
Qubit Regularization: 
Asymptotic Freedom  

via New Renormalization Group Flows
Shailesh Chandrasekharan 

(Duke University)

Supported by: 
US Department of Energy

Lattice 2024 
July 31, 2024

Phys.Rev.Lett. 132 (2024) 4, 041601 
Phys.Rev.Lett. 126 (2021) 17, 172001 
Lattice Gauge Theory Work in Progress





Quantum Field Theory with Quantum Computers



Quantum Field Theory with Quantum Computers

Growing field of research within our community!
Plenary Talk 2018, Preskill



Quantum Field Theory with Quantum Computers

Growing field of research within our community!
Plenary Talk 2018, Preskill

Two types of 
opportunities: How to use the quantum 

hardware

How to reformulate the QFT



Quantum Field Theory with Quantum Computers

This talk is about showing you a glimpse of how 
quantum computing is already helping us learn 

to formulate “old” problems with “new” variables  
and understand the field deeper.

Growing field of research within our community!
Plenary Talk 2018, Preskill

Two types of 
opportunities: How to use the quantum 

hardware

How to reformulate the QFT
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“Local” lattice Hilbert spaces play an important role
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qubit regularization

“Local” lattice Hilbert spaces play an important role
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This is not required at least in some cases!

Many papers seem to assume this is necessary!
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An interesting alternate approach is the D-theory

Lattice 1998, Plenary talk by Wiese.
Brower, SC, Riederer, Wiese, NPB 693 (2004),149 



Space
<latexit sha1_base64="JyP8La64WOEeT4ioOZoIlFVqC3M=">AAACG3icdVDLSsNAFJ3UV42vWJduBovgqiQFo+6KbrpswT6gCWEynbRDJ5MwMxFL6KfoVv/Dnbh14W/4BU7bCFb0wMDhnHsvZ06YMiqVbX8YpbX1jc2t8ra5s7u3f2AdVroyyQQmHZywRPRDJAmjnHQUVYz0U0FQHDLSCyc3c793R4SkCb9V05T4MRpxGlGMlJYCq+INzNzDiMHmLMjbM9PzA6tq1+wF4JI4dU3ObefKdaFTWFVQoBVYn94wwVlMuMIMSTlw7FT5ORKKYkb0yUySFOEJGpGBphzFRPr5IvsMnmplCKNE6McVXKg/N3IUSzmNQz0ZIzWWv725+Kcno8KSiEsoiaDRahIVXfo55WmmCMfLIFHGoErgvCg4pIJgxaaaICyo/gvEYyQQVrpOU5f03QT8n3TrNcetue16tXFd1FUGx+AEnAEHXIAGaIIW6AAM7sEjeALPxoPxYrwab8vRklHsHIEVGO9fA9Wgiw==</latexit>

HQ
d

 d is allowed to grow so 
the local Hilbert space 
can grow!

An interesting alternate approach is the D-theory

Lattice 1998, Plenary talk by Wiese.
Brower, SC, Riederer, Wiese, NPB 693 (2004),149 



Space
<latexit sha1_base64="JyP8La64WOEeT4ioOZoIlFVqC3M=">AAACG3icdVDLSsNAFJ3UV42vWJduBovgqiQFo+6KbrpswT6gCWEynbRDJ5MwMxFL6KfoVv/Dnbh14W/4BU7bCFb0wMDhnHsvZ06YMiqVbX8YpbX1jc2t8ra5s7u3f2AdVroyyQQmHZywRPRDJAmjnHQUVYz0U0FQHDLSCyc3c793R4SkCb9V05T4MRpxGlGMlJYCq+INzNzDiMHmLMjbM9PzA6tq1+wF4JI4dU3ObefKdaFTWFVQoBVYn94wwVlMuMIMSTlw7FT5ORKKYkb0yUySFOEJGpGBphzFRPr5IvsMnmplCKNE6McVXKg/N3IUSzmNQz0ZIzWWv725+Kcno8KSiEsoiaDRahIVXfo55WmmCMfLIFHGoErgvCg4pIJgxaaaICyo/gvEYyQQVrpOU5f03QT8n3TrNcetue16tXFd1FUGx+AEnAEHXIAGaIIW6AAM7sEjeALPxoPxYrwab8vRklHsHIEVGO9fA9Wgiw==</latexit>

HQ
d

 d is allowed to grow so 
the local Hilbert space 
can grow!

RG plays an important role!

An interesting alternate approach is the D-theory
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Talks in the conference

12 Parallel Talks on Monday

6 Parallel Talks on Tuesday

Various types of qubit regularizations.

How to prepare initial states.

How to evolve systems in real time on a real hardware! 

Apologies: I do not plan on reviewing these results!
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I want to focus on an interesting question!

Can we recover asymptotic freedom of 
traditional lattice models by reformulating it 
as lattice models with a finite dimensional 
“local” Hilbert space!

Yes! 
 (Two examples, Euclidean space)

We will discover a new a type of RG flow!
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Example 2: BKT Transition
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Traditional Lattice Regularization

From an RG perspective, the limit  

may not be necessary!
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Lesson from RG:  
Explore the space of qubit models,  

don’t be stuck with the traditional Hamiltonian.
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TABLE I. ~ and confidence level for the fit (6) of $(P, 2L)/g(P, L) vs g(P, L)/L D.F is the number of degrees of freedom.
The first (second) L;„value applies for g(L)/L ~ 0.7 i)0.7). In all cases $;„=20.

Lmin

(64,64)

(96,32)

(96,64)

(96,96)

(128,32)

(128,64)

(128,96)

(128,128)

(192,32)

(192,64)

(192,96)

DF
108 —n

107 —n

97 —n

87 —n

83 —n

73 ft

64 —n

75 —n

65 —n

57 —n

fl = 7

278.38
0.0%

228.85
0.0%

207.32
0.0%

190.61
0.0%

160.17
0.0%

139.60
0.0%

126.20
0.0%

101.05
0.0%

110.42
0.1%
90.60
0.4%
82.54
0.3%

n=8
183.80
0.0%

164.46
0.0%

137.18
0.1%

115.05
0.5%

121.29
0.6%
95.94
5.2%
79.03
11.3%
63.45
23.1 /o
93.41
1.8%
69.57
12.3%
55.94
23.0%

n=9
144.34
0.2%

120.38
1.9%

108.23
7.1%

100.99
4.1%
99.35
12.1%
78.23
34.6%
71.12
25.3%
61.96
24.2%
76.13
18.5%
55.03
51.1%
49.49
41.4%

n= 10

137.82
0.5%

124.87
3.0%

103.13
11.4%
93.90
9.2%
94.82
17.7%
72.91
48.1%
64.33
43.0%
59.70
27.6%
70.61
29.6%
47.60
75.0%
38.90
79.4%

n =11
135.77
0.6%

122.15
3.7%

102.02
11.5%
93.89
8.0%
94.20
16.8%
72.89
44.9%
63.29
43.1%
59.28
25.7%
65.15
43.6%
45.12
80.0%
38.67
77.0%

n=12
135,01
0.5%

120.48
4.0%

101.59
10.6%
93.73
7.1%
86.65
31.3~/c
68.43
56.4%
59.72
52 2%
52.89
43 9%
62. 16
50 6%
43.74
81.4%
37.53
77.8%

choose L;„ to avoid any detectable systematic error
from corrections to scaling. There appear to be weak
corrections to scaling (~1.5%) in the region 0.3 ~
$(L)/L ~ 0.7 for lattices with L ~ 64—96; see the
deviations plotted in Fig. 1. We therefore investigated
systematically the ~ of the fits, allowing a different L;„
for g(L)/L ~ 0.7 and )0.7; see Table I. A reasonable
g2 is obtained when n ~ 9 and L;„~(128, 64). Our
preferred fit is n = 10 and L;„=(128, 64); see Fig. 2,

where we compare also with the perturbative prediction

amp lnsFg(x;s) =s 1— 2
X

~11ns wp ln s 4
2 2—.( +

2 8
x + O(x ) (7)

valid for x» 1, where a = 1/(N —1), wq = (N—
2)/27r, and wt = (N —2)/(2~)2.
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FIG. 1. Deviation of points from fit to Fr with s = 2, s
20, L;„=128, and n = 10. Symbols indicate L = 32 (+),
48 (+), 64 (X), 96 (X), 128 ( ), 192 (N), and 256 (O).
Error bars are 1 standard deviation. Curves near zero indicate
statistical error bars i+ 1 standard deviation) on the function
Fg (x).

FIG. 2. s (P, 2L)/g(P, L) vs $(P, L)/L Symbols indicate.
L = 32 (+), 48 (+), 64 (X), 96 (X), 128 ( ), 192 ():(), and
256 (0). Error bars are I standard deviation. Solid curve
is tenth-order fit in (6), with s&:~,„=20 and L;„=128 (64)
for g(L)/L ~ 0.7 ()0.7). Dashed curve is the perturbative
prediction (7).

1892

Caracciolo, et.al., PRL 75, 1891 (1995)
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statistical error bars i+ 1 standard deviation) on the function
Fg (x).

FIG. 2. s (P, 2L)/g(P, L) vs $(P, L)/L Symbols indicate.
L = 32 (+), 48 (+), 64 (X), 96 (X), 128 ( ), 192 ():(), and
256 (0). Error bars are I standard deviation. Solid curve
is tenth-order fit in (6), with s&:~,„=20 and L;„=128 (64)
for g(L)/L ~ 0.7 ()0.7). Dashed curve is the perturbative
prediction (7).
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Space-time Euclidean configurations in the  
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At the critical point we get a decoupled critical 
theory that is not the desired free theory!
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Results: Heisenberg comb

Indeed, the step scaling function is reproduced for L > Lmin(J)!
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FIG. 4: Plot of the step scaling function for the bosonic XY model superimposed with our data. The data points are
from Table IV. The black line in the left plot is the function Eq. (19) with fit parameters from Table V. In the right
plot, the line shows the cubical spline interpolation.
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FIG. 3. The left figure shows an illustration of a self-avoiding oriented loop configuration. There are also Fock-vacuum sites,
shown as blue circles, which have a weight �. The oriented loop configuration can also be viewed as a close packed dimer
configurations on two layers, as illustrated on the right. The interlayer dimers would map to the Fock-vacuum sites, while the
intralayer oriented dimers would form closed oriented loops, all which have weight one. The dimers are oriented from even sites
to odd sites on one layer and in the opposite direction on the other layer. This mapping to the dimer model shows that the loop
model is critical when � = 0.

action is given by[39],
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where t � ⇡/2. The field ✓1(x, t) captures the spin-wave
physics while the vortex dynamics is captured by the field
✓2(x, t). The BKT transition in this field theory language
occurs at t = ⇡/2 where the cos ✓2 term becomes marginal
as one approaches the critical point and the physics is
governed by a free Gaussian theory. In this sense, the
long distance physics of the lattice XY model, as � is
tuned to �c from smaller values, is an asymptotically free
massive Euclidean continuum qft.

Qubit regularizations of the classical XY-model have
been explored recently using various quantum spin formu-
lations [40]. Lattice models based on the spin-1 Hilbert
space are known to contain rich phase diagrams [41], and
quantum field theories that arise at some of the critical
points can be di↵erent from those that arise at the bkt
transition. Also, the presence of a marginally relevant
operator at the BKT transition can make the analysis dif-
ficult, especially if the location of the critical point is not
known. In these cases, it becomes a fitting parameter in
the analysis, increasing the di�culty. Since in our model
the location of the critical point is known, our model can
be analyzed more easily.

The model we consider in this work is a variant of the
qubit regularized XY model introduced in Euclidean space
recently [4]. The model can be viewed as a certain limiting
case of the classical lattice XY-model Eq. (1) written in
the world-line representation [42], where the bosons are
assumed to be hard-core. The partition function of our
model is a sum of weights associated with configurations of
oriented self-avoiding loops on a square lattice with Fock-
vacuum sites. An illustration of the loop configuration
is shown as the left figure in Fig. 3. The main di↵erence
between our model in this work and the one introduced

previously is that closed loops on a single bond are now
allowed. Such loops seemed unnatural in the Hamiltonian
framework that motivated the previous study, but seem to
have profoundly di↵erent features in two dimensions [43].
It is also possible to view the loop configurations of our
model as a configuration of closed packed oriented dimers
on two layers of square lattices. The dimer configuration
corresponding to the loop configuration is shown on the
right in Fig. 3. The dimer picture of the partition function
arises as a limiting case of a model involving two flavors
of staggered fermions, introduced to study the physics of
symmetric mass generation [44–46]. In this view point
the inter-layer dimers (or Fock vacuum sites) resemble
t’Hooft vertices (or instantons) in the fermionic theory.
Using this connection, the partition function of our model
can be compactly written as the Grassmann integral

Z =

Z
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where on each site i of the square lattice we define four
Grassmann variables  ̄i,  i, �̄i and �i. We consider
periodic lattices with L sites in each direction. Using
the fermion bag approach [47], we can integrate the
Grassmann variables and write the partition function
as a sum over dimer configurations whose weight is given
by �NI where NI is the number of instantons (or Fock-
vacuum sites). Thus, � plays the role of the fugacity of
Fock-vacuum sites. It is easy to verify that the action
of our model is invariant under  ̄j j ! e

i�j✓ ̄j j and
�̄j�j ! e

�i�j✓�̄j�j where �j = ± tracks the parity of
the site j. This U(1) symmetry is connected to the bkt
transition and in order to track it, the dimers are given
an orientation as explained in Fig. 3.

