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LF =  ̄LD/ (U) L +  ̄RD/ (U) R

❖ Chiral symmetry is explicitly broken by the 
quark mass


❖ Chiral symmetry is spontaneously broken at 
low temperatures


❖ Assume O(4) symmetric effective theory 
[O(2) for staggered fermions] 

➡ For  restoration see plenary talk 

by T. Kovacs on Saturday and talk by 
M. Giordano on Monday  

❖ Make use of universal equation of state  
scaling functions to investigate the phase 
diagram 

U(1)A

❖ Only color-neutral states at low 
temperatures


❖ Mechanism of confinement still not 
well understood mathematically 


❖ Ones hadrons percolate, quarks can 
move over macroscopic distances


❖ Free quarks only at asymptotic large 
temperatures or densities 


❖ Typically investigated by studying the 
static quark potential 

❖ Nontrivial observation: 
 

(at , )
T chiral

pc = T deconfinemen
pc

μ = 0 m = mphys
➡ Talk by R. Kehr: interplay between 

chiral and deconfinement transition 
based on Anderson transition and 
localisation of Dirac eigenmodes
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❖ Quark mass plays the role of the external 
symmetry-breaking field
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Scaling fields

❖ Introducing the reduced temperature 
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t ⇠ h1/�� = h0.55

 MeV

[HotQCD, Phys.Rev.Lett. 123 (2019) 6, 062002]
Tc = 132+3

−6

 MeV

[HotQCD, Phys.Lett.B 795 (2019) 15-21]
Tpc = 156.5(1.5)

To what extent is the 
physical point affected 
by universal scaling?
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1
27

0

Tpc

Tc
<latexit sha1_base64="m2D0/aZ0H2eVSbkHqkvnFECngHE=">AAACB3icbVBNS8MwGE7n15xfVY+CBIfgabQi6kUYevE4wX3AWkqapVtYmpQkFUbpzYt/xYsHRbz6F7z5b0y3HnTzgSQPz/O+5H2fMGFUacf5tipLyyura9X12sbm1vaOvbvXUSKVmLSxYEL2QqQIo5y0NdWM9BJJUBwy0g3HN4XffSBSUcHv9SQhfoyGnEYUI22kwD70QsEGahKbJxtdeZFEOIsDlptL5Xlg152GMwVcJG5J6qBEK7C/vIHAaUy4xgwp1XedRPsZkppiRvKalyqSIDxGQ9I3lKOYKD+b7pHDY6MMYCSkOVzDqfq7I0OxKkY1lTHSIzXvFeJ/Xj/V0aWfUZ6kmnA8+yhKGdQCFqHAAZUEazYxBGFJzawQj5CJQpvoaiYEd37lRdI5bbjnDffurN68LuOoggNwBE6ACy5AE9yCFmgDDB7BM3gFb9aT9WK9Wx+z0opV9uyDP7A+fwCZVJps</latexit>

h =
ml

ms

-critical lineO(4)
-critical lineZ(2)

-order plane1st

tri-critical point

<latexit sha1_base64="tDL+sWaFVxLRKaNy3jEgCDSXyjU=">AAAB+3icbVBPS8MwHE3nvzn/1Xn0EhyCp9GKqMcxLx4nuDlYS0nTdAtLk5Kk4ij9Kl48KOLVL+LNb2O69aCbD0Ie7/1+5OWFKaNKO863VVtb39jcqm83dnb39g/sw+ZAiUxi0seCCTkMkSKMctLXVDMyTCVBScjIQzi9Kf2HRyIVFfxez1LiJ2jMaUwx0kYK7KYXChapWWKu3EuyoFsEdstpO3PAVeJWpAUq9AL7y4sEzhLCNWZIqZHrpNrPkdQUM1I0vEyRFOEpGpORoRwlRPn5PHsBT40SwVhIc7iGc/X3Ro4SVcYzkwnSE7XsleJ/3ijT8bWfU55mmnC8eCjOGNQClkXAiEqCNZsZgrCkJivEEyQR1qauhinBXf7yKhmct93Ltnt30ep0qzrq4BicgDPggivQAbegB/oAgyfwDF7Bm1VYL9a79bEYrVnVzhH4A+vzB5tClM8=</latexit>µB

<latexit sha1_base64="G4NVA+JiP4cDYmrOinhB4kWdLpw="></latexit>

t =
T � Tc

Tc
+ B

2

✓
µB

T

◆2

<latexit sha1_base64="ma3r4iV/ldjWMKKZmutkwfGsK2Y="></latexit>

Tpc(µB) = Tpc(0)

 
1 � B
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✓
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◆2
!

Sign Problem! 
➡Taylor expansion or analytic 
continuation from imaginary 
μB = iθB
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Does the CEP exist? 
What’s its location? 
What are the scaling 

fields ?t, h

 for simplicity: neglect liquid-gas PT and color 
superconducting phases at large 

→
μB
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Pion Condensation

❖ Pions are the Goldstone bosons of the chiral 
O(4) transition


❖ At sufficiently high density they condense 
into a Bose-Einstein-Condensate (BEC)

➡ Pion condensate might have been 

triggered by large lepton asymmetry in 
the early universe [Vovchenko et al. '21 ] 

➡ Pion stars might define a class of new 
compact stars [Brandt et al. '18] 

➡ BEC - BCS crossover? 

T
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Tpc
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m⇡/2

BEC

BCS?
Hadronic

(confined)

QGP

(deconfined)

How is the  
-diagram  

connected with the  
-diagram?

(T, μI)

(T, μB)

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.012701
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.98.094510
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Pion Condensation

❖ Pions are the Goldstone bosons of the chiral 
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into a Bose-Einstein-Condensate (BEC)

➡ Pion condensate might have been 

triggered by large lepton asymmetry in 
the early universe [Vovchenko et al. '21 ] 

➡ Pion stars might define a class of new 
compact stars [Brandt et al. '18] 

➡ BEC - BCS crossover? 

Fig. 9. We found this extrapolation to be more stable than
the fit to all available lattice spacings, including lattice
artefacts of Oða4Þ. Both extrapolations lead to similar
results, see the comparison in Fig. 9.
We are now in the position to draw the continuum

phase diagram, which we display in Fig. 10. The chiral
crossover transition starts from a temperature of Tpcð0Þ ¼
159ð4Þ MeV, which is consistent with the crossover
temperatures from [6] within uncertainties. The results
exhibit a small downward curvature of the TpcðμIÞ line.
The pion condensation boundary remains at μI;c ¼ mπ=2
within our errors up to T ≈ 140 MeV, beyond which it
soon becomes very flat. For T ≳ 160 MeV, we do not
observe pion condensation up to μI ¼ 120 MeV.

The two transition linesmeet at the pseudo-triple point, for
which we obtain μI;pt ¼ 70ð5Þ MeV in the continuum limit,
indicated by the yellow point in Fig. 10. The corresponding
temperature is determined conservatively by taking into
account the upper bound for TpcðμI ¼ μI;ptÞ and the lower
bound for the temperature where μI;c ¼ μI;pt. Defining the
central value of Tpt as the midpoint of this interval we obtain
Tpt ¼ 151ð7Þ MeV. From what we observe at finite lattice
spacings, we expect that chiral symmetry restoration and
the pion condensation phase boundary coincide from the
pseudo-triple point on. Todemonstrate this, in Fig. 11weplot
the pion condensate together with the quark condensate
for μI > μI;pt. The figure indicates that pion condensation
(defined by the point where Σπ ¼ 0) occurs together with
chiral symmetry restoration (the inflection point of the
condensate). The initial rise of the chiral condensate in
Fig. 11 is an interesting feature in the pion condensation
phase. A similar tendency has been observed in a study of
the phase diagram of a related two-color NJL model [52].
We interpret it as a remnant of the relation between pion
and chiral condensate Σ2

ψ̄ψ þ Σ2
π ¼ 1, discussed in Sec. II C,

which follows from χPT to leading order [7].

B. Polyakov loop

Next, we elaborate on the properties of the decon-
finement transition in terms of the renormalized
Polyakov loop Pr. In contrast to the quark condensate,
the Polyakov loop exhibits no pronounced inflection
point. To capture how deconfinement depends on the
isospin chemical potential, we consider the curves in
the μI − T plane, where Pr ¼ const. is satisfied.
Considering our definition (17) for the renormalization,
the contour with Pr ¼ 1 is a possible choice for the
transition temperature. In addition, the distance between

FIG. 11. Pion and quark condensates as functions of the
temperature for μI ¼ 103 MeV as measured on our Nt ¼ 10
ensembles. The light blue area marks the pion condensation
phase boundary and the orange area indicates the location of the
inflection point of the condensate. The lines connecting the points
are only included to guide the eye.

FIG. 9. Continuum extrapolations for the isospin chemical
potential μI;pt corresponding to the pseudo-triple point, where
the chiral crossover line meets the pion condensation boundary.
The orange curve corresponds to the continuum extrapolation for
Nt ¼ 8, 10 and 12 including lattice artefacts of Oða2Þ and the
gray curve is the continuum extrapolation for all points including
an additional Oða4Þ term.

FIG. 10. The QCD phase diagram for nonzero isospin chemical
potential in the continuum limit. The blue band indicates the
chiral crossover transition temperature TpcðμIÞ and the green line
is the boundary μI;cðTÞ of the pion condensation phase (the
shaded green area). The yellow point marks the triple point,
beyond which the two transitions are coincident (see text).

BRANDT, ENDRŐDI, and SCHMALZBAUER PHYS. REV. D 97, 054514 (2018)

054514-12

[Brandt, Endrodi, Schmalzbauer] 

➡ See talks by B. Brandt, W. Detmold, 
R. F. Basta., V. Chelnokov

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.012701
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.98.094510
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.97.054514
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eB

External magnetic field B

❖ Crossover temperature decreases with  

[Bali et al.'11, Bali et al.'12,  
Endrödi et al.'15 ] 
➡ This is in contrast to almost every 

effective theory [Andersen et al.'16] 
❖ Critical endpoint recently observed 


[D'Elia et al.'22] 

❖ At asymptotically large  quarks might 
decouple from the dynamics 

[Miransky, Shovkovy'02] 
➡ First order deconfinement transition

➡  with  ?

eB

eB

Td → 0 B → ∞

4 GeV2 9 GeV2

95 MeV

65 MeV

➡ See talks by E. Garnacho-Velasco, 
J.-B. Gu, J. J. Hernandez, 
Hernandez, R. Thakkar, D. Valois

https://link.springer.com/article/10.1007/JHEP02(2012)044
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.86.071502
https://link.springer.com/article/10.1007/JHEP07(2015)173
https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.88.025001
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.105.034511
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.66.045006
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❖  couples to the topological charge density 

➡ Breaks C and CP symmetries

➡ Experimental constraints  (strong 

CP problem)

❖ Phenomenological very interesting: axion 

physics,  mass,  problem, …

[Grilli di Cortona et al. ’16] 

❖  phase diagram analogous to the  
phase diagram? [D’Elia, Negro ’13]

θ q(x)

θ < 10−10

η′ UA(1)

T − θ T − θB

Vacuum alinement angle  θ

Tpc

Tpc

<latexit sha1_base64="zndA0Ki+Vj92NZS7J+BxzJuD2qE="></latexit>

✓/⇡

<latexit sha1_base64="d46YOE6qYESPYVBcO19rKTP2hxM="></latexit>

✓B/⇡ =
Im[µB]

⇡T

TRW

<latexit sha1_base64="XsVR02MtLK5V/MKGSntr/THRI8M="></latexit>

L✓ = �i✓q(x) = �i✓
g2

64⇡2
✏µ⌫⇢�F

a
µ⌫F

a
⇢�

1 2 3

1 2 3

Sign Problem! 
➡Taylor expansion or analytic 
continuation from imaginary θ

Fractionally charged instantons? 

https://arxiv.org/pdf/1511.02867
http://10.1103/PhysRevD.88.034503
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Angular velocity  Ω

Tpc

1/2 1 3/2

<latexit sha1_base64="rMf4ETFNdeh4V7Gy2KF9JphaIgQ="></latexit>

gµ⌫ =

0

BB@

1 0 0 y⌦
0 1 0 �x⌦
0 0 1 0
y⌦ �x⌦ 0 1 + r2⌦2

1

CCA

Sign Problem! 
➡Taylor expansion or 
analytic continuation 
from imaginary Ω

❖ Calculate in co-rotating frame 

[Yamamoto, Hirono ’13]


❖ Impose boundary conditions to avoid causality 
violations. 


