV19
and PV17. This implies that at low |bT | the Collins–Soper kernel saturates to a finite value, as indicated by
the dashed lines. As the scale increases, this modification occurs at lower and lower values of |bT | and becomes
less relevant.

2. Average squared transverse momenta

The average squared transverse momenta hk2
?
i(x,Q), hP 2

?
i(z,Q) are calculated with the Bessel weighting

technique suggested in Refs. [115, 116].
In the case of the TMD PDF for a quark q in the proton at µ =

p
⇣ = Q, one has [115, 116]:
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, (59)

where the Fourier transform f̂
q
1 of the TMD PDF has been defined in Eq. (5) and the first Bessel moment of
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FIG. 14: The TMD FF for an up quark fragmenting into a ⇡
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⇣ = Q = 2 GeV (left panel) and 10 GeV (right

panel) as a function of the hadron transverse momentum |P?| for z = 0.3 and 0.6. The uncertainty bands represent the
68% CL.

1. Collins–Soper kernel

It is interesting to study the Collins–Soper kernel [6, 109] that drives the evolution of TMDs in terms of the
rapidity scale ⇣. Recent discussions of this crucial component of the TMD formalism have been presented in
Refs. [110, 111] and estimates based on lattice QCD have been proposed in Refs. [112–114].

The Collins–Soper kernel, as written in Eq. (36), is composed of two parts. The first part can be calculated
perturbatively at NkLL accuracy, and is computed at b⇤:

K(b⇤(|bT |), µ) =
k�1X

n=0

✓
↵s(µb⇤)

4⇡

◆n+1

K
(n,0) �

kX

n=0

�
(n)
K

ˆ µ

µb⇤

dµ
0

µ0

✓
↵s(µ0)

4⇡

◆n+1

, (58)

where K
(n,0) and �

(n)
K are coe�cients of the perturbative expansion (see, e.g., Ref. [34]). Note that the integral

on the r.h.s. is directly computed by means of numerical integration, thus providing a fully resummed result.
The second part, denoted as gK , cannot be computed in perturbation theory and is one of the results of our fit.
Only the full Collins–Soper kernel can be compared with other works.

In Fig. 15, we show the Collins–Soper kernel as a function of |bT | by conventionally keeping the scale µ fixed
at 2 GeV, for our present analysis (MAPTMD22, green band) and for four other analyses in the literature [5, 7,
20, 22]. The solid lines at low |bT | follow the perturbative result. For MAPTMD22, PV19 [7] and PV17 [5], they
correspond to setting bmin = 0 for sake of comparison with the other SV19 [22], SV17 [20] results. The slight
di↵erences between the curves are due to the di↵erent logarithmic accuracies of the perturbative calculations:
the PV17 analysis was performed at NLL, the SV17 analysis at N2LL, the PV19, SV19 and MAPTMD22 at
N3LL. The size of the bands around the solid lines corresponds to one standard deviation of the parameter g2
around its best-fit value. The b⇤ prescription modifies the curves starting from |bT | ⇡ 1 GeV�1. The behavior
at high |bT | is driven by gK and is di↵erent for the various analyses.

The dashed curves show the e↵ect of using our prescription bmin = 2e��E/µ ⇡ 1.123/µ in MAPTMD22, PV19
and PV17. This implies that at low |bT | the Collins–Soper kernel saturates to a finite value, as indicated by
the dashed lines. As the scale increases, this modification occurs at lower and lower values of |bT | and becomes
less relevant.

2. Average squared transverse momenta

The average squared transverse momenta hk2
?
i(x,Q), hP 2

?
i(z,Q) are calculated with the Bessel weighting

technique suggested in Refs. [115, 116].
In the case of the TMD PDF for a quark q in the proton at µ =

p
⇣ = Q, one has [115, 116]:

hk2
?
iq(x,Q) =

´
d
2k? k2

?
f
q
1 (x,k

2
?
, Q,Q

2)´
d2k? f

q
1 (x,k

2
?
, Q,Q2)

=
2M2

f̂
q (1)
1 (x, |bT |, Q,Q

2)

f̂
q
1 (x, |bT |, Q,Q2)

����
|bT |=0

, (59)

where the Fourier transform f̂
q
1 of the TMD PDF has been defined in Eq. (5) and the first Bessel moment of

Different from a simple Gaussian 
(relation with talk of P. Skands)



CHECK PREDICTIONS 58

Circular with epicycles 
Elliptical 



CONNECTIONS WITH LATTICE QCD: COLLINS-S0PER KERNEL 59

Bermudez Martinez, Vladimirov, arXiv:2206.01105
4

FIG. 2. Comparison of CS kernels extracted from differ-

ent combinations of the pseudo-data. The top plot shows all

possible (twelve) combinations of pseudo-data with different

kinematics, listed in the table I. The bottom plot show ex-

tractions made with different input collinear PDFs. The solid

lines are the central values. The shaded areas are the statis-

tical uncertainty. The oscillations at b ⇠ 4� 6GeV
�1

are due

to the finite bin size in the qT -space. The gray dashed line in

the lower plot shows the effect of incomplete cancellation of

parton’s momentum if PDFs in the comparing cross-section

are different (here, CT18 vs. CASCADE).

tions of CS kernel is shown in fig.3. The CASCADE
extraction lightly disagrees with the perturbative curve
(b < 1GeV�1), but in agreement with the SV19 [10] and
Pavia17 [7] for 1 < b < 3GeV�1.

The fit of the large-b part by a polynomial gives

D(b, µ) ⇠ [(0.069± 0.031)GeV]⇥ b, (11)

with a negligible quadratic part. We conclude that the
CASCADE suggests a linear asymptotic, which was also
used in the SV19 series of fits [9, 10, 37], and supported
by theoretical estimations [14, 38]

Conclusions. We have presented the method of di-
rect extraction of the CS kernel from the data, using the
proper combination of cross-sections with different kine-
matics. For explicitness, we considered the case of the
Drell-Yan process, but the method can be easily gener-
alized to other processes such as SIDIS, semi-inclusive
annihilation, Z/W-boson production, and their polarized
versions.
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FIG. 3. Comparison of the CS kernels obtained in different

approaches. CASCADE curve is obtained in this work. The

curves SV19, MAP22, Pavia19 and Pavia17 are obtained from

the fits of Drell-Yan and SIDIS data in refs. [39], [10], [11],

and [7], correspondingly. Dots represent the computations of

CS kernel on the lattice, with SVZES, ETMC/PKU, SVZ,

LPC20 and LPC22 corresponding to refs.[16], [40], [17], [41],

and [42].

The method is tested using the pseudo-data gener-
ated by the CASCADE event generator, and the corre-
sponding CS kernel is extracted. Amazingly, all expected
properties of the CS kernel (such as universality) are ob-
served in the CASCADE generator. This non-trivially
supports both the TMD factorization and the PB ap-
proaches and solves an old-stated problem of comparison
between non-perturbative distributions extracted within
these approaches [43, 44].

The procedure can be applied to the real experimental
data without modifications. In this case, the uncertain-
ties of extraction will be dominated by the statistical un-
certainties of measurements since many systematic uncer-
tainties cancel in the ratio. Thus the method is feasible
for modern and future experiments, such JLab [45, 46],
LHC [47], and EIC [48, 49]. They can be applied to al-
ready collected data after a rebinning. Importantly, the
procedure is model-independent and provides access to
the CS kernel based on the first principles.
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sponding CS kernel is extracted. Amazingly, all expected
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served in the CASCADE generator. This non-trivially
supports both the TMD factorization and the PB ap-
proaches and solves an old-stated problem of comparison
between non-perturbative distributions extracted within
these approaches [43, 44].
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certainties of measurements since many systematic uncer-
tainties cancel in the ratio. Thus the method is feasible
for modern and future experiments, such JLab [45, 46],
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ated by the CASCADE event generator, and the corre-
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properties of the CS kernel (such as universality) are ob-
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proaches and solves an old-stated problem of comparison
between non-perturbative distributions extracted within
these approaches [43, 44].

The procedure can be applied to the real experimental
data without modifications. In this case, the uncertain-
ties of extraction will be dominated by the statistical un-
certainties of measurements since many systematic uncer-
tainties cancel in the ratio. Thus the method is feasible
for modern and future experiments, such JLab [45, 46],
LHC [47], and EIC [48, 49]. They can be applied to al-
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bT [fm] 0.12 0.24 0.36 0.48 0.60 0.72 0.84
“MS, uNNLL

q 0.12(12) -0.20(9) -0.43(11) -0.64(15) -0.80(15) -0.94(41) -1.24(68)

TABLE II. Quark Collins-Soper kernel “MS

q (bT , µ = 2 GeV) as a function of bT .

FIG. 13. CS kernel in bT space for di�erent choices of
Dirac structure � with uNNLL matching (top panel) and
for all computed accuracies of the matching correction
”“MS

q (bT , µ, x, P z
1 , P z

2 ) (bottom panel).

renormalization scheme.
While a complete quantification of systematic uncer-

tainties would require performing lattice QCD calcula-
tions at multiple lattice spacings and at larger boosts or
higher-order perturbative matching, the precision and
control over systematic uncertainties achieved in this
work is su�cient to preliminarily compare the CS kernel
determination with phenomenological parameterizations
of the kernel fit to experimental data. In Fig. 15 the
final determination is compared with the following pa-
rameterizations: Scimemi and Vladimirov (SV19) [51],
Bachetta et al. (Pavia19) [52], the MAP Collaboration
(MAPTMD22) [55], Moos et al. (ART23) [56], as well as
an older parameterization based on the work of Brock,
Landry, Nadolsky and Yuan (BLNY) [44] and employed
in recent code packages for resummation calculations rel-
evant to precision electroweak measurements [110, 111].
Within quantified uncertainties, the data agrees with all

FIG. 14. Imaginary part of the CS kernel estimator shown
for various accuracies of the perturbative matching correction
”“MS

q (bT , µ, x, P z
1 , P z

2 ).
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FIG. 15. CS kernel with uNNLL matching in bT space (green
squares) compared to phenomenological parameterizations of
experimental data in Refs. [44, 51, 52, 55, 56] labelled BLNY,
SV19, Pavia19, MAP22, and ART23, respectively, as well as
perturbative results from Refs. [108, 109] labelled N3LO.

models in the range 0.12 fm <
≥ bT

<
≥ 0.24 fm, with all

but BLNY for 0.24 fm <
≥ bT

<
≥ 0.6 fm, and with SV19,

MAPTMD22 and ART23 for bT
>
≥ 0.6 fm. Finally, for

bT Ø 0.6 fm, the results are consistent with a constant,
as suggested for the large-bT behavior in Ref. [112]. Dis-
cretization artifacts and power corrections, both enhanced
at small bT , will be studied in more detail in future work.
More refined comparisons would also take into account
the di�erences in the number of quark flavors and their
masses between the lattice QCD determination and the
global analyses, which lead to perturbative corrections
described in Ref. [113].
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SUPPLEMENTAL MATERIALS

Renormalization

In order to renormalize the bare quasi-TMD matrix
elements, the square root of Wilson loop

p
ZE and loga-

rithmic divergence factor ZO need to be computed.
The Wilson loop ZE(r = 2L+z, b?, a) is defined as the

vacuum expectation of a rectangular shaped space-like
gauge links with size r⇥b?. It is introduced to eliminate
the linear divergence form as e��m̄r, which comes from
the self-energy corrections of the gauge link [28, 34], as
well as the pinch-pole singularity, which comes from the
heavy quark e↵ective potential term e�V (b?)L from the
interactions between the two Wilson lines along the z
direction in the staple link [20]. In practice, the signal
to noise ratio of ZE(r, b?, a) grows fast and is hardly
available at large r and/or b?. To address this, we fit the
e↵ective energies of Wilson loop, which denote the QCD
static potentials, and then extrapolate them at large r
and/or b? area, as in Ref. [27]. Numerical results of
Wilson loop are shown in the upper panel of Fig. 6.

Besides, the logarithmic divergences factor ZO can be
extracted from the zero-momentum bare matrix elements
h̃0
� (z, b?, 0, a, L). In order to keep the renormalized ma-

trix elements consistent with perturbation theory, ZO

should be determined with the condition:

ZO(1/a, µ,�) = lim
L!1

h̃0
� (z, b?, 0, a, L)p

ZE (2L+ z, b?, a)h̃MS
� (z, b?, µ)

(12)

in a specific window where z ⌧ ⇤�1
QCD so that the

perturbation theory works well. Here the perturbation
results have been evolved from the intrinsic physical
scale 2e��E/

p
z2 + b2? to MS scale µ via renormalization

group equation [44]. To preserve a good convergence of
the perturbation theory before and after RG evolution,
we choose the region where b? = a, z = 0 or a. More
discussions about RG evolution can be found in the fol-
lowing section. The numerical value for ZO in this work
is taken as 1.0622(87), of which the uncertainty is negli-
gible compared with other systematic uncertainties.
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FIG. 3: The x vs. Q
2 coverage spanned by the experimental data considered in this analysis (see also Tab. II and

Tab. III).

A. Drell-Yan

Our analysis is based on TMD factorization, which is applicable only in the region |qT | ⌧ Q. Therefore, in
agreement with the choices of Refs. [7, 22] we impose the following cut

|qT | < 0.2Q . (53)

Table II summarizes all the DY datasets included in our analysis. For some DY datasets the experimental
observable is given within a fiducial region. This means that kinematic cuts on transverse momentum pT ` and
pseudo–rapidity ⌘` of the single final-state leptons are enforced (values reported in the next–to–last column
of Tab. II). For more details we refer the reader to Ref. [7]. The second column of Tab. II reports, for each
experiment, the number of data points (Ndat) that survive the kinematic cuts. The total number of DY data
points considered in this work is 484. Note that for E605 and E288 at 400 GeV we have excluded the bin in
Q containing the ⌥ resonance (Q ' 9.5 GeV).

As can be seen in Tab. II, the cross sections are released in di↵erent forms: some of them are normalized to the
total (fiducial) cross section while others are not. When necessary, the required total cross section � is computed
using the code DYNNLO [35, 36] with the MMHT14 collinear PDF set, consistently with the perturbative order
of the di↵erential cross section (see also Tab. I). More precisely, the total cross section is computed at NLO for
NNLL accuracy, and NNLO for N3LL� accuracy. The values of the total cross sections at di↵erent orders can
be found in Table 3 of Ref. [7]. For the ATLAS dataset at 13 TeV, the value of the fiducial cross section is
694.3 pb at NLO and 707.3 pb at NNLO.

