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1. Neutrino Chiral Oscillation

Equation of motion for a neutrino in free space
(z@ —m)p =0, i, —mpr =0, i@vr —mipp =0, W(t, x) = U(t)¢(0)eip-x

Yr="52¢, Yr="¢, Y=vr+¢r. U=e ' H=9"%.p+m’=a-p+mf
How left-handed and right-handed are entangeled in free space?

: : 01\ _; 0 o ~-I0
In chiral representation: ¥ = (1 0), T = (_ai %) 7= ( 0 1)

_ ipxX __ —i(Et—p-x _ L \/E —h P uh
W63 = U 0P = g 0 o | yho)= L (VEZRP )

¥(0)T)(0) = 1. h = %1 - heliciuty, p-ou” = (h-p)u", p = (ps, py,p.) = p(cos ¢sinh, sin ¢sin b, cos b).

0= (e ) = ("ol )

Oscilation probability from i to k for Dirac neutrinos:
P = i) = | <pO)eleo(t): > > = | Y Vi Ve " Fst=P))2



Neutrion oscillations with 3 generations
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Neutrino Chiral Oscillation

In the SM neutrinos are produced by W and/or Z interactions.

At production ¢ = 0 point, they are left-handed and normalized, 4% (0) = 4/ E h > : 275¢h( )

%] 4(0).

YR () = ) g2Eoe IS yh(0) = g (1) = |/ 22 (e-iEtl‘%wh() ™ sin( Et) [[3,

a-p+mB

Used U(t) = e ' = cos(Et) — i 5 sin(Et)
Pyh(4) = (cos(Et) W, sin(Et)) ePL | phtyh(g) = (—z@ sin(Et)) giPL
E E
2 2
P(v = vp) = WL =1 - 25 sin®(BY) , P} — vj) = WL = T sin’(BY)
Left-handed neutrinos oscillated into right-handed ones!
h -
P(vi; — viy) = |VijVi;(cos(Ejt) + iﬁ sin(E;t))[*, P(vE; = vig) = | — @Vka] E, L sin(E;t)|*yp o (2))?

J

S-F Ge & P Pasquini, PLB811(2020)135961; V Bittencourt, A. Bernardini & M. Blasone, EPJC81 (2021)411.



Chiral oscillation probability extremely small for relativistic neutrinos because the
suppresion factor: m2/E2.

Numerically vailid to use Dirac neutrinos to describe neutrino oscillations.

However the effect can be large for non-relativistic netrinos, such as background
cosmic nutrinos where p is small compared with m.

S-F Ge & P Pasquini, PLB811(2020)135961;
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Fig. 1. Evolution of the chiral density matrix elements (o_) (blue) or 1 — (p_) (red)
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V Bittencourt, A. Bernardini & M. Blasone, EPJC81 (2021)411.
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Survival probability P,_,.(¢) as a function of time. The black curves indicate the standard survival
probability formula (16) and the red curves depict the full formula including the fast chiral oscillations
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2. Neutrino Oscillation in Matter

When neutrinos travel in matter, due to interaction of neutrions with
matter mediated by W and Z, the Lagrangian is modified

L=~ m)p — 2y

j* is the matter current which neutrino can interact. .
In the rest frame of the homogeneous, isotropic, unpolarized electrical neutrality medium, j* = (p, 0)
p=V2Gp (Nebope — 3Ny,). Ne, N, number density of electron and neutron, d,. are zero for v, and v;.

: 1 — 1— —p. .
(8-m -t 5) om0 im0 1) < (0 )

The eigenvalues of H are: Ey = £+ Ej, Ey =% — Ey, Ep, =/m?+ (h-p— p/2)?,

(\/Eh+(h-p—§) uh)

1
~ V2E, \—Enp—(h-p—5§) u"



The evolution for a given wave function entering the media with momentum p at ¢t = 0 is

h — o iHt _ ip COS(Eht) h %;% Sin(Eht) —iEﬂ sin(Eht) (uh)
Yr(t) = P2 (0) = e~ ( im in(Ept) coR{ELD) _Zh sm(Eht)) 0 )

Pyt =ty =1— g—h sin?(Ept), PP — k) = "'g—h sin?(Ent).
Similar as that for free space, but dependent on matter density via Ej, = 1/m2 + (h-p— p/2)2.

There is a resonant enhanced chiral oscillation at h - p — p/2 = 0!

From the above, one can easily recover the usual matter oscillation formalism with J} = (p,0) in the relativistic
case p > M > m > p. Keeping the leading effect in this limit, one obtains,

MTM
Heff—p+7_h p - (13)

Then we can find that matter effect would influence the contribution from mixing angle and mass square. Note that
for h = —1 helicity, it is the usual leading order neutrino oscillation in matter effective Hamiltonian which can cause
matter induced MSW resonant effect. But for h = 41 or p < 0, the matter effects are different.