❖ Deconfinement temperature increases with 
rotation velocity?

➡ Partial inconsistency with perturbative 

calculations

❖ Rich inhomogeneous phase structure 

Confinement

Deconfinement Deconfinement

2
<latexit sha1_base64="LYgBi4ObWTSyNkP29FxFZ996EAs="></latexit>

⌦I

⇡T[Chen, Fukushima, Shimada ’22]

Figure 3: The critical radius r of the spatial boundary between the
confining and deconfining phases for imaginary frequencies ⌦I (at the
axis temperature T = Tc0��T ) and the real frequency ⌦ (at the axis
temperature T = Tc0 + �T ) in the experimentally relevant domain
of parameters (1) for various temperature o↵sets �T > 0. The size
of the system is R = 13.5 fm as in Fig. 1. The shading corresponds
to a degree of uncertainty around the central curve. The insets show
the mutual arrangement of the confining and deconfining phases for
real (⌦) and imaginary (⌦I) angular frequencies, with the details of
the analytic continuation given in Fig. 4.

led Ref. [12] to conclude—also supported by a calculation
in a low-dimensional confining model—that the outer re-
gion of the rotating plasma is hotter than its interior (thus,
with hLi 6= 0 far from the axis and hLi = 0 close to the
axis), which naturally leads to the two-phase structure of
the rotating plasma in thermal equilibrium. For imagi-
nary rotation, the TE law is represented by the second
equality of the equation (6), which leads to the follow-
ing two-phase structure: deconfinement at the center and
confinement close to the boundaries. This theoretically
motivated phase structure is in contradiction with the nu-
merical simulations of this paper. Thus, the TE law is
violated in rotating gluodynamics.

The Tolman-Ehrenfest law is violated since external
gravity, generated by centrifugal forces, influences the dy-
namics of gluon matter and cannot be accounted for by
the simple formula (6). We suggest that this e↵ect ap-
pears due to conformal anomaly, which is known to a↵ect
the temperature distribution in background gravitational
field [42, 43]. This suggestion aligns well with the indica-
tion that a condensed-matter counterpart of the TE law,
the Luttinger relation [44], is violated in certain mate-
rials [45, 46] as a result of the conformal anomaly [46].
Strikingly, it is the conformal anomaly, which, according
to Refs. [26, 29], might be responsible for the negative mo-
ment of inertia of the gluon plasma [31] so that these exotic
e↵ects can be related to each other.

(�r)2

T/Tc0 Real �

Imaginary �
T = Tc0 � �T

T = Tc0 + �T

�

r

�I

r T = T
c0 � �T

T = T
c0 + �T

confinement deconfinement

Figure 4: The analytic continuation for slow rotation, described by
Eq. (5), from the imaginary angular frequencies (left) to the real
frequencies (right). The insets show how the phase diagrams in,
respectively, (⌦I , r) and (⌦, r) planes look like at a fixed o↵set �T >
0 of the temperature T of rotating plasma with respect to the ⌦ = 0
critical temperature Tc0.

9. Phase diagram for imaginary and real rotation

The mixed confinement-deconfinement phase may ap-
pear or not, depending on the specific values of the temper-
ature T , angular velocity ⌦ and system radius R. In order
to visualize the conditions for the co-existence of phases,
we construct the phase diagram in the (⌦, r) plane using
the results for local critical temperature extrapolated to
the continuum limit.3 The radius r of the spatial bound-
ary between the confining phase close to the axis and the
deconfining phase in an outer region depends on temper-
ature and angular frequency, as shown in Fig. 3. As the
rotation increases, the radius separating these phases di-
minishes. This tendency is observed at all studied tem-
peratures for imaginary rotation. The radius of the phase
boundary shrinks to zero when the temperature at the
center of the rotating plasma reaches the deconfining tem-
perature of the non-rotating plasma.

For the studied range of temperatures and angular fre-
quencies, the phase diagram, shown in Fig. 3, is precisely
the same for imaginary and real rotations up to the swap
of the phases. In Fig. 4 we graphically describe how the
phase diagram shown in Fig. 3 is built. The green straight
line in Fig. 4 represents the dependence of the local criti-
cal temperature on the local velocity of rotational motion
⌦r, given by Eq. (5). The region of imaginary rotation,
(⌦r)2 < 0, is available for lattice simulation, whereas the
results for real angular velocity, (⌦r)2 > 0, are obtained af-
ter the analytic continuation. For a given value of the tem-
perature T = Tc0��T the shape of the boundary between
two phases on the (⌦I , r)-plane (left inset in Fig. 4) follows
from the condition: Tc(⌦Ir) = Tc0��T . Graphically, this
condition is represented by the intersection of the dashed

3In constructing the diagram, Fig. 3, we assumed that
Tc(0)/Tc0 = 1 at v = 0 and included minor di↵erence between
Tc(0)/Tc0 in our lattice data and unity into uncertainty.

5

[Braguta, Chernodub, Roenko ’24]

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.111.081601
https://www.sciencedirect.com/science/article/pii/S0370269324003411?via=ihub
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Heavy Ion collisions Cosmic trajectory Neutron star mergers 

Jin-Biao Gu (CCNU) XQCD 2024 2

eBτ=0 ~ 5  in RHICM2
π eBτ=0 ~ 70  in LHCM2

π

Z. Wang et al. Phys.Rev.C 105 (2022) L041901W.-T. Deng et al. Phys.Rev.C 85 (2012) 044907

Strong magnetic fields in heavy-ion collisions

Whether strongly decaying magnetic #eld has impact on the #nal state of the collision?

 MeV

     (RHIC Beam Energy Scan, 


collider mode)

 (RHIC, 


fast decaying)

   (initial angular momentum, 


impact parameter dependent)

T ≲ 200
μB/T ≲ 3

eB ≲ 5 m2
π ≈ 0.1 GeV2

|J0 | ∼ 106

Can we explain the BES data for 
cumulants of conserved charges?

❖  range depends on the 
lepton flavour asymmetry, pion 
condensation  is possible 
[Middeldorf-Wygas et al. ‘22]

μB, μQ

❖ Neutron Stars:  keV,   
Magnetars: 


❖ Mergers:  MeV

❖ Details of the GW-spectrum 

depend on the EoS

T ≲ 1
B ∼ 1012T

T ≤ 50Can we explain the observed 
baryonic anisotropy?

Rezzolla, et al.

The QCD phase diagram is very high dimensional, 
observable systems take very different trajectories!

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.105.123533
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Universal scaling and chiral 
transition at μ = 0

Aspects of deconfinement and 
melting of hadrons

Beam energy scan results and 
the QCD critical point

T

1/270

Tpc

Tc

m

T

Tpc

T

0 <latexit sha1_base64="tDL+sWaFVxLRKaNy3jEgCDSXyjU=">AAAB+3icbVBPS8MwHE3nvzn/1Xn0EhyCp9GKqMcxLx4nuDlYS0nTdAtLk5Kk4ij9Kl48KOLVL+LNb2O69aCbD0Ie7/1+5OWFKaNKO863VVtb39jcqm83dnb39g/sw+ZAiUxi0seCCTkMkSKMctLXVDMyTCVBScjIQzi9Kf2HRyIVFfxez1LiJ2jMaUwx0kYK7KYXChapWWKu3EuyoFsEdstpO3PAVeJWpAUq9AL7y4sEzhLCNWZIqZHrpNrPkdQUM1I0vEyRFOEpGpORoRwlRPn5PHsBT40SwVhIc7iGc/X3Ro4SVcYzkwnSE7XsleJ/3ijT8bWfU55mmnC8eCjOGNQClkXAiEqCNZsZgrCkJivEEyQR1qauhinBXf7yKhmct93Ltnt30ep0qzrq4BicgDPggivQAbegB/oAgyfwDF7Bm1VYL9a79bEYrVnVzhH4A+vzB5tClM8=</latexit>µB

Tcep

μcep

1. 2. 3.



13Universal scaling

Scaling hypotheses:

Free energy:

Effective model O(4)/O(2)/Z(2): (2+1)-flavor QCD:

t
<latexit sha1_base64="BtyRuFHJ4Gyiqh7CzmPIUcMxxV0="></latexit>

h
<latexit sha1_base64="PXBYHmG9MgqTqdiQWte46om9fRs="></latexit>

reduced temperature 
reduced symmetry breaking field 
inverse system sizeL�1

<latexit sha1_base64="1N2Ic3JNtQF1KWSjUn6FC/RmBCU="></latexit>

h =
1

h0
(H � Hc), H =

ml

ms
<latexit sha1_base64="OpeAJcn5ROnB5rEwEgOBEKhBmTU="></latexit>

l = l0L
�1

<latexit sha1_base64="cS0PnIT17WqtfZp3Jng/DWhB6pE="></latexit>

map QCD to the 
effective model

controlled by 
non-universal 
parameters:
t0, h0, l0

<latexit sha1_base64="7YABniCctcuY8uqcJggvpiG8gu4="></latexit>

Tc,Hc
<latexit sha1_base64="qPHFj0S5tQ084W3x0v2H7h+7aVU="></latexit>

❖ So far no evidence for  in (2+1)-flavor QCDHc > 0
➡ We assume  and determine  Hc = 0 Tc ≡ T0

c

❖ We aim on the determination of the parameters, including κ l
2, κs

2, κls
11

Scaling fields 
<latexit sha1_base64="2bugbsvAtFD4+whdVDadB8ZqVwQ="></latexit>

t =
1

t0

�
�T + l

2µ̂
2
l + s

2µ̂
2
s + 2ls

11µ̂lµ̂s

�
<latexit sha1_base64="zlQqYfSXw4hNvdV0RSpawCv338Y=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAgWqgQhYEGqgIGxSH1JTRQ5jtNadeLIdpCqKJ/Awq+wMIAQKyMbf4PTZoCWI9k+Oude+d7jJ4xKZVnfxsLi0vLKamWtur6xubVt7ux2JE8FJm3MGRc9H0nCaEzaiipGeokgKPIZ6fqjm8LvPhAhKY9bapwQN0KDmIYUI6UlzzxyfM4COY70kzm3hCkEW1dOKBDOWictD+dZceWeWbPq1gRwntglqYESTc/8cgKO04jECjMkZd+2EuVmSCiKGcmrTipJgvAIDUhf0xhFRLrZZKEcHmolgCEX+sQKTtTfHRmKZDGzroyQGspZrxD/8/qpCi/djMZJqkiMpx+FKYOKwyIdGFBBsGJjTRAWVM8K8RDpMJTOsKpDsGdXnied07p9Xrfvz2qN6zKOCtgHB+AY2OACNMAdaII2wOARPINX8GY8GS/Gu/ExLV0wyp498AfG5w8svJ1O</latexit>