B. SIDIS

The identification of the TMD region in SIDIS is not a trivial task and may be subject to revision as new
data appears and the theoretical description is improved, as discussed in dedicated studies [38, 94, 95].

First of all, a cut in the virtuality Q of the exchanged photon is necessary to respect the condition Q � ⇤QCD

needed for perturbation theory to be applicable. In this way also mass corrections and higher twist corrections
can be neglected. In this work, we require that Q > 1.4 GeV. Studies of SIDIS in collinear kinematics employ
similar cuts [29, 96].

In order to restrict ourselves to the SIDIS current fragmentation region and interpret the observables in terms
of parton distribution and fragmentation functions, we apply a cut in the kinematic variable z by requiring
0.2 < z < 0.7. The lower limit is the same used in the study of collinear fragmentation functions [29, 96]. We
used a slightly more restrictive upper limit, to avoid contributions from exclusive channels and to focus on a
region where the collinear fragmentation functions have small relative uncertainties.

For what concerns the cut on transverse momentum, our baseline choice is

|PhT | < min
⇥
min[c1 Q, c2 zQ] + c3 GeV, zQ

⇤
, (54)
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First of all, a cut in the virtuality Q of the exchanged photon is necessary to respect the condition Q � ⇤QCD

needed for perturbation theory to be applicable. In this way also mass corrections and higher twist corrections
can be neglected. In this work, we require that Q > 1.4 GeV. Studies of SIDIS in collinear kinematics employ
similar cuts [29, 96].

In order to restrict ourselves to the SIDIS current fragmentation region and interpret the observables in terms
of parton distribution and fragmentation functions, we apply a cut in the kinematic variable z by requiring
0.2 < z < 0.7. The lower limit is the same used in the study of collinear fragmentation functions [29, 96]. We
used a slightly more restrictive upper limit, to avoid contributions from exclusive channels and to focus on a
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Table 13 Results of the mW+ − mW− measurements in the electron
and muon decay channels, and of the combination. The table shows
the statistical uncertainties; the experimental uncertainties, divided into
muon-, electron-, recoil- and background-uncertainties; and the mod-

elling uncertainties, separately for QCD modelling including scale vari-
ations, parton shower and angular coefficients, electroweak corrections,
and PDFs. All uncertainties are given in MeV

Channel mW+ − mW−
[MeV]

Stat. Unc. Muon Unc. Elec. Unc. Recoil Unc. Bckg. Unc. QCD Unc. EW Unc. PDF Unc. Total Unc.

W → eν −29.7 17.5 0.0 4.9 0.9 5.4 0.5 0.0 24.1 30.7

W → µν −28.6 16.3 11.7 0.0 1.1 5.0 0.4 0.0 26.0 33.2

Combined −29.2 12.8 3.3 4.1 1.0 4.5 0.4 0.0 23.9 28.0

 [MeV]Wm
80250 80300 80350 80400 80450 80500

ALEPH

DELPHI

L3

OPAL

CDF

D0

+ATLAS W

−ATLAS W

±ATLAS W

ATLAS

Measurement
Stat. Uncertainty
Full Uncertainty

Fig. 28 The measured value of mW is compared to other published
results, including measurements from the LEP experiments ALEPH,
DELPHI, L3 and OPAL [25–28], and from the Tevatron collider exper-
iments CDF and D0 [22,23]. The vertical bands show the statistical
and total uncertainties of the ATLAS measurement, and the horizontal
bands and lines show the statistical and total uncertainties of the other
published results. Measured values of mW for positively and negatively
charged W bosons are also shown

In this process, uncertainties that are anti-correlated
betweenW+ andW− and largely cancel for themW measure-
ment become dominant when measuringmW+−mW− . On the
physics-modelling side, the fixed-order PDF uncertainty and
the parton shower PDF uncertainty give the largest contribu-
tions, while other sources of uncertainty only weakly depend
on charge and tend to cancel. Among the sources of uncer-
tainty related to lepton calibration, the track sagitta correc-
tion dominates in the muon channel, whereas several residual
uncertainties contribute in the electron channel. Most lep-
ton and recoil calibration uncertainties tend to cancel. Back-
ground systematic uncertainties contribute as the Z and mul-
tijet background fractions differ in the W+ and W− channels.
The dominant statistical uncertainties arise from the size of
the data and Monte Carlo signal samples, and of the control
samples used to derive the multijet background.

The mW+ − mW− measurement results are shown in
Table 13 for the electron and muon decay channels, and for
the combination. The electron channel measurement com-
bines six categories (pℓ

T and mT fits in three |ηℓ| bins), while

 [MeV]Wm
80320 80340 80360 80380 80400 80420

LEP Comb. 33 MeV±80376

Tevatron Comb. 16 MeV±80387

LEP+Tevatron 15 MeV±80385

ATLAS 19 MeV±80370

Electroweak Fit 8 MeV±80356

Wm
Stat. Uncertainty
Full Uncertainty

ATLAS

Fig. 29 The present measurement of mW is compared to the SM pre-
diction from the global electroweak fit [16] updated using recent mea-
surements of the top-quark and Higgs-boson masses, mt = 172.84 ±
0.70 GeV [122] and mH = 125.09 ± 0.24 GeV [123], and to the com-
bined values of mW measured at LEP [124] and at the Tevatron col-
lider [24]

the muon channel has four |ηℓ| bins and eight categories in
total. The fully combined result is

mW+ − mW− = −29.2 ± 12.8(stat.)

± 7.0(exp. syst.)

± 23.9(mod. syst.) MeV

= −29.2 ± 28.0 MeV,

where the first uncertainty is statistical, the second corre-
sponds to the experimental systematic uncertainty, and the
third to the physics-modelling systematic uncertainty.

12 Discussion and conclusions

This paper reports a measurement of the W -boson mass with
the ATLAS detector, obtained through template fits to the
kinematic properties of decay leptons in the electron and
muon decay channels. The measurement is based on proton–
proton collision data recorded in 2011 at a centre-of-mass
energy of

√
s = 7 TeV at the LHC, and corresponding to an

integrated luminosity of 4.6 fb−1. The measurement relies
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Table 13 Results of the mW+ − mW− measurements in the electron
and muon decay channels, and of the combination. The table shows
the statistical uncertainties; the experimental uncertainties, divided into
muon-, electron-, recoil- and background-uncertainties; and the mod-

elling uncertainties, separately for QCD modelling including scale vari-
ations, parton shower and angular coefficients, electroweak corrections,
and PDFs. All uncertainties are given in MeV

Channel mW+ − mW−
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Stat. Unc. Muon Unc. Elec. Unc. Recoil Unc. Bckg. Unc. QCD Unc. EW Unc. PDF Unc. Total Unc.

W → eν −29.7 17.5 0.0 4.9 0.9 5.4 0.5 0.0 24.1 30.7

W → µν −28.6 16.3 11.7 0.0 1.1 5.0 0.4 0.0 26.0 33.2
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Fig. 28 The measured value of mW is compared to other published
results, including measurements from the LEP experiments ALEPH,
DELPHI, L3 and OPAL [25–28], and from the Tevatron collider exper-
iments CDF and D0 [22,23]. The vertical bands show the statistical
and total uncertainties of the ATLAS measurement, and the horizontal
bands and lines show the statistical and total uncertainties of the other
published results. Measured values of mW for positively and negatively
charged W bosons are also shown

In this process, uncertainties that are anti-correlated
betweenW+ andW− and largely cancel for themW measure-
ment become dominant when measuringmW+−mW− . On the
physics-modelling side, the fixed-order PDF uncertainty and
the parton shower PDF uncertainty give the largest contribu-
tions, while other sources of uncertainty only weakly depend
on charge and tend to cancel. Among the sources of uncer-
tainty related to lepton calibration, the track sagitta correc-
tion dominates in the muon channel, whereas several residual
uncertainties contribute in the electron channel. Most lep-
ton and recoil calibration uncertainties tend to cancel. Back-
ground systematic uncertainties contribute as the Z and mul-
tijet background fractions differ in the W+ and W− channels.
The dominant statistical uncertainties arise from the size of
the data and Monte Carlo signal samples, and of the control
samples used to derive the multijet background.

The mW+ − mW− measurement results are shown in
Table 13 for the electron and muon decay channels, and for
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bines six categories (pℓ

T and mT fits in three |ηℓ| bins), while
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surements of the top-quark and Higgs-boson masses, mt = 172.84 ±
0.70 GeV [122] and mH = 125.09 ± 0.24 GeV [123], and to the com-
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= −29.2 ± 28.0 MeV,

where the first uncertainty is statistical, the second corre-
sponds to the experimental systematic uncertainty, and the
third to the physics-modelling systematic uncertainty.
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Table 13 Results of the mW+ − mW− measurements in the electron
and muon decay channels, and of the combination. The table shows
the statistical uncertainties; the experimental uncertainties, divided into
muon-, electron-, recoil- and background-uncertainties; and the mod-

elling uncertainties, separately for QCD modelling including scale vari-
ations, parton shower and angular coefficients, electroweak corrections,
and PDFs. All uncertainties are given in MeV

Channel mW+ − mW−
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Stat. Unc. Muon Unc. Elec. Unc. Recoil Unc. Bckg. Unc. QCD Unc. EW Unc. PDF Unc. Total Unc.

W → eν −29.7 17.5 0.0 4.9 0.9 5.4 0.5 0.0 24.1 30.7

W → µν −28.6 16.3 11.7 0.0 1.1 5.0 0.4 0.0 26.0 33.2

Combined −29.2 12.8 3.3 4.1 1.0 4.5 0.4 0.0 23.9 28.0
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Fig. 28 The measured value of mW is compared to other published
results, including measurements from the LEP experiments ALEPH,
DELPHI, L3 and OPAL [25–28], and from the Tevatron collider exper-
iments CDF and D0 [22,23]. The vertical bands show the statistical
and total uncertainties of the ATLAS measurement, and the horizontal
bands and lines show the statistical and total uncertainties of the other
published results. Measured values of mW for positively and negatively
charged W bosons are also shown

In this process, uncertainties that are anti-correlated
betweenW+ andW− and largely cancel for themW measure-
ment become dominant when measuringmW+−mW− . On the
physics-modelling side, the fixed-order PDF uncertainty and
the parton shower PDF uncertainty give the largest contribu-
tions, while other sources of uncertainty only weakly depend
on charge and tend to cancel. Among the sources of uncer-
tainty related to lepton calibration, the track sagitta correc-
tion dominates in the muon channel, whereas several residual
uncertainties contribute in the electron channel. Most lep-
ton and recoil calibration uncertainties tend to cancel. Back-
ground systematic uncertainties contribute as the Z and mul-
tijet background fractions differ in the W+ and W− channels.
The dominant statistical uncertainties arise from the size of
the data and Monte Carlo signal samples, and of the control
samples used to derive the multijet background.

The mW+ − mW− measurement results are shown in
Table 13 for the electron and muon decay channels, and for
the combination. The electron channel measurement com-
bines six categories (pℓ

T and mT fits in three |ηℓ| bins), while

 [MeV]Wm
80320 80340 80360 80380 80400 80420

LEP Comb. 33 MeV±80376

Tevatron Comb. 16 MeV±80387

LEP+Tevatron 15 MeV±80385

ATLAS 19 MeV±80370

Electroweak Fit 8 MeV±80356

Wm
Stat. Uncertainty
Full Uncertainty

ATLAS

Fig. 29 The present measurement of mW is compared to the SM pre-
diction from the global electroweak fit [16] updated using recent mea-
surements of the top-quark and Higgs-boson masses, mt = 172.84 ±
0.70 GeV [122] and mH = 125.09 ± 0.24 GeV [123], and to the com-
bined values of mW measured at LEP [124] and at the Tevatron col-
lider [24]

the muon channel has four |ηℓ| bins and eight categories in
total. The fully combined result is

mW+ − mW− = −29.2 ± 12.8(stat.)

± 7.0(exp. syst.)

± 23.9(mod. syst.) MeV

= −29.2 ± 28.0 MeV,

where the first uncertainty is statistical, the second corre-
sponds to the experimental systematic uncertainty, and the
third to the physics-modelling systematic uncertainty.

12 Discussion and conclusions

This paper reports a measurement of the W -boson mass with
the ATLAS detector, obtained through template fits to the
kinematic properties of decay leptons in the electron and
muon decay channels. The measurement is based on proton–
proton collision data recorded in 2011 at a centre-of-mass
energy of

√
s = 7 TeV at the LHC, and corresponding to an

integrated luminosity of 4.6 fb−1. The measurement relies
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for quarks and gluons), and ga is the genuine flavor-
dependent contribution. Information on gevo can be de-
duced from Ref. [13], where the TMD PDF was extracted
from the global fit of SIDIS, Drell-Yan and Z-production
data (gevo corresponds to g2/4 in Ref. [13]). At Q = MW

and Q0 = 1 GeV, we have gevo ln(Q2/Q2
0) ⇡ 0.3 GeV2.

In order to account for the uncertainties a↵ecting the de-
termination of gevo, we choose to consider the interval
[0.2, 0.6] GeV2 as a reasonable range and we vary ga in
Eq. (2) such that the gaNP values fall into this range.

Thus, we generate random widths in the allowed
range for the considered five flavors. We build 50 sets
of flavor-dependent parameters together with a flavor-
independent set where all the parameters are put equal
to the central value of the variation range, gaNP = 0.4
GeV2. Our analysis is performed by first selecting
“Z-equivalent” sets, and then making a template fit, as
detailed here below.

Selection of “Z-equivalent” sets. For proton-proton
collisions at

p
s = 7 TeV, we generate pseudodata for

the qT distribution of the Z boson (22 bins similar to
the ATLAS ones [23]) using the flavor-independent set in
the DYqT code at O(↵s) and NLL accuracy. We do the
same for proton-antiproton collisions at

p
s = 1.96 TeV

(72 bins similar to the CDF ones [22]). We assign to each
of the qT bins an uncertainty equal to the experimental
one. We compute the qT distribution in the same con-
ditions also for each of the 50 flavor-dependent sets. We
calculate the �2 between each of these 50 distributions
and the pseudodata generated by the flavor-independent
set. We retain only those flavor-dependent sets that
have a �2 < 80 on the “CDF-like” bins (�2/d.o.f. < 1.1)
and a �2 < 44 on the “ATLAS-like” bins (�2/d.o.f. < 2).
The first criterion selects 48 flavor-dependent sets out
of 50; only 30 sets out of 50 match the second one,
because the ATLAS data have smaller (experimental)
uncertainties. We keep those flavor-dependent sets that
fullfil both criteria. When considering all the bins, these
sets have a total �2 < 124 on the pseudodata (�2/d.o.f.
< 1.3). In practice, these selected flavor-dependent sets
are equivalent to the flavor-independent one (with which
the Z pseudodata are generated) at approximately
2� level. Not surprisingly, this result implies that
the Z boson data alone are not able to discriminate
between flavor-independent and flavor-dependent sets of
nonperturbative parameters. Data from flavor-sensitive
processes are needed, in particular from SIDIS [39–42].