Using worm algorithms (see [49]) we study our model
for various values of L and �. At � = 0, one gets two
decoupled layers of closed packed dimer models, which
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long distance physics of the lattice XY model, as � is
tuned to �c from smaller values, is an asymptotically free
massive Euclidean continuum qft.

Qubit regularizations of the classical XY-model have
been explored recently using various quantum spin formu-
lations [40]. Lattice models based on the spin-1 Hilbert
space are known to contain rich phase diagrams [41], and
quantum field theories that arise at some of the critical
points can be di↵erent from those that arise at the bkt
transition. Also, the presence of a marginally relevant
operator at the BKT transition can make the analysis dif-
ficult, especially if the location of the critical point is not
known. In these cases, it becomes a fitting parameter in
the analysis, increasing the di�culty. Since in our model
the location of the critical point is known, our model can
be analyzed more easily.

The model we consider in this work is a variant of the
qubit regularized XY model introduced in Euclidean space
recently [4]. The model can be viewed as a certain limiting
case of the classical lattice XY-model Eq. (1) written in
the world-line representation [42], where the bosons are
assumed to be hard-core. The partition function of our
model is a sum of weights associated with configurations of
oriented self-avoiding loops on a square lattice with Fock-
vacuum sites. An illustration of the loop configuration
is shown as the left figure in Fig. 3. The main di↵erence
between our model in this work and the one introduced

previously is that closed loops on a single bond are now
allowed. Such loops seemed unnatural in the Hamiltonian
framework that motivated the previous study, but seem to
have profoundly di↵erent features in two dimensions [43].
It is also possible to view the loop configurations of our
model as a configuration of closed packed oriented dimers
on two layers of square lattices. The dimer configuration
corresponding to the loop configuration is shown on the
right in Fig. 3. The dimer picture of the partition function
arises as a limiting case of a model involving two flavors
of staggered fermions, introduced to study the physics of
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Grassmann variables  ̄i,  i, �̄i and �i. We consider
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where on each site i of the square lattice we define four
Grassmann variables  ̄i,  i, �̄i and �i. We consider
periodic lattices with L sites in each direction. Using
the fermion bag approach [47], we can integrate the
Grassmann variables and write the partition function
as a sum over dimer configurations whose weight is given
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space are known to contain rich phase diagrams [41], and
quantum field theories that arise at some of the critical
points can be di↵erent from those that arise at the bkt
transition. Also, the presence of a marginally relevant
operator at the BKT transition can make the analysis dif-
ficult, especially if the location of the critical point is not
known. In these cases, it becomes a fitting parameter in
the analysis, increasing the di�culty. Since in our model
the location of the critical point is known, our model can
be analyzed more easily.
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qubit regularized XY model introduced in Euclidean space
recently [4]. The model can be viewed as a certain limiting
case of the classical lattice XY-model Eq. (1) written in
the world-line representation [42], where the bosons are
assumed to be hard-core. The partition function of our
model is a sum of weights associated with configurations of
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is shown as the left figure in Fig. 3. The main di↵erence
between our model in this work and the one introduced

previously is that closed loops on a single bond are now
allowed. Such loops seemed unnatural in the Hamiltonian
framework that motivated the previous study, but seem to
have profoundly di↵erent features in two dimensions [43].
It is also possible to view the loop configurations of our
model as a configuration of closed packed oriented dimers
on two layers of square lattices. The dimer configuration
corresponding to the loop configuration is shown on the
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arises as a limiting case of a model involving two flavors
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symmetric mass generation [44–46]. In this view point
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where on each site i of the square lattice we define four
Grassmann variables  ̄i,  i, �̄i and �i. We consider
periodic lattices with L sites in each direction. Using
the fermion bag approach [47], we can integrate the
Grassmann variables and write the partition function
as a sum over dimer configurations whose weight is given
by �NI where NI is the number of instantons (or Fock-
vacuum sites). Thus, � plays the role of the fugacity of
Fock-vacuum sites. It is easy to verify that the action
of our model is invariant under  ̄j j ! e
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�i�j✓�̄j�j where �j = ± tracks the parity of
the site j. This U(1) symmetry is connected to the bkt
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for various values of L and �. At � = 0, one gets two
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FIG. 3. The left figure shows an illustration of a self-avoiding oriented loop configuration. There are also Fock-vacuum sites,
shown as blue circles, which have a weight �. The oriented loop configuration can also be viewed as a close packed dimer
configurations on two layers, as illustrated on the right. The interlayer dimers would map to the Fock-vacuum sites, while the
intralayer oriented dimers would form closed oriented loops, all which have weight one. The dimers are oriented from even sites
to odd sites on one layer and in the opposite direction on the other layer. This mapping to the dimer model shows that the loop
model is critical when � = 0.
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physics while the vortex dynamics is captured by the field
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as one approaches the critical point and the physics is
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vacuum sites. An illustration of the loop configuration
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previously is that closed loops on a single bond are now
allowed. Such loops seemed unnatural in the Hamiltonian
framework that motivated the previous study, but seem to
have profoundly di↵erent features in two dimensions [43].
It is also possible to view the loop configurations of our
model as a configuration of closed packed oriented dimers
on two layers of square lattices. The dimer configuration
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arises as a limiting case of a model involving two flavors
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where on each site i of the square lattice we define four
Grassmann variables  ̄i,  i, �̄i and �i. We consider
periodic lattices with L sites in each direction. Using
the fermion bag approach [47], we can integrate the
Grassmann variables and write the partition function
as a sum over dimer configurations whose weight is given
by �NI where NI is the number of instantons (or Fock-
vacuum sites). Thus, � plays the role of the fugacity of
Fock-vacuum sites. It is easy to verify that the action
of our model is invariant under  ̄j j ! e
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FIG. 3. The left figure shows an illustration of a self-avoiding oriented loop configuration. There are also Fock-vacuum sites,
shown as blue circles, which have a weight �. The oriented loop configuration can also be viewed as a close packed dimer
configurations on two layers, as illustrated on the right. The interlayer dimers would map to the Fock-vacuum sites, while the
intralayer oriented dimers would form closed oriented loops, all which have weight one. The dimers are oriented from even sites
to odd sites on one layer and in the opposite direction on the other layer. This mapping to the dimer model shows that the loop
model is critical when � = 0.

action is given by[39],

S =
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where t � ⇡/2. The field ✓1(x, t) captures the spin-wave
physics while the vortex dynamics is captured by the field
✓2(x, t). The BKT transition in this field theory language
occurs at t = ⇡/2 where the cos ✓2 term becomes marginal
as one approaches the critical point and the physics is
governed by a free Gaussian theory. In this sense, the
long distance physics of the lattice XY model, as � is
tuned to �c from smaller values, is an asymptotically free
massive Euclidean continuum qft.

Qubit regularizations of the classical XY-model have
been explored recently using various quantum spin formu-
lations [40]. Lattice models based on the spin-1 Hilbert
space are known to contain rich phase diagrams [41], and
quantum field theories that arise at some of the critical
points can be di↵erent from those that arise at the bkt
transition. Also, the presence of a marginally relevant
operator at the BKT transition can make the analysis dif-
ficult, especially if the location of the critical point is not
known. In these cases, it becomes a fitting parameter in
the analysis, increasing the di�culty. Since in our model
the location of the critical point is known, our model can
be analyzed more easily.

The model we consider in this work is a variant of the
qubit regularized XY model introduced in Euclidean space
recently [4]. The model can be viewed as a certain limiting
case of the classical lattice XY-model Eq. (1) written in
the world-line representation [42], where the bosons are
assumed to be hard-core. The partition function of our
model is a sum of weights associated with configurations of
oriented self-avoiding loops on a square lattice with Fock-
vacuum sites. An illustration of the loop configuration
is shown as the left figure in Fig. 3. The main di↵erence
between our model in this work and the one introduced

previously is that closed loops on a single bond are now
allowed. Such loops seemed unnatural in the Hamiltonian
framework that motivated the previous study, but seem to
have profoundly di↵erent features in two dimensions [43].
It is also possible to view the loop configurations of our
model as a configuration of closed packed oriented dimers
on two layers of square lattices. The dimer configuration
corresponding to the loop configuration is shown on the
right in Fig. 3. The dimer picture of the partition function
arises as a limiting case of a model involving two flavors
of staggered fermions, introduced to study the physics of
symmetric mass generation [44–46]. In this view point
the inter-layer dimers (or Fock vacuum sites) resemble
t’Hooft vertices (or instantons) in the fermionic theory.
Using this connection, the partition function of our model
can be compactly written as the Grassmann integral

Z =

Z
[d ̄d ] [d�̄d�] exp
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where on each site i of the square lattice we define four
Grassmann variables  ̄i,  i, �̄i and �i. We consider
periodic lattices with L sites in each direction. Using
the fermion bag approach [47], we can integrate the
Grassmann variables and write the partition function
as a sum over dimer configurations whose weight is given
by �NI where NI is the number of instantons (or Fock-
vacuum sites). Thus, � plays the role of the fugacity of
Fock-vacuum sites. It is easy to verify that the action
of our model is invariant under  ̄j j ! e

i�j✓ ̄j j and
�̄j�j ! e

�i�j✓�̄j�j where �j = ± tracks the parity of
the site j. This U(1) symmetry is connected to the bkt
transition and in order to track it, the dimers are given
an orientation as explained in Fig. 3.

Using worm algorithms (see [49]) we study our model
for various values of L and �. At � = 0, one gets two
decoupled layers of closed packed dimer models, which

closed packed dimer configurations
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FIG. 3. The left figure shows an illustration of a self-avoiding oriented loop configuration. There are also Fock-vacuum sites,
shown as blue circles, which have a weight �. The oriented loop configuration can also be viewed as a close packed dimer
configurations on two layers, as illustrated on the right. The interlayer dimers would map to the Fock-vacuum sites, while the
intralayer oriented dimers would form closed oriented loops, all which have weight one. The dimers are oriented from even sites
to odd sites on one layer and in the opposite direction on the other layer. This mapping to the dimer model shows that the loop
model is critical when � = 0.
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where t � ⇡/2. The field ✓1(x, t) captures the spin-wave
physics while the vortex dynamics is captured by the field
✓2(x, t). The BKT transition in this field theory language
occurs at t = ⇡/2 where the cos ✓2 term becomes marginal
as one approaches the critical point and the physics is
governed by a free Gaussian theory. In this sense, the
long distance physics of the lattice XY model, as � is
tuned to �c from smaller values, is an asymptotically free
massive Euclidean continuum qft.