�T =
T � Tc

Tc

Scaling fields 

<latexit sha1_base64="20RlzGtDxvDMMcEAth8I0kR5Oko="></latexit>

fs(t, h, L) = b�dfs(b
ytt, byhh, L�1b)
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<latexit sha1_base64="rzIwpSYJHA/kmG54IWaAbKtsFQQ="></latexit>

Ml =
ms

f4
K

T

V

@ lnZ

@ml

Remove multiplicative 
UV divergences  

<latexit sha1_base64="Fsv95x1Rb1L+wFphXvrMqeMjc24=">AAACT3icfZHNS8MwGMbT+rXNr6pHL8EhCMJoRdSLMPTicYKbg7WUNE23sKQtSSqM0v/Qi978N7x4UMR0FtFN9kLIj+fJ1/skSBmVyrZfDHNpeWV1rVZvrG9sbm1bO7s9mWQCky5OWCL6AZKE0Zh0FVWM9FNBEA8YuQ/G16V//0CEpEl8pyYp8TgaxjSiGCkt+VbkBgkL5YTrKXcjgXDupkgoiljxQ5D7rLhc4GbF8QI3LArfatote1pwHpwKmqCqjm89u2GCM05ihRmScuDYqfLy8kzMSNFwM0lShMdoSAYaY8SJ9PJpHgU81EoIo0ToESs4VX/vyBGXZct6JUdqJGe9UvzPG2QquvByGqeZIjH+vijKGFQJLMOFIRUEKzbRgLCg+q0Qj5AORukvaOgQnNmW56F30nLOWs7tabN9VcVRA/vgABwBB5yDNrgBHdAFGDyCV/AOPown4834NKulplHBHvhTZv0LR3G4GQ==</latexit>

@

@ml
=

@

@mu
+

@

@md
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�l = ms
@

@ml
Ml
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M = Ml � H�l

Order parameter

Magnetic susceptibility

Renormalized order 
parameter

Equation of state

<latexit sha1_base64="+nZ52QGCfgAsFeePS6nX2b/alSc="></latexit>

M = h1/� (fG(z) � f�(z))

Equation of state

❖  and  are the well known 
universal scaling functions of a 
single scaling variable  

[Karsch, Neumann, Sarkar ’23] 

❖ This version of the renormalised 
order parameter has advantages:

➡ No explicit contribution from 

the strange condensate

➡ Direct relation to the scaling 

function of the free energy 

[Kotov et. al, '21]

fG(z) fχ(z)

z
<latexit sha1_base64="mWMJ0uYShHSvieZlrw4Qnxm1/eM=">AAACC3icbVC7SgNBFJ2NrxhfUUubJUGwSnZF1EYI2lhGMA/IrmF29m4yZPbBzF0hLult/BUbC0Vs/QE7/8bJo9DEA8MczrmXe+/xEsEVWta3kVtaXlldy68XNja3tneKu3tNFaeSQYPFIpZtjyoQPIIGchTQTiTQ0BPQ8gZXY791D1LxOLrFYQJuSHsRDzijqKVuseR4sfDVMNRf9nCB1f5dZlcdD5A6Pgiko1G3WLYq1gTmIrFnpExmqHeLX44fszSECJmgSnVsK0E3oxI5EzAqOKmChLIB7UFH04iGoNxscsvIPNSKbwax1C9Cc6L+7shoqMbr6sqQYl/Ne2PxP6+TYnDuZjxKUoSITQcFqTAxNsfBmD6XwFAMNaFMcr2ryfpUUoY6voIOwZ4/eZE0jyv2acW+OSnXLmdx5MkBKZEjYpMzUiPXpE4ahJFH8kxeyZvxZLwY78bHtDRnzHr2yR8Ynz+XBZtm</latexit>

z = t/h1/��

With scaling variable 

+ sub-leading

+ sub-leading

<latexit sha1_base64="7RLkpDEwIrElol8aigXcZe4iVeI=">AAACDHicbVDLSsNAFJ3UV62vqks3g0Wom5qIqBuh6EI3QgX7gCaWyWTSDp1kwsxEqCEf4MZfceNCEbd+gDv/xkmbhbZeGOZwzrnce48bMSqVaX4bhbn5hcWl4nJpZXVtfaO8udWSPBaYNDFnXHRcJAmjIWkqqhjpRIKgwGWk7Q4vMr19T4SkPLxVo4g4AeqH1KcYKU31yhXb5cyTo0B/yXWPnQ3uEuvA9ghTKPV7l9WH/VS7zJo5LjgLrBxUQF6NXvnL9jiOAxIqzJCUXcuMlJMgoShmJC3ZsSQRwkPUJ10NQxQQ6STjY1K4pxkP+lzoFyo4Zn93JCiQ2b7aGSA1kNNaRv6ndWPlnzoJDaNYkRBPBvkxg4rDLBnoUUGwYiMNEBZU7wrxAAmElc6vpEOwpk+eBa3DmnVcs26OKvXzPI4i2AG7oAoscALq4Ao0QBNg8AiewSt4M56MF+Pd+JhYC0besw3+lPH5A46/m0o=</latexit>

Ml = h1/�fG(z)

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.014505
https://www.sciencedirect.com/science/article/pii/S0370269321006894?via=ihub
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FIG. 2. Left: The dimensionless renormalized order parameter M versus T . Shown also is a fit to the data for
H = 1/40 and 1/80 in the temperature interval T 2 [140 MeV : 148 MeV]. The resulting fit parameters (Tc, z0, h

�1/�
0 ) =

(143.8(2)MeV, 1.45(3), 39.0(3)), are also given in Table II. The fit result is also shown beyond the actual fit range. Right: The
renormalized order parameter M versus the bare scaling variable zb calculated using as input only the critical temperature
from the fit shown in the left hand figure.

we need to restrict the fit to small quark masses and a
temperature region close to the pseudo-critical tempera-
ture. This has also been done in earlier analyses of the
magnetic equation of state [41]. It should be noted that
in regular contributions to M the leading H dependent
term gets cancelled, leaving only a weaker H3 dependent
contribution arising from regular terms.

We fitted the scaling ansatz, Eq. 35, to data for M ob-
tained with light to strange quark mass ratios H = 1/40
and 1/80 in the temperature interval T 2 [140 MeV :
Tmax] with Tmax = 146 MeV and 148 MeV, respectively.
These fits have been performed with and without includ-
ing the data for the smallest quark mass H = 1/160,
which have been obtained on our smallest physical vol-
ume and may still su↵er somewhat from finite volume ef-
fects. The resulting fit parameters are given in Table II.
As can be seen the fit parameters vary little, although
the �2/dof of the fits is quite sensitive to the chosen
fit-interval and the range of H-values used in the fit.

In Fig. 2 (right) we show the rescaled order parameter
M as function of the scaling variable zb introduced in
Eq. 23. As can be seen, scaling holds well at least up to
zb ' 0.5. For our smallest quark mass ratio, H = 1/160,
this corresponds to a temperature interval (T �Tc)/Tc '

0.026, which is similar to that finally used also in [41].
The fits performed in a small temperature interval and

for small values of H still provide a good description
of our data sets for larger and smaller masses as well
as for data outside the temperature range used in the
fits. Deviations of data outside the fit range from the fit
prediction provide an estimate for the influence of regu-
lar or sub-leading universal contributions. In Fig. 3 we
show the relative deviation of data from the fit also out-

�0.3

�0.2

�0.1

0

0.1

0.2

0.3

0.4

0.5

135 140 145 150 155 160

M M

T

FIG. 3. Relative deviation of data from the fit shown in
Fig. 2 (left). Deviations are shown also outside the actual
fit range and for values of H not included in the fit.

side the actual fit interval. This suggests that correc-
tions to universal scaling behavior arising from regular
or sub-leading universal terms remain smaller than 10%
for (T � Tc)/Tc

<
⇠0.06.

In the following we use the average of the fit results

for (Tc, z0, h
�1/�
0 ) obtained by leaving out the data for

H = 1/160 in the fit. We take care of this data set by
including the di↵erences as systematic error contributing

❖  (with updated statistics)


❖ Corresponding pion masses: 180 MeV, 
140 MeV, 110 MeV, 80 MeV, 55 MeV.  


❖ Use O(2) scaling functions and exponents due 
to staggered fermions


❖ Fit results for 

     MeV

     




[Ding et al. (HotQCD) ‘24] 

❖ Continuum estimate:  MeV

[Ding et al. (HotQCD) ’19]

Nτ = 8

mπ ≃

Nτ = 8
T0

c = 143.7(2)
z0 = 1.42(6)

h−1/δ
0 = 39.2(4)

T0
c = 132+2

−6

<latexit sha1_base64="mHSD2BW6/MyDw0kkGKxtMaYsaJA="></latexit>

M = h
�1/�
0 H

1/� (fG(z) � f�(z))

[Ding et al. (HotQCD) ’24]

Scaling region?

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.114516
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.123.062002
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.114516
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FIG. 2. Left: The dimensionless renormalized order parameter M versus T . Shown also is a fit to the data for
H = 1/40 and 1/80 in the temperature interval T 2 [140 MeV : 148 MeV]. The resulting fit parameters (Tc, z0, h

�1/�
0 ) =

(143.8(2)MeV, 1.45(3), 39.0(3)), are also given in Table II. The fit result is also shown beyond the actual fit range. Right: The
renormalized order parameter M versus the bare scaling variable zb calculated using as input only the critical temperature
from the fit shown in the left hand figure.

we need to restrict the fit to small quark masses and a
temperature region close to the pseudo-critical tempera-
ture. This has also been done in earlier analyses of the
magnetic equation of state [41]. It should be noted that
in regular contributions to M the leading H dependent
term gets cancelled, leaving only a weaker H3 dependent
contribution arising from regular terms.

We fitted the scaling ansatz, Eq. 35, to data for M ob-
tained with light to strange quark mass ratios H = 1/40
and 1/80 in the temperature interval T 2 [140 MeV :
Tmax] with Tmax = 146 MeV and 148 MeV, respectively.
These fits have been performed with and without includ-
ing the data for the smallest quark mass H = 1/160,
which have been obtained on our smallest physical vol-
ume and may still su↵er somewhat from finite volume ef-
fects. The resulting fit parameters are given in Table II.
As can be seen the fit parameters vary little, although
the �2/dof of the fits is quite sensitive to the chosen
fit-interval and the range of H-values used in the fit.