Template fit. Following the scheme introduced
in [26, 43], we perform a template fit to estimate the
impact of our “Z-equivalent” flavor-dependent sets on
the determination of MW . We use the DYRes code at the
same accuracy (NLL at small transverse momentum and
O(↵s) at large transverse momentum) and kinematics as
before, using the MSTW2008 NLO PDF set [44], setting

central values for the renormalization, factorization and
resummation scales µR = µF = µres = MW , and
implementing ATLAS acceptance cuts on the final-state
leptons [23]. In DYRes, the singularity of the resummed
form factor at very large values of bT (bT & 1/⇤QCD) is
avoided by the usual b⇤ prescription [2]. Similarly, the
correct behavior at very low bT is enforced by modifying
the argument of the logarithmic terms as in Refs. [36, 38].
The form factor in Eq. (2) is usually interpreted as the
nonperturbative contribution to TMD resummation for
bT & 1/⇤QCD. We generate templates with very high
statistics (750 M events) for the mT , pT ` distributions1

with di↵erent MW masses in the range 80.370 GeV
 MW  80.400 GeV, using the flavor-independent set
for the nonperturbative parameters. Then, for each “Z-
equivalent” flavor-dependent set we generate pseudodata
with lower statistics (75 M events) for the same leptonic
observables with the fixed value MW = 80.385 GeV 2.
Finally, for each pseudodata set we compute the �2 of
the various templates and we identify the template with
minimum �2 in order to establish how large is the shift in
MW induced by a particular choice of flavor-dependent
nonperturbative parameters. The statistical uncertainty
of the template-fit procedure has been estimated by con-
sidering statistically equivalent those templates for which
��2 = (�2

� �2
min)  1. Consequently, we quote an

uncertainty of 4 MeV for each of the obtained MW shifts.

Impact on the MW determination.

The outcome of our template fit is summarized in
Tabs. I and II for 5 representative sets out of the 30
“Z-equivalent” sets. The former table lists the values of
the gaNP parameter in Eq. (2) for each of the 5 considered
flavors a = uv, dv, us, ds, s = c = b = g. The latter table
shows the corresponding shifts induced in MW when ap-
plying our analysis to the mT , pT ` distributions for the
W+ and the W� production at the LHC (

p
s = 7 TeV).

Set uv dv us ds s
1 0.34 0.26 0.46 0.59 0.32
2 0.34 0.46 0.56 0.32 0.51
3 0.55 0.34 0.33 0.55 0.30
4 0.53 0.49 0.37 0.22 0.52
5 0.42 0.38 0.29 0.57 0.27

TABLE I: Values of the gaNP parameter in Eq. (2) for the
flavors a = uv, dv, us, ds, s = c = b = g. Units are GeV2.

1
Our analysis is performed on 30 bins in the interval [60, 90] GeV

for mT and on 20 bins in the interval [30, 50] GeV for pT `.
2
The factor-of-10 reduction in statistics between templates and

pseudodata is justified by a sanity check performed analyzing the

�2
profile of di↵erent samples with the same inputs but di↵erent

statistics [26].
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for quarks and gluons), and ga is the genuine flavor-
dependent contribution. Information on gevo can be de-
duced from Ref. [13], where the TMD PDF was extracted
from the global fit of SIDIS, Drell-Yan and Z-production
data (gevo corresponds to g2/4 in Ref. [13]). At Q = MW

and Q0 = 1 GeV, we have gevo ln(Q2/Q2
0) ⇡ 0.3 GeV2.

In order to account for the uncertainties a↵ecting the de-
termination of gevo, we choose to consider the interval
[0.2, 0.6] GeV2 as a reasonable range and we vary ga in
Eq. (2) such that the gaNP values fall into this range.

Thus, we generate random widths in the allowed
range for the considered five flavors. We build 50 sets
of flavor-dependent parameters together with a flavor-
independent set where all the parameters are put equal
to the central value of the variation range, gaNP = 0.4
GeV2. Our analysis is performed by first selecting
“Z-equivalent” sets, and then making a template fit, as
detailed here below.

Selection of “Z-equivalent” sets. For proton-proton
collisions at

p
s = 7 TeV, we generate pseudodata for

the qT distribution of the Z boson (22 bins similar to
the ATLAS ones [23]) using the flavor-independent set in
the DYqT code at O(↵s) and NLL accuracy. We do the
same for proton-antiproton collisions at

p
s = 1.96 TeV

(72 bins similar to the CDF ones [22]). We assign to each
of the qT bins an uncertainty equal to the experimental
one. We compute the qT distribution in the same con-
ditions also for each of the 50 flavor-dependent sets. We
calculate the �2 between each of these 50 distributions
and the pseudodata generated by the flavor-independent
set. We retain only those flavor-dependent sets that
have a �2 < 80 on the “CDF-like” bins (�2/d.o.f. < 1.1)
and a �2 < 44 on the “ATLAS-like” bins (�2/d.o.f. < 2).
The first criterion selects 48 flavor-dependent sets out
of 50; only 30 sets out of 50 match the second one,
because the ATLAS data have smaller (experimental)
uncertainties. We keep those flavor-dependent sets that
fullfil both criteria. When considering all the bins, these
sets have a total �2 < 124 on the pseudodata (�2/d.o.f.
< 1.3). In practice, these selected flavor-dependent sets
are equivalent to the flavor-independent one (with which
the Z pseudodata are generated) at approximately
2� level. Not surprisingly, this result implies that
the Z boson data alone are not able to discriminate
between flavor-independent and flavor-dependent sets of
nonperturbative parameters. Data from flavor-sensitive
processes are needed, in particular from SIDIS [39–42].

Template fit. Following the scheme introduced
in [26, 43], we perform a template fit to estimate the
impact of our “Z-equivalent” flavor-dependent sets on
the determination of MW . We use the DYRes code at the
same accuracy (NLL at small transverse momentum and
O(↵s) at large transverse momentum) and kinematics as
before, using the MSTW2008 NLO PDF set [44], setting

central values for the renormalization, factorization and
resummation scales µR = µF = µres = MW , and
implementing ATLAS acceptance cuts on the final-state
leptons [23]. In DYRes, the singularity of the resummed
form factor at very large values of bT (bT & 1/⇤QCD) is
avoided by the usual b⇤ prescription [2]. Similarly, the
correct behavior at very low bT is enforced by modifying
the argument of the logarithmic terms as in Refs. [36, 38].
The form factor in Eq. (2) is usually interpreted as the
nonperturbative contribution to TMD resummation for
bT & 1/⇤QCD. We generate templates with very high
statistics (750 M events) for the mT , pT ` distributions1

with di↵erent MW masses in the range 80.370 GeV
 MW  80.400 GeV, using the flavor-independent set
for the nonperturbative parameters. Then, for each “Z-
equivalent” flavor-dependent set we generate pseudodata
with lower statistics (75 M events) for the same leptonic
observables with the fixed value MW = 80.385 GeV 2.
Finally, for each pseudodata set we compute the �2 of
the various templates and we identify the template with
minimum �2 in order to establish how large is the shift in
MW induced by a particular choice of flavor-dependent
nonperturbative parameters. The statistical uncertainty
of the template-fit procedure has been estimated by con-
sidering statistically equivalent those templates for which
��2 = (�2

� �2
min)  1. Consequently, we quote an

uncertainty of 4 MeV for each of the obtained MW shifts.

Impact on the MW determination.

The outcome of our template fit is summarized in
Tabs. I and II for 5 representative sets out of the 30
“Z-equivalent” sets. The former table lists the values of
the gaNP parameter in Eq. (2) for each of the 5 considered
flavors a = uv, dv, us, ds, s = c = b = g. The latter table
shows the corresponding shifts induced in MW when ap-
plying our analysis to the mT , pT ` distributions for the
W+ and the W� production at the LHC (

p
s = 7 TeV).

Set uv dv us ds s
1 0.34 0.26 0.46 0.59 0.32
2 0.34 0.46 0.56 0.32 0.51
3 0.55 0.34 0.33 0.55 0.30
4 0.53 0.49 0.37 0.22 0.52
5 0.42 0.38 0.29 0.57 0.27

TABLE I: Values of the gaNP parameter in Eq. (2) for the
flavors a = uv, dv, us, ds, s = c = b = g. Units are GeV2.

1
Our analysis is performed on 30 bins in the interval [60, 90] GeV

for mT and on 20 bins in the interval [30, 50] GeV for pT `.
2
The factor-of-10 reduction in statistics between templates and

pseudodata is justified by a sanity check performed analyzing the

�2
profile of di↵erent samples with the same inputs but di↵erent

statistics [26].
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for quarks and gluons), and ga is the genuine flavor-
dependent contribution. Information on gevo can be de-
duced from Ref. [13], where the TMD PDF was extracted
from the global fit of SIDIS, Drell-Yan and Z-production
data (gevo corresponds to g2/4 in Ref. [13]). At Q = MW

and Q0 = 1 GeV, we have gevo ln(Q2/Q2
0) ⇡ 0.3 GeV2.

In order to account for the uncertainties a↵ecting the de-
termination of gevo, we choose to consider the interval
[0.2, 0.6] GeV2 as a reasonable range and we vary ga in
Eq. (2) such that the gaNP values fall into this range.

Thus, we generate random widths in the allowed
range for the considered five flavors. We build 50 sets
of flavor-dependent parameters together with a flavor-
independent set where all the parameters are put equal
to the central value of the variation range, gaNP = 0.4
GeV2. Our analysis is performed by first selecting
“Z-equivalent” sets, and then making a template fit, as
detailed here below.

Selection of “Z-equivalent” sets. For proton-proton
collisions at

p
s = 7 TeV, we generate pseudodata for

the qT distribution of the Z boson (22 bins similar to
the ATLAS ones [23]) using the flavor-independent set in
the DYqT code at O(↵s) and NLL accuracy. We do the
same for proton-antiproton collisions at

p
s = 1.96 TeV

(72 bins similar to the CDF ones [22]). We assign to each
of the qT bins an uncertainty equal to the experimental
one. We compute the qT distribution in the same con-
ditions also for each of the 50 flavor-dependent sets. We
calculate the �2 between each of these 50 distributions
and the pseudodata generated by the flavor-independent
set. We retain only those flavor-dependent sets that
have a �2 < 80 on the “CDF-like” bins (�2/d.o.f. < 1.1)
and a �2 < 44 on the “ATLAS-like” bins (�2/d.o.f. < 2).
The first criterion selects 48 flavor-dependent sets out
of 50; only 30 sets out of 50 match the second one,
because the ATLAS data have smaller (experimental)
uncertainties. We keep those flavor-dependent sets that
fullfil both criteria. When considering all the bins, these
sets have a total �2 < 124 on the pseudodata (�2/d.o.f.
< 1.3). In practice, these selected flavor-dependent sets
are equivalent to the flavor-independent one (with which
the Z pseudodata are generated) at approximately
2� level. Not surprisingly, this result implies that
the Z boson data alone are not able to discriminate
between flavor-independent and flavor-dependent sets of
nonperturbative parameters. Data from flavor-sensitive
processes are needed, in particular from SIDIS [39–42].

Template fit. Following the scheme introduced
in [26, 43], we perform a template fit to estimate the
impact of our “Z-equivalent” flavor-dependent sets on
the determination of MW . We use the DYRes code at the
same accuracy (NLL at small transverse momentum and
O(↵s) at large transverse momentum) and kinematics as
before, using the MSTW2008 NLO PDF set [44], setting

central values for the renormalization, factorization and
resummation scales µR = µF = µres = MW , and
implementing ATLAS acceptance cuts on the final-state
leptons [23]. In DYRes, the singularity of the resummed
form factor at very large values of bT (bT & 1/⇤QCD) is
avoided by the usual b⇤ prescription [2]. Similarly, the
correct behavior at very low bT is enforced by modifying
the argument of the logarithmic terms as in Refs. [36, 38].
The form factor in Eq. (2) is usually interpreted as the
nonperturbative contribution to TMD resummation for
bT & 1/⇤QCD. We generate templates with very high
statistics (750 M events) for the mT , pT ` distributions1

with di↵erent MW masses in the range 80.370 GeV
 MW  80.400 GeV, using the flavor-independent set
for the nonperturbative parameters. Then, for each “Z-
equivalent” flavor-dependent set we generate pseudodata
with lower statistics (75 M events) for the same leptonic
observables with the fixed value MW = 80.385 GeV 2.
Finally, for each pseudodata set we compute the �2 of
the various templates and we identify the template with
minimum �2 in order to establish how large is the shift in
MW induced by a particular choice of flavor-dependent
nonperturbative parameters. The statistical uncertainty
of the template-fit procedure has been estimated by con-
sidering statistically equivalent those templates for which
��2 = (�2

� �2
min)  1. Consequently, we quote an

uncertainty of 4 MeV for each of the obtained MW shifts.

Impact on the MW determination.

The outcome of our template fit is summarized in
Tabs. I and II for 5 representative sets out of the 30
“Z-equivalent” sets. The former table lists the values of
the gaNP parameter in Eq. (2) for each of the 5 considered
flavors a = uv, dv, us, ds, s = c = b = g. The latter table
shows the corresponding shifts induced in MW when ap-
plying our analysis to the mT , pT ` distributions for the
W+ and the W� production at the LHC (

p
s = 7 TeV).

Set uv dv us ds s
1 0.34 0.26 0.46 0.59 0.32
2 0.34 0.46 0.56 0.32 0.51
3 0.55 0.34 0.33 0.55 0.30
4 0.53 0.49 0.37 0.22 0.52
5 0.42 0.38 0.29 0.57 0.27

TABLE I: Values of the gaNP parameter in Eq. (2) for the
flavors a = uv, dv, us, ds, s = c = b = g. Units are GeV2.

1
Our analysis is performed on 30 bins in the interval [60, 90] GeV

for mT and on 20 bins in the interval [30, 50] GeV for pT `.
2
The factor-of-10 reduction in statistics between templates and

pseudodata is justified by a sanity check performed analyzing the

�2
profile of di↵erent samples with the same inputs but di↵erent

statistics [26].
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narrow, large, narrow 
large, narrow, large 
large, medium, narrow 
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for quarks and gluons), and ga is the genuine flavor-
dependent contribution. Information on gevo can be de-
duced from Ref. [13], where the TMD PDF was extracted
from the global fit of SIDIS, Drell-Yan and Z-production
data (gevo corresponds to g2/4 in Ref. [13]). At Q = MW

and Q0 = 1 GeV, we have gevo ln(Q2/Q2
0) ⇡ 0.3 GeV2.