Qubit regularizations of the classical XY-model have
been explored recently using various quantum spin formu-
lations [40]. Lattice models based on the spin-1 Hilbert
space are known to contain rich phase diagrams [41], and
quantum field theories that arise at some of the critical
points can be di↵erent from those that arise at the bkt
transition. Also, the presence of a marginally relevant
operator at the BKT transition can make the analysis dif-
ficult, especially if the location of the critical point is not
known. In these cases, it becomes a fitting parameter in
the analysis, increasing the di�culty. Since in our model
the location of the critical point is known, our model can
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The model we consider in this work is a variant of the
qubit regularized XY model introduced in Euclidean space
recently [4]. The model can be viewed as a certain limiting
case of the classical lattice XY-model Eq. (1) written in
the world-line representation [42], where the bosons are
assumed to be hard-core. The partition function of our
model is a sum of weights associated with configurations of
oriented self-avoiding loops on a square lattice with Fock-
vacuum sites. An illustration of the loop configuration
is shown as the left figure in Fig. 3. The main di↵erence
between our model in this work and the one introduced
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allowed. Such loops seemed unnatural in the Hamiltonian
framework that motivated the previous study, but seem to
have profoundly di↵erent features in two dimensions [43].
It is also possible to view the loop configurations of our
model as a configuration of closed packed oriented dimers
on two layers of square lattices. The dimer configuration
corresponding to the loop configuration is shown on the
right in Fig. 3. The dimer picture of the partition function
arises as a limiting case of a model involving two flavors
of staggered fermions, introduced to study the physics of
symmetric mass generation [44–46]. In this view point
the inter-layer dimers (or Fock vacuum sites) resemble
t’Hooft vertices (or instantons) in the fermionic theory.
Using this connection, the partition function of our model
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where on each site i of the square lattice we define four
Grassmann variables  ̄i,  i, �̄i and �i. We consider
periodic lattices with L sites in each direction. Using
the fermion bag approach [47], we can integrate the
Grassmann variables and write the partition function
as a sum over dimer configurations whose weight is given
by �NI where NI is the number of instantons (or Fock-
vacuum sites). Thus, � plays the role of the fugacity of
Fock-vacuum sites. It is easy to verify that the action
of our model is invariant under  ̄j j ! e
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for various values of L and �. At � = 0, one gets two
decoupled layers of closed packed dimer models, which
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FIG. 3. The left figure shows an illustration of a self-avoiding oriented loop configuration. There are also Fock-vacuum sites,
shown as blue circles, which have a weight �. The oriented loop configuration can also be viewed as a close packed dimer
configurations on two layers, as illustrated on the right. The interlayer dimers would map to the Fock-vacuum sites, while the
intralayer oriented dimers would form closed oriented loops, all which have weight one. The dimers are oriented from even sites
to odd sites on one layer and in the opposite direction on the other layer. This mapping to the dimer model shows that the loop
model is critical when � = 0.
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where t � ⇡/2. The field ✓1(x, t) captures the spin-wave
physics while the vortex dynamics is captured by the field
✓2(x, t). The BKT transition in this field theory language
occurs at t = ⇡/2 where the cos ✓2 term becomes marginal
as one approaches the critical point and the physics is
governed by a free Gaussian theory. In this sense, the
long distance physics of the lattice XY model, as � is
tuned to �c from smaller values, is an asymptotically free
massive Euclidean continuum qft.
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lations [40]. Lattice models based on the spin-1 Hilbert
space are known to contain rich phase diagrams [41], and
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the location of the critical point is known, our model can
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case of the classical lattice XY-model Eq. (1) written in
the world-line representation [42], where the bosons are
assumed to be hard-core. The partition function of our
model is a sum of weights associated with configurations of
oriented self-avoiding loops on a square lattice with Fock-
vacuum sites. An illustration of the loop configuration
is shown as the left figure in Fig. 3. The main di↵erence
between our model in this work and the one introduced

previously is that closed loops on a single bond are now
allowed. Such loops seemed unnatural in the Hamiltonian
framework that motivated the previous study, but seem to
have profoundly di↵erent features in two dimensions [43].
It is also possible to view the loop configurations of our
model as a configuration of closed packed oriented dimers
on two layers of square lattices. The dimer configuration
corresponding to the loop configuration is shown on the
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arises as a limiting case of a model involving two flavors
of staggered fermions, introduced to study the physics of
symmetric mass generation [44–46]. In this view point
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where on each site i of the square lattice we define four
Grassmann variables  ̄i,  i, �̄i and �i. We consider
periodic lattices with L sites in each direction. Using
the fermion bag approach [47], we can integrate the
Grassmann variables and write the partition function
as a sum over dimer configurations whose weight is given
by �NI where NI is the number of instantons (or Fock-
vacuum sites). Thus, � plays the role of the fugacity of
Fock-vacuum sites. It is easy to verify that the action
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FIG. 6: Plot of the universal step-scaling function obtained from the bXY model (solid line) and the data from the
fXY model at � = 0.01, 0.2, 0.4, and 0.6 for various lattice sizes. This is the data we show in the main paper. We can
see that `UV ⇡ 80 at � = 0.6, `UV ⇡ 160 at � = 0.4 and `UV > 1280 for � = 0.2 and 0.01.

form we obtain the solid line shown in Fig. 7 for the bXY
model, which is also the line we use in the main paper
to compare with the our fXY model data. In Fig. 6 we
show the data shown in the main paper, but by separating
the various � values for clarification. We notice that the
Monte Carlo data for each � do not fall on the solid curve
for small values of L but do so for su�ciently large values
of L. We can define `UV for each � as the minimum
value of L when the data begin to fall on the solid curve.

From Fig. 6 we notice that `UV ⇡ 80 for � = 0.6, and
`UV ⇡ 160 for � = 0.4. For �  0.2 we notice that
`UV > 1280, implying that we will need much larger
lattices beyond our current resources to see the data at
these couplings to fall on the solid curve. Indeed in Fig. 6
we only see the data for these couplings approach the UV
prediction of ⇠(L)/L = 0.7506912... as explained in [5].
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form we obtain the solid line shown in Fig. 7 for the bXY
model, which is also the line we use in the main paper
to compare with the our fXY model data. In Fig. 6 we
show the data shown in the main paper, but by separating
the various � values for clarification. We notice that the
Monte Carlo data for each � do not fall on the solid curve
for small values of L but do so for su�ciently large values
of L. We can define `UV for each � as the minimum
value of L when the data begin to fall on the solid curve.

From Fig. 6 we notice that `UV ⇡ 80 for � = 0.6, and
`UV ⇡ 160 for � = 0.4. For �  0.2 we notice that
`UV > 1280, implying that we will need much larger
lattices beyond our current resources to see the data at
these couplings to fall on the solid curve. Indeed in Fig. 6
we only see the data for these couplings approach the UV
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form we obtain the solid line shown in Fig. 7 for the bXY
model, which is also the line we use in the main paper
to compare with the our fXY model data. In Fig. 6 we
show the data shown in the main paper, but by separating
the various � values for clarification. We notice that the
Monte Carlo data for each � do not fall on the solid curve
for small values of L but do so for su�ciently large values
of L. We can define `UV for each � as the minimum
value of L when the data begin to fall on the solid curve.

From Fig. 6 we notice that `UV ⇡ 80 for � = 0.6, and
`UV ⇡ 160 for � = 0.4. For �  0.2 we notice that
`UV > 1280, implying that we will need much larger
lattices beyond our current resources to see the data at
these couplings to fall on the solid curve. Indeed in Fig. 6
we only see the data for these couplings approach the UV
prediction of ⇠(L)/L = 0.7506912... as explained in [5].
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FIG. 6: Plot of the universal step-scaling function obtained from the bXY model (solid line) and the data from the
fXY model at � = 0.01, 0.2, 0.4, and 0.6 for various lattice sizes. This is the data we show in the main paper. We can
see that `UV ⇡ 80 at � = 0.6, `UV ⇡ 160 at � = 0.4 and `UV > 1280 for � = 0.2 and 0.01.

form we obtain the solid line shown in Fig. 7 for the bXY
model, which is also the line we use in the main paper
to compare with the our fXY model data. In Fig. 6 we
show the data shown in the main paper, but by separating
the various � values for clarification. We notice that the
Monte Carlo data for each � do not fall on the solid curve
for small values of L but do so for su�ciently large values
of L. We can define `UV for each � as the minimum
value of L when the data begin to fall on the solid curve.

From Fig. 6 we notice that `UV ⇡ 80 for � = 0.6, and
`UV ⇡ 160 for � = 0.4. For �  0.2 we notice that
`UV > 1280, implying that we will need much larger
lattices beyond our current resources to see the data at
these couplings to fall on the solid curve. Indeed in Fig. 6
we only see the data for these couplings approach the UV
prediction of ⇠(L)/L = 0.7506912... as explained in [5].
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written in the world-line representation [47], where the
bosons are assumed to be hard-core. The main difference
between our model in this Letter and the one introduced in
[4] is that closed loops on a single bond are now allowed.
Such loops seemed unnatural in the Hamiltonian frame-
work that motivated the previous study, but seem to have
profoundly different features in two dimensions because it
is possible to view the loop configurations as a configu-
ration of close-packed oriented dimers and argue for a
critical point in our model at λ ¼ 0 and a massive phase for
λ > 0. The previous model does not have this property [48].
Using worm algorithms (see Ref. [49]) we study our

model for various values of L and λ. At λ ¼ 0, one gets two
decoupled layers of close-packed dimer models, which is
known to be critical [50–53]. The effect of λ ≠ 0 was
studied several years ago, and it was recognized that there is
a massive phase for sufficiently large values of λ [54,55].
However, the scaling of quantities as λ → 0 was not
carefully explored. Recently, the subject was reconsidered
[56], and the emergence of a long crossover phenomenon
was discovered for small λ as a function of L. However, the
universal properties of this crossover being related to the
UV physics at the BKT transition was not appreciated. In
this Letter, we demonstrate that the observed crossover
phenomena captures the asymptotic freedom of Eq. (2). We
do this by comparing the universal behavior of Eq. (3) with
the traditional XY model Eq. (1) near the massive phase of
the BKT transition [35,57,58].
To compare universal behaviors of Eq. (1) and Eq. (3) we

compute the second moment finite size correlation length
ξðLÞ defined as ξðLÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðχ=FÞ − 1

p
=½2 sinðπ=LÞ% (see

Ref. [59]), where χ ¼ Gð0Þ and F ¼ Gð2π=LÞ are defined
through the two point correlation function

GðpÞ ¼
X

j

eipxhOþ
ðx;τÞO

−
ð0;0Þi: ð4Þ

In the above relation, j is the space-time lattice site with
coordinates ðx; τÞ and Oþ

j , O
−
j are appropriate lattice fields

in the two models. In the XY modelOþ
j ¼ eiθj ,O−

j ¼ e−iθj ,
while in the dimer model Oþ

j ¼ O−
j ¼ ψ̄ jψ j. We demon-

strate that the step-scaling functions [i.e., the dependence of
ξð2LÞ=ξðLÞ on ξðLÞ=L] of the two lattice models show
excellent agreement with each other in the scaling regime
lUV ≫ a, in Fig. 4.
Another interesting universal result at the BKT transition

is the value of the helicity modulus, which can be defined
using the relation, ϒ ¼ hQ2

wi, where Qw is the spatial
winding number of bosonic worldlines. In the XY model
Eq. (1), it is usually defined using a susceptibility of a twist
parameter in the boundary conditions [35]. In our model,
we can easily compute the winding charge Qw in each loop
configuration illustrated in Fig. 3. The universal result
in the massive phase as we approach the BKT transition
is that ϒ ≈ 2=π in the UV up to exponentially small

corrections [35], although in the IR ϒ ¼ 0. While it is
difficult to obtain the UV value in lattice calculations using
the traditional model Eq. (1), in our model, we can see it
emerge nicely at λ ¼ 0.01. We demonstrate this in Fig. 5.
Again, as expected, the value of ϒ when λ ¼ 0 is very
different, since it is a theory of free bosons but at a different
coupling. Using the different value of the coupling gives
ϒ ≈ 0.606 [60]. Our results provide strong evidence that
the AF-QFT at the BKT transition emerges from our dimer
model when we take the limit L → ∞ followed by λ → 0.
The opposite limit leads to the critical theory of the
decoupled dimer model.