In Fig. 2 (right) we show the rescaled order parameter
M as function of the scaling variable zb introduced in
Eq. 23. As can be seen, scaling holds well at least up to
zb ' 0.5. For our smallest quark mass ratio, H = 1/160,
this corresponds to a temperature interval (T �Tc)/Tc '

0.026, which is similar to that finally used also in [41].
The fits performed in a small temperature interval and

for small values of H still provide a good description
of our data sets for larger and smaller masses as well
as for data outside the temperature range used in the
fits. Deviations of data outside the fit range from the fit
prediction provide an estimate for the influence of regu-
lar or sub-leading universal contributions. In Fig. 3 we
show the relative deviation of data from the fit also out-

�0.3

�0.2

�0.1

0

0.1

0.2

0.3

0.4

0.5

135 140 145 150 155 160

M M

T

FIG. 3. Relative deviation of data from the fit shown in
Fig. 2 (left). Deviations are shown also outside the actual
fit range and for values of H not included in the fit.

side the actual fit interval. This suggests that correc-
tions to universal scaling behavior arising from regular
or sub-leading universal terms remain smaller than 10%
for (T � Tc)/Tc

<
⇠0.06.

In the following we use the average of the fit results

for (Tc, z0, h
�1/�
0 ) obtained by leaving out the data for

H = 1/160 in the fit. We take care of this data set by
including the di↵erences as systematic error contributing

[Ding et al. (HotQCD) ’24]

Scaling region?

➡ Talk by S. Mitra: specific ratios of the renormalized 
order parameter can be used to define define  and  Tc δ

EoS fit: universality class is assumed New parameter free method

Direct Lattice QCD results

 0.1
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 140  141  142  143  144  145  146  147  148

T [MeV]

Ln(M(T,cH)/M(T,H))/Ln(c)

O(2): 1/�

Tc
N�=8

c=2, H=1/160
1/80

c=4, H= 1/160

With N⌧ = 888 lattices, working H�1 = 202020,272727,404040,808080,160160160
(used before)

We find for H�1
� 40H�1
� 40H�1
� 40, intersection pt. within Tc range [HotQCD,

1903.04801] and y -coordinate ⇡ O(2) : 1/�

And O(H3H3H3) regular cont. negligible while close to TcTcTc for these
masses. However, · · ·

Sabarnya Mitra (Uni Bielefeld) Critical temp and expts 30 July, 2024 11 / 15

❖ Intersection at 


❖ Obtained  and  consistent with EoS fit and O(2) 
universality class

(Tc, 1/δ)

TC δ

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.114516
https://conference.ippp.dur.ac.uk/event/1265/contributions/7294/attachments/5744/7539/Lattice_2024_Mitra.pdf
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Pseudo-critical temperatures in units of MeV
observable H = 1/20 H = 1/27 H = 1/40 H = 1/80 H = 1/160

(i) �
Msub
m 164.63(5) 160.99(12) 157.89(27) 153.91(30) 150.93(34)

(ii) �
M`
t(T ) 162.84(28) 159.76(12) 155.66(09) 151.29(14) 147.92(14)

�`,ms – 159.39(22) 156.38(25) 150.51(63) 148.48(74)

�
M`
t(`,`) – 159.94(32) 156.07(33) 150.7(1.6) 148.7(1.2)

�
M`
t(s,s) – 162.76(26) 159.32(29) 153.6(96) 149.87(54)

(iii) �
M
t(T ) 156.40(68) 153.44(11) 150.70(06) 148.04(12) 145.85(17)

TABLE III. Three sets of pseudo-critical temperatures determined from (i) the chiral susceptibility �
Msub
m , (ii) the mixed suscep-

tibilities obtained from temperature, chemical potential and strange mass derivatives of M`, and (iii) the mixed susceptibility
obtained from the temperature derivative of M , respectively.

0

100

200

300

400

500

600

700

130 140 150 160 170 180

H = 1/20

1/27

1/40

1/80

1/160

�
Msub
m

T

N⌧ = 8

0

20

40

60

80

100

120

130 140 150 160 170 180

H = 1/20

1/27

1/40

1/80

1/160

�
M`
t(T )

T

N⌧ = 8

Tc = 143.7(2)

�5

0

5

10

15

20

25

30

35

40

45

130 140 150 160 170 180

H = 1/27

1/40

1/80

1/160

�
M`
t(`,`)

T

N⌧ = 8

�20

0

20

40

60

80

100

120

140

160

130 140 150 160 170 180

H = 1/20

1/27

1/40

1/80

1/160

�
M
t(T )

T

N⌧ = 8

Tc = 143.7(2)

FIG. 4. The chiral susceptibility, �Msub
m (top, left) and the mixed susceptibilities �

M`
t(T ) (top, right), �M`

t(`,`) (bottom, left), and

�
M
t(T ) (bottom, right), plotted versus the temperature for various H values. Results for the susceptibilities shown on the right

hand side have been obtained from derivatives of the rational polynomial fits to the order parameter data for M` (top) and M

(bottom), respectively.

In the case of the mixed susceptibility obtained from
M` we actually use three di↵erent observables, obtained
by taking derivatives of the order parameter with respect
to T , the chemical potential µ̂` or the strange quark mass
ms (see Section VI for a discussion of the latter). In the

scaling regime all these observables define the pseudo-
critical temperature Tpc,t. In fact, as can be seen in
Fig. 5 the location of maxima of these mixed suscep-
tibilities is identical within errors even for the physical
value of the light to strange quark mass ratio, H = 1/27.

10

In addition to the mixed susceptibility �M`

t(T ), defined as
the T -derivative of M`, we also use the mixed suscepti-
bility �M

t(T ), which is obtained as the T -derivative of the
renormalized order parameter M . This defines another
pseudo-critical temperature, Tpc,(t,M).

As can be seen in Fig. 5 the pseudo-critical tempera-
tures reflect the ordering of the universal scaling relations
for allH  1/20. The pseudo-critical temperatures, how-
ever, are generally located outside the temperature range
in which we found good scaling behavior for the order pa-
rameter M , shown in Fig. 2. When fitting data for the
pseudo-critical temperatures to extract Tc we thus need
to take into account also the influence of sub-leading cor-
rections to the location of the maxima in susceptibilities.

We have fitted the data shown in Fig. 5 using scaling
ansätze appropriate for the di↵erent observables used to
define a pseudo-critical temperature and allowing for con-
tributions from corrections-to-scaling as well as regular
terms. We start with an ansatz for the unrenormalized
order parameter M`,

M` = h�1/�
0 H1/�

�
fG(z) + cH!⌫cfG,cts(z) +O(H2!⌫c)

�

+H
nmaxX

n=0

ant
n +O(H3) , (40)

and similarly for the renormalized order parameter M ,
where fG(z) gets replaced by fG(z) � f�(z). The def-
inition of the corrections-to-scaling function fG,cts and
further details about the above ansatz are provided in
Appendix B. Calculating the various susceptibilities by
starting from Eq. 40 one obtains the influence of the sub-
leading terms on the locations of the maxima of the sus-
ceptibilities by expanding the order parameter ansatz for
small values of H [33] in the vicinity of the relevant, uni-
versal peak locations zm, zt or zt,M . Keeping terms up to
nmax = 2 for the determination of Tpc,m and nmax = 3
for the determination of Tpc,x, x = t, (t,M), insures that
in both cases regular terms linear in t are kept in the de-
termination of maxima of the susceptibilites. This gives
for the position of a peak in the mixed susceptibilities

Tpc,x(H) = Tc

⇣
1 + t1,xH

1/�� + tc,xH
1/��+!⌫c

+t2,xH
1+(3��)/�� + t3,xH

1+(4��)/��
⌘

x = t, (t,M) , (41)

whereas for the chiral susceptibility one has [33],

Tpc,m(H) = Tc

⇣
1 + t1,mH1/�� + tc,mH1/��+!⌫c (42)

+t2,mH1+(2��)/�� + t3,mH1+(3��)/��
⌘

.

The coe�cient t1,x of the leadingH-dependent correction
to Tc is related to the universal parameters zx, given in
Eqs. 31-33, and the non-universal scale z0,

t1,x ⌘
zx
z0

, x = m, t, (t,M) . (43)
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FIG. 5. Pseudo-critical temperatures obtained from maxima
in (i) �Msub

m , (ii) �M`
t(T ), and �

M`
t(`,`), �`,ms and (iii) �M

t(T ). These
three sets of observables are related to universal maxima in
three di↵erent sets of scaling functions (see text). Lines show
joined fits performed with a scaling ansatz and including cor-
rections arising from correction-to-scaling as well as regular
terms as discussed in the text. Dashed lines show the lead-
ing H-dependent correction arising from the universal scaling
ansatz in this fit (see text).

We performed fits in which Tc and t1,x are kept as free
fit parameters as well as using for Tc and t1,x the values
determined from the scaling fits to the order parameter
M given in Eqs. 36, 37. Using Tc and t1,x as free fit
parameters gives result that are consistent with Eqs. 36,
37.

We performed joint fits to data for pseudo-critical tem-
peratures obtained from five di↵erent susceptibilities, de-
manding that they yield the same critical temperature
in the chiral limit. It turns out that in the case of the
mixed susceptibility �M

t(T ) these fits are not sensitive to
a term proportional to t3,(t,M). We thus set t3,(t,M) = 0
in our final fits. Furthermore, we need to control the
influence of the smaller volume used in our determina-
tion of Tpc in calculations with H = 1/160. We there-
fore performed fits (i) leaving out or (ii) including the
data for H = 1/160 as well as (iii) using the data for
H = 1/160 where we corrected the Tpc values, obtained
for H = 1/160, by a global shift of 0.25 MeV. This is
in accordance with the finite volume dependence found
in [4]. For N⌧ = 8, H = 1/80 it was found there that
pseudo-critical temperatures determined at zL,b ' 1.1
and 0.8 di↵er by about 0.25 MeV. We use this value also
as an estimate for finite volume e↵ects in our data ob-
tained for H = 1/160 at zL,b ' 1.1.

We find that fits using these three di↵erent approaches
yield similar results for the chiral transition temperature
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❖ Determine peak positions of various susceptibilities 

➡ Definition of pseudo critical line (constant  value)z

[Ding et al. (HotQCD) ’24]
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✓
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H

1/�� + corrections to scaling

◆

❖ Fit to peak positions give  in good 
agreement with EoS fits

Tc
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Figure 9: Pseudo-critical temperatures with their chiral extrapolations: comparison with the results from the HotQCD Collaboration [58], FASTSUM Collabora-
tion [28, 29], Wuppertal-Budapest Collaboration [59]. The purple diamond at m⇡ = 0 marks the critical temperature [30] which compares well with our result
T0 = 134+6

�4 MeV (light-green cross, slightly shifted for better readability).

Ensemble T� T�3 T�
M140 157.8(7)(10) 146.2(21)(1) 152.7(13)(23)
D210 172(3)(1) 163.3(18)(8) 171(6)(1)
D370 187(5)(1) 178(4)(0) 192(3)(1)
B370 197(2)(0) 181(1)(4) 197(2)(3)

Table 3: Pseudo-critical temperature extracted from the chiral observables.

results for physical pion mass, with a critical temperature in the
chiral limit within an acceptable range, zp/zp( ̄ 3) = 1.46, with
a large error.