In order to account for the uncertainties a↵ecting the de-
termination of gevo, we choose to consider the interval
[0.2, 0.6] GeV2 as a reasonable range and we vary ga in
Eq. (2) such that the gaNP values fall into this range.

Thus, we generate random widths in the allowed
range for the considered five flavors. We build 50 sets
of flavor-dependent parameters together with a flavor-
independent set where all the parameters are put equal
to the central value of the variation range, gaNP = 0.4
GeV2. Our analysis is performed by first selecting
“Z-equivalent” sets, and then making a template fit, as
detailed here below.

Selection of “Z-equivalent” sets. For proton-proton
collisions at

p
s = 7 TeV, we generate pseudodata for

the qT distribution of the Z boson (22 bins similar to
the ATLAS ones [23]) using the flavor-independent set in
the DYqT code at O(↵s) and NLL accuracy. We do the
same for proton-antiproton collisions at

p
s = 1.96 TeV

(72 bins similar to the CDF ones [22]). We assign to each
of the qT bins an uncertainty equal to the experimental
one. We compute the qT distribution in the same con-
ditions also for each of the 50 flavor-dependent sets. We
calculate the �2 between each of these 50 distributions
and the pseudodata generated by the flavor-independent
set. We retain only those flavor-dependent sets that
have a �2 < 80 on the “CDF-like” bins (�2/d.o.f. < 1.1)
and a �2 < 44 on the “ATLAS-like” bins (�2/d.o.f. < 2).
The first criterion selects 48 flavor-dependent sets out
of 50; only 30 sets out of 50 match the second one,
because the ATLAS data have smaller (experimental)
uncertainties. We keep those flavor-dependent sets that
fullfil both criteria. When considering all the bins, these
sets have a total �2 < 124 on the pseudodata (�2/d.o.f.
< 1.3). In practice, these selected flavor-dependent sets
are equivalent to the flavor-independent one (with which
the Z pseudodata are generated) at approximately
2� level. Not surprisingly, this result implies that
the Z boson data alone are not able to discriminate
between flavor-independent and flavor-dependent sets of
nonperturbative parameters. Data from flavor-sensitive
processes are needed, in particular from SIDIS [39–42].

Template fit. Following the scheme introduced
in [26, 43], we perform a template fit to estimate the
impact of our “Z-equivalent” flavor-dependent sets on
the determination of MW . We use the DYRes code at the
same accuracy (NLL at small transverse momentum and
O(↵s) at large transverse momentum) and kinematics as
before, using the MSTW2008 NLO PDF set [44], setting

central values for the renormalization, factorization and
resummation scales µR = µF = µres = MW , and
implementing ATLAS acceptance cuts on the final-state
leptons [23]. In DYRes, the singularity of the resummed
form factor at very large values of bT (bT & 1/⇤QCD) is
avoided by the usual b⇤ prescription [2]. Similarly, the
correct behavior at very low bT is enforced by modifying
the argument of the logarithmic terms as in Refs. [36, 38].
The form factor in Eq. (2) is usually interpreted as the
nonperturbative contribution to TMD resummation for
bT & 1/⇤QCD. We generate templates with very high
statistics (750 M events) for the mT , pT ` distributions1

with di↵erent MW masses in the range 80.370 GeV
 MW  80.400 GeV, using the flavor-independent set
for the nonperturbative parameters. Then, for each “Z-
equivalent” flavor-dependent set we generate pseudodata
with lower statistics (75 M events) for the same leptonic
observables with the fixed value MW = 80.385 GeV 2.
Finally, for each pseudodata set we compute the �2 of
the various templates and we identify the template with
minimum �2 in order to establish how large is the shift in
MW induced by a particular choice of flavor-dependent
nonperturbative parameters. The statistical uncertainty
of the template-fit procedure has been estimated by con-
sidering statistically equivalent those templates for which
��2 = (�2

� �2
min)  1. Consequently, we quote an

uncertainty of 4 MeV for each of the obtained MW shifts.

Impact on the MW determination.

The outcome of our template fit is summarized in
Tabs. I and II for 5 representative sets out of the 30
“Z-equivalent” sets. The former table lists the values of
the gaNP parameter in Eq. (2) for each of the 5 considered
flavors a = uv, dv, us, ds, s = c = b = g. The latter table
shows the corresponding shifts induced in MW when ap-
plying our analysis to the mT , pT ` distributions for the
W+ and the W� production at the LHC (

p
s = 7 TeV).

Set uv dv us ds s
1 0.34 0.26 0.46 0.59 0.32
2 0.34 0.46 0.56 0.32 0.51
3 0.55 0.34 0.33 0.55 0.30
4 0.53 0.49 0.37 0.22 0.52
5 0.42 0.38 0.29 0.57 0.27

TABLE I: Values of the gaNP parameter in Eq. (2) for the
flavors a = uv, dv, us, ds, s = c = b = g. Units are GeV2.

1
Our analysis is performed on 30 bins in the interval [60, 90] GeV

for mT and on 20 bins in the interval [30, 50] GeV for pT `.
2
The factor-of-10 reduction in statistics between templates and

pseudodata is justified by a sanity check performed analyzing the

�2
profile of di↵erent samples with the same inputs but di↵erent

statistics [26].

narrow, medium, large 
narrow, large, narrow 
large, narrow, large 
large, medium, narrow 
medium, narrow, large

• Take the “Z-equivalent” flavour-dependent 
parameter sets and compute low-statistics (135M) 
mT and pTl distributions

➡ these are our pseudodata

• Take the flavour-independent parameter set and 
compute high-statistics (750M) mT and pTl 
distributions for 30 different values of MW

➡  these are our templates

• perform the template fit procedure and 
compute the shifts induced by flavour effects

• transverse mass: zero or few MeV shifts, generally 
favouring lower values for W- (preferred by EW fit)

• lepton pt: quite important shifts (W+ set 3: 9 MeV, 
envelope: up to 15 MeV)
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which is flavor independent (but, in principle, di↵erent
for quarks and gluons), and ga is the genuine flavor-
dependent contribution. Information on gevo can be de-
duced from Ref. [13], where the TMD PDF was extracted
from the global fit of SIDIS, Drell-Yan and Z-production
data (gevo corresponds to g2/4 in Ref. [13]). At Q = MW

and Q0 = 1 GeV, we have gevo ln(Q2/Q2
0) ⇡ 0.3 GeV2.

In order to account for the uncertainties a↵ecting the de-
termination of gevo, we choose to consider the interval
[0.2, 0.6] GeV2 as a reasonable range and we vary ga in
Eq. (2) such that the gaNP values fall into this range.

Thus, we generate random widths in the allowed
range for the considered five flavors. We build 50 sets
of flavor-dependent parameters together with a flavor-
independent set where all the parameters are put equal
to the central value of the variation range, gaNP = 0.4
GeV2. Our analysis is performed by first selecting
“Z-equivalent” sets, and then making a template fit, as
detailed here below.

Selection of “Z-equivalent” sets. For proton-proton
collisions at

p
s = 7 TeV, we generate pseudodata for

the qT distribution of the Z boson (22 bins similar to
the ATLAS ones [23]) using the flavor-independent set in
the DYqT code at O(↵s) and NLL accuracy. We do the
same for proton-antiproton collisions at

p
s = 1.96 TeV

(72 bins similar to the CDF ones [22]). We assign to each
of the qT bins an uncertainty equal to the experimental
one. We compute the qT distribution in the same con-
ditions also for each of the 50 flavor-dependent sets. We
calculate the �2 between each of these 50 distributions
and the pseudodata generated by the flavor-independent
set. We retain only those flavor-dependent sets that
have a �2 < 80 on the “CDF-like” bins (�2/d.o.f. < 1.1)
and a �2 < 44 on the “ATLAS-like” bins (�2/d.o.f. < 2).
The first criterion selects 48 flavor-dependent sets out
of 50; only 30 sets out of 50 match the second one,
because the ATLAS data have smaller (experimental)
uncertainties. We keep those flavor-dependent sets that
fullfil both criteria. When considering all the bins, these
sets have a total �2 < 124 on the pseudodata (�2/d.o.f.
< 1.3). In practice, these selected flavor-dependent sets
are equivalent to the flavor-independent one (with which
the Z pseudodata are generated) at approximately
2� level. Not surprisingly, this result implies that
the Z boson data alone are not able to discriminate
between flavor-independent and flavor-dependent sets of
nonperturbative parameters. Data from flavor-sensitive
processes are needed, in particular from SIDIS [40–43].

Template fit. Following the scheme introduced
in [26, 44], we perform a template fit to estimate the
impact of our “Z-equivalent” flavor-dependent sets on
the determination of MW . We use the DYRes code at the
same accuracy (NLL at small transverse momentum and
O(↵s) at large transverse momentum) and kinematics as

before, using the MSTW2008 NLO PDF set [45], setting
central values for the renormalization, factorization and
resummation scales µR = µF = µres = MW , and
implementing ATLAS acceptance cuts on the final-state
leptons [23]. In DYRes, the singularity of the resummed
form factor at very large values of bT (bT & 1/⇤QCD) is
avoided by the usual b⇤ prescription [2]. Similarly, the
correct behavior at very low bT is enforced by modifying
the argument of the logarithmic terms as in Refs. [37, 39].
The form factor in Eq. (2) is usually interpreted as the
nonperturbative contribution to TMD resummation for
bT & 1/⇤QCD. We generate templates with very high
statistics (750 M events) for the mT , pT ` distributions1

with di↵erent MW masses in the range 80.370 GeV
 MW  80.400 GeV, using the flavor-independent
set for the nonperturbative parameters. Then, for
each “Z-equivalent” flavor-dependent set we generate
pseudodata with lower statistics (135 M events) for
the same leptonic observables with the fixed value
MW = 80.385 GeV. Finally, for each pseudodata set we
compute the �2 of the various templates and we identify
the template with minimum �2 in order to establish how
large is the shift in MW induced by a particular choice
of flavor-dependent nonperturbative parameters. The
statistical uncertainty of the template-fit procedure has
been estimated by considering statistically equivalent
those templates for which ��2 = (�2

� �2
min)  1.

Consequently, we quote an uncertainty of 2.5 MeV for
each of the obtained MW shifts.

Impact on the MW determination.

The outcome of our template fit is summarized in
Tabs. I and II for 5 representative sets out of the 30
“Z-equivalent” sets. The former table lists the values of
the gaNP parameter in Eq. (2) for each of the 5 considered
flavors a = uv, dv, us, ds, s = c = b = g. The latter table
shows the corresponding shifts induced in MW when ap-
plying our analysis to the mT , pT ` distributions for the
W+ and the W� production at the LHC (

p
s = 7 TeV).

Set uv dv us ds s
1 0.34 0.26 0.46 0.59 0.32
2 0.34 0.46 0.56 0.32 0.51
3 0.55 0.34 0.33 0.55 0.30
4 0.53 0.49 0.37 0.22 0.52
5 0.42 0.38 0.29 0.57 0.27

TABLE I: Values of the gaNP parameter in Eq. (2) for the
flavors a = uv, dv, us, ds, s = c = b = g. Units are GeV2.

As expected, the shifts induced by the analysis per-

1
Our analysis is performed on 30 bins in the interval [60, 90] GeV

for mT and on 20 bins in the interval [30, 50] GeV for pT `.

4

�MW+ �MW�

Set mT pT ` mT pT `

1 0 -1 -2 3
2 0 -6 -2 0
3 -1 9 -2 -4
4 0 0 -2 -4
5 0 4 -1 -3

TABLE II: Shifts in MW± (in MeV) induced by the cor-
responding sets of flavor-dependent intrinsic transverse mo-
menta outlined in Tab. I (Statistical uncertainty: 2.5 MeV).

formed on pT ` are generally larger than for the mT case,
since the latter is less sensitive to qWT -modelling e↵ects.

For set 3, the shift induced on MW+ by the pT ` analy-
sis is 9 MeV, its size is particularly large if compared to
the corresponding uncertainty quoted by ATLAS (3 MeV).
In general, taking also into account the statistical uncer-
tainty of our analysis, the absolute value of the shifts
induced when considering the pT ` observable could ex-
ceed 10 MeV. For MW� the shifts are less significant and
fall within a 2-� interval around zero.

In the kinematic conditions under consideration, W+

bosons are dominantly produced by a ud̄ partonic pro-
cess, with the u coming from the valence region. As
a consequence, we observe that sets characterized by a
larger value of the combination guv

NP + gds
NP (sets 3 and

5) lead to positive shifts in the value of MW+ , while sets
with a smaller value of guv

NP + gds
NP (set 2) lead to neg-

ative shifts. For W� the situation is less clear, because
the dominant partonic channel is ūd, with similar con-
tributions from the valence and sea components of the
d quark. It seems that sets with smaller values of the
sum of gus

NP + gdv
NP + gus

NP + gds
NP (sets 3, 4, 5) lead to to

negative shifts in the value of MW+ . Set 1 has a large
value of the of the sum of gus

NP + gdv
NP + gus

NP + gds
NP and

leads to a positive shift in MW+ . Set 2, however, violates
the expectations based on these simple arguments.

Di↵erent flavor-dependent sets may induce artificial
asymmetric shifts for MW+ and MW� in the flavor-
independent template fits. For instance, if MW� > MW+

(which corresponds to the ATLAS findings [23]) a template
fit to the pT ` observable based on sets 1 and 2 would
lead to di↵erent shifts �MW� > �MW+ such that
the di↵erence between the two masses is enhanced. In
this case, a fit with the corresponding flavor-dependent
nonperturbative contributions would lead to a reduction
of the mass gap. On the contrary, using sets 3-5 one
would obtain the opposite result.

Outlook and future developments.

In this work, we investigated the uncertainties on the
determination of MW at the LHC induced by a possi-
ble flavor dependence of the partonic intrinsic transverse
momentum. From these outcomes, we point out that a
“flavor-blind” data analysis may not be a su�ciently ac-

curate option, especially when a total uncertainty lower
than 10 MeV is expected for MW at the LHC [46].

Future data from flavor-sensitive processes such as
SIDIS (from the 12 GeV upgrade at Je↵erson Lab [47],
from the COMPASS collaboration [48], and from a future
Electron-Ion Collider with both proton and deuteron
beams [42, 43]) will shed new light on the flavor de-
composition of the unpolarized TMD PDF. These low-
energy SIDIS data involve also the study of the flavor
dependence in the fragmentation function (the unpolar-
ized TMD FF). Therefore, new data from semi-inclusive
e+e� annihilation will also be needed for the flavor de-
composition of the TMD FF [36].