FIG. 4. The figure shows the universal step-scaling function
[i.e., ξð2LÞ=ξðLÞ vs ξðLÞ=L] obtained from the XY model Eq. (1)
(solid line) [60] and compares it with data from the model Eq. (3)
at λ ¼ 0.01 (red), 0.2 (blue), 0.4 (purple), and 0.6 (green), for
various lattice sizes shown with different symbols. For small
values of L, our data deviate from the solid line. We define lUV
as the minimum value of L when the data begin to fall on the
solid line. From the figure we estimate lUV ≈ 80 for λ ¼ 0.6
and lUV ≈ 160 for λ ¼ 0.4. For very small λ we expect the
ξðLÞ=L to approach the universal UV prediction of ξðLÞ=L ¼
0.750 691 2… (see Ref. [35]), when L ∼ lUV before beginning to
follow the solid line. We see this at λ ¼ 0.2 and 0.01. Since at
these couplings lUV > 1280, we predict that the data at these
couplings will also eventually follow the solid line, but only for
L ≫ lUV, which we cannot access. To show this feature, in the
inset we plot ξðLÞ=L as a function of L at λ ¼ 0.01. Note that
the data approaches ξðLÞ=L ¼ 0.750 691 2… when L ∼ lUV
as expected. Based on our prediction above, this is only a pla-
teau and that for L ≫ lUV (which we cannot access) ξðLÞ=L
will eventually approach zero. The inset also shows that the
large L behavior of λ ¼ 0 is very different and stabilizes at
ξðLÞ=L ¼ 0.4889ð6Þ. In the inset we also show the data from
[35] in the traditional XY model [Eq. (1)] at two values of β close
to the transition. These data are still far from the universal value
due to logarithmic corrections as explained in [35].
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written in the world-line representation [47], where the
bosons are assumed to be hard-core. The main difference
between our model in this Letter and the one introduced in
[4] is that closed loops on a single bond are now allowed.
Such loops seemed unnatural in the Hamiltonian frame-
work that motivated the previous study, but seem to have
profoundly different features in two dimensions because it
is possible to view the loop configurations as a configu-
ration of close-packed oriented dimers and argue for a
critical point in our model at λ ¼ 0 and a massive phase for
λ > 0. The previous model does not have this property [48].
Using worm algorithms (see Ref. [49]) we study our

model for various values of L and λ. At λ ¼ 0, one gets two
decoupled layers of close-packed dimer models, which is
known to be critical [50–53]. The effect of λ ≠ 0 was
studied several years ago, and it was recognized that there is
a massive phase for sufficiently large values of λ [54,55].
However, the scaling of quantities as λ → 0 was not
carefully explored. Recently, the subject was reconsidered
[56], and the emergence of a long crossover phenomenon
was discovered for small λ as a function of L. However, the
universal properties of this crossover being related to the
UV physics at the BKT transition was not appreciated. In
this Letter, we demonstrate that the observed crossover
phenomena captures the asymptotic freedom of Eq. (2). We
do this by comparing the universal behavior of Eq. (3) with
the traditional XY model Eq. (1) near the massive phase of
the BKT transition [35,57,58].
To compare universal behaviors of Eq. (1) and Eq. (3) we

compute the second moment finite size correlation length
ξðLÞ defined as ξðLÞ ¼
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ðχ=FÞ − 1
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through the two point correlation function
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In the above relation, j is the space-time lattice site with
coordinates ðx; τÞ and Oþ

j , O
−
j are appropriate lattice fields

in the two models. In the XY modelOþ
j ¼ eiθj ,O−

j ¼ e−iθj ,
while in the dimer model Oþ

j ¼ O−
j ¼ ψ̄ jψ j. We demon-

strate that the step-scaling functions [i.e., the dependence of
ξð2LÞ=ξðLÞ on ξðLÞ=L] of the two lattice models show
excellent agreement with each other in the scaling regime
lUV ≫ a, in Fig. 4.
Another interesting universal result at the BKT transition

is the value of the helicity modulus, which can be defined
using the relation, ϒ ¼ hQ2

wi, where Qw is the spatial
winding number of bosonic worldlines. In the XY model
Eq. (1), it is usually defined using a susceptibility of a twist
parameter in the boundary conditions [35]. In our model,
we can easily compute the winding charge Qw in each loop
configuration illustrated in Fig. 3. The universal result
in the massive phase as we approach the BKT transition
is that ϒ ≈ 2=π in the UV up to exponentially small

corrections [35], although in the IR ϒ ¼ 0. While it is
difficult to obtain the UV value in lattice calculations using
the traditional model Eq. (1), in our model, we can see it
emerge nicely at λ ¼ 0.01. We demonstrate this in Fig. 5.
Again, as expected, the value of ϒ when λ ¼ 0 is very
different, since it is a theory of free bosons but at a different
coupling. Using the different value of the coupling gives
ϒ ≈ 0.606 [60]. Our results provide strong evidence that
the AF-QFT at the BKT transition emerges from our dimer
model when we take the limit L → ∞ followed by λ → 0.
The opposite limit leads to the critical theory of the
decoupled dimer model.

FIG. 4. The figure shows the universal step-scaling function
[i.e., ξð2LÞ=ξðLÞ vs ξðLÞ=L] obtained from the XY model Eq. (1)
(solid line) [60] and compares it with data from the model Eq. (3)
at λ ¼ 0.01 (red), 0.2 (blue), 0.4 (purple), and 0.6 (green), for
various lattice sizes shown with different symbols. For small
values of L, our data deviate from the solid line. We define lUV
as the minimum value of L when the data begin to fall on the
solid line. From the figure we estimate lUV ≈ 80 for λ ¼ 0.6
and lUV ≈ 160 for λ ¼ 0.4. For very small λ we expect the
ξðLÞ=L to approach the universal UV prediction of ξðLÞ=L ¼
0.750 691 2… (see Ref. [35]), when L ∼ lUV before beginning to
follow the solid line. We see this at λ ¼ 0.2 and 0.01. Since at
these couplings lUV > 1280, we predict that the data at these
couplings will also eventually follow the solid line, but only for
L ≫ lUV, which we cannot access. To show this feature, in the
inset we plot ξðLÞ=L as a function of L at λ ¼ 0.01. Note that
the data approaches ξðLÞ=L ¼ 0.750 691 2… when L ∼ lUV
as expected. Based on our prediction above, this is only a pla-
teau and that for L ≫ lUV (which we cannot access) ξðLÞ=L
will eventually approach zero. The inset also shows that the
large L behavior of λ ¼ 0 is very different and stabilizes at
ξðLÞ=L ¼ 0.4889ð6Þ. In the inset we also show the data from
[35] in the traditional XY model [Eq. (1)] at two values of β close
to the transition. These data are still far from the universal value
due to logarithmic corrections as explained in [35].
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FIG. 5. The figure shows the helicity modulus ϒ as a function
of L for λ ¼ 0.6, 0.4, 0.2, 0.01, and 0.0. We expect ϒ → 0 for
L ≫ lUV when λ ≠ 0. This is clearly seen at λ ¼ 0.6. At λ ¼ 0.4,
since lUV is larger, we only see the initial part of the decrease
toward zero. At λ ¼ 0.2, lUV is even larger, and so we only
observe the flat part expected in the UV. At the UV fixed point we
expect ϒ ≈ 2=π. When λ ¼ 0.01 we do observe the data
converging well to this universal value (top solid line). Since
λ ¼ 0.01 is not really the critical point, this line, too, will
eventually turn around at very large values of L and go to zero.
On the other hand when λ ¼ 0 we find that ϒ ≈ 0.606 in the large
L limit [60]. We demonstrate the difference between λ ¼ 0 and
λ ¼ 0.01 in the inset, where we also show data from [35] for the
helicity modulus in the traditional XY model Eq. (1) at two values
of β close to the transition. Note that the values from the
traditional model are far from 2=π, a well-known difficulty
due to large logarithmic corrections. In contrast, our qubit model
is able to recover the UV physics more easily.
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FIG. 5. The figure shows the helicity modulus ϒ as a function
of L for λ ¼ 0.6, 0.4, 0.2, 0.01, and 0.0. We expect ϒ → 0 for
L ≫ lUV when λ ≠ 0. This is clearly seen at λ ¼ 0.6. At λ ¼ 0.4,
since lUV is larger, we only see the initial part of the decrease
toward zero. At λ ¼ 0.2, lUV is even larger, and so we only
observe the flat part expected in the UV. At the UV fixed point we
expect ϒ ≈ 2=π. When λ ¼ 0.01 we do observe the data
converging well to this universal value (top solid line). Since
λ ¼ 0.01 is not really the critical point, this line, too, will
eventually turn around at very large values of L and go to zero.
On the other hand when λ ¼ 0 we find that ϒ ≈ 0.606 in the large
L limit [60]. We demonstrate the difference between λ ¼ 0 and
λ ¼ 0.01 in the inset, where we also show data from [35] for the
helicity modulus in the traditional XY model Eq. (1) at two values
of β close to the transition. Note that the values from the
traditional model are far from 2=π, a well-known difficulty
due to large logarithmic corrections. In contrast, our qubit model
is able to recover the UV physics more easily.
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In both these examples, asymptotic freedom 
is recovered via new type of RG flow



2

extensions of dimer models, which are also known to de-
scribe interesting critical phenomena in the ir [23, 24]. All
this evidence shows that Euclidean qubit regularization
is a natural way to recover continuum qfts that emerge
via ir fixed points of lattice models.

A non-trivial question is whether we can also recover
the physics of ultraviolet fixed points (UV-FPs), using
qubit regularization. In particular, can we recover massive
continuum qfts which are free in the UV but contain a
marginally relevant coupling? Examples of such asymp-
totically free (af) theories include two-dimensional spin
models and four dimensional non-Abelian gauge theo-
ries. In the D-theory approach, there is strong evidence
that the physics at the uv scale can indeed be recovered
exponentially quickly as one increases the extent of the
additional dimension [25–29]. Can the Gaussian nature
of the uv theory emerge from just a few discrete and
finite local lattice degrees of freedom, while the same
theory then goes on to reproduce the massive physics in
the ir? For this we will need a special type of quantum
criticality where three length scales, as sketched in Fig. 1,
emerge. There is a short lattice length scale a, where
the non-universal physics depends on the details of the
qubit regularization, followed by an intermediate length
scale `UV � a, where the continuum uv physics sets
in and the required Gaussian theory emerges. Finally,
at long length scales `IR � `UV, the non-perturbative
massive continuum quantum field theory emerges due to
the presence of a marginally relevant coupling in the uv
theory. The qubit regularized theory thus reproduces the
universal continuum qft in the whole region `UV to `IR.
The special quantum critical point must be such that
`UV/a ! 1.

Recently, a quantum critical point with these features
was discovered in an attempt to find a qubit regularization
of the asymptotically free massive non-linear O(3) sigma
model in two space-time dimensions in the Hamiltonian
formulation [30]. Using finite size scaling techniques, it
was shown that the qubit regularized model recovers all
the three scales. In this paper, we report the discov-
ery of yet another example of a quantum critical point
with similar features. In the current case, it is a Eu-
clidean qubit regularization of the asymptotically free
massive continuum quantum field theory that arises as
one approaches the Berezenski-Kosterlitz-Thouless (bkt)
transition from the massive phase [31, 32]. In both these
examples, the qubit regularized model is constructed us-
ing two decoupled theories and the af-qft emerges as
a relevant perturbation at a decoupled quantum critical
point. The coupling between the theories plays the role
of the perturbation that creates the three scales, as illus-
trated in the RG flow shown in Fig. 2. An interesting
feature of this discovery is that there is no need for fine-
tuning to observe some of the universal features of the
bkt transition that have been unattainable in practice

UV-FP

Decoupled FP

marginally
relevant coupling

irrelevant
coupling

quantum critical 
point

qubit regularized model

FIG. 2. An illustration of the RG flow of the qubit regularized
model that reproduces the physics of the asymptotically free
qfts in this paper and in [30]. At the decoupled quantum
critical point, both qubit models describe the physics of a
critical system containing two decoupled theories. However,
when a small non-zero coupling is introduced between the
theories, the long distance physics flows towards the desired
universal physics of the uv-fixed point theory.

with other traditional regularizations [33].

The bkt transition is one of the most widely studied
classical phase transitions, since it plays an important
role in understanding the finite temperature superfluid
phase transition of two-dimensional systems [34]. One
simple lattice model that captures the universal behavior
of the physics close to the phase transition is the classical
two-dimensional XY model on a square lattice given by
the classical action,

S = ��

X

hiji

cos(✓i � ✓j), (1)

where the lattice field 0  ✓i < 2⇡ is an angle associated
to every space-time lattice site i and hiji refers to the
nearest neighbor bonds with sites i and j. The lattice field
naturally lives in an infinite dimensional Hilbert space
of the corresponding one dimensional quantum model.
Using high precision Monte Carlo calculations, the bkt
transition has been determined to occur at the fine-tuned
coupling of �c ⇡ 1.1199(1) [35, 36]. The Villain model
is another lattice model which is friendlier for analytic
calculations and has been used to uncover the role of
topological defects in driving the phase transition [37].
More recently, topological lattice actions which seem to
suppress vortices and anti-vortices but still drive the bkt
transition have also been explored [38].