Observable T0 [MeV] zp/z ̄ 3 zp/z ̄ 3 O(4) zp O(4)
� 132(4) 1.24(17) 2.45(4) 1.35(3)
h ̄ i 138(2) 1.15(24) 1.35(7) 0.74(4)
h ̄ i3 132(3) 1 1 0.55(1)

Table 4: Critical temperature in the chiral limit T0 and the ratio of zp extracted
from the fit by Eq. (2). Last two columns contain predictions for zp from 3D
O(4) scaling. Errors are only statistical.

The average of the extrapolated values of Tc in the chiral
limit

T0 ⌘ Tc(m⇡ ! 0) = 134+6
�4 MeV (7)

is compatible with the estimated from the crossing point T �
0 =

138(2) MeV, and only slightly below the estimate from the EoS
for physical pion mass. This last point is consistent with the
physical pion mass being close to the scaling window. Note
that the error in Eq. (7) contains also systematic uncertainty,
coming from extrapolation of di↵erent observables.

Similarly to Ref. [7] we also consider the breaking pattern
corresponding to an e↵ective restoration of the axial symmetry

U(2)L⇥U(2)R ! U(2)V , leading either to a second order tran-
sition with � = 4.3(1), � = 0.40(4) or of first order transition, in
which case the pseudo-critical behaviour would be driven by an
endpoint in the Z2 universality class. In the first case the expo-
nents are close to the O(4) ones and within our errors the results
are indistinguishable. For the first order scenario we rely on the
experience gathered with three-flavor QCD, where it was found
that the mixing associated with the critical endpoint could well
be low [60]. Hence, as in Ref. [7], we ignore the mixing and fit
to

Tc(m⇡) = T0 + B(m2
⇡ � m2

c)1/�� (8)

with 1/�� = 0.64 for the Z2 3D universality class [61]. Also in
this case, the critical exponents for O(4) and Z2 behaviour are
close to each other, and it is very di�cult to distinguish between
these two scenarios. One can clearly see from Fig. 8 that the
data can be also described with Z2 behaviour and critical mass
up to mc ⇠ 100 MeV. If, artificially, we constrained mc = 0, the
lines would be indistinguishable from O(4). All in all, we con-
cur with other observations [1, 33] that extrapolation alone does
not su�ce to discriminate among di↵erent scenarios. A possi-
ble way to distinguish between di↵erent universal behaviours
would include simulations with lower pion masses [30]. On the
positive side, the extrapolated values of the pseudo-critical tem-
peratures T are robust (up to the critical pion mass m⇡

cr) against
the choice of critical exponents.

In Fig. 9 we compare our estimations of the pseudo-critical
temperature with the results obtained by staggered [58, 59] and
Wilson [28, 29] fermions. The nice agreement of our results
with others can be appreciated. We also superimpose O(4) fits
to our pseudo-critical temperatures and present our estimation
of T0 in the chiral limit which compares well with the estima-
tions of HotQCD Collaboration [30].

7

[Kotov et. al, '21]

❖ Continuum extrapolations with HISQ and 
tmW in agreement: 


 T0
c = {132+2

−6 MeV, HISQ

134+6
−4 MeV, tmW

[HotQCD ’19]

[Kotov et. al, '21]

➡ Talk by Y. Aoki: preliminary results 
on (2+1)-flavour MDWF

❖ Crossover at physical point likely 


❖  MeV (preliminary) on , 
to be compared with
Tpc = 151(3) 363 × 12

 Tpc = {156.5(1.5) MeV
158.0(0.6) MeV

[HotQCD ’19]
[BW '20]
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https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.123.062002
https://www.sciencedirect.com/science/article/pii/S0370269321006894?via=ihub
https://conference.ippp.dur.ac.uk/event/1265/contributions/7292/attachments/5788/7656/Lattice2024-yaoki_v2.pdf
https://www.sciencedirect.com/science/article/pii/S0370269319303223?via=ihub
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.125.052001
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analogy to the corresponding functions in the flavor basis, K`
2

(Eq. 54) and K
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11 (Eq. 55), respectively. The chiral extrap-

olation at Tc defines the curvature coe�cients 
B
2 (top) and


BS
11 (bottom).
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FIG. 8. Surface of critical temperature in the µB-µS plane.
The solid line shows Tc as function of µB in strangeness neu-
tral matter. The dashed line in the front corresponds to
µS = 0 whereas the dashed line at large µS corresponds to
the case µs = 0, which is equivalent to µS = µB/3.

expect that universal features of the chiral phase transi-
tion in (2+1)-flavor QCD is described by the same uni-
versality class for all finite, non-zero values of the strange
quark mass. As the strange quark mass does not break
chiral symmetry in the light quark sector explicitly, it
will appear as an external parameter in the energy-like
scaling variable t, just like the chemical potentials.
We may expand the chiral phase transition temper-

ature Tc, appearing in the definition of the energy-like
scaling field t given in Eq. 19, in terms of a Taylor se-
ries around the physical strange mass, mphy

s
. To leading

order we obtain,

Tc(ms) = Tc(m
phy

s
) +

@Tc(ms)

@ms

����
m

phy
s

�
ms �mphy

s

�

+O((�ms)
2) , (63)

Omitting just for clarity the µ-dependence of the scaling
variable t, introduced in Eq. 19, we rewrite t as

t =
1

t0


T

Tc(ms)
� 1

�

=
1

t0

" 
T

Tc(m
phy

s )
� 1

!
� ms

ms �mphy

s

mphy

s

#
(64)

+O((�T )2,�T�ms, (�ms)
2)

(65)

where

ms = �
mphy

s

Tc(m
phy

s )

@Tc(ms)

@ms

���
m

phy
s

. (66)

Using the definition of the light-strange susceptibility,
introduced in Eq. 11, we may obtain the curvature coef-
ficient ms from the ratio

K
ms(T,H) =

�`,ms

�M`

t(T )

. (67)

Results for the light-strange susceptibility are shown in
Fig. 9 (top). We see that the peak position of the suscep-
tibility shifts to smaller values as H decreases. Results
for the pseudo-critical temperatures corresponding to the
location of these peaks are also given in Table III and
shown in Fig. 5. It is apparent that these pseudo-critical
temperatures vary with H just like the other mixed sus-
ceptibilities obtained from derivatives of the chiral order
parameterM` with respect to a energy-like variable. This
confirms our expectation that that the strange quark
mass enters the universal scaling relations just like other
energy-like couplings.
Results for K

ms(T,H), obtained for several values of
H, are shown in Fig. 9 (bottom). From this we obtain
the curvature coe�cient ms in the chiral limit as

ms = lim
H!0

K
ms(Tc, H) . (68)

❖ Ratio of mixed susceptibilities are 
related to the curvature coefficients 
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❖ results may be transformed to 
the  hadronic basis
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❖ Temperature like scaling field
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ml = 0 (Nτ = 8)

 κB,nS=0
2 = { 0.012(4)

0.0153(8)

ml = ms/27 (cont.)



 


κB, ̂μS=0
2 ≡ κB

2 = 0.015(1)
κB,nS=0

2 = 0.893(35)κB
2

κB, ̂μs=0
2 = 0.968(23)κnS=0

2

[HotQCD ’19]
[BW '20]

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.114516
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.114516
https://www.sciencedirect.com/science/article/pii/S0370269319303223?via=ihub
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.125.052001


20The critical mass

➡ Talk by J.P. Klinger: chiral transition at the tri-critical point
➡ Talk by R. Kaiser: same analysis at imaginary μ

Figure 4. Columbia plot for mass-degenerate
quarks. Every point represents a phase bound-
ary and has an implicitly associated Tcpm, Nfq.

Figure 5. Schematic representation of a pos-
sible scenario for the T ´ m ´ Nf phase diagram
with di�erent numbers of light mass-degenerate
flavours.

varying (imaginary) chemical potential [17] is consistent, based on tricritical scaling, with
results at Nf P r2.1, 2.2s [18]. In that case the quark mass is again the symmetry breaking
scaling field, but with Nf Ñ pµ{T q2 in eq. (2.4). In the present work, we systematically
extend our study from ref. 18 to larger numbers of flavours and finer lattices.

The chiral phase transition of QCD with many flavours is also of interest in the context
of physics beyond the Standard Model. There the main focus is on the “conformal window”
N

˚
f † Nf † N

a.f.
f , which denotes a range of theories with an infrared fixed point at a finite

value of the gauge coupling. For Nf ° N
a.f.
f asymptotic freedom is lost, while N

˚
f is the

critical number of flavours marking the endpoint of the existence of a chiral condensate,
and hence of chiral phase transitions, as indicated schematically in the possible phase
diagram figure 5. A precise non-perturbative determination of this point is di�cult for
various technical reasons, but is expected in the range 9 À N

˚
f À 12. For an overview of

the related strong interaction dynamics and its lattice investigations, see refs. 29–31.
For our present purpose, we stay at Nf † N

˚
f . Note that the decrease of the critical

temperature in figure 5 is predicted by functional renormalisation group methods [32, 33]
and lattice simulations [34], which in the chiral limit implies N

˚
f to represent a quantum

phase transition at T “ 0. An interesting feature of the critical temperature TcpNfq is its
approximately linear behaviour observed in refs. 32, 33. It can be explained by express-
ing dimensionful quantities in terms of �QCDpNfq, whose perturbative expression can be
expanded in Nf,

TcpNfq “
˜

Tc

�QCD

¸
pNfq ¨

”
�QCDp0q ` �p1q

Á Nf ` O
`
pÁNfq2˘ı

. (2.5)

The perturbative second factor is indeed approximately linear due to the smallness of
Á « 0.11, and appears to dominate the remaining Nf-dependence of the dimensionless

– 7 –

❖ First order region found on course 
unimproved lattices but is shrinking 
towards the continuum [Cuteri et al. ‘21] 

❖ Evidence of a second order transition in 
the chiral limit of (2+1)-flavor and 3-flavour 
with HISQ [HotQCD '19][Dini et al. ‘22]

❖ First-order transition in 3-flavor QCD 
was predicted [Pisarski, Wilczek, ‘83]
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❖ The chiral limit is of second order for Nf ≤ 7
❖ Transition temperature decreases with Nf

❖ Chiral transition might be second order for all  all the 
way to the conformal window (  for )

Nf
Tc ≈ 0 Nf = 8

❖ Same conclusion for finite imaginary μ

➡ Talk by Y. Zhang: no evidence in 
3-flavours of MDWF

https://conference.ippp.dur.ac.uk/event/1265/contributions/7275/attachments/5738/7537/Massless_Manyflavour_QCD.pdf
https://conference.ippp.dur.ac.uk/event/1265/contributions/7257/attachments/5796/7627/main.pdf
https://link.springer.com/article/10.1007/JHEP11(2021)141
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.123.062002
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.105.034510
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.29.338
https://conference.ippp.dur.ac.uk/event/1265/contributions/7293/attachments/5784/7608/LAT_2024.pdf
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Universal scaling and chiral 
transition at μ = 0

Aspects of deconfinement and 
melting of hadrons

Beam energy scan results and 
the QCD critical point

T
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22Cumulants of conserved charges

Expansion of the pressure:

: net-conserved chargesX = B, Q, S, C

Lattice Experiment

generalized susceptibilities

cumulants of net-charge fluctuations

�NX ⌘ NX � hNXi

� To be calculated at  μX = 0

� Measured at freeze-out ( )Tf, μf
B
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23Melting of strange and charm hadrons

The pressure obtains contributions from 
4 different (B,S)-sectors:

Strangeness carriers
The pressure obtains contributions from 
3 different (B,C)-sectors:

Charm carriers
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❖ Use  to project 
onto the sectors 

❖ Find 3 linear independent contributions 
that have to vanish as long as these 
changes are sufficient (constraints)
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4 , χBS
11 , χBS

13 , χBS
31 , χBS

22 ❖ Use  to project 
onto the sectors 

❖ Find 4 constraints

χC
2 , χC

4 , χBC
11 , χBC

13 , χBC
31 , χBC

22
Charm-quark-like excitations in QGP
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Right after Tpc, Pq starts contributing to PC, which is compensated by a

reduction (and deviation from HRG) in the fractional contribution of the

hadron-like states to PC. Phys.Lett.B 850 (2024), arXiv:2312.12857
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➡ Talk by S. Sharma
❖  Evidence of 

deconfinement in 
terms of presence of 
charm quark-like 
excitations


❖ At 1.1  quarks 
contribute already 
50% to the total 
charm pressure 

Tpc

2

are the dimensionless baryon and strangeness chemical
potentials. PHRG

|S|=1,M is the partial pressure of all |S| = 1

mesons and PHRG

|S|=i,B
are the partial pressures of all |S| = i

(i = 1, 2, 3) baryons , for µB = µS = 0. For simplicity, we
have set the electric charge chemical potential µ̂Q = 0.

