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Motivation

To access new physics we need better simulations
Reduce the Sign-Problem
Find beneficial contour deformation
And make it cheap

Neural Networks
Risk of unphysical results
Waste resources to learn known features

July 30, 2024 Slide 1



Motivation

To access new physics we need better simulations

Reduce the Sign-Problem
Find beneficial contour deformation
And make it cheap

Neural Networks
Risk of unphysical results
Waste resources to learn known features

July 30, 2024 Slide