As one approaches the bkt transition from the massive
phase, the long distance physics of the Eq. (1) is known to
be captured by the sine-Gordon model whose Euclidean

In both these examples, asymptotic freedom 
is recovered via new type of RG flow
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Classical qubit models must already show this!
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� = 1 <latexit sha1_base64="1Lbgo1yj2k3PjF/Cs2Zl6DvCrko=">AAACGnicdVDNSsNAGNz4W+Nfqkcvi0XwVJKAUQ9C0YvHCvYHmlA2m027dLMJuxulhL6JXvU9vIlXL76GT+C2jWBFBxaGmflgdsKMUals+8NYWl5ZXVuvbJibW9s7u1Z1ry3TXGDSwilLRTdEkjDKSUtRxUg3EwQlISOdcHQ19Tt3REia8ls1zkiQoAGnMcVIaalvVf2e6TOdjxC8gK7pB32rZtftGeCcOK4mJ7Zz7nnQKa0aKNHsW59+lOI8IVxhhqTsOXamggIJRTEjE9PPJckQHqEB6WnKUUJkUMyqT+CRViIYp0I/ruBM/XlRoETKcRLqZILUUP72puKfnoxLSyIuoSSCxotNVHwWFJRnuSIcz4vEOYMqhdOdYEQFwYqNNUFYUP0XiIdIIKz0mqYe6XsJ+D9pu3XHq3s3bq1xWc5VAQfgEBwDB5yCBrgGTdACGNyDR/AEno0H48V4Nd7m0SWjvNkHCzDevwDv2Z9Z</latexit>

� = 2
<latexit sha1_base64="1uoEn0CRE0Ey0Thgzf/2uk2yIGQ=">AAACGHicdVDLSsNAFJ3UV42PVl26GSyCqzIJtLa7ohuXFewDmlAm00k7dDIJMxOhhP6IbvU/3Ilbd/6GX+C0jWBFD1w4nHMvnHuChDOlEfqwChubW9s7xV17b//gsFQ+Ou6qOJWEdkjMY9kPsKKcCdrRTHPaTyTFUcBpL5heL/zePZWKxeJOzxLqR3gsWMgI1kYalkvewPYCNo4Tnirb84flCqq6NdRsOBBVkYHrGlJDTrNeh85SQagCcrSH5U9vFJM0okITjpUaOCjRfoalZoTTue2liiaYTPGYDgwVOKLKz5bB5/DcKCMYxtKM0HCp/rzIcKTULArMZoT1RP32FuKfngpzS2GhoKKShetJdNjwMyaSVFNBVkHClEMdw0VLcMQkJZrPDMFEMvMLJBMsMdGmS9uU9N0E/J903apTr9Zv3UrrKq+rCE7BGbgADrgELXAD2qADCEjBI3gCz9aD9WK9Wm+r1YKV35yANVjvX1ROn7Q=</latexit>MSU(2):

<latexit sha1_base64="8UjytQ5pA+HkXNVPxf4tAHwP6k8=">AAACHHicdVDLSsNAFJ3UV42vaJduBovgQkpSMOpCKLpx2YJ9QBPKZDpph04mYWYihNBf0a3+hztxK/gbfoHTNoIVPTBwOOfey5kTJIxKZdsfRmlldW19o7xpbm3v7O5Z+wcdGacCkzaOWSx6AZKEUU7aiipGeokgKAoY6QaTm5nfvSdC0pjfqSwhfoRGnIYUI6WlgVXx+mbLg1ce9HLntO5NTc8fWFW7Zs8BF8Spa3JmO5euC53CqoICzYH16Q1jnEaEK8yQlH3HTpSfI6EoZkSfTCVJEJ6gEelrylFEpJ/Pw0/hsVaGMIyFflzBufpzI0eRlFkU6MkIqbH87c3EPz0ZFpZEXEJJBA2Xk6jwws8pT1JFOF4ECVMGVQxnTcEhFQQrlmmCsKD6LxCPkUBY6T5NXdJ3E/B/0qnXHLfmturVxnVRVxkcgiNwAhxwDhrgFjRBG2CQgUfwBJ6NB+PFeDXeFqMlo9ipgCUY71/QWJ/G</latexit>

Q = {1, 2}
<latexit sha1_base64="QKXBK/lJc+3I/+ORHdP3Wm12wjQ=">AAACGXicdVDLSsNAFJ3Ud3xFXboZLIKrMglYdSe6cdmCfUATymR6o4OTSZiZCCX0S3Sr/+FO3LryN/wCpw/Bih64cDjnXjj3xLng2hDy4VQWFpeWV1bX3PWNza1tb2e3rbNCMWixTGSqG1MNgktoGW4EdHMFNI0FdOK7y7HfuQeleSavzTCHKKU3kiecUWOlvueFPbcMGRX4atRvumHU96qkFhyTs1MfkxqxCAJLjol/Vq9jf6IQUkUzNPreZzjIWJGCNExQrXs+yU1UUmU4EzByw0JDTtkdvYGepZKmoKNyknyED60ywEmm7EiDJ+rPi5KmWg/T2G6m1Nzq395Y/NPTyczSVGqsQfFkPolJTqOSy7wwINk0SFIIbDI8rgkPuAJmxNASyhS3v2B2SxVlxpbp2pK+m8D/k3ZQ8+u1ejOonl/M6lpF++gAHSEfnaBzdIUaqIUYukeP6Ak9Ow/Oi/PqvE1XK87sZg/NwXn/Aj/Gn5k=</latexit>

HQ =

Gauge invariant 
pure gauge state

The physical Hilbert Space               only involves gauge invariant states
<latexit sha1_base64="8jYCUFhNnXcPdcpaixqxnFQ191E=">AAACInicdVDLSsNAFJ34rPEVdSVuBovgqiQFo+6KbrqsYB/QhDCZTtqhk0mYmQghFH9Gt/of7sSV4Ff4BU7bCFb0wIXDOfde7j1hyqhUtv1uLC2vrK6tVzbMza3tnV1rb78jk0xg0sYJS0QvRJIwyklbUcVILxUExSEj3XB8PfW7d0RImvBblafEj9GQ04hipLQUWIde3yw8jBhsToLCEzFMR7mcmJ4fWFW7Zs8A58Spa3JmO5euC53SqoISrcD69AYJzmLCFWZIyr5jp8ovkFAUM6JXZpKkCI/RkPQ15Sgm0i9mL0zgiVYGMEqELq7gTP05UaBYyjwOdWeM1Ej+9qbin56MSksiLqEkgkaLl6jowi8oTzNFOJ4fEmUMqgRO84IDKghWLNcEYUH1LxCPkEBY6VRNHdJ3EvB/0qnXHLfm3tSrjasyrgo4AsfgFDjgHDRAE7RAG2BwDx7BE3g2HowX49V4m7cuGeXMAViA8fEF2Hijnw==</latexit>

Hphys



1 1

<latexit sha1_base64="yEf870fCLOy8W61wFhnIcWSWGTA="></latexit>

� = 1 <latexit sha1_base64="1Lbgo1yj2k3PjF/Cs2Zl6DvCrko=">AAACGnicdVDNSsNAGNz4W+Nfqkcvi0XwVJKAUQ9C0YvHCvYHmlA2m027dLMJuxulhL6JXvU9vIlXL76GT+C2jWBFBxaGmflgdsKMUals+8NYWl5ZXVuvbJibW9s7u1Z1ry3TXGDSwilLRTdEkjDKSUtRxUg3EwQlISOdcHQ19Tt3REia8ls1zkiQoAGnMcVIaalvVf2e6TOdjxC8gK7pB32rZtftGeCcOK4mJ7Zz7nnQKa0aKNHsW59+lOI8IVxhhqTsOXamggIJRTEjE9PPJckQHqEB6WnKUUJkUMyqT+CRViIYp0I/ruBM/XlRoETKcRLqZILUUP72puKfnoxLSyIuoSSCxotNVHwWFJRnuSIcz4vEOYMqhdOdYEQFwYqNNUFYUP0XiIdIIKz0mqYe6XsJ+D9pu3XHq3s3bq1xWc5VAQfgEBwDB5yCBrgGTdACGNyDR/AEno0H48V4Nd7m0SWjvNkHCzDevwDv2Z9Z</latexit>

� = 2
<latexit sha1_base64="1uoEn0CRE0Ey0Thgzf/2uk2yIGQ=">AAACGHicdVDLSsNAFJ3UV42PVl26GSyCqzIJtLa7ohuXFewDmlAm00k7dDIJMxOhhP6IbvU/3Ilbd/6GX+C0jWBFD1w4nHMvnHuChDOlEfqwChubW9s7xV17b//gsFQ+Ou6qOJWEdkjMY9kPsKKcCdrRTHPaTyTFUcBpL5heL/zePZWKxeJOzxLqR3gsWMgI1kYalkvewPYCNo4Tnirb84flCqq6NdRsOBBVkYHrGlJDTrNeh85SQagCcrSH5U9vFJM0okITjpUaOCjRfoalZoTTue2liiaYTPGYDgwVOKLKz5bB5/DcKCMYxtKM0HCp/rzIcKTULArMZoT1RP32FuKfngpzS2GhoKKShetJdNjwMyaSVFNBVkHClEMdw0VLcMQkJZrPDMFEMvMLJBMsMdGmS9uU9N0E/J903apTr9Zv3UrrKq+rCE7BGbgADrgELXAD2qADCEjBI3gCz9aD9WK9Wm+r1YKV35yANVjvX1ROn7Q=</latexit>MSU(2):

<latexit sha1_base64="8UjytQ5pA+HkXNVPxf4tAHwP6k8=">AAACHHicdVDLSsNAFJ3UV42vaJduBovgQkpSMOpCKLpx2YJ9QBPKZDpph04mYWYihNBf0a3+hztxK/gbfoHTNoIVPTBwOOfey5kTJIxKZdsfRmlldW19o7xpbm3v7O5Z+wcdGacCkzaOWSx6AZKEUU7aiipGeokgKAoY6QaTm5nfvSdC0pjfqSwhfoRGnIYUI6WlgVXx+mbLg1ce9HLntO5NTc8fWFW7Zs8BF8Spa3JmO5euC53CqoICzYH16Q1jnEaEK8yQlH3HTpSfI6EoZkSfTCVJEJ6gEelrylFEpJ/Pw0/hsVaGMIyFflzBufpzI0eRlFkU6MkIqbH87c3EPz0ZFpZEXEJJBA2Xk6jwws8pT1JFOF4ECVMGVQxnTcEhFQQrlmmCsKD6LxCPkUBY6T5NXdJ3E/B/0qnXHLfmturVxnVRVxkcgiNwAhxwDhrgFjRBG2CQgUfwBJ6NB+PFeDXeFqMlo9ipgCUY71/QWJ/G</latexit>

Q = {1, 2}
<latexit sha1_base64="QKXBK/lJc+3I/+ORHdP3Wm12wjQ=">AAACGXicdVDLSsNAFJ3Ud3xFXboZLIKrMglYdSe6cdmCfUATymR6o4OTSZiZCCX0S3Sr/+FO3LryN/wCpw/Bih64cDjnXjj3xLng2hDy4VQWFpeWV1bX3PWNza1tb2e3rbNCMWixTGSqG1MNgktoGW4EdHMFNI0FdOK7y7HfuQeleSavzTCHKKU3kiecUWOlvueFPbcMGRX4atRvumHU96qkFhyTs1MfkxqxCAJLjol/Vq9jf6IQUkUzNPreZzjIWJGCNExQrXs+yU1UUmU4EzByw0JDTtkdvYGepZKmoKNyknyED60ywEmm7EiDJ+rPi5KmWg/T2G6m1Nzq395Y/NPTyczSVGqsQfFkPolJTqOSy7wwINk0SFIIbDI8rgkPuAJmxNASyhS3v2B2SxVlxpbp2pK+m8D/k3ZQ8+u1ejOonl/M6lpF++gAHSEfnaBzdIUaqIUYukeP6Ak9Ow/Oi/PqvE1XK87sZg/NwXn/Aj/Gn5k=</latexit>

HQ =

Gauge invariant 
pure gauge state

The physical Hilbert Space               only involves gauge invariant states
<latexit sha1_base64="8jYCUFhNnXcPdcpaixqxnFQ191E=">AAACInicdVDLSsNAFJ34rPEVdSVuBovgqiQFo+6KbrqsYB/QhDCZTtqhk0mYmQghFH9Gt/of7sSV4Ff4BU7bCFb0wIXDOfde7j1hyqhUtv1uLC2vrK6tVzbMza3tnV1rb78jk0xg0sYJS0QvRJIwyklbUcVILxUExSEj3XB8PfW7d0RImvBblafEj9GQ04hipLQUWIde3yw8jBhsToLCEzFMR7mcmJ4fWFW7Zs8A58Spa3JmO5euC53SqoISrcD69AYJzmLCFWZIyr5jp8ovkFAUM6JXZpKkCI/RkPQ15Sgm0i9mL0zgiVYGMEqELq7gTP05UaBYyjwOdWeM1Ej+9qbin56MSksiLqEkgkaLl6jowi8oTzNFOJ4fEmUMqgRO84IDKghWLNcEYUH1LxCPkEBY6VRNHdJ3EvB/0qnXHLfm3tSrjasyrgo4AsfgFDjgHDRAE7RAG2BwDx7BE3g2HowX49V4m7cuGeXMAViA8fEF2Hijnw==</latexit>