To investigate the sDoF we will use the dimensionless
generalized susceptibilities of the conserved charges

�XY

mn
=

@(m+n)[p(µ̂X , µ̂Y )/T 4]

@µ̂m

X
@µ̂n

Y

����
~µ=0

, (2)

where X,Y = B,S,Q and ~µ = (µB , µS , µQ). We also use
the notations �XY

0n ⌘ �Y

n
and �XY

m0 ⌘ �X

m
.

Using the two strangeness fluctuations (�S

2 ,�
S

4 )
and the four baryon-strangeness correlations
(�BS

11 ,�BS

13 ,�BS

22 ,�BS

31 ) up to fourth order, we have
a set of six susceptibilities that can be used to construct
observables that project onto the four di↵erent partial
pressures in an uncorrelated hadrons gas introduced in
Eq. (1).

M(c1, c2) = �S

2 � �BS

22 + c1v1 + c2v2 , (3)
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1

2

�
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2 + 5�BS

13 + 7�BS

22

�

+ c1v1 + c2v2 , (4)

B2(c1, c2) = �
1

4

�
�S

4 � �S

2 + 4�BS

13 + 4�BS

22

�

+ c1v1 + c2v2 , (5)

B3(c1, c2) =
1

18

�
�S

4 � �S

2 + 3�BS

13 + 3�BS

22

�

+ c1v1 + c2v2 . (6)

The combination c1v1 + c2v2 spans a two dimensional
plane in the 6-dimensional space of susceptibilities on
which the partial pressure PHRG

S
vanishes identically

when the sDoF are described by a gas of uncorrelated
hadrons irrespective of their masses. The two additional
free parameters, c1 and c2, can thus be used to construct
observables that have an identical interpretation in the
uncorrelated hadron gas, but di↵er under other circum-
stances, for instance in a medium where the sDoF are
carried by quark-like quasi-particles. For v1 and v2 we
choose the following combinations

v1 = �BS

31 � �BS

11 , (7)

v2 =
1

3
(�S

2 � �S

4 )� 2�BS

13 � 4�BS

22 � 2�BS

31 . (8)

Since in a hadron gas the baryonic sDoF are associated
with |B| = 1, the baryon-strangeness correlations di↵er-
ing by even numbers of µB derivatives are identical, giv-
ing v1 = 0. v2 can be re-written as the di↵erence of two
operators [? ] each of which corresponds to the partial
pressure of all strange hadrons in an uncorrelated hadron
gas, leading to v2 = 0. Thus, for a classical uncorrelated
hadron gas such as the HRG modelM(c1, c2) ! PHRG

|S|=1,M

and Bi(c1, c2) ! PHRG

|S|=i,B
(i = 1, 2, 3), independent of

χ2
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B
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FIG. 1. Two combinations, v1 and v2 [see Eqs. (7-8)], of
strangeness fluctuations and baryon-strangeness correlations
that vanish identically if the sDoF are described by an un-
correlated gas of hadrons. Also shown is the di↵erence of
quadratic and quartic baryon number fluctuations, �B

2 � �B

4 .
This observable also vanishes identically when the baryon
number carrying degrees of freedom are described by an un-
correlated gas of strange as well as non-strange baryons.
The shaded region indicates the chiral crossover temperature
Tc = 154(9) MeV [13]. The lines at low and high temper-
atures indicate the two limiting scenarios when the dof are
described by an uncorrelated hadron gas and non-interacting
massless quark gas, respectively. The LQCD results for the
N⌧ = 6 and 8 lattices are shown by the open and filled sym-
bols respectively.

the values of c1 and c2. For asymptotically high temper-
atures, i.e. when the sDoF are non-interacting massless
quarks, these observables will generically attain di↵erent
values for di↵erent combinations of (c1, c2).

Strangeness near the chiral crossover.— Here we inves-
tigate to what extent sDoF are described by an uncor-
related hadron gas in the vicinity of the chiral crossover
temperature Tc = 154(9) MeV [13]. The LQCD results
for the susceptibilities were obtained for two di↵erent
lattice spacings (a) corresponding to temporal extents
N⌧ = 1/aT = 6 and 8 using O(a2) improved gauge
and Highly Improved Staggered Quark [14] discretiza-
tion schemes for (2 + 1) flavor QCD. The up and down
quark masses correspond to a Goldstone pion mass of 160
MeV and the strange quark mass is tuned to its physical
value. The susceptibilities were measured on 3000�8000
gauge field configurations, each separated by 10 molec-
ular dynamics trajectories, using 1500 Gaussian random
source vectors for each configuration. Further details of
the LQCD computations can be found in [5, 13]. Al-
though the LQCD results presented here are not obtained
in the limit of zero lattice spacing, the e↵ects of contin-
uum extrapolations are known to be quite small for our
particular lattice discretization scheme, especially in the
strangeness sector [5]. This will also be substantiated by
the very mild lattice spacing dependence of our results
going from the N⌧ = 6 to the N⌧ = 8 lattices. Thus we
expect that the continuum extrapolated results will not
alter the physical picture presented in this paper.

❖ Melting of strange 
hadrons starts right 
after Tpc

❖ BS correlations 
are perturbative 
at  MeVT ≲ 200

[Bazavov et al. ’13]

[Bazavov et al. ’24]

https://conference.ippp.dur.ac.uk/event/1265/contributions/7295/attachments/5786/7610/Lat24.pdf
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.111.082301
https://www.sciencedirect.com/science/article/pii/S0370269324000789?via=ihub
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Universal scaling and chiral 
transition at μ = 0

Aspects of deconfinement and 
melting of hadrons

Beam energy scan results and 
the QCD critical point
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25New STAR results from BES-II

22HRG CE: P. B Munzinger et al, NPA 1008, 122141 (2021)  
Hydro: V. Vovchenko et al, PRC 105, 014904 (2022)
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27HRG CE: P. B Munzinger et al, NPA 1008, 122141 (2021)  
Hydro: V. Vovchenko et al, PRC 105, 014904 (2022)
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 observed.  decreases with 
decreasing . 

2. Non-CP models used for comparison:  
A.  Hydro: Hydrodynamical model 
B.  HRG CE: Thermal model with canonical treatment of 

baron charge 
C. UrQMD: Hadronic transport model 

 (All models include baryon number conservation)  

3. Proton factorial cumulant ratios deviates    
from poisson baseline at 0.    
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STAR ❖ Final BES-II data on proton number cumulants 
(in collider mode) was presented in CPOD ’24 
[A. Pandav, CPDOD ‘24] 

❖ Error is significant reduced compared to the 
BES-I results 


❖ Non-monotonic behaviour in  is 
considered a signal for the QCD critical point 
[Stephanov et al. ‘99] 

❖ Significance of non-monotonicity still needs to 
be estimated


❖ General structure is in agreement with the 
expectation: first a dip then a bump

[Stephanov ‘11]

C4/C2

https://conferences.lbl.gov/event/1376/contributions/8772/attachments/5163/4984/CPOD2024_PandavA_e9.pdf
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.60.114028
doi:%2010.1103/PhysRevLett.107.052301


26QCD vs. BES-II Results
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❖ QCD and STAR results are in good agreement for 



❖ Slight vertical shift might suggest that freeze-out 
temperature is slightly below 

sNN < 19.6 GeV

Tpc

6

FIG. 4. The ratio µS/µB on the pseudo-critical line in (2+1)-
flavor QCD versus µ̂B obtained for strangeness neutral matter
with nQ/nB = 0.4. The bands show continuum estimates for
second and fourth order Taylor expansion results of µS/µB on
the pseudo-critical line that have been obtained from fits to
data obtained in simulations on lattices with temporal extent
N⌧ = 8 and 12. Also shown are results obtained by the STAR
Collaboration [9, 13, 32] and HRG model calculations using
the PDG-HRG and QMHRG2020 particle lists, respectively.

(NNLO [5,4]) shown in this figure are statistically well
controlled for µ̂B  1.5. For large values of the chem-
ical potential, µ̂B  2, we only show the result (NLO
[3,2]) based on O(µ̂3

B) and O(µ̂2
B) Taylor series for �B

1
and �B

2 , respectively. These continuum estimates are ob-
tained from fits to data taken on lattices with temporal
extent N⌧ = 8 and 12. As can be seen, the ratio RB

12
starts to deviate from HRG model calculations at about
µ̂B ' 1. The Taylor series, however, is still well con-
trolled at least up to µ̂B ' 1.5. We compare RB

12(T, µ̂B),
calculated in (2+1)-flavor QCD, with the corresponding
ratio of net proton-number and its variance, Rp

12(
p
sNN ),

[33] as follows. In order to convert the experimental con-
trol parameter,

p
sNN , to a chemical potential value on

the freeze-out line we use the set of freeze-out temper-
atures (Tf ) and baryon chemical potentials (µf

B) deter-
mined from the analysis of particle yields using fits based
on the thermodynamics of a hadron gas in the Grand
Canonical Ensemble [13, 33].