All these data will improve our knowledge of the
partonic structure of hadrons, and may help in reducing
the uncertainties in precision measurements at high
energies.

Acknowledgments.

Discussions with Giancarlo Ferrera, Guido Montagna,
Piet Mulders, Oreste Nicrosini, Fulvio Piccinini, Jianwei
Qiu and Alessandro Vicini are gratefully acknowledged.
We are also grateful to Jos Vermaseren and the Nikhef
CT Department for the support with computing facilities
in the initial stages of this project. AS acknowledges
support from U.S. Department of Energy contract
DE-AC05-06OR23177, under which Je↵erson Science
Associates, LLC, manages and operates Je↵erson Lab.
The work of AS has been funded partly also by the
program of the Stichting voor Fundamenteel Onderzoek
der Materie (FOM), which is financially supported by
the Nederlandse Organisatie voor Wetenschappelijk
Onderzoek (NWO). This work is supported by the
European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation program
(grant agreement No. 647981, 3DSPIN).

⇤ ORCID: http://orcid.org/0000-0002-8824-8355
† ORCID: http://orcid.org/0000-0002-2908-6077
‡ ORCID: http://orcid.org/0000-0002-4542-9797
§ mathias.ritzmann@gmail.com
¶ ORCID: http://orcid.org/0000-0001-6640-9659

[1] G. Parisi and R. Petronzio, Nucl. Phys. B154, 427
(1979).

[2] J. C. Collins, D. E. Soper, and G. F. Sterman, Nucl.
Phys. B250, 199 (1985).

[3] J. Collins, Foundations of Perturbative QCD, Cambridge
Monographs on Particle Physics, Nuclear Physics and
Cosmology (Cambridge University Press, 2011).

[4] M. G. Echevarria, A. Idilbi, and I. Scimemi, JHEP 1207,
002 (2012), 1111.4996.

[5] T. C. Rogers, Eur. Phys. J. A52, 153 (2016), 1509.04766.
[6] J. Collins and T. C. Rogers, Phys. Rev. D96, 054011

(2017), 1705.07167.

Bacchetta, Bozzi, Radici, Ritzmann, Signori, arXiv:1807.02101

Try some judicious choices of flavour dependent widths and check

They all describe the 
Z spectrum very well

http://arxiv.org/abs/arXiv:1807.02101


TMDS AND W MASS 65

3

for quarks and gluons), and ga is the genuine flavor-
dependent contribution. Information on gevo can be de-
duced from Ref. [13], where the TMD PDF was extracted
from the global fit of SIDIS, Drell-Yan and Z-production
data (gevo corresponds to g2/4 in Ref. [13]). At Q = MW

and Q0 = 1 GeV, we have gevo ln(Q2/Q2
0) ⇡ 0.3 GeV2.

In order to account for the uncertainties a↵ecting the de-
termination of gevo, we choose to consider the interval
[0.2, 0.6] GeV2 as a reasonable range and we vary ga in
Eq. (2) such that the gaNP values fall into this range.

Thus, we generate random widths in the allowed
range for the considered five flavors. We build 50 sets
of flavor-dependent parameters together with a flavor-
independent set where all the parameters are put equal
to the central value of the variation range, gaNP = 0.4
GeV2. Our analysis is performed by first selecting
“Z-equivalent” sets, and then making a template fit, as
detailed here below.

Selection of “Z-equivalent” sets. For proton-proton
collisions at

p
s = 7 TeV, we generate pseudodata for

the qT distribution of the Z boson (22 bins similar to
the ATLAS ones [23]) using the flavor-independent set in
the DYqT code at O(↵s) and NLL accuracy. We do the
same for proton-antiproton collisions at

p
s = 1.96 TeV

(72 bins similar to the CDF ones [22]). We assign to each
of the qT bins an uncertainty equal to the experimental
one. We compute the qT distribution in the same con-
ditions also for each of the 50 flavor-dependent sets. We
calculate the �2 between each of these 50 distributions
and the pseudodata generated by the flavor-independent
set. We retain only those flavor-dependent sets that
have a �2 < 80 on the “CDF-like” bins (�2/d.o.f. < 1.1)
and a �2 < 44 on the “ATLAS-like” bins (�2/d.o.f. < 2).
The first criterion selects 48 flavor-dependent sets out
of 50; only 30 sets out of 50 match the second one,
because the ATLAS data have smaller (experimental)
uncertainties. We keep those flavor-dependent sets that
fullfil both criteria. When considering all the bins, these
sets have a total �2 < 124 on the pseudodata (�2/d.o.f.
< 1.3). In practice, these selected flavor-dependent sets
are equivalent to the flavor-independent one (with which
the Z pseudodata are generated) at approximately
2� level. Not surprisingly, this result implies that
the Z boson data alone are not able to discriminate
between flavor-independent and flavor-dependent sets of
nonperturbative parameters. Data from flavor-sensitive
processes are needed, in particular from SIDIS [39–42].

Template fit. Following the scheme introduced
in [26, 43], we perform a template fit to estimate the
impact of our “Z-equivalent” flavor-dependent sets on
the determination of MW . We use the DYRes code at the
same accuracy (NLL at small transverse momentum and
O(↵s) at large transverse momentum) and kinematics as
before, using the MSTW2008 NLO PDF set [44], setting

central values for the renormalization, factorization and
resummation scales µR = µF = µres = MW , and
implementing ATLAS acceptance cuts on the final-state
leptons [23]. In DYRes, the singularity of the resummed
form factor at very large values of bT (bT & 1/⇤QCD) is
avoided by the usual b⇤ prescription [2]. Similarly, the
correct behavior at very low bT is enforced by modifying
the argument of the logarithmic terms as in Refs. [36, 38].
The form factor in Eq. (2) is usually interpreted as the
nonperturbative contribution to TMD resummation for
bT & 1/⇤QCD. We generate templates with very high
statistics (750 M events) for the mT , pT ` distributions1

with di↵erent MW masses in the range 80.370 GeV
 MW  80.400 GeV, using the flavor-independent set
for the nonperturbative parameters. Then, for each “Z-
equivalent” flavor-dependent set we generate pseudodata
with lower statistics (75 M events) for the same leptonic
observables with the fixed value MW = 80.385 GeV 2.
Finally, for each pseudodata set we compute the �2 of
the various templates and we identify the template with
minimum �2 in order to establish how large is the shift in
MW induced by a particular choice of flavor-dependent
nonperturbative parameters. The statistical uncertainty
of the template-fit procedure has been estimated by con-
sidering statistically equivalent those templates for which
��2 = (�2

� �2
min)  1. Consequently, we quote an

uncertainty of 4 MeV for each of the obtained MW shifts.

Impact on the MW determination.

The outcome of our template fit is summarized in
Tabs. I and II for 5 representative sets out of the 30
“Z-equivalent” sets. The former table lists the values of
the gaNP parameter in Eq. (2) for each of the 5 considered
flavors a = uv, dv, us, ds, s = c = b = g. The latter table
shows the corresponding shifts induced in MW when ap-
plying our analysis to the mT , pT ` distributions for the
W+ and the W� production at the LHC (

p
s = 7 TeV).

Set uv dv us ds s
1 0.34 0.26 0.46 0.59 0.32
2 0.34 0.46 0.56 0.32 0.51
3 0.55 0.34 0.33 0.55 0.30
4 0.53 0.49 0.37 0.22 0.52
5 0.42 0.38 0.29 0.57 0.27

TABLE I: Values of the gaNP parameter in Eq. (2) for the
flavors a = uv, dv, us, ds, s = c = b = g. Units are GeV2.

1
Our analysis is performed on 30 bins in the interval [60, 90] GeV

for mT and on 20 bins in the interval [30, 50] GeV for pT `.
2
The factor-of-10 reduction in statistics between templates and

pseudodata is justified by a sanity check performed analyzing the

�2
profile of di↵erent samples with the same inputs but di↵erent

statistics [26].

narrow, medium, large 
narrow, large, narrow 
large, narrow, large 
large, medium, narrow 
medium, narrow, large

• Take the “Z-equivalent” flavour-dependent 
parameter sets and compute low-statistics (135M) 
mT and pTl distributions

➡ these are our pseudodata

• Take the flavour-independent parameter set and 
compute high-statistics (750M) mT and pTl 
distributions for 30 different values of MW

➡  these are our templates

• perform the template fit procedure and 
compute the shifts induced by flavour effects

• transverse mass: zero or few MeV shifts, generally 
favouring lower values for W- (preferred by EW fit)

• lepton pt: quite important shifts (W+ set 3: 9 MeV, 
envelope: up to 15 MeV)

Impact on the determination of MW
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which is flavor independent (but, in principle, di↵erent
for quarks and gluons), and ga is the genuine flavor-
dependent contribution. Information on gevo can be de-
duced from Ref. [13], where the TMD PDF was extracted
from the global fit of SIDIS, Drell-Yan and Z-production
data (gevo corresponds to g2/4 in Ref. [13]). At Q = MW

and Q0 = 1 GeV, we have gevo ln(Q2/Q2
0) ⇡ 0.3 GeV2.

In order to account for the uncertainties a↵ecting the de-
termination of gevo, we choose to consider the interval
[0.2, 0.6] GeV2 as a reasonable range and we vary ga in
Eq. (2) such that the gaNP values fall into this range.

Thus, we generate random widths in the allowed
range for the considered five flavors. We build 50 sets
of flavor-dependent parameters together with a flavor-
independent set where all the parameters are put equal
to the central value of the variation range, gaNP = 0.4
GeV2. Our analysis is performed by first selecting
“Z-equivalent” sets, and then making a template fit, as
detailed here below.

Selection of “Z-equivalent” sets. For proton-proton
collisions at

p
s = 7 TeV, we generate pseudodata for

the qT distribution of the Z boson (22 bins similar to
the ATLAS ones [23]) using the flavor-independent set in
the DYqT code at O(↵s) and NLL accuracy. We do the
same for proton-antiproton collisions at

p
s = 1.96 TeV

(72 bins similar to the CDF ones [22]). We assign to each
of the qT bins an uncertainty equal to the experimental
one. We compute the qT distribution in the same con-
ditions also for each of the 50 flavor-dependent sets. We
calculate the �2 between each of these 50 distributions
and the pseudodata generated by the flavor-independent
set. We retain only those flavor-dependent sets that
have a �2 < 80 on the “CDF-like” bins (�2/d.o.f. < 1.1)
and a �2 < 44 on the “ATLAS-like” bins (�2/d.o.f. < 2).
The first criterion selects 48 flavor-dependent sets out
of 50; only 30 sets out of 50 match the second one,
because the ATLAS data have smaller (experimental)
uncertainties. We keep those flavor-dependent sets that
fullfil both criteria. When considering all the bins, these
sets have a total �2 < 124 on the pseudodata (�2/d.o.f.
< 1.3). In practice, these selected flavor-dependent sets
are equivalent to the flavor-independent one (with which
the Z pseudodata are generated) at approximately
2� level. Not surprisingly, this result implies that
the Z boson data alone are not able to discriminate
between flavor-independent and flavor-dependent sets of
nonperturbative parameters. Data from flavor-sensitive
processes are needed, in particular from SIDIS [40–43].

Template fit. Following the scheme introduced
in [26, 44], we perform a template fit to estimate the
impact of our “Z-equivalent” flavor-dependent sets on
the determination of MW . We use the DYRes code at the
same accuracy (NLL at small transverse momentum and
O(↵s) at large transverse momentum) and kinematics as

before, using the MSTW2008 NLO PDF set [45], setting
central values for the renormalization, factorization and
resummation scales µR = µF = µres = MW , and
implementing ATLAS acceptance cuts on the final-state
leptons [23]. In DYRes, the singularity of the resummed
form factor at very large values of bT (bT & 1/⇤QCD) is
avoided by the usual b⇤ prescription [2]. Similarly, the
correct behavior at very low bT is enforced by modifying
the argument of the logarithmic terms as in Refs. [37, 39].
The form factor in Eq. (2) is usually interpreted as the
nonperturbative contribution to TMD resummation for
bT & 1/⇤QCD. We generate templates with very high
statistics (750 M events) for the mT , pT ` distributions1

with di↵erent MW masses in the range 80.370 GeV
 MW  80.400 GeV, using the flavor-independent
set for the nonperturbative parameters. Then, for
each “Z-equivalent” flavor-dependent set we generate
pseudodata with lower statistics (135 M events) for
the same leptonic observables with the fixed value
MW = 80.385 GeV. Finally, for each pseudodata set we
compute the �2 of the various templates and we identify
the template with minimum �2 in order to establish how
large is the shift in MW induced by a particular choice
of flavor-dependent nonperturbative parameters. The
statistical uncertainty of the template-fit procedure has
been estimated by considering statistically equivalent
those templates for which ��2 = (�2

� �2
min)  1.

Consequently, we quote an uncertainty of 2.5 MeV for
each of the obtained MW shifts.

Impact on the MW determination.

The outcome of our template fit is summarized in
Tabs. I and II for 5 representative sets out of the 30
“Z-equivalent” sets. The former table lists the values of
the gaNP parameter in Eq. (2) for each of the 5 considered
flavors a = uv, dv, us, ds, s = c = b = g. The latter table
shows the corresponding shifts induced in MW when ap-
plying our analysis to the mT , pT ` distributions for the
W+ and the W� production at the LHC (

p
s = 7 TeV).

Set uv dv us ds s
1 0.34 0.26 0.46 0.59 0.32
2 0.34 0.46 0.56 0.32 0.51
3 0.55 0.34 0.33 0.55 0.30
4 0.53 0.49 0.37 0.22 0.52
5 0.42 0.38 0.29 0.57 0.27

TABLE I: Values of the gaNP parameter in Eq. (2) for the
flavors a = uv, dv, us, ds, s = c = b = g. Units are GeV2.

As expected, the shifts induced by the analysis per-

1
Our analysis is performed on 30 bins in the interval [60, 90] GeV

for mT and on 20 bins in the interval [30, 50] GeV for pT `.

4

�MW+ �MW�

Set mT pT ` mT pT `

1 0 -1 -2 3
2 0 -6 -2 0
3 -1 9 -2 -4
4 0 0 -2 -4
5 0 4 -1 -3

TABLE II: Shifts in MW± (in MeV) induced by the cor-
responding sets of flavor-dependent intrinsic transverse mo-
menta outlined in Tab. I (Statistical uncertainty: 2.5 MeV).

formed on pT ` are generally larger than for the mT case,
since the latter is less sensitive to qWT -modelling e↵ects.