Hphys

Gauge invariant state 
with two quarks

X

Y





SU(3):
<latexit sha1_base64="gbKM+Qx8VODHr2UCjOr8Rfaz9HQ="></latexit>

Q = {1, 3, 3̄}

<latexit sha1_base64="IQ2W1ZFD4GZ8WGqLu0qlPrkGYlY="></latexit>

� = 3
<latexit sha1_base64="YOqwLeXeunb0t3tVn2EG8JRz+T0="></latexit>

� = 3̄

1 1

<latexit sha1_base64="yEf870fCLOy8W61wFhnIcWSWGTA="></latexit>

� = 1
<latexit sha1_base64="1uoEn0CRE0Ey0Thgzf/2uk2yIGQ=">AAACGHicdVDLSsNAFJ3UV42PVl26GSyCqzIJtLa7ohuXFewDmlAm00k7dDIJMxOhhP6IbvU/3Ilbd/6GX+C0jWBFD1w4nHMvnHuChDOlEfqwChubW9s7xV17b//gsFQ+Ou6qOJWEdkjMY9kPsKKcCdrRTHPaTyTFUcBpL5heL/zePZWKxeJOzxLqR3gsWMgI1kYalkvewPYCNo4Tnirb84flCqq6NdRsOBBVkYHrGlJDTrNeh85SQagCcrSH5U9vFJM0okITjpUaOCjRfoalZoTTue2liiaYTPGYDgwVOKLKz5bB5/DcKCMYxtKM0HCp/rzIcKTULArMZoT1RP32FuKfngpzS2GhoKKShetJdNjwMyaSVFNBVkHClEMdw0VLcMQkJZrPDMFEMvMLJBMsMdGmS9uU9N0E/J903apTr9Zv3UrrKq+rCE7BGbgADrgELXAD2qADCEjBI3gCz9aD9WK9Wm+r1YKV35yANVjvX1ROn7Q=</latexit>M

<latexit sha1_base64="QKXBK/lJc+3I/+ORHdP3Wm12wjQ=">AAACGXicdVDLSsNAFJ3Ud3xFXboZLIKrMglYdSe6cdmCfUATymR6o4OTSZiZCCX0S3Sr/+FO3LryN/wCpw/Bih64cDjnXjj3xLng2hDy4VQWFpeWV1bX3PWNza1tb2e3rbNCMWixTGSqG1MNgktoGW4EdHMFNI0FdOK7y7HfuQeleSavzTCHKKU3kiecUWOlvueFPbcMGRX4atRvumHU96qkFhyTs1MfkxqxCAJLjol/Vq9jf6IQUkUzNPreZzjIWJGCNExQrXs+yU1UUmU4EzByw0JDTtkdvYGepZKmoKNyknyED60ywEmm7EiDJ+rPi5KmWg/T2G6m1Nzq395Y/NPTyczSVGqsQfFkPolJTqOSy7wwINk0SFIIbDI8rgkPuAJmxNASyhS3v2B2SxVlxpbp2pK+m8D/k3ZQ8+u1ejOonl/M6lpF++gAHSEfnaBzdIUaqIUYukeP6Ak9Ow/Oi/PqvE1XK87sZg/NwXn/Aj/Gn5k=</latexit>

HQ =
<latexit sha1_base64="1uoEn0CRE0Ey0Thgzf/2uk2yIGQ=">AAACGHicdVDLSsNAFJ3UV42PVl26GSyCqzIJtLa7ohuXFewDmlAm00k7dDIJMxOhhP6IbvU/3Ilbd/6GX+C0jWBFD1w4nHMvnHuChDOlEfqwChubW9s7xV17b//gsFQ+Ou6qOJWEdkjMY9kPsKKcCdrRTHPaTyTFUcBpL5heL/zePZWKxeJOzxLqR3gsWMgI1kYalkvewPYCNo4Tnirb84flCqq6NdRsOBBVkYHrGlJDTrNeh85SQagCcrSH5U9vFJM0okITjpUaOCjRfoalZoTTue2liiaYTPGYDgwVOKLKz5bB5/DcKCMYxtKM0HCp/rzIcKTULArMZoT1RP32FuKfngpzS2GhoKKShetJdNjwMyaSVFNBVkHClEMdw0VLcMQkJZrPDMFEMvMLJBMsMdGmS9uU9N0E/J903apTr9Zv3UrrKq+rCE7BGbgADrgELXAD2qADCEjBI3gCz9aD9WK9Wm+r1YKV35yANVjvX1ROn7Q=</latexit>M



SU(3):
<latexit sha1_base64="gbKM+Qx8VODHr2UCjOr8Rfaz9HQ="></latexit>

Q = {1, 3, 3̄}

<latexit sha1_base64="IQ2W1ZFD4GZ8WGqLu0qlPrkGYlY="></latexit>

� = 3
<latexit sha1_base64="YOqwLeXeunb0t3tVn2EG8JRz+T0="></latexit>

� = 3̄

1 1

<latexit sha1_base64="yEf870fCLOy8W61wFhnIcWSWGTA="></latexit>

� = 1
<latexit sha1_base64="1uoEn0CRE0Ey0Thgzf/2uk2yIGQ=">AAACGHicdVDLSsNAFJ3UV42PVl26GSyCqzIJtLa7ohuXFewDmlAm00k7dDIJMxOhhP6IbvU/3Ilbd/6GX+C0jWBFD1w4nHMvnHuChDOlEfqwChubW9s7xV17b//gsFQ+Ou6qOJWEdkjMY9kPsKKcCdrRTHPaTyTFUcBpL5heL/zePZWKxeJOzxLqR3gsWMgI1kYalkvewPYCNo4Tnirb84flCqq6NdRsOBBVkYHrGlJDTrNeh85SQagCcrSH5U9vFJM0okITjpUaOCjRfoalZoTTue2liiaYTPGYDgwVOKLKz5bB5/DcKCMYxtKM0HCp/rzIcKTULArMZoT1RP32FuKfngpzS2GhoKKShetJdNjwMyaSVFNBVkHClEMdw0VLcMQkJZrPDMFEMvMLJBMsMdGmS9uU9N0E/J903apTr9Zv3UrrKq+rCE7BGbgADrgELXAD2qADCEjBI3gCz9aD9WK9Wm+r1YKV35yANVjvX1ROn7Q=</latexit>M

<latexit sha1_base64="QKXBK/lJc+3I/+ORHdP3Wm12wjQ=">AAACGXicdVDLSsNAFJ3Ud3xFXboZLIKrMglYdSe6cdmCfUATymR6o4OTSZiZCCX0S3Sr/+FO3LryN/wCpw/Bih64cDjnXjj3xLng2hDy4VQWFpeWV1bX3PWNza1tb2e3rbNCMWixTGSqG1MNgktoGW4EdHMFNI0FdOK7y7HfuQeleSavzTCHKKU3kiecUWOlvueFPbcMGRX4atRvumHU96qkFhyTs1MfkxqxCAJLjol/Vq9jf6IQUkUzNPreZzjIWJGCNExQrXs+yU1UUmU4EzByw0JDTtkdvYGepZKmoKNyknyED60ywEmm7EiDJ+rPi5KmWg/T2G6m1Nzq395Y/NPTyczSVGqsQfFkPolJTqOSy7wwINk0SFIIbDI8rgkPuAJmxNASyhS3v2B2SxVlxpbp2pK+m8D/k3ZQ8+u1ejOonl/M6lpF++gAHSEfnaBzdIUaqIUYukeP6Ak9Ow/Oi/PqvE1XK87sZg/NwXn/Aj/Gn5k=</latexit>

HQ =
<latexit sha1_base64="1uoEn0CRE0Ey0Thgzf/2uk2yIGQ=">AAACGHicdVDLSsNAFJ3UV42PVl26GSyCqzIJtLa7ohuXFewDmlAm00k7dDIJMxOhhP6IbvU/3Ilbd/6GX+C0jWBFD1w4nHMvnHuChDOlEfqwChubW9s7xV17b//gsFQ+Ou6qOJWEdkjMY9kPsKKcCdrRTHPaTyTFUcBpL5heL/zePZWKxeJOzxLqR3gsWMgI1kYalkvewPYCNo4Tnirb84flCqq6NdRsOBBVkYHrGlJDTrNeh85SQagCcrSH5U9vFJM0okITjpUaOCjRfoalZoTTue2liiaYTPGYDgwVOKLKz5bB5/DcKCMYxtKM0HCp/rzIcKTULArMZoT1RP32FuKfngpzS2GhoKKShetJdNjwMyaSVFNBVkHClEMdw0VLcMQkJZrPDMFEMvMLJBMsMdGmS9uU9N0E/J903apTr9Zv3UrrKq+rCE7BGbgADrgELXAD2qADCEjBI3gCz9aD9WK9Wm+r1YKV35yANVjvX1ROn7Q=</latexit>M

The physical Hilbert Space               only involves gauge invariant states
<latexit sha1_base64="8jYCUFhNnXcPdcpaixqxnFQ191E=">AAACInicdVDLSsNAFJ34rPEVdSVuBovgqiQFo+6KbrqsYB/QhDCZTtqhk0mYmQghFH9Gt/of7sSV4Ff4BU7bCFb0wIXDOfde7j1hyqhUtv1uLC2vrK6tVzbMza3tnV1rb78jk0xg0sYJS0QvRJIwyklbUcVILxUExSEj3XB8PfW7d0RImvBblafEj9GQ04hipLQUWIde3yw8jBhsToLCEzFMR7mcmJ4fWFW7Zs8A58Spa3JmO5euC53SqoISrcD69AYJzmLCFWZIyr5jp8ovkFAUM6JXZpKkCI/RkPQ15Sgm0i9mL0zgiVYGMEqELq7gTP05UaBYyjwOdWeM1Ej+9qbin56MSksiLqEkgkaLl6jowi8oTzNFOJ4fEmUMqgRO84IDKghWLNcEYUH1LxCPkEBY6VRNHdJ3EvB/0qnXHLfm3tSrjasyrgo4AsfgFDjgHDRAE7RAG2BwDx7BE3g2HowX49V4m7cuGeXMAViA8fEF2Hijnw==</latexit>

Hphys



SU(3):
<latexit sha1_base64="gbKM+Qx8VODHr2UCjOr8Rfaz9HQ="></latexit>

Q = {1, 3, 3̄}

<latexit sha1_base64="IQ2W1ZFD4GZ8WGqLu0qlPrkGYlY="></latexit>

� = 3
<latexit sha1_base64="YOqwLeXeunb0t3tVn2EG8JRz+T0="></latexit>

� = 3̄

1 1

<latexit sha1_base64="yEf870fCLOy8W61wFhnIcWSWGTA="></latexit>

� = 1
<latexit sha1_base64="1uoEn0CRE0Ey0Thgzf/2uk2yIGQ=">AAACGHicdVDLSsNAFJ3UV42PVl26GSyCqzIJtLa7ohuXFewDmlAm00k7dDIJMxOhhP6IbvU/3Ilbd/6GX+C0jWBFD1w4nHMvnHuChDOlEfqwChubW9s7xV17b//gsFQ+Ou6qOJWEdkjMY9kPsKKcCdrRTHPaTyTFUcBpL5heL/zePZWKxeJOzxLqR3gsWMgI1kYalkvewPYCNo4Tnirb84flCqq6NdRsOBBVkYHrGlJDTrNeh85SQagCcrSH5U9vFJM0okITjpUaOCjRfoalZoTTue2liiaYTPGYDgwVOKLKz5bB5/DcKCMYxtKM0HCp/rzIcKTULArMZoT1RP32FuKfngpzS2GhoKKShetJdNjwMyaSVFNBVkHClEMdw0VLcMQkJZrPDMFEMvMLJBMsMdGmS9uU9N0E/J903apTr9Zv3UrrKq+rCE7BGbgADrgELXAD2qADCEjBI3gCz9aD9WK9Wm+r1YKV35yANVjvX1ROn7Q=</latexit>M