As can be seen in the figure, the experimental re-
sults for Rp

12(Tf , µ
f
B) are close to the line of values for

RB
12(T, µB) on the pseudo-critical line. We thus deter-

mined a set of freeze-out parameters obtained by de-
manding Rp

12(
p
sNN ) = RB

12(Tpc(µ
f
B), µ

f
B). In Table I we

compare the thus determined set of freeze-out parame-
ters, {µf

B , Tpc(µ
f
B)}, with the experimental set of freeze-

out parameters, {µf
B , Tch}, obtained by comparing mea-

sured particle yields to hadronization models [12–14].
As can be seen in Fig. 5, NLO and NNLO QCD re-

sults agree well with each other up to µ̂B ' 1.5, where
the errors of the NNLO expansion start getting large. In
Tab. I, we tabulate the freeze-out parameters determined
from Rp

12 using NLO QCD results for RB
12(T, µ̂B) and
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FIG. 5. The ratio RB
12(T (µB), µB) on the pseudo-critical line

in (2+1)-flavor QCD versus µ̂B obtained for strangeness neu-
tral matter with nQ/nB = 0.4. The bands show continuum
estimates for next-to-leading (NLO [3,2]) and next-to-next-
to-leading (NNLO [5,4]) order Taylor expansion results on
the pseudo-critical line that have been obtained from fits to
data obtained in simulations on lattices with temporal extent
N⌧ = 8 and 12 (see also discussion in the text). Also shown
are results obtained by the STAR Collaboration for the cor-
responding proton cumulant ratio, Rp

12 for various beam en-
ergies

p
sNN [33]. Results from [13] have been used to con-

vert
p
sNN to thermal parameters (Tf , µ̂

f
B). Furthermore,

we show recent results for Rp
12 obtained by the STAR Col-

laboration [34]. For data taken at two new beam energies,
p
sNN = 9.2 GeV and 17.3 GeV we used the parametrization

of interpolating curves for freeze-out parameters given in [12].
Solid curves show results from HRG model calculations using
the PDG-HRG and QMHRG2020 particle lists, respectively.

they agree well with the freeze-out parameters {Tf , µ̂
f
B}

obtained from particle yields down to
p
sNN

<
⇠17.3 GeV,

which also corresponds to µ̂B ' 1.5. For smaller
p
sNN or

µ̂B ' 2.0 the NNLO lattice QCD results have too large
errors for a detailed quantitative comparison. Results
from the NLO expansion are, however, still in good agree-
ment with the STAR data down to

p
sNN ' 11.5 GeV. In

order to compare QCD results with STAR data at even
lower beam energies statistically well controlled higher
order Taylor series will be necessary.
It also should be noted that the experimen-

tally determined Rp
12 becomes larger than unity for

p
sNN

<
⇠17.3 GeV. This is consistent with lattice QCD re-

sults for RB
12, which become larger than unity for µ̂B>⇠1.3

or µB>⇠200 MeV. On the other hand, HRGmodel calcula-
tions based on non-interacting, point-like hadrons will al-
ways lead toRB

12(T, µ̂B) < 1. The experimental data thus
seem to reflect interactions in strong-interaction matter
at freeze-out (on the pseudo-critical line) that go beyond
those taken care of in HRG models through the presence
of a tower of excited states and resonances.
We give a comparison of the chemical potentials and

pseudo-critical temperatures on the pseudo-critical line,
{Tpc(µ̂B), µB}, that are obtained by demanding RB

12 =

[Karsch, Goswami, XQCD ’24] [Bollweg et al. '24]

❖ HRG model calculations based on noninteracting, 
point-like hadrons will always lead to 

➡ HRG can not reproduce STAR data

RB
12 < 1

https://arxiv.org/abs/2407.09335


27Padé resummation of Taylor coefficients 

❖ Detecting phase 
transitions via Padé 
and post-Padé 
approximants has a 
long history in 
statistical and high 
energy physics 


❖ They are often used 
in combination with 
perturbation theory 


❖ QCD is non-
perturbative in the 
vicinity of the phase 


❖ The numerical 
calculation of the 
pressure series in 

 is difficult μB
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�p̂ ⌘
p(T, µB)

T 4
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p(T, 0)

T 4
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P2k(T )µ̂2k
B

[HotQCD, PRD 108 (2023) 1, 014510, arXiv: 2212.09043]

➡ Talk by J. Guenther on continuum 
extrapolated  and  at LT=2χ B

6 χ B
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➡ Talk by L. Pirelli on finite volume 
effects of chiral and deconfinement 
observables 

[Borsanyi et al. ‘24]
❖ Discrepancy between HotQCD 

and BW of unclear origin

➡ Talk by J. Goswami on electric 
charge fluctuations with MDWF

https://arxiv.org/abs/2212.09043
https://conference.ippp.dur.ac.uk/event/1265/contributions/7254/
https://conference.ippp.dur.ac.uk/event/1265/contributions/7274/attachments/5613/7331/lattice_pirelli.pdf
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.110.L011501
https://conference.ippp.dur.ac.uk/event/1265/contributions/7273/


28Universal scaling in the vicinity of the CEP

❖ Scaling fields are unknown, a frequently used 
ansatz is given by a linear mixing of T, μB

 t

 h T

 μB μcep

 Tcep

❖ For a constant  we obtain z = zc

<latexit sha1_base64="W5Ia+LU0Al8lua/U8dg0pxc1fNA="></latexit>

t = At�T +Bt�µB ,

h = Ah�T +Bh�µB ,

with  and ΔT = T − TCEP ΔμB = μB − μCEP
B

<latexit sha1_base64="fPN1oKy9BPkQzHaXwIVHY/j2poY="></latexit>

Re[µLYE] = µ
CEP
B + c1�T + c2�T

2 +O(�T
3)

Im[µLYE] = c3�T
��
,

❖The fit parameter  gives the (inverse) slope of the 1st 

order line at the critical point: 

c1
c1 = − Ah/Bh

Mixing of scaling fields: 

Fit Ansatz: 

[Stephanov, Phys. Rev. D, 73.9, 094508 (2006)]

Lee-Yang edge: 
complex  planeh

hc = 0 Re h

Im h

t3
t2
t1

❖Poles approach critical point along 
imaginary -axis [Yang,Lee’59]


❖  is const. and universal
h

t/h1/βδ = zc



29Scaling window analysis to obtain first Lee-Yang zero
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Procedure: 

❖ Perform simultaneous fits to  and  
for each temperature 


❖ Use [3,3]-Padé


❖ Varry length of the fit interval in  
and the center of the interval in 




❖ bootstrap over the data by assuming 
independent and normal distributed 
errors


❖ Calculate roots of the denominator and 
keep only roots in the first quadrant 


❖ Collect all the results for Lee-Yang 
scaling fits. We have 55 different 
intervals per temperature.

χB
1 χB

2

[π,2π]

[−π/2, + π/2]

 MeVT = 120

[Clark et al. (BiePar), arXiv: 2405.10196]

https://arxiv.org/abs/2405.10196
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σ
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❖ Orange box shows the AIC weighted result for 
, based on  scaling fitsNτ = 6 𝒪(105)

❖ Perform one fit for  (LT=4) and  fits for  (LT=6)Nτ = 8 𝒪(105) Nτ = 6

<latexit sha1_base64="YLZdMdp5L7gU+oAxwdks8YdXlKE="></latexit>

Re[µLYE] = µCEP
B + c1�T + c2�T 2

Im[µLYE] = c3�T ��,



31Statistical analysis of the fit results

❖ Error bars are based on the inner 
68-percentile 

❖ Histogram over the  and  

from the   fits 

TCEP μCEP
B

𝒪(105)

❖ Observe interesting structure

❖ Dashed line indicates the continuum 
extrapolated crossover line

[Clark et al. (BiePar), arXiv: 2405.10196]

https://arxiv.org/abs/2405.10196
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N⌧ = 6 N⌧ = 8

multi-point Padé [4,4]-Padé

T
CEP [MeV] µ

CEP
B [MeV] µB/T T

CEP [MeV] µ
CEP
B [MeV] µB/T

best fit 90.7 ± 7.7 461.2 ± 220 5.09 ± 0.68 101 ± 15 560 ± 140 5.5 ± 1.7
weight-1 105.4 + 8.0 � 18.4 422.9 + 80.5 � 34.9 3.92 + 1.52 � 0.24
weight-2 100.8 + 11.6 � 26.8 430.9 + 208.2 � 42.2 4.20 + 4.13 � 0.47

c1 c2 c3 c1 c2 c3

best fit -6.2 ± 9.2 0.115 ± 0.090 0.424 ± 0.086 -12.3 ± 8.1 0.203 ± 0.059 0.55 ± 0.25

TABLE II. Obtained fit parameters from the fit with eq. (5) to the real and imaginary parts of the singularities of lnZ. For
N⌧ = 6, we show the results for the fit with the smallest �

2
/d.o.f. (0.067), as well as the median and 1�-percentiles of all

performed fits, weighted with (’weight-1’) and without the AIC (’weight-2’).

determination of the crossover line.
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➡ Talk by A. Adam: single point Padé approximation of 
the pressure based on , , ,  (LT=2)χ B

2 χ B
4 χ B

6 χ B
8

❖ Interesting to check results with the 
Budapest-Wuppertal data 

❖ Preliminary results for single Point 
Padé analysis on  lattices, 
multi-Point is work in progress 

❖ Preliminary result on the transition 
temperature based on extrapolations 
432 on different approximations and 
fit ranges 

❖  around 90 MeV, in agreement 
with [BiePar, 2405.10196] 

❖ Results are very sensitiv to noise 

163 × 8

TCEP

Histogram of the  resultsTCEP

One example of the extrapolations

https://conference.ippp.dur.ac.uk/event/1265/contributions/7269/
https://arxiv.org/abs/2405.10196


34Finite size correction to the fist Lee-Yang zero

➡ Talk by T. Wada: Finite size scaling of 
Lee-Yang zeros in 3d Pots model and 
heavy-quark QCD

❖ Construct  ratios of the LYZ locations  

❖ Scaling is in accordance with a ratio 
of scaling function: non-universal pre-
factors cancel, intersection point of 
different volumes is universal.  

❖ Ratios show reduced corrections to 
scaling and regular parts  

❖  is shifted to higher values, 
results from extrapolation of first LYZ 
can serve as a lower bound 

TCEP

Heavy-Quark QCD
2nd/1st LYZ Ratio 3rd /1st LYZ Ratio

u Consistent with B3 = 5.68578 22 from Binder cumulant (Kiyohara et al.)
u 3rd/1st ratio gives more precise result

% %

=) = 5.68607 16 7
A(/A5 = 3.707(37)(18)

2"/2# ≈ 2.40
Consistent with
3d-Z(2)

=) = 5.68585 26 10
A6/A5 = 2.404(30)(10)

R21(β) R31(β)

200

400

600

800 Re µLYE [MeV] HotQCD [4,4]
BiPar Multi

80 90 100 110 120 130 140 150 160 170
0

100

200

300

400

T [MeV]

Im µLYE [MeV] HotQCD [4,4]
BiPar Multi

Speculation to Full-QCD result

+$?

1st LYZ data (HQ-QCD) 

%

Im
9

61 = 2 + 1 (Clarke, et al.)

• Finite-size effects is important.
• Once the 2nd LYZ is obtained, the LYZ ratio method is applicable!
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(1 + C(tLyt))(1 + D(tL2(yt�yh)))

+ higher orders

}
mixing with 

temperature like 

https://conference.ippp.dur.ac.uk/event/1265/contributions/7272/attachments/5854/7887/Lattice%202024.pdf


35Comparison with the pseudo-critical line and other results 
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Parametrizations of the crossover line: 

1.)

2.)