3. Majorana and Seesaw Neutrinos in Free Space

Pure left-handed neutrinos, having Majorana mass like in Type Il seesaw model
1

, 1. e m c
L =vridvy, — Em(ffﬁuL +h.c.) —vpjivwr = Egbm (i@ — m) ™ — Y™ jhy, sym | ™ =vp + vy .
(i@ — M)Yp™ — j v 52 9™ + (1) 7 52 9™ = 0,

_ _Bitmy (1 —me) = (PP M
=H =a-p+ pm — Birv.(1 —s) ( m P'U'—P)’

p in the Dirac neutrino case is replaced by 2p.

cos(E}*t) + z—esm(Emt) —fiaey Sin(Emt)
g = ( —z——— Sm(E’mt) COS(E,T:"t) — z—é’aﬂ Sln(Emt))

where E;" = \/m2 + (h - p — p)?. Resonant point shifted to: p — p = 0.

(h'p_p)2 . ) hyc m2

P = vP) =cos?(E™t) + (B2 sin?(E™t), P! — (e = L sin? (E"t)
h h

p+MTM

One also obtains the same H.ss = o

— b i



Seesaw Neutrino Oscillation

L =vridvr, + NridNg — % ((Dg NRg) (ﬁg AA/‘E) ( J’(,; ) + h.c.) = Yridyr — 5 (YiMyr +he.) ,

_ (VL (Mg, Mg
(). - (2 30)

VTMV - ]\7: dia’g{mlam27m3aMlaM27M3} ’ ,‘p?’Ln = VT¢L ’ me = ¢21 + (win)c

L= gpidyy — § (@F)-Myp +he.) = § (Fm6d - M) |

7— a-p+EB 0
0 o-p+ M, ’

J\//E = diag{mi, ms, m3} , ]T/fh = diag{ M, M, M3} .



The initial state would be

h
« (U 0
i (%) v ()
S o g '
« (U 0
Vi (), Ve (),
U(t) = e H?
/ cos(Emlt)+z = L sin(Em, t) En sin(Enq t) . \
—f =1 Eml sin(Eonq t) cos(Em,t)— 'Ehﬂf sin(Eom t)
; co::(EMSt)Jr'c i 51n(EM3t) —i;jf?) Sin(EM?)t)
\ : —1 ;LS sin(Epr,t) cos(Epqt)—i 52— M3 sn](EM’t) )

= VPP +mi, Em = Vp*+ M7



The oscillation probability

Pk — vl;) = [vhe T unil| =

‘ 2

P(ypr; = (¥1;)°) = |(Wi,) e

P((f)° = (w2,)°) = |(5,) et ;| =

P((who)° - wly) = vl e s,

Z Vit V3 (cos(Ekt) + i P gin

k ! By

— Z it Vil ( z—k sm(Ekt))
h-p

Z Vik (cos Eyt) — zE—k

= va,k(

h

sm(Ekt))

2

2

(Bt )

sinBt)




Majorana phase effects on chiral oscillation

a

— in o
One light and one heavy example: M = (m 0) , V= (Val Va?) = ( s e 81119) :

0 M Vi1 Vo —sinf e cosf
. (u” 0 0 (uh
h al \ 0 h Va1 u” By Vas uh e sLA 0
Fr = b , Np= 0 , (V)= 0 , (Np)°= uP - (
Va*Q 0 ‘/32 'u,h Va2 uh 5*2 0

2 .2 2
CO57Y inf ) o ¢ sin(EMt))
Eum

P(vi = vE) = (0082 0 cos(E,,t) + sin? t‘i’cos(Eﬂ,“f;))2 +p? (

Em
. 9 s . 2

20 Ent Ept
P(? — (N})°) = > (cos(Emt) — cos(Ept))* + p? sin(Bmt) _ sin(Eat)
Pt — WM°) = R cos* §sin?(E,t) + sin® 20 cos 2n sin(E,,t) sin(Ept) + : sin® 8 sin? (Est)

.2 2 2
h L sin“20 [ m* |, 2mM , . M=,

P(vi — Ng) = i ((Em)2 sin®“(Ep,t) — B By 2nsin(E,,t) sin(Ept) + (Enr)? sin“(Ept) | -

Majorana phase show up in the chiral oscillation explicitly!
This also applies to Type |l seesaw with two generations!
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FIG. 1: Neutrino chiral rotation in last two equation in Eq.(23) in non-relativistic regime. The initial state is an active left-
handed neutrino. The input parameters used are: p = 0.0leV, m = 0.01leV, M = 1eV, and sin€ = /m/M = 0.1, and the

Majorana phase takes two different values n = 0, /4.