<latexit sha1_base64="QKXBK/lJc+3I/+ORHdP3Wm12wjQ=">AAACGXicdVDLSsNAFJ3Ud3xFXboZLIKrMglYdSe6cdmCfUATymR6o4OTSZiZCCX0S3Sr/+FO3LryN/wCpw/Bih64cDjnXjj3xLng2hDy4VQWFpeWV1bX3PWNza1tb2e3rbNCMWixTGSqG1MNgktoGW4EdHMFNI0FdOK7y7HfuQeleSavzTCHKKU3kiecUWOlvueFPbcMGRX4atRvumHU96qkFhyTs1MfkxqxCAJLjol/Vq9jf6IQUkUzNPreZzjIWJGCNExQrXs+yU1UUmU4EzByw0JDTtkdvYGepZKmoKNyknyED60ywEmm7EiDJ+rPi5KmWg/T2G6m1Nzq395Y/NPTyczSVGqsQfFkPolJTqOSy7wwINk0SFIIbDI8rgkPuAJmxNASyhS3v2B2SxVlxpbp2pK+m8D/k3ZQ8+u1ejOonl/M6lpF++gAHSEfnaBzdIUaqIUYukeP6Ak9Ow/Oi/PqvE1XK87sZg/NwXn/Aj/Gn5k=</latexit>

HQ =
<latexit sha1_base64="1uoEn0CRE0Ey0Thgzf/2uk2yIGQ=">AAACGHicdVDLSsNAFJ3UV42PVl26GSyCqzIJtLa7ohuXFewDmlAm00k7dDIJMxOhhP6IbvU/3Ilbd/6GX+C0jWBFD1w4nHMvnHuChDOlEfqwChubW9s7xV17b//gsFQ+Ou6qOJWEdkjMY9kPsKKcCdrRTHPaTyTFUcBpL5heL/zePZWKxeJOzxLqR3gsWMgI1kYalkvewPYCNo4Tnirb84flCqq6NdRsOBBVkYHrGlJDTrNeh85SQagCcrSH5U9vFJM0okITjpUaOCjRfoalZoTTue2liiaYTPGYDgwVOKLKz5bB5/DcKCMYxtKM0HCp/rzIcKTULArMZoT1RP32FuKfngpzS2GhoKKShetJdNjwMyaSVFNBVkHClEMdw0VLcMQkJZrPDMFEMvMLJBMsMdGmS9uU9N0E/J903apTr9Zv3UrrKq+rCE7BGbgADrgELXAD2qADCEjBI3gCz9aD9WK9Wm+r1YKV35yANVjvX1ROn7Q=</latexit>M

Gauge invariant 
pure gauge state

The physical Hilbert Space               only involves gauge invariant states
<latexit sha1_base64="8jYCUFhNnXcPdcpaixqxnFQ191E=">AAACInicdVDLSsNAFJ34rPEVdSVuBovgqiQFo+6KbrqsYB/QhDCZTtqhk0mYmQghFH9Gt/of7sSV4Ff4BU7bCFb0wIXDOfde7j1hyqhUtv1uLC2vrK6tVzbMza3tnV1rb78jk0xg0sYJS0QvRJIwyklbUcVILxUExSEj3XB8PfW7d0RImvBblafEj9GQ04hipLQUWIde3yw8jBhsToLCEzFMR7mcmJ4fWFW7Zs8A58Spa3JmO5euC53SqoISrcD69AYJzmLCFWZIyr5jp8ovkFAUM6JXZpKkCI/RkPQ15Sgm0i9mL0zgiVYGMEqELq7gTP05UaBYyjwOdWeM1Ej+9qbin56MSksiLqEkgkaLl6jowi8oTzNFOJ4fEmUMqgRO84IDKghWLNcEYUH1LxCPkEBY6VRNHdJ3EvB/0qnXHLfm3tSrjasyrgo4AsfgFDjgHDRAE7RAG2BwDx7BE3g2HowX49V4m7cuGeXMAViA8fEF2Hijnw==</latexit>

Hphys



SU(3):
<latexit sha1_base64="gbKM+Qx8VODHr2UCjOr8Rfaz9HQ="></latexit>

Q = {1, 3, 3̄}

<latexit sha1_base64="IQ2W1ZFD4GZ8WGqLu0qlPrkGYlY="></latexit>

� = 3
<latexit sha1_base64="YOqwLeXeunb0t3tVn2EG8JRz+T0="></latexit>

� = 3̄

1 1

<latexit sha1_base64="yEf870fCLOy8W61wFhnIcWSWGTA="></latexit>

� = 1
<latexit sha1_base64="1uoEn0CRE0Ey0Thgzf/2uk2yIGQ=">AAACGHicdVDLSsNAFJ3UV42PVl26GSyCqzIJtLa7ohuXFewDmlAm00k7dDIJMxOhhP6IbvU/3Ilbd/6GX+C0jWBFD1w4nHMvnHuChDOlEfqwChubW9s7xV17b//gsFQ+Ou6qOJWEdkjMY9kPsKKcCdrRTHPaTyTFUcBpL5heL/zePZWKxeJOzxLqR3gsWMgI1kYalkvewPYCNo4Tnirb84flCqq6NdRsOBBVkYHrGlJDTrNeh85SQagCcrSH5U9vFJM0okITjpUaOCjRfoalZoTTue2liiaYTPGYDgwVOKLKz5bB5/DcKCMYxtKM0HCp/rzIcKTULArMZoT1RP32FuKfngpzS2GhoKKShetJdNjwMyaSVFNBVkHClEMdw0VLcMQkJZrPDMFEMvMLJBMsMdGmS9uU9N0E/J903apTr9Zv3UrrKq+rCE7BGbgADrgELXAD2qADCEjBI3gCz9aD9WK9Wm+r1YKV35yANVjvX1ROn7Q=</latexit>M

<latexit sha1_base64="QKXBK/lJc+3I/+ORHdP3Wm12wjQ=">AAACGXicdVDLSsNAFJ3Ud3xFXboZLIKrMglYdSe6cdmCfUATymR6o4OTSZiZCCX0S3Sr/+FO3LryN/wCpw/Bih64cDjnXjj3xLng2hDy4VQWFpeWV1bX3PWNza1tb2e3rbNCMWixTGSqG1MNgktoGW4EdHMFNI0FdOK7y7HfuQeleSavzTCHKKU3kiecUWOlvueFPbcMGRX4atRvumHU96qkFhyTs1MfkxqxCAJLjol/Vq9jf6IQUkUzNPreZzjIWJGCNExQrXs+yU1UUmU4EzByw0JDTtkdvYGepZKmoKNyknyED60ywEmm7EiDJ+rPi5KmWg/T2G6m1Nzq395Y/NPTyczSVGqsQfFkPolJTqOSy7wwINk0SFIIbDI8rgkPuAJmxNASyhS3v2B2SxVlxpbp2pK+m8D/k3ZQ8+u1ejOonl/M6lpF++gAHSEfnaBzdIUaqIUYukeP6Ak9Ow/Oi/PqvE1XK87sZg/NwXn/Aj/Gn5k=</latexit>

HQ =
<latexit sha1_base64="1uoEn0CRE0Ey0Thgzf/2uk2yIGQ=">AAACGHicdVDLSsNAFJ3UV42PVl26GSyCqzIJtLa7ohuXFewDmlAm00k7dDIJMxOhhP6IbvU/3Ilbd/6GX+C0jWBFD1w4nHMvnHuChDOlEfqwChubW9s7xV17b//gsFQ+Ou6qOJWEdkjMY9kPsKKcCdrRTHPaTyTFUcBpL5heL/zePZWKxeJOzxLqR3gsWMgI1kYalkvewPYCNo4Tnirb84flCqq6NdRsOBBVkYHrGlJDTrNeh85SQagCcrSH5U9vFJM0okITjpUaOCjRfoalZoTTue2liiaYTPGYDgwVOKLKz5bB5/DcKCMYxtKM0HCp/rzIcKTULArMZoT1RP32FuKfngpzS2GhoKKShetJdNjwMyaSVFNBVkHClEMdw0VLcMQkJZrPDMFEMvMLJBMsMdGmS9uU9N0E/J903apTr9Zv3UrrKq+rCE7BGbgADrgELXAD2qADCEjBI3gCz9aD9WK9Wm+r1YKV35yANVjvX1ROn7Q=</latexit>M

Gauge invariant 
pure gauge state

The physical Hilbert Space               only involves gauge invariant states
<latexit sha1_base64="8jYCUFhNnXcPdcpaixqxnFQ191E=">AAACInicdVDLSsNAFJ34rPEVdSVuBovgqiQFo+6KbrqsYB/QhDCZTtqhk0mYmQghFH9Gt/of7sSV4Ff4BU7bCFb0wIXDOfde7j1hyqhUtv1uLC2vrK6tVzbMza3tnV1rb78jk0xg0sYJS0QvRJIwyklbUcVILxUExSEj3XB8PfW7d0RImvBblafEj9GQ04hipLQUWIde3yw8jBhsToLCEzFMR7mcmJ4fWFW7Zs8A58Spa3JmO5euC53SqoISrcD69AYJzmLCFWZIyr5jp8ovkFAUM6JXZpKkCI/RkPQ15Sgm0i9mL0zgiVYGMEqELq7gTP05UaBYyjwOdWeM1Ej+9qbin56MSksiLqEkgkaLl6jowi8oTzNFOJ4fEmUMqgRO84IDKghWLNcEYUH1LxCPkEBY6VRNHdJ3EvB/0qnXHLfm3tSrjasyrgo4AsfgFDjgHDRAE7RAG2BwDx7BE3g2HowX49V4m7cuGeXMAViA8fEF2Hijnw==</latexit>

Hphys

Gauge invariant state 
with a quarks and an 
anti-quark.
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<latexit sha1_base64="he3RCSX/mMziLXhD9KgFmMH1Wm8="></latexit>

Z = Tr
⇣
e��Hcl

⌘ <latexit sha1_base64="LRRaK0Cq5EF7cB6h0clq6dFCIOQ="></latexit>

Zxy = Trxy
⇣
e��Hcl

⌘

<latexit sha1_base64="5bz98qoDTMh+jtjcc9kXx8DRvzc="></latexit>

� =
1
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<latexit sha1_base64="he3RCSX/mMziLXhD9KgFmMH1Wm8="></latexit>

Z = Tr
⇣
e��Hcl

⌘ <latexit sha1_base64="LRRaK0Cq5EF7cB6h0clq6dFCIOQ="></latexit>

Zxy = Trxy
⇣
e��Hcl
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<latexit sha1_base64="5bz98qoDTMh+jtjcc9kXx8DRvzc="></latexit>
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1
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A “confinement” observable 
accessible in dimer models!

<latexit sha1_base64="d9DGOX5okxvJi8k/W1J58+6DWsY=">AAACHHicbVDLSsNAFJ34rPEV7dLNYBFclaRCdVl048JFBfuAJpbJdNIOnZmEmYkQQn9Ft/of7sSt4G/4BU7bLGzrgQuHc+6Fc0+YMKq0635ba+sbm1vbpR17d2//4NA5Om6rOJWYtHDMYtkNkSKMCtLSVDPSTSRBPGSkE45vpn7niUhFY/Ggs4QEHA0FjShG2kh9p+z3bB+PKPQV5fDu8cL2g75TcavuDHCVeAWpgALNvvPjD2KcciI0ZkipnucmOsiR1BQzMrH9VJEE4TEakp6hAnGignwWfgLPjDKAUSzNCA1n6t+LHHGlMh6aTY70SC17U/FfT0WFpZBQUBFJo8UkOroKciqSVBOB50GilEEdw2lTcEAlwZplhiAsqfkF4hGSCGvTp21K8pYrWSXtWtWrV+v3tUrjuqirBE7AKTgHHrgEDXALmqAFMMjAC3gFb9az9W59WJ/z1TWruCmDBVhfv5FjoDU=</latexit>

� ⇠ L3Deconfined phase:
<latexit sha1_base64="5GTUO5XheveCY9mg2/b2I9JVghY=">AAACJ3icbVDLSsNAFJ3UV42vqEtBBovgqiRdVJdiNy4VrBaaUCbTSTt0ZhLmToQS3PkzutX/cCe69Bf8Aic1C6seGDicc+9w7okzwcH4/rtTW1hcWl6pr7pr6xubW972zjWkuaasS1OR6l5MgAmuWNdwI1gv04zIWLCbeNIp/ZtbpoGn6spMMxZJMlI84ZQYKw28/bDvhnTMcQhc4lASM9ay6KQKzJ0bRgOv4Tf9GfBfElSkgSpcDLzPcJjSXDJlqCAA/cDPTFQQbTgVzH6ZA8sInZAR61uqiGQQFbM77vChVYY4SbV9yuCZ+nOjIBJgKmM7WQaF314p/utBUllAFGBgmifzSUxyEhVcZblhin4HSXKBTYrL0vCQa0aNmFpCqOb2FkzHRBNqbLWuLSn4Xclfct1qBu1m+7LVOD2r6qqjPXSAjlCAjtEpOkcXqIsoukeP6Ak9Ow/Oi/PqvH2P1pxqZxfNwfn4As2gpao=</latexit>