For set 3, the shift induced on MW+ by the pT ` analy-
sis is 9 MeV, its size is particularly large if compared to
the corresponding uncertainty quoted by ATLAS (3 MeV).
In general, taking also into account the statistical uncer-
tainty of our analysis, the absolute value of the shifts
induced when considering the pT ` observable could ex-
ceed 10 MeV. For MW� the shifts are less significant and
fall within a 2-� interval around zero.

In the kinematic conditions under consideration, W+

bosons are dominantly produced by a ud̄ partonic pro-
cess, with the u coming from the valence region. As
a consequence, we observe that sets characterized by a
larger value of the combination guv

NP + gds
NP (sets 3 and

5) lead to positive shifts in the value of MW+ , while sets
with a smaller value of guv

NP + gds
NP (set 2) lead to neg-

ative shifts. For W� the situation is less clear, because
the dominant partonic channel is ūd, with similar con-
tributions from the valence and sea components of the
d quark. It seems that sets with smaller values of the
sum of gus

NP + gdv
NP + gus

NP + gds
NP (sets 3, 4, 5) lead to to

negative shifts in the value of MW+ . Set 1 has a large
value of the of the sum of gus

NP + gdv
NP + gus

NP + gds
NP and

leads to a positive shift in MW+ . Set 2, however, violates
the expectations based on these simple arguments.

Di↵erent flavor-dependent sets may induce artificial
asymmetric shifts for MW+ and MW� in the flavor-
independent template fits. For instance, if MW� > MW+

(which corresponds to the ATLAS findings [23]) a template
fit to the pT ` observable based on sets 1 and 2 would
lead to di↵erent shifts �MW� > �MW+ such that
the di↵erence between the two masses is enhanced. In
this case, a fit with the corresponding flavor-dependent
nonperturbative contributions would lead to a reduction
of the mass gap. On the contrary, using sets 3-5 one
would obtain the opposite result.

Outlook and future developments.

In this work, we investigated the uncertainties on the
determination of MW at the LHC induced by a possi-
ble flavor dependence of the partonic intrinsic transverse
momentum. From these outcomes, we point out that a
“flavor-blind” data analysis may not be a su�ciently ac-

curate option, especially when a total uncertainty lower
than 10 MeV is expected for MW at the LHC [46].

Future data from flavor-sensitive processes such as
SIDIS (from the 12 GeV upgrade at Je↵erson Lab [47],
from the COMPASS collaboration [48], and from a future
Electron-Ion Collider with both proton and deuteron
beams [42, 43]) will shed new light on the flavor de-
composition of the unpolarized TMD PDF. These low-
energy SIDIS data involve also the study of the flavor
dependence in the fragmentation function (the unpolar-
ized TMD FF). Therefore, new data from semi-inclusive
e+e� annihilation will also be needed for the flavor de-
composition of the TMD FF [36].

All these data will improve our knowledge of the
partonic structure of hadrons, and may help in reducing
the uncertainties in precision measurements at high
energies.

Acknowledgments.

Discussions with Giancarlo Ferrera, Guido Montagna,
Piet Mulders, Oreste Nicrosini, Fulvio Piccinini, Jianwei
Qiu and Alessandro Vicini are gratefully acknowledged.
We are also grateful to Jos Vermaseren and the Nikhef
CT Department for the support with computing facilities
in the initial stages of this project. AS acknowledges
support from U.S. Department of Energy contract
DE-AC05-06OR23177, under which Je↵erson Science
Associates, LLC, manages and operates Je↵erson Lab.
The work of AS has been funded partly also by the
program of the Stichting voor Fundamenteel Onderzoek
der Materie (FOM), which is financially supported by
the Nederlandse Organisatie voor Wetenschappelijk
Onderzoek (NWO). This work is supported by the
European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation program
(grant agreement No. 647981, 3DSPIN).

⇤ ORCID: http://orcid.org/0000-0002-8824-8355
† ORCID: http://orcid.org/0000-0002-2908-6077
‡ ORCID: http://orcid.org/0000-0002-4542-9797
§ mathias.ritzmann@gmail.com
¶ ORCID: http://orcid.org/0000-0001-6640-9659

[1] G. Parisi and R. Petronzio, Nucl. Phys. B154, 427
(1979).

[2] J. C. Collins, D. E. Soper, and G. F. Sterman, Nucl.
Phys. B250, 199 (1985).

[3] J. Collins, Foundations of Perturbative QCD, Cambridge
Monographs on Particle Physics, Nuclear Physics and
Cosmology (Cambridge University Press, 2011).

[4] M. G. Echevarria, A. Idilbi, and I. Scimemi, JHEP 1207,
002 (2012), 1111.4996.

[5] T. C. Rogers, Eur. Phys. J. A52, 153 (2016), 1509.04766.
[6] J. Collins and T. C. Rogers, Phys. Rev. D96, 054011

(2017), 1705.07167.

Bacchetta, Bozzi, Radici, Ritzmann, Signori, arXiv:1807.02101

Try some judicious choices of flavour dependent widths and check

Not taking into account the flavor 
dependence of TMDs can lead to errors in 

the determination of the W mass, of the 
order of a few MeVs

They all describe the 
Z spectrum very well

http://arxiv.org/abs/arXiv:1807.02101


QUESTIONS 66



QUESTIONS 66

What happens if we include spin?



3D STRUCTURE IN MOMENTUM SPACE 67

Figure 2: The density distribution ⇢a
p"

of an unpolarized quark with flavor a in a proton polarized along the +y direction and moving towards the

reader, as a function of (kx, ky) at Q2 = 4 GeV2. Left panels for the up quark, right panels for the down quark. Upper panels for results at x = 0.1,
lower panels at x = 0.01. For each panel, lower ancillary plots represent the 68% uncertainty band of the distribution at ky = 0 (where the e↵ect
of the distortion due to the Sivers function is maximal) while left ancillary plots at kx = 0 (where the distribution is the same as for an unpolarized
proton). Results in the contour plots and the solid lines in the projections correspond to replica 105.

towards the reader and is polarized along the +y direction. Since the up Sivers function is negative, the induced
distortion is positive along the +x direction for the up quark (left panels), and opposite for the down quark (right
panels).

At x = 0.1 the distortion due to the Sivers e↵ect is evident, since we are close to the maximum value of the
function shown in Fig. 1. The distortion is opposite for up and down quarks, reflecting the opposite sign of the
Sivers function. It is more pronounced for down quarks, because the Sivers function is larger and at the same time
the unpolarized TMD is smaller. At lower values of x, the distortion disappears. These plots suggest that a virtual
photon hitting a transversely polarized proton e↵ectively “sees” more up quarks to its right and more down quarks
to its left in momentum space. The peak positions are approximately (kx)max ⇡ 0.1 GeV for up quarks and �0.15
GeV for down quarks. To have a feeling of the order of magnitude of this distortion, we can estimate the expression
eq/(kx)max ⇡ 2⇥10�34C⇥m ⇡ 0.6⇥10�4 debye, which is about 3⇥10�5 times the electric dipole of a water molecule.

The existence of this distortion requires two ingredients. First of all, the wavefunction describing quarks inside the
proton must have a component with nonvanishing angular momentum. Secondly, e↵ects due to final state interactions
should be present [37], which in Feynman gauge can be described as the exchange of Coulomb gluons between the
quark and the rest of the proton [38]. In simplified models [39], it is possible to separate these two ingredients and
obtain an estimate of the angular momentum carried by each quark [40]. It turns out that up quarks give almost
50% contribution to the proton’s spin, while all other quarks and antiquarks give less than 10% [14]. We will leave
this model-dependent study to a future publication. A model-independent estimate of quark angular momentum
requires the determination of parton distributions that depend simultaneously on momentum and position [41, 42].
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eq/(kx)max ⇡ 2⇥10�34C⇥m ⇡ 0.6⇥10�4 debye, which is about 3⇥10�5 times the electric dipole of a water molecule.

The existence of this distortion requires two ingredients. First of all, the wavefunction describing quarks inside the
proton must have a component with nonvanishing angular momentum. Secondly, e↵ects due to final state interactions
should be present [37], which in Feynman gauge can be described as the exchange of Coulomb gluons between the
quark and the rest of the proton [38]. In simplified models [39], it is possible to separate these two ingredients and
obtain an estimate of the angular momentum carried by each quark [40]. It turns out that up quarks give almost
50% contribution to the proton’s spin, while all other quarks and antiquarks give less than 10% [14]. We will leave
this model-dependent study to a future publication. A model-independent estimate of quark angular momentum
requires the determination of parton distributions that depend simultaneously on momentum and position [41, 42].
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Figure 17. Tomographic scan of the nucleon via the momentum space quark density function
⇢1;q h"(x,kT ,ST , µ) defined in Eq. (4.7) at x = 0.1 and µ = 2 GeV. Panel (a) is for u quarks, panel
(b) is for d quark, panel (c) is for ū quark, and panel (d) is for s quark. The variation of color in the plot
is due to variation of replicas and illustrates the uncertainty of the extraction. The nucleon polarization
vector is along ŷ-direction. White cross indicates the position of the origin (0, 0) in order to highlight the
shift of the distributions along x̂-direction due to the Sivers function.

polarization, we introduce the momentum space quark density function

⇢1;q h"(x,kT ,ST , µ) = f1;q h(x, kT ; µ, µ
2) �

kTx

M
f
?
1T ;q h(x, kT ; µ, µ

2), (4.7)

where kT is a two-dimensional vector (kTx, kTy). This function reflects the TMD density of un-
polarized quark q in the spin-1/2 hadron totally polarized in ŷ-direction, ST = (Sx, Sy), where
Sx = 0, Sy = 1, compare to Eq. (4.2). In Fig. 17 we plot ⇢ at x = 0.1 and µ = 2 GeV. To present
the uncertainty in unpolarized and Sivers function, we randomly select one replica for each point of
a figure. Thus, the color fluctuation roughly reflects the uncertainty band of our extraction. The
presented pictures have a shift of the maximum in kTx, which is the influence of Sivers function that
introduces a dipole modulation of the momentum space quark densities. This shift corresponds to
the correlation of the Orbital Angular Momentum (OAM) of quarks and the nucleon’s spin. One
can see from Fig. 17 that u quark has a negative correlation and d quark has a positive correlation.
Without OAM of quarks, such a correlation and the Sivers function are zero, and thus we can
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towards the reader and is polarized along the +y direction. Since the up Sivers function is negative, the induced
distortion is positive along the +x direction for the up quark (left panels), and opposite for the down quark (right
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At x = 0.1 the distortion due to the Sivers e↵ect is evident, since we are close to the maximum value of the
function shown in Fig. 1. The distortion is opposite for up and down quarks, reflecting the opposite sign of the
Sivers function. It is more pronounced for down quarks, because the Sivers function is larger and at the same time
the unpolarized TMD is smaller. At lower values of x, the distortion disappears. These plots suggest that a virtual
photon hitting a transversely polarized proton e↵ectively “sees” more up quarks to its right and more down quarks
to its left in momentum space. The peak positions are approximately (kx)max ⇡ 0.1 GeV for up quarks and �0.15
GeV for down quarks. To have a feeling of the order of magnitude of this distortion, we can estimate the expression
eq/(kx)max ⇡ 2⇥10�34C⇥m ⇡ 0.6⇥10�4 debye, which is about 3⇥10�5 times the electric dipole of a water molecule.

The existence of this distortion requires two ingredients. First of all, the wavefunction describing quarks inside the
proton must have a component with nonvanishing angular momentum. Secondly, e↵ects due to final state interactions
should be present [37], which in Feynman gauge can be described as the exchange of Coulomb gluons between the
quark and the rest of the proton [38]. In simplified models [39], it is possible to separate these two ingredients and
obtain an estimate of the angular momentum carried by each quark [40]. It turns out that up quarks give almost
50% contribution to the proton’s spin, while all other quarks and antiquarks give less than 10% [14]. We will leave
this model-dependent study to a future publication. A model-independent estimate of quark angular momentum
requires the determination of parton distributions that depend simultaneously on momentum and position [41, 42].
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Figure 2: The density distribution ⇢a
p"

of an unpolarized quark with flavor a in a proton polarized along the +y direction and moving towards the

reader, as a function of (kx, ky) at Q2 = 4 GeV2. Left panels for the up quark, right panels for the down quark. Upper panels for results at x = 0.1,
lower panels at x = 0.01. For each panel, lower ancillary plots represent the 68% uncertainty band of the distribution at ky = 0 (where the e↵ect
of the distortion due to the Sivers function is maximal) while left ancillary plots at kx = 0 (where the distribution is the same as for an unpolarized
proton). Results in the contour plots and the solid lines in the projections correspond to replica 105.

towards the reader and is polarized along the +y direction. Since the up Sivers function is negative, the induced
distortion is positive along the +x direction for the up quark (left panels), and opposite for the down quark (right
panels).

At x = 0.1 the distortion due to the Sivers e↵ect is evident, since we are close to the maximum value of the
function shown in Fig. 1. The distortion is opposite for up and down quarks, reflecting the opposite sign of the
Sivers function. It is more pronounced for down quarks, because the Sivers function is larger and at the same time
the unpolarized TMD is smaller. At lower values of x, the distortion disappears. These plots suggest that a virtual
photon hitting a transversely polarized proton e↵ectively “sees” more up quarks to its right and more down quarks
to its left in momentum space. The peak positions are approximately (kx)max ⇡ 0.1 GeV for up quarks and �0.15
GeV for down quarks. To have a feeling of the order of magnitude of this distortion, we can estimate the expression
eq/(kx)max ⇡ 2⇥10�34C⇥m ⇡ 0.6⇥10�4 debye, which is about 3⇥10�5 times the electric dipole of a water molecule.