4. Majorana and Seesaw Neutrinos in Matter

The general seesaw neutrino Lagrangian in matter propagation

_ T _ '
L = I;’L’iaI/L + NR’L@NR — % ((VE NR) (ﬁg %ﬁ) (K{é) — hC) — (17[, NIC%) (JMI{_ jRRf’) Yu (Kr%
= pridr — 5 (Y5Mpr + hee.) — iy, r

For homogeneous, isotropic, unpolarized electrical neutrality matter medium at rest, only j¥ is non-zero

pe 0 0 V2Gr (N, — iN,) 0 0
jr=10 pu 0= 0 ~ %l 0

In terms of the mass eigenstate ¥ = V7', the Lagrangian is

= o (P - Dyym) — g Toy, mym g =T+ (), T = VIV,

(i — M)Y™ — Jhy, L58y™ + (J#)*y, Lo y™ =



' 0 M, 0 m B i .
H= (aop . )+ BM; 0 Hﬂ(n JRL)V,}, = (VT (JL JRA;T) V) O, T

Because the off-diagonal interaction, difficulty to get U(t). For just one light
and one heavy neutrinos, can get a closed analytic expression.

Let M, = m and Mj, = M, similar to Dirac case j* = (p,0) and i =40 =1,

i vt gy £(1+ cos20) £e* sin 26
T SV ( Le "sin20 & (1 — cos 20)

5(14‘00829) —pro m ge'msin% 0
H — m p-o— —(1 + cos 260) 0 —ge""" sin 260
B £e~"" sin 26 0 £(1—cos20)—p-o M

0 —£e"sin 26 M p-o— 5(1—cos26)



Time averaged oscillation

The eigenvaluse of H are: [}, — _VAI . AQ-: Eop, :'\/A1 - Aé :
Bz = —VAi1+Ay, Eu=+vA+ Ay,

m? 4+ M? o\N2  p?
Hs = (h Ch— _) Ll
1 o T \""P73) T
A \/Q(mg-ﬂffz)erpg (2(m2+ﬂ42—2mﬂ«f COS 27}) sin? 9+8(h-p— %)2) —SQ(TTLQ—ﬂirE)(h-p—*g) cos 26
2 — 3

U(t) — e—th —



We illustrate this with the limit p > M > m > p. In this case we have

P(vi, — (1)) =

(m? — M?)? ( (m? cos* 6 + M?sin*0)  p(4m? cos® @ — 4M? sin®  + mM cos 2 cos 26 sin” 26)

843 p? p(m? — M?)
+ 2p?(2m? cos* O + 2M? sin* 6 + mM cos 21 sin® 260)
(m2 — M?2)2 )
P! — N (m? — M?)?sin? 20 [ m? 4+ M?  2p(m? + M? — 2mM cos 2n) cos 26 . 4p? (m? + M? — 2mM cos 27))
v —= _
L 3243 7 p(m? — M) (7 1)
(25)
The probabilities for the other two oscillation modes are
1 cos? 20eg . o sin®20.g
PW) k)= o+ M Pt (), POk (V) = 0 PGk s NE). (20)

where cos 20eg = ((M? —m?)cos20 + 2p(h-p — 8)) /(2A42). We do see the oscillation probabilities dependence one
n even taking the time average. Note that the effect vanishes if any of the m, M and @ is zero.



P(vp = (vz)°)

Pyt — NE) =

((VL) )T B E

(Ng)Te

t —illb, b 2

1 + cos 20 . sin 20 sin 260 1 — cos 20
== M7 U e Usqie™ U
‘ 11 5 13€ 9 31€ 5 33 9
2 sin 26 .1 — cos 20 1 + cos 20 sin 26
= |l — Uize™™ Uszpe' + Uss
2 2 2 2
Usy 1 + cos 26 Uyge— sin 26 Uy sin 26 Upge—2 1 — cos 26
2 2 2 2
_ | Uss 5111226’ Uy 1 — (3208 20 Uy inl+ (:208 20 b Ugge2 8111229

n enters the chiral oscillation, even when time averaged!




Detailed Numerical calculations
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FIG. 3: The time averaged Majorana phase n effects on probabilities. The vertical axis is the difference between time averaged
probabilities and their minimum values. The oscillating probabilities depend on the mixing angle 8. Other parameters are
chosen from a point in matter effect significant region in Fig. 2(a).
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FIG. 4: The time averaged Majorana phase n effects on probabilities in two active Majorana neutrinos case. The vertical axis is
the difference between time averaged probabilities and their minimum values. The red, green and blue lines are corresponding
to p = 0.002eV, 0.003eV and 0.004eV, respectively. The mixing angle § = 612 and mass square difference M? — m? = Am3,,
whose values are from [1]. pw = 0.0026eV and pz = —0.0013eV are corresponding the mass density a, = 3.4 x 10°g/cm® and
8 =34 X 10e/ cm®, respectively, so the total mass density a ~ 6.8 x 10'g / cm®, which could be found in neutron star cluster
[12].



Massive neutrinos can have chiral oscillation, supressed by m2/E2 for
relativistic neutrinos, but the supression is lefted for non-relativisitc
neutrions.

Majorana phases modify the oscillatin pattern. In principle Majorana
phases can be probed in chiral oscillation.

When matter effects are included, energies are splitted into two, there is
a resoant point for chiral oscillation. Also even the oscillation is time
aeraged, Majorana phase still affect oscillatin pattern.

Thank you for your attentions