� ⇠ ConstConfined phase:
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<latexit sha1_base64="CADSi+tbqTGQGiNPPSUu0pz5vjY=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwFZIuqhuh6MZlBfuAJpTJ9KYdOpmEmUmhlH6JbvU/3IlbV/6GX+C0zUJbD1w4nHMvnHuijDOlPe/LKm1sbm3vlHftvf2DwyPn+KSl0lxSaNKUp7ITEQWcCWhqpjl0MgkkiTi0o9Hd3G+PQSqWikc9ySBMyECwmFGijdRznKBrBxFocuO7XtUOwp5T8VxvAbxO/IJUUIFGz/kO+inNExCacqJU1/cyHU6J1IxymNlBriAjdEQG0DVUkARUOF0kn+ELo/RxnEozQuOF+vtiShKlJklkNhOih2rVm4v/eiouLEWEwgoki/8m0fF1OGUiyzUIugwS5xzrFM9rwn0mgWo+MYRQycwvmA6JJFSbMm1Tkr9ayTppVV2/5tYeqpX6bVFXGZ2hc3SJfHSF6ugeNVATUTRGz+gFvVpP1pv1bn0sV0tWcXOK/sD6/AHURp67</latexit>

� = 1.02

<latexit sha1_base64="ks9CSegf4ofPuDOFJ8aKXgdY5ME=">AAACGXicdVDNSsNAGNz4W+Nf1KOXxSJ4CmnUVA9C0YvHCrYVmlA22y+6uNmE3U2hFJ9Er/oe3sSrJ1/DJ3DTVlDRgYVhZj6YnTjnTGnPe7dmZufmFxYrS/byyuraurOx2VZZISm0aMYzeRUTBZwJaGmmOVzlEkgac+jEt2el3xmAVCwTl3qYQ5SSa8ESRok2Us9xwq4dxqDJSc31AjuMek7Vc4+PAv/Qx57reXV/PyiJXz/w97EJjVFFUzR7zkfYz2iRgtCUE6W6NS/X0YhIzSiHOzssFOSE3pJr6BoqSAoqGo2b3+Fdo/RxkknzhMZj9fvFiKRKDdPYJFOib9RvrxT/9FQytRQRCiuQLPnZRCdH0YiJvNAg6KRIUnCsM1zOhPtMAtV8aAihkpm/YHpDJKHajGmbkb6WwP+Ttu/WAje48KuN0+lcFbSNdtAeqqE6aqBz1EQtRNEAPaBH9GTdW8/Wi/U6ic5Y05st9APW2ydGWp8D</latexit>

� = 1.06
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<latexit sha1_base64="BMXQno0ugBOJ0CHdgQUEcukTXv0=">AAACGXicdVDLSsNAFJ3UV42vqEs3g0VwFZJUW10IRTcuK9gqNKFMpjd1cDIJMxOhFL9Et/of7sStK3/DL3BSK6jogQuHc+6Fc0+cc6a0571ZlZnZufmF6qK9tLyyuuasb3RVVkgKHZrxTF7GRAFnAjqaaQ6XuQSSxhwu4uuT0r+4AalYJs71KIcoJUPBEkaJNlLfccKeHcagyZHv+nt2GPWdmuceHjSC/QB7ruc1g3qjJEFzL6hj3yglamiKdt95DwcZLVIQmnKiVM/3ch2NidSMcri1w0JBTug1GULPUEFSUNF4kvwW7xhlgJNMmhEaT9TvF2OSKjVKY7OZEn2lfnul+KenkqmliFBYgWTJzyQ6OYjGTOSFBkE/gyQFxzrDZU14wCRQzUeGECqZ+QXTKyIJ1aZM25T01QT+n3QD12+4jbOg1jqe1lVFW2gb7SIfNVELnaI26iCKbtA9ekCP1p31ZD1bL5+rFWt6s4l+wHr9AES0nwI=</latexit>

� = 1.14

<latexit sha1_base64="BJ+aWmtFK+Fp6Tr9ZvmY+bBytjw=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIuqhuh6MZlBfuAJpTJ9KYdOpmEmUmhhH6JbvU/3IlbV/6GX+C0zUJbD1w4nHMvnHvClDOlXffLKm1sbm3vlHftvf2DwyPn+KStkkxSaNGEJ7IbEgWcCWhppjl0UwkkDjl0wvHd3O9MQCqWiEc9TSGIyVCwiFGijdR3HL9n+yFocuNVPc/2g75TcavuAnideAWpoALNvvPtDxKaxSA05USpnuemOsiJ1IxymNl+piAldEyG0DNUkBhUkC+Sz/CFUQY4SqQZofFC/X2Rk1ipaRyazZjokVr15uK/nooKSxGhsALJor9JdHQd5EykmQZBl0GijGOd4HlNeMAkUM2nhhAqmfkF0xGRhGpTpm1K8lYrWSftWtWrV+sPtUrjtqirjM7QObpEHrpCDXSPmqiFKJqgZ/SCXq0n6816tz6WqyWruDlFf2B9/gDUR567</latexit>

� = 1.11

Preliminary Results



Confinement-Deconfinement Transition in (3+1)d

Both seem like first order transitions.
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<latexit sha1_base64="CADSi+tbqTGQGiNPPSUu0pz5vjY=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwFZIuqhuh6MZlBfuAJpTJ9KYdOpmEmUmhlH6JbvU/3IlbV/6GX+C0zUJbD1w4nHMvnHuijDOlPe/LKm1sbm3vlHftvf2DwyPn+KSl0lxSaNKUp7ITEQWcCWhqpjl0MgkkiTi0o9Hd3G+PQSqWikc9ySBMyECwmFGijdRznKBrBxFocuO7XtUOwp5T8VxvAbxO/IJUUIFGz/kO+inNExCacqJU1/cyHU6J1IxymNlBriAjdEQG0DVUkARUOF0kn+ELo/RxnEozQuOF+vtiShKlJklkNhOih2rVm4v/eiouLEWEwgoki/8m0fF1OGUiyzUIugwS5xzrFM9rwn0mgWo+MYRQycwvmA6JJFSbMm1Tkr9ayTppVV2/5tYeqpX6bVFXGZ2hc3SJfHSF6ugeNVATUTRGz+gFvVpP1pv1bn0sV0tWcXOK/sD6/AHURp67</latexit>

� = 1.02

<latexit sha1_base64="ks9CSegf4ofPuDOFJ8aKXgdY5ME=">AAACGXicdVDNSsNAGNz4W+Nf1KOXxSJ4CmnUVA9C0YvHCrYVmlA22y+6uNmE3U2hFJ9Er/oe3sSrJ1/DJ3DTVlDRgYVhZj6YnTjnTGnPe7dmZufmFxYrS/byyuraurOx2VZZISm0aMYzeRUTBZwJaGmmOVzlEkgac+jEt2el3xmAVCwTl3qYQ5SSa8ESRok2Us9xwq4dxqDJSc31AjuMek7Vc4+PAv/Qx57reXV/PyiJXz/w97EJjVFFUzR7zkfYz2iRgtCUE6W6NS/X0YhIzSiHOzssFOSE3pJr6BoqSAoqGo2b3+Fdo/RxkknzhMZj9fvFiKRKDdPYJFOib9RvrxT/9FQytRQRCiuQLPnZRCdH0YiJvNAg6KRIUnCsM1zOhPtMAtV8aAihkpm/YHpDJKHajGmbkb6WwP+Ttu/WAje48KuN0+lcFbSNdtAeqqE6aqBz1EQtRNEAPaBH9GTdW8/Wi/U6ic5Y05st9APW2ydGWp8D</latexit>

� = 1.06
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� = 1.14
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Are there quantum critical points separating 
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Easy to construct quantum dimer models 
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Does asymptotic freedom of Yang-Mills theory 
arise at one of these quantum critical points?
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where we have used the fact that
P

b,c
(fabc)2 is related

to the Killing form and is equal to 2N � 2 for so(2N) (see
Appendix A). In this case, the flow always stays on the
line �a = � because it is protected by the O(2N) vector
symmetry.

On the other hand, if we only require the U(1)⇥SU(N)
symmetry, then as discussed in the previous section, there
are three independent couplings �0, �c̃ and �s. From
Eq. (5), we know that these couplings satisfy
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FABC is independent of the choice of a 2 A due to
the SU(N) symmetry. It turns out that only five in-
dependent FABC are non-zero3: F 0c̃c̃, F c̃0c̃, F c̃sc̃, F sss,
F sc̃c̃. Furthermore, Eq. (6) implies that F 0c̃c̃ = 2N � 2,
F c̃0c̃ + F c̃sc̃ = 2N � 2, F sss + F sc̃c̃ = 2N � 2. It can
be calculated that F c̃0c̃ = 4

N
, while F sss = N is related

to the Killing form of su(N). Putting these results to-
gether, we find that �0, �c̃ and �s satisfy the following
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When N = 2, the SU(2)c symmetry requires that �0 =
�c̃ = �c. Then Eq. (9) is simplified to
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Notice that �c and �s are irrelevant when they are less
than zero, and the free-fermion fixed point becomes an
IR fixed point in this.
Now let us consider the e↵ects of g̃2 > 0 on the flow

diagram. In order to get a full picture of the flow diagram,
we will need to compute the above � functions including
g̃2. Instead of doing this, we use some heuristic arguments
to motivate a possible flow diagram. First, we note that
in 2d, the gauge coupling g̃ is a relevant direction. Near
the free-fermion fixed point, it has dimension of mass.
Further, as we discussed in the previous subsection, as g̃2
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This can be easily checked using the following facts about the

Lie algebra so(2N): (a) l := � � and p := form a Cartan

decomposition of so(2N); (b) [�, ] = 0; and (c) so(2N) and

su(N) are semisimple.

flows to the IR, the �s sector e↵ectively decouples from the
theory. Another way to see this is that �s and g̃2 belong
to the same symmetry sector, and �s is marginal while
g̃2 is highly relevant. This suggests that the flow of �s

becomes a part of the g̃2 flow, and the �s term disappears
in the IR, except at g̃2 = 0. With these observations, let
us now discuss the flow diagram including g̃2.

In Fig. 1, we plot the flow diagram in the �c and g̃2

plane, where for simplicity and clarity, we focus on the
case of N = 2. We see that there are two fixed points: a
red free-fermion fixed point at g̃2 = �c = 0 with central
charge cfree = N = 2, and a green WZW fixed point
at g̃2 = 1 and �c = 0 with central charge cWZW = 1.
Since there is a flow from the free-fermion fixed point
to the WZW fixed point, we will also refer to them as
the UV fixed point and the IR fixed point, respectively.
When g̃2 > 0 and �c > 0, both couplings flow to infinity,
and we have a gapped phase. On the other hand when
g̃2 > 0 and �c < 0, the system flows to the green WZW
fixed point, and we have a gapless phase. The orange line
indicates the phase boundary between the gapped and the
gapless phase and corresponds to the continuum theory
with Lagrangian L0. When g̃2 = 0 we assume �s = �c

so that the system flows to the free-fermion fixed point
when �c  0, and is gapped when �c > 0.

0
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FIG. 1: Flow diagram in the �c and g̃2 plane for N = 2.
The origin g̃2 = �c = 0 is the red free-fermion fixed point
with cfree = 2, while g̃2 = 1 and �c = 0 is the green
WZW fixed point with cWZW = 1. When g̃2 > 0, the
flow diagram shows that the Lagrangian L describes two
phases depending on the sign of �c: a gapped phase for
�c > 0, and a gapless phase that flows to the WZW
fixed point for �c < 0. The Lagrangian L0 lives on the
orange line defined by �c = 0, which separates the two
phases. When g̃2 = 0, the plot assumes �s = �c, and
when �s = �c < 0, it flows to the free-fermion fixed point.

When N � 3, there is also an interesting flow diagram
near the WZW fixed point, which appears as the IR fixed
point when g̃2 > 0. In this IR limit, the currents associ-
ated with the SU(N) symmetry vanish, which e↵ectively
removes the terms containing F c̃sc̃, F sss, and F sc̃c̃ from
the flow equations. Then the beta functions in Eq. (9)
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Can Yang-Mills theory arise at a quantum critical point 
of quantum dimer models?
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