The existence of this distortion requires two ingredients. First of all, the wavefunction describing quarks inside the
proton must have a component with nonvanishing angular momentum. Secondly, e↵ects due to final state interactions
should be present [37], which in Feynman gauge can be described as the exchange of Coulomb gluons between the
quark and the rest of the proton [38]. In simplified models [39], it is possible to separate these two ingredients and
obtain an estimate of the angular momentum carried by each quark [40]. It turns out that up quarks give almost
50% contribution to the proton’s spin, while all other quarks and antiquarks give less than 10% [14]. We will leave
this model-dependent study to a future publication. A model-independent estimate of quark angular momentum
requires the determination of parton distributions that depend simultaneously on momentum and position [41, 42].
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Our world is made of electrons, photons, quarks, and gluons:  
I believe we will find ways to use them before we use the Higgs 
bosons or black holes.
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▸ The EIC will be a groundbreaking machine for QCD studies

▸ I discussed some opportunities to study the multidimensional structure of 
nucleons, but there are many more

▸ Results can be used to check lattice QCD predictions and look for new physics

▸ The long-term goal is the capability of computing the multidimensional 
structure of the nucleon, and eventually of the nucleus, and the hadronization 
process, all based on QCD
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lidity of the W -term approximation does not end at a
sharp point in qT, and thus a smooth function character-
izes general physical expectations. A reasonable choice
is

Ξ

(

qT
Q

, η

)

= exp

[

−

(

qT
ηQ

)aΞ
]

, (39)

with aΞ > 2.
The only differences between the old and new W -term

are: i) the use of bc(bT) rather than bT in W̃ , and ii) the
multiplication by Ξ(qT/Q, η). (The second modification
was proposed by Collins in Ref. [4, Eq. (13.75)]. There Ξ
is called F (qT/Q).) Equation (38) matches the standard
definition in the limit that C5 and η approach infinity.
Finally, we will present a fully optimized formula for

WNew(qT, Q; η, C5) corresponding to the one for the orig-
inal W (qT, Q) in Eq. (35).
But first it will be convenient to construct some auxil-

iary results.
Naturally, b∗ is to be replaced by

b∗(bc(bT)) =

√

b2T + b20/(C
2
5Q

2)

1 + b2T/b
2
max + b20/(C

2
5Q

2b2max)
. (40)

Also we define

bmin ≡ b∗(bc(0)) =
b0

C5Q

√

1

1 + b20/(C
2
5Q

2b2max)
. (41)

Then, for large enough Q and bmax

bmin ≈
b0

C5Q
. (42)

Thus, bmin decreases like 1/Q, in contrast to bmax which
remains fixed. Note also that

b∗(bc(bT)) −→

⎧

⎪

⎨

⎪

⎩

bmin bT ≪ bmin

bT bmin ≪ bT ≪ bmax

bmax bT ≫ bmax .

(43)

For bT ≪ 1/Q, b∗(bc(bT)) ≈ b∗(bT). Instead of µb∗ , we
will ultimately use the scale

µ̄ ≡
C1

b∗(bc(bT))
(44)

to implement renormalization group improvement in
TMD correlation functions. There is a maximum cut-
off on the renormalization scale equal to

µc ≡ lim
bT→0

µ̄ =
C1C5Q

b0

√

1 +
b20

C2
5 b

2
maxQ

2
≈

C1C5Q

b0
.

(45)
The approximation sign corresponds to the limit of large
Qbmax. Note that,

bminµc = C1 . (46)

The steps for finding a useful formula for the evolved WNew(qT, Q; η, C5) are as follows. Equation (32) becomes

WNew(qT, Q; η, C5) = Ξ

(

qT
Q

, η

)
∫

d2bT
(2π)2

eiqT·bTW̃NP(bc(bT), Q)W̃ (b∗(bc(bT)), Q) . (47)

Now the definition of W̃ (bT, Q) is unchanged, and only the bT → bc(bT) replacement is new. Therefore instead of
Eq. (35) we simply need

W̃ (bc(bT), Q) = H(µQ, Q)
∑

j′i′

∫ 1

xA

dx̂

x̂
C̃pdf

j/j′ (xA/x̂, b∗(bc(bT)); µ̄
2, µ̄,αs(µ̄))fj′/A(x̂; µ̄)×

×

∫ 1

zB

dẑ

ẑ3
C̃ff

i′/j(zB/ẑ, b∗(bc(bT)); µ̄
2, µ̄,αs(µ̄))dB/i′ (ẑ; µ̄)×

× exp

{

ln
Q2

µ̄2
K̃(b∗(bc(bT)); µ̄) +

∫ µQ

µ̄

dµ′

µ′

[

2γ(αs(µ
′); 1)− ln

Q2

µ′2
γK(αs(µ

′))

]}

× exp

{

−gA(xA, bc(bT); bmax)− gB(zB, bc(bT); bmax)− 2gK(bc(bT); bmax) ln

(

Q

Q0

)}

. (48)

This is the same as Eq. (35) except that b∗(bc(bT)) and µ̄ = C1/b∗(bc(bT)) are used instead of b∗(bT) and
µb∗ = C1/b∗(bT). Note that gK(bc(bT); bmax) depends on Q through bc, albeit only for bT ! 1/Q. For bT ≫ 1/Q,
gK(bc(bT); bmax) → gK(bT; bmax). Also, gK(bc(bT); bmax) does not vanish exactly as bT → 0 but instead approaches a
power of 1/Q.
Up to this point, we have introduced two new parameters, η and C5, in the treatment of the W -term.
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Higher-order corrections decrease the 
role of the TMD region.  

We need to enhance it with a prefactor.  
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4. Low transverse momentum: phenomenology

4A Appendix: di�erence between the TMD integral
and the integrated SIDIS cross section at O(UB)

In this Appendix we report the theoretical formula for the SIDIS cross section inte-
grated over transverse momentum at O(UB), for the reader who wants to compare
it with the integral of the TMD cross section (Sec. 4.1.2). This expression can be
found, for instance, in [84]:
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Figure 5. Density of data in the plane (Q, x) (a darker color corresponds to a higher density).

The kinematic region in x and Q covered by the data set and thus contributing to the deter-
mination of TMDPDF is shown in fig. 5. The boxes enclose the sub-regions covered by the single
data sets. Looking at fig. 5, it is possible to distinguish two main clusters of data: the “low-energy
experiments”, i.e. E288, E605, E772, PHENIX, COMPASS and HERMES that place themselves
at invariant-mass energies between 1 and 18 GeV, and the “high-energy experiments”, i.e. all those
from Tevatron and LHC, that are instead distributed around the Z-peak region. From this plot we
observe that, kinematic ranges of SIDIS and DY data do not overlap.

As a final comment of this section let us mention that our data selection is particularly conser-
vative because it drops points that could potentially be described by TMD factorization (see e.g.
ref. [18] where a less conservative choice of cuts is used). However, our fitted data set guarantees
that we operate well within the range of validity of TMD factorization. In sec. 7 we show that
unexpectedly our extraction can describe a larger set of data as well.

4 Fit procedure

The experimental data are usually provided in a form specific for each setup. In order to extract
valuable information for the TMD extraction, one has to detail the methodology that has been
followed, and this is the purpose of this section. Finally, we also provide a suitable definition of the
�2 that allows for a correct exploitation of experimental uncertainties.

4.1 Treatment of nuclear targets and charged hadrons

The data from E288, E605 (Cu), E772, COMPASS, (part of) HERMES (isoscalar targets) come
from nuclear target processes. In these cases, we perform the iso-spin rotation of the corresponding
TMDPDF that simulates the nuclear-target effects. For example, we replace u-, and d-quark
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2 coverage spanned by the experimental data considered in this analysis (see also Tab. II and

Tab. III).

A. Drell-Yan

Our analysis is based on TMD factorization, which is applicable only in the region |qT | ⌧ Q. Therefore, in
agreement with the choices of Refs. [7, 22] we impose the following cut

|qT | < 0.2Q . (53)

Table II summarizes all the DY datasets included in our analysis. For some DY datasets the experimental
observable is given within a fiducial region. This means that kinematic cuts on transverse momentum pT ` and
pseudo–rapidity ⌘` of the single final-state leptons are enforced (values reported in the next–to–last column
of Tab. II). For more details we refer the reader to Ref. [7]. The second column of Tab. II reports, for each
experiment, the number of data points (Ndat) that survive the kinematic cuts. The total number of DY data
points considered in this work is 484. Note that for E605 and E288 at 400 GeV we have excluded the bin in
Q containing the ⌥ resonance (Q ' 9.5 GeV).

As can be seen in Tab. II, the cross sections are released in di↵erent forms: some of them are normalized to the
total (fiducial) cross section while others are not. When necessary, the required total cross section � is computed
using the code DYNNLO [35, 36] with the MMHT14 collinear PDF set, consistently with the perturbative order
of the di↵erential cross section (see also Tab. I). More precisely, the total cross section is computed at NLO for
NNLL accuracy, and NNLO for N3LL� accuracy. The values of the total cross sections at di↵erent orders can
be found in Table 3 of Ref. [7]. For the ATLAS dataset at 13 TeV, the value of the fiducial cross section is
694.3 pb at NLO and 707.3 pb at NNLO.

B. SIDIS

The identification of the TMD region in SIDIS is not a trivial task and may be subject to revision as new
data appears and the theoretical description is improved, as discussed in dedicated studies [38, 94, 95].

First of all, a cut in the virtuality Q of the exchanged photon is necessary to respect the condition Q � ⇤QCD

needed for perturbation theory to be applicable. In this way also mass corrections and higher twist corrections
can be neglected. In this work, we require that Q > 1.4 GeV. Studies of SIDIS in collinear kinematics employ
similar cuts [29, 96].

In order to restrict ourselves to the SIDIS current fragmentation region and interpret the observables in terms
of parton distribution and fragmentation functions, we apply a cut in the kinematic variable z by requiring
0.2 < z < 0.7. The lower limit is the same used in the study of collinear fragmentation functions [29, 96]. We
used a slightly more restrictive upper limit, to avoid contributions from exclusive channels and to focus on a
region where the collinear fragmentation functions have small relative uncertainties.

For what concerns the cut on transverse momentum, our baseline choice is

|PhT | < min
⇥
min[c1 Q, c2 zQ] + c3 GeV, zQ

⇤
, (54)
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The kinematic region in x and Q covered by the data set and thus contributing to the deter-
mination of TMDPDF is shown in fig. 5. The boxes enclose the sub-regions covered by the single
data sets. Looking at fig. 5, it is possible to distinguish two main clusters of data: the “low-energy
experiments”, i.e. E288, E605, E772, PHENIX, COMPASS and HERMES that place themselves
at invariant-mass energies between 1 and 18 GeV, and the “high-energy experiments”, i.e. all those
from Tevatron and LHC, that are instead distributed around the Z-peak region. From this plot we
observe that, kinematic ranges of SIDIS and DY data do not overlap.

As a final comment of this section let us mention that our data selection is particularly conser-
vative because it drops points that could potentially be described by TMD factorization (see e.g.
ref. [18] where a less conservative choice of cuts is used). However, our fitted data set guarantees
that we operate well within the range of validity of TMD factorization. In sec. 7 we show that
unexpectedly our extraction can describe a larger set of data as well.

4 Fit procedure

The experimental data are usually provided in a form specific for each setup. In order to extract
valuable information for the TMD extraction, one has to detail the methodology that has been
followed, and this is the purpose of this section. Finally, we also provide a suitable definition of the
�2 that allows for a correct exploitation of experimental uncertainties.

4.1 Treatment of nuclear targets and charged hadrons

The data from E288, E605 (Cu), E772, COMPASS, (part of) HERMES (isoscalar targets) come
from nuclear target processes. In these cases, we perform the iso-spin rotation of the corresponding
TMDPDF that simulates the nuclear-target effects. For example, we replace u-, and d-quark
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Tab. III).

A. Drell-Yan

Our analysis is based on TMD factorization, which is applicable only in the region |qT | ⌧ Q. Therefore, in
agreement with the choices of Refs. [7, 22] we impose the following cut

|qT | < 0.2Q . (53)

Table II summarizes all the DY datasets included in our analysis. For some DY datasets the experimental
observable is given within a fiducial region. This means that kinematic cuts on transverse momentum pT ` and
pseudo–rapidity ⌘` of the single final-state leptons are enforced (values reported in the next–to–last column
of Tab. II). For more details we refer the reader to Ref. [7]. The second column of Tab. II reports, for each
experiment, the number of data points (Ndat) that survive the kinematic cuts. The total number of DY data
points considered in this work is 484. Note that for E605 and E288 at 400 GeV we have excluded the bin in
Q containing the ⌥ resonance (Q ' 9.5 GeV).

As can be seen in Tab. II, the cross sections are released in di↵erent forms: some of them are normalized to the
total (fiducial) cross section while others are not. When necessary, the required total cross section � is computed
using the code DYNNLO [35, 36] with the MMHT14 collinear PDF set, consistently with the perturbative order
of the di↵erential cross section (see also Tab. I). More precisely, the total cross section is computed at NLO for
NNLL accuracy, and NNLO for N3LL� accuracy. The values of the total cross sections at di↵erent orders can
be found in Table 3 of Ref. [7]. For the ATLAS dataset at 13 TeV, the value of the fiducial cross section is
694.3 pb at NLO and 707.3 pb at NNLO.

B. SIDIS

The identification of the TMD region in SIDIS is not a trivial task and may be subject to revision as new
data appears and the theoretical description is improved, as discussed in dedicated studies [38, 94, 95].

First of all, a cut in the virtuality Q of the exchanged photon is necessary to respect the condition Q � ⇤QCD

needed for perturbation theory to be applicable. In this way also mass corrections and higher twist corrections
can be neglected. In this work, we require that Q > 1.4 GeV. Studies of SIDIS in collinear kinematics employ
similar cuts [29, 96].

In order to restrict ourselves to the SIDIS current fragmentation region and interpret the observables in terms
of parton distribution and fragmentation functions, we apply a cut in the kinematic variable z by requiring
0.2 < z < 0.7. The lower limit is the same used in the study of collinear fragmentation functions [29, 96]. We
used a slightly more restrictive upper limit, to avoid contributions from exclusive channels and to focus on a
region where the collinear fragmentation functions have small relative uncertainties.

For what concerns the cut on transverse momentum, our baseline choice is

|PhT | < min
⇥
min[c1 Q, c2 zQ] + c3 GeV, zQ

⇤
, (54)
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Data set Ndat �2
D/Ndat �2

�/Ndat �2
0/Ndat

Tevatron total 71 0.87 0.06 0.93
LHCb total 21 1.15 0.3 1.45
ATLAS total 72 4.56 0.48 5.05
CMS total 78 0.53 0.02 0.55
PHENIX 200 2 2.21 0.88 3.08
STAR 510 7 1.05 0.10 1.15

DY collider total 251 1.86 0.2 2.06

DY fixed-target total 233 0.85 0.4 1.24

HERMES total 344 0.48 0.23 0.71
COMPASS total 1203 0.62 0.3 0.92

SIDIS total 1547 0.59 0.28 0.87

Total 2031 0.77 0.29 1.06
<latexit sha1_base64="WvvuUep1WxtfD0UvddvdOFP90C8="></latexit>
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FIG. 1. Illustration of transverse-momentum-dependent sin-
gle hadron fragmentation where the final-state hadron is de-
picted as a red arrow, the incoming leptons as blue arrows,
and the event plane – spanned by leptons (blue lines) and
initial quarks/thrust axis n (purple line) – is depicted as a
light blue plane. The transverse momentum kT is calculated
relative to the thrust axis and depicted by the red, dashed
line.

on 8 GeV) collider [32, 33] operating at the ⌥(4S) res-
onance (denoted as on-resonance), as well as a smaller
data set taken 60 MeV below for comparison (denoted as
continuum).