❖ No continuum estimate of the Lee-Yang zero 
extrapolation yet (possible large systematic errors) 
➡ Finite volume and finite cut-off effects will 

increase both  and  

❖ Results from other approaches seam to cluster in a 
narrow region (DSE, fRG, BHE)

TCEP μCEP
B

❖ κ2 = κ̄2 = − 0.015(1)

❖ Many results seem to favour a small 
κ̄4 ≈ − 0.0002(1)

[HotQCD, 2403.09390]
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Figure 1: See the Cauchy Integral formula, Eq. (1).

where ⇠k is the kth root of the nth Legendre polynomial Px(⇠); the weights Hk are defined by

Hk =
2

nPn�1(⇠k)P 0
n
(⇠k)

, (4)

and the error E is given by
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22n+1 (n!)4
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⇥
(2n)!

⇤3 g
(2n)(⇠0) , (5)

where the (2n)th derivative of the function is computed at some point ⇠0 2 (�1, 1).
For arbitrary finite integration interval [a, b] we make use of the transformation
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so that
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g(x) dx =
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Z 1
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g(⇠) d⇠ . (7)

The quadrature nodes (i.e., the shifted zeros of the Legendre polynomial) become

xk =
b+ a

2
+

b� a

2
⇠k , (8)

and the quadrature formula for the integral of the (lhs) of Eq. (7) is now given by (here for simplicity
we do not write the error)

Z
b
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g(x) dx '
nX

k=1

wk g(xk) , (9)

where wk = [(b� a)/2]Hk and the shifted zeros xk are written in Eq. (8).
We can directly apply Eq. (9) to the integral of the (rhs) of Eq. (2); by setting a = 0 and b = 2⇡,

we get
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2

With your favourite  QUADRATURE method … you can go numeric! 

with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
quadrature nodes (and R = 1). Moreover, we are able to verify numerically that for the Laurent
coe�cient C�1 we get

C�1 =
1

2⇡i
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f(z) dz =
1
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sin(z) dz =

=
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d✓ ' 1
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wk f(Re
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i✓k ' O(10�15) , (11)

i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:

yi =
1

2⇡

nX

k=1

wk

Re
i✓k

Rei✓k � zi
f̂k , i = 1, 2, . . . , n , (12)

where, we remind the reader that, wk = ⇡Hk are the shifted weights and ✓k = ⇡ (1 + ⇠k) are the
shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
⇠k, k = 1, 2, . . . , n. It is easy to see that from the form of Eq. (12) for i = 1, 2, . . . , n we end up with
a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
namely {f̂k}, (k = 1, 2, . . . , n), on the quadrature points which lie on the circle of radius R. Hence,
once the set {f̂k} is known, one can use again the quadrature formula in the (rhs) of Eq. (12) at
any point z̃ that lie inside the circle to get the respective value for the (uknown) function. What
we have just described is a novel procedure of a numerically performed analytical continuation.

3

… and then you are ready for your (BRAVE) INVERSE PROBLEM!

De facto, you would like to think of Legendre quadrature 
➡ Talk by M. Aliberti on Taylor coefficients  

from imaginary  dataμ
➡ Talk by F. Di Renzo on analytic 

continuations from imaginary  dataμ

^

Working Notes on the Inverse Cauchy problem
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In this note we study (a) the Gauss-Legendre quadrature method applied on the Cauchy Integral
formula and on the theorem of residues; (b) the inverse Cauchy problem aiming at the implementation
of numerical analytical continuation; (c) the two previous problems which under the light of a
modified Cauchy Integral formula are suitable for the implementation of di↵erent types of quadrature;
(d) a modified version of the Cauchy Integral formula with the help of which we show that it is
possible in case of an analytical function to get its values at points that stand beyond the contour
integral, as long as both the contour and the points of interest belong entirely to a simply connected
domain of analyticity of the function. In the Appendix we discuss the possibility of implementing a
generic type of quadrature to attack the inverse Cauchy problem.

1. Gauss-Legendre quadrature method implemented on the

Cauchy Integral formula

A fundamental theorem in complex analysis states that: if a function f(z), defined in a domain D

of the complex plane, is analytic everywhere within and on a simple closed contour C, taken in the
positive sense, and if z0 is any point interior to C (see Fig. 1), then the following equation holds:

f(z0) =
1

2⇡i

I

C

f(z)

z � z0
dz . (1)

Eq. (1) is the well known Cauchy Integral formula and says that for an analytic function f on a
contour C and in its interior, all values of f inside C are entirely determined by its values on the
contour.

If for the contour C we assume a circle of radius R centered in z = 0, the Cauchy Integral
formula can be equivalently written in the form

f(z0) =
1

2⇡

Z 2⇡

0

f(Re
i✓)Re

i✓

Rei✓ � z0
d✓ , (2)

where now the Cauchy Integral formula has been translated onto the real axis. The integral on the
(rhs) of Eq. (2) can be computed numerically with the use of some quadrature method. Being the
weight function a constant, the Legendre-Gauss quadratute is the appropriate method to employ.
Let us remind that for some function g(⇠) the standard formula for the Legendre-Gauss quadrature
takes the form [1]:

Z 1

�1
g(⇠) d⇠ =

nX

k=1

Hk g(⇠k) + E , (3)
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CAUCHY FORMULA

If you know the function on the contour, you can compute it at any point inside… sounds good!

… at any point, including the (only) ones we can compute (on the imaginary axis) in our case… 

What does ANALYTICITY mean? … (analytic functions aka olomorphic…)

❖ New method to calculate Taylor coefficients 
and analytic continuations from discreet data 
at imaginary , based on Cauchy’s formulaμ

❖ Once the function on the contour is known, 
every point in the interior is known 
➡ Replace the integral by a Quadrature rule 
➡ Use Legendre weights  
➡ Set up a linear system and solve for the 

function values on the contour
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Figure 1: See the Cauchy Integral formula, Eq. (1).

where ⇠k is the kth root of the nth Legendre polynomial Px(⇠); the weights Hk are defined by

Hk =
2

nPn�1(⇠k)P 0
n
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, (4)

and the error E is given by

E =
22n+1 (n!)4
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⇥
(2n)!
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(2n)(⇠0) , (5)

where the (2n)th derivative of the function is computed at some point ⇠0 2 (�1, 1).
For arbitrary finite integration interval [a, b] we make use of the transformation

x =
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2
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2
⇠ , (6)

so that
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g(x) dx =
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The quadrature nodes (i.e., the shifted zeros of the Legendre polynomial) become

xk =
b+ a

2
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2
⇠k , (8)

and the quadrature formula for the integral of the (lhs) of Eq. (7) is now given by (here for simplicity
we do not write the error)

Z
b

a

g(x) dx '
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where wk = [(b� a)/2]Hk and the shifted zeros xk are written in Eq. (8).
We can directly apply Eq. (9) to the integral of the (rhs) of Eq. (2); by setting a = 0 and b = 2⇡,
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With your favourite  QUADRATURE method … you can go numeric! 

with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
quadrature nodes (and R = 1). Moreover, we are able to verify numerically that for the Laurent
coe�cient C�1 we get

C�1 =
1
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f(z) dz =
1
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=
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i✓k ' O(10�15) , (11)

i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:

yi =
1

2⇡

nX

k=1

wk

Re
i✓k

Rei✓k � zi
f̂k , i = 1, 2, . . . , n , (12)

where, we remind the reader that, wk = ⇡Hk are the shifted weights and ✓k = ⇡ (1 + ⇠k) are the
shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
⇠k, k = 1, 2, . . . , n. It is easy to see that from the form of Eq. (12) for i = 1, 2, . . . , n we end up with
a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
namely {f̂k}, (k = 1, 2, . . . , n), on the quadrature points which lie on the circle of radius R. Hence,
once the set {f̂k} is known, one can use again the quadrature formula in the (rhs) of Eq. (12) at
any point z̃ that lie inside the circle to get the respective value for the (uknown) function. What
we have just described is a novel procedure of a numerically performed analytical continuation.

3

… and then you are ready for your (BRAVE) INVERSE PROBLEM!

2.1 Numerical experiments of the inverse Cauchy problem

We have performed several numerical experiments of the inverse Cauchy problem using data that
are produced from known functions with the aim to compare the exact function values with those
we get from the analytical continuation procedure. From the numerical point of view the inverse
Cauchy problem consists in resolving the matrix equation

Ax = b , x = A
�1 b, (13)

with A a n⇥ n matrix with elements

Aik =
1

2⇡
wk

Re
i✓k

Rei✓k � zi
(14)

The value for the radius R is fixed, ✓k are the shifted zeros of the nth Legendre polynomial and zi

are the points on the complex plane for which the input data set is initially available, namely the
set {yi} , i = 1, 2, . . . , n. The latter is represented by the vector b. Finally, x denotes the vector
solution we are seeking which stands for the set of {f̂k}, (k = 1, 2, . . . , n) of Eq. (12).

Figure 2: Comparison between analytically continued results obtained from the study of the inverse
Cauchy problem and the exact curve for the function f(x) = sinx, x 2 R. The input data has been
assumed on the imaginary axis.

Our main conclusions follow:

1. The condition number of the matrix A tends to be high even using a modest number n of
input data.

2. As a consequence of 1. the values of the (unknown) function at the quadrature points, which
are the various components of the vector solution {f̂k}, (k = 1, 2, . . . , n), di↵er from the true
values of the function at the respective points. Therefore, it seems that this way of analytical
continuation is not quite promising.
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SOLVE for the        !

with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
quadrature nodes (and R = 1). Moreover, we are able to verify numerically that for the Laurent
coe�cient C�1 we get
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:

yi =
1

2⇡

nX

k=1

wk

Re
i✓k

Rei✓k � zi
f̂k , i = 1, 2, . . . , n , (12)

where, we remind the reader that, wk = ⇡Hk are the shifted weights and ✓k = ⇡ (1 + ⇠k) are the
shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
⇠k, k = 1, 2, . . . , n. It is easy to see that from the form of Eq. (12) for i = 1, 2, . . . , n we end up with
a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
namely {f̂k}, (k = 1, 2, . . . , n), on the quadrature points which lie on the circle of radius R. Hence,
once the set {f̂k} is known, one can use again the quadrature formula in the (rhs) of Eq. (12) at
any point z̃ that lie inside the circle to get the respective value for the (uknown) function. What
we have just described is a novel procedure of a numerically performed analytical continuation.

3

De facto, you would like to think of Legendre quadrature 

̂fkyi

https://conference.ippp.dur.ac.uk/event/1265/contributions/7270/
https://conference.ippp.dur.ac.uk/event/1265/contributions/7254/


37Epilog 

❖ New experimental results are 
expected to arrive BES-II (fixed 
target), CMB@FAIR, …,   

❖ We start to calculate multi-
dimensional phase diagrams 

❖ Universal scaling and Lee-Yang 
zeros are powerful tools to explore 
the QCD phase diagram  
➡ New techniques are still being 

designed  

❖ However, for finite  we still rely on 
extrapolatory methods 
➡ we will need very precise data
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Apr’24
six He tanks of the cryo
facility were installed

CBM cave, Jun‘24construction area south
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CBM subsystems are on the 
verge of series production

2028 – ready for beam
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GSI GmbH – Helmholtzzentrum
für Schwerionenforschung

Existing facility: GSI Darmstadt 
(Foundation: 1969)

FAIR GmbH – Facility for 
Antiproton and Ion Research

Emerging facility: FAIR
(Ground-breaking: 2017)
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[T. Galatyu, 
Criticality II ’24]

Apologies to all speakers of the finite temperature and finite density 
sessions, how’s talks I could not highlight 

Thank you for your attention!