The Belle detector is a large-solid-angle magnetic spec-
trometer that consists of a silicon vertex detector (SVD),
a 50-layer central drift chamber, an array of aerogel
threshold Cherenkov counters, a barrel-like arrangement
of time-of-flight scintillation counters, and an electromag-
netic calorimeter comprised of CsI(Tl) crystals located
inside a superconducting solenoid coil that provides a
1.5 T magnetic field. An iron flux-return located outside
of the coil is instrumented to detect K0

L mesons and to
identify muons. The detector is described in detail else-
where [34, 35]. A 1.5 cm beampipe with 1 mm thickness
and a 4-layer SVD and a small-cell inner drift chamber
were used to record 558 fb�1 [36].

The primary light (uds)- and charm-quark simulations
used in this analysis were generated using pythia6.2
[37], embedded into the EvtGen [38] framework, followed
by a geant3 [39] simulation of the detector response.
The various MC samples were produced separately for
light (uds) and charm quarks, and on the generator level
several JETSET[40] settings were produced in order to
study their impact. For generator level MC to data
comparisons, long-lived weak decays, which normally are
handled in geant, were allowed in EvtGen. In addition,
we generated charged and neutral B meson pairs from
⌥(4S) decays in EvtGen, ⌧ pair events with the KKMC
[41, 42] generator and the Tauola [43] decay package,
and other events with either pythia or dedicated gener-
ators [44] such as for two-photon processes.

A. Event and track selection

Events with at least three reconstructed charged tracks
are required to have a visible energy of all detected
charged tracks and neutral clusters above 7 GeV (to re-
move ⌧ pair events) and either a heavy-jet mass (the
greater of the invariant masses of all particles in a hemi-
sphere as generated by the plane perpendicular to the
thrust axis) above 1.8 GeV/c2 or a ratio of the heavy-
jet mass to visible energy above 0.25. The thrust axis
is required to point into the barrel part of the detec-
tor by having a z component |n̂z| < 0.75 in order to
reduce the amount of thrust-axis smearing due to unde-
tected particles in the forward/backward regions. Tracks
are required to be within 4 cm (2 cm) of the interac-
tion point along (perpendicular to) the positron beam
axis. Each track is required to have at least three
SVD hits and full particle-identification (PID) informa-
tion, and fall within the polar-angular acceptance of
�0.511 < cos ✓lab < 0.842. The fractional energy of each
track is required to exceed 0.1 and the transverse momen-
tum with respect to the thrust axis is then calculated in
the CMS as illustrated in Fig. 1. Also a minimum trans-
verse momentum in the laboratory frame with respect to
the beam axis of 100 MeV/c is imposed to ensure the
particles traverse the magnetic field.

B. PID selection

To apply the PID correction according to the PID e�-
ciency matrices used in previous results [45], the same se-
lection criteria are applied first to define a charged track
as a pion, kaon, proton, electron or muon. This informa-
tion is determined from normalized likelihood ratios that
are constructed from various detector responses. If the
muon-hadron likelihood ratio is above 0.9, the track is
identified as a muon. Otherwise, if the electron-hadron
likelihood ratio is above 0.85, the track is identified as an
electron. If neither of these applies, the track is identified
as a kaon by a kaon-pion likelihood ratio above 0.6 and a
kaon-proton likelihood ratio above 0.2. Pions are identi-
fied with the kaon-pion likelihood ratio below 0.6 and a
pion-proton ratio above 0.2. Finally, protons are identi-
fied with kaon-proton and pion-proton ratios below 0.2.
While neither muons nor electrons are considered explic-
itly for the single hadron analysis, they are retained as
necessary contributors for the PID correction, wherein a
certain fraction enters the pion, kaon, and proton sam-
ples under study.

II. HADRON ANALYSIS AND CORRECTIONS

In the following sections, the hadron yields are ex-
tracted and, successively, the various corrections are ap-
plied and the corresponding systematic uncertainties are
determined to arrive at the single hadron di↵erential
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FIG. 9. Single charged pion cross sections as a function of k2
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data. Each datapoint is displayed at the bin’s central value while horizontal uncertainties display the RMS value. The error
boxes represent the systematic uncertainties.

to understand the intrinsic transverse momentum depen-
dence generated in the fragmentation process. Such in-
put is needed to obtain a better theoretical description of
the various transverse-momentum-dependent and related
higher-twist e↵ects visible in transverse spin asymmetries
in semi-inclusive deep inelastic scattering, proton-proton
collisions and electron-positron annihilation. This infor-
mation also leads the way toward high-precision mea-
surements of TMD e↵ects at the electron-ion collider. In
addition, these results provide the unpolarized baseline
for any polarized, transverse-momentum-dependent frag-
mentation functions such as the Collins FF.
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on 8 GeV) collider [32, 33] operating at the ⌥(4S) res-
onance (denoted as on-resonance), as well as a smaller
data set taken 60 MeV below for comparison (denoted as
continuum).

The Belle detector is a large-solid-angle magnetic spec-
trometer that consists of a silicon vertex detector (SVD),
a 50-layer central drift chamber, an array of aerogel
threshold Cherenkov counters, a barrel-like arrangement
of time-of-flight scintillation counters, and an electromag-
netic calorimeter comprised of CsI(Tl) crystals located
inside a superconducting solenoid coil that provides a
1.5 T magnetic field. An iron flux-return located outside
of the coil is instrumented to detect K0

L mesons and to
identify muons. The detector is described in detail else-
where [34, 35]. A 1.5 cm beampipe with 1 mm thickness
and a 4-layer SVD and a small-cell inner drift chamber
were used to record 558 fb�1 [36].

The primary light (uds)- and charm-quark simulations
used in this analysis were generated using pythia6.2
[37], embedded into the EvtGen [38] framework, followed
by a geant3 [39] simulation of the detector response.
The various MC samples were produced separately for
light (uds) and charm quarks, and on the generator level
several JETSET[40] settings were produced in order to
study their impact. For generator level MC to data
comparisons, long-lived weak decays, which normally are
handled in geant, were allowed in EvtGen. In addition,
we generated charged and neutral B meson pairs from
⌥(4S) decays in EvtGen, ⌧ pair events with the KKMC
[41, 42] generator and the Tauola [43] decay package,
and other events with either pythia or dedicated gener-
ators [44] such as for two-photon processes.

A. Event and track selection

Events with at least three reconstructed charged tracks
are required to have a visible energy of all detected
charged tracks and neutral clusters above 7 GeV (to re-
move ⌧ pair events) and either a heavy-jet mass (the
greater of the invariant masses of all particles in a hemi-
sphere as generated by the plane perpendicular to the
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axis. Each track is required to have at least three
SVD hits and full particle-identification (PID) informa-
tion, and fall within the polar-angular acceptance of
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track is required to exceed 0.1 and the transverse momen-
tum with respect to the thrust axis is then calculated in
the CMS as illustrated in Fig. 1. Also a minimum trans-
verse momentum in the laboratory frame with respect to
the beam axis of 100 MeV/c is imposed to ensure the
particles traverse the magnetic field.

B. PID selection

To apply the PID correction according to the PID e�-
ciency matrices used in previous results [45], the same se-
lection criteria are applied first to define a charged track
as a pion, kaon, proton, electron or muon. This informa-
tion is determined from normalized likelihood ratios that
are constructed from various detector responses. If the
muon-hadron likelihood ratio is above 0.9, the track is
identified as a muon. Otherwise, if the electron-hadron
likelihood ratio is above 0.85, the track is identified as an
electron. If neither of these applies, the track is identified
as a kaon by a kaon-pion likelihood ratio above 0.6 and a
kaon-proton likelihood ratio above 0.2. Pions are identi-
fied with the kaon-pion likelihood ratio below 0.6 and a
pion-proton ratio above 0.2. Finally, protons are identi-
fied with kaon-proton and pion-proton ratios below 0.2.
While neither muons nor electrons are considered explic-
itly for the single hadron analysis, they are retained as
necessary contributors for the PID correction, wherein a
certain fraction enters the pion, kaon, and proton sam-
ples under study.

II. HADRON ANALYSIS AND CORRECTIONS

In the following sections, the hadron yields are ex-
tracted and, successively, the various corrections are ap-
plied and the corresponding systematic uncertainties are
determined to arrive at the single hadron di↵erential
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to understand the intrinsic transverse momentum depen-
dence generated in the fragmentation process. Such in-
put is needed to obtain a better theoretical description of
the various transverse-momentum-dependent and related
higher-twist e↵ects visible in transverse spin asymmetries
in semi-inclusive deep inelastic scattering, proton-proton
collisions and electron-positron annihilation. This infor-
mation also leads the way toward high-precision mea-
surements of TMD e↵ects at the electron-ion collider. In
addition, these results provide the unpolarized baseline
for any polarized, transverse-momentum-dependent frag-
mentation functions such as the Collins FF.
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Figure 12: The ratio of the first Mellin moments of unpolarized TMDPDF (6.1) as a function of b for
different PDF cases.

7 Conclusions

Collinear PDFs play an important role in the modern phenomenology of TMD distributions, reducing the
parametric freedom and establishing the connection with the resummation formalism. The use of PDFs
brings a certain degree of intrinsic tensions in the analysis of TMD distributions. These tensions can be
revealed by examining anomalies in the shapes of statistical distributions and sensitivity to the PDF sets,
which has been found in recent fits of DY and SIDIS experiments [3–6]. We refer to the dependence of
extracted TMD distributions on PDFs as PDF bias.

In this paper, for the first time, we address the problem of the PDF bias. We found and demonstrated
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There seems to be a lot of room 
for flavor dependence.  
Different collinear PDFs  

lead to different results…
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SPECTATOR MODEL RESULTS 16
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FIG. 4: (a) Lowest order diagram for T-odd TMDs in spectator model calculations containing the interaction of the active
quark with the target remnant. The eikonal propagator arising from the Wilson line in the operator definition of TMDs is
indicated by a double line. Note that only the imaginary part of the box diagram on the left-hand side (LHS) of the cut
is relevant for the calculation of T-odd functions. The Hermitian conjugate diagram (h.c.) is not shown. (b) Lowest order
diagram for GPDs in spectator model calculations. The topology of diagram (a) matches with the one of diagram (b) if the
quark-spectator interaction, described by the lensing function I

q,i, is factored out.

in perturbation theory. In addition, we find that those
gluon distributions in the quark target model, which en-
ter the relation of third type as indicated in (84), satisfy
a relation with exactly the structure of (109).

As expected, the general structure of the relation
in (101) and in (109) is different. Note that due to the
Wilson line contribution to the T-odd TMDs, the prefac-
tor on the RHS in (101) contains couplings which do not
appear in (109). Moreover, the relative power of (1− x)
between the moments of the TMDs and of the GPDs
differs for both types of relations.

Evaluating (109) for three specific values of n one finds

h⊥q (0)
1T (x) =

3

(1 − x)2
H̃q

T (x, 0, 0) , (110)

h⊥q (1/2)
1T (x) =

8

(2π)2 (1 − x)2
H̃q (1/2)

T (x) , (111)

h⊥q (1)
1T (x) =

1

(2π) (1 − x)2
H̃q (1)

T (x) . (112)

Equations (110)–(112) are the counterparts of the rela-
tions of second type in (104)–(106).

Keeping in mind the discussion in Sec. III C [see in par-
ticular (76)] one may wonder if the relation of third type
in (109) can be rewritten such that the second deriva-
tive of the impact parameter distribution H̃q

T shows up.
This is indeed possible for arbitrary values of n. Instead
of providing a general formula we limit this discussion
to the particular case n = 1 in which the most compact
and appealing result follows. To this end we exploit the
model-independent identity

∫

d2⃗bT
b⃗ 2
T

2M2
2

(

H̃q
T (x, b⃗ 2

T )

)′′

= −π

∫ ∞

0
db2

T
1

2M2
2

(

H̃q
T (x, b⃗ 2

T )

)′

=
π

M2
H̃q

T (x, 0)

=
1

(2π) (1 − x)2
H̃q (1)

T (x) . (113)

In (113) integration by parts is used in order to perform
the first step. Combining now Eqs. (112) and (113) one
immediately obtains

h⊥q (1)
1T (x) =

∫

d2k⃗T
k⃗ 2

T

2M2
h⊥q

1T (x, k⃗ 2
T )

=

∫

d2⃗bT
b⃗ 2
T

2M2
2

(

H̃q
T (x, b⃗ 2

T )

)′′

. (114)

Note that this relation has a strong similarity to the re-
lations of first type in Eqs. (61)–(63). Exactly the same
result holds for the relation of third type containing the
gluon distributions [see (76)], i.e.,

h⊥g (1)
1 (x) =

∫

d2k⃗T
k⃗ 2

T

2M2
h⊥g

1 (x, k⃗ 2
T )

=

∫

d2⃗bT
b⃗ 2
T

2M2
2

(

Eg
T (x, b⃗ 2

T ) + 2H̃g
T (x, b⃗ 2

T )

)′′

. (115)

E. Relation of fourth type

Eventually, the relation of fourth type indicated in (77)
and (85) is considered. In the framework of the quark
target model calculation at lowest order such a relation
is satisfied because both the TMD h⊥g

1T and the GPD
H̃g

T vanish [see Eqs. (B18) and (B30)]. In order to ob-
tain nonzero results for those distributions higher order
diagrams have to be studied. At present one can say nei-
ther if higher order results obey a relation of fourth type
nor how the specific form of such a relation could look
like. One can only speculate that a possible relation of
fourth type may be similar to the relation of second type
because in both cases a T-odd TMD enters.

F. Higher order diagrams

As already pointed out above so far nontrivial relations
between GPDs and TMDs are only established if the

Burkardt, Hwang, PRD69 (04) 
Lu, Schmidt, PRD75 (07) 
Bacchetta, Conti, Radici, PRD 78 (08) 

f�(0)a
1T (x;Q2

L) = �3MCF �S

2(1� x)
Ea(x, 0, 0;Q2

L)

91

This relation holds only in simple models Bacchetta, Pasquini, Rodini, https://arxiv.org/abs/1907.06960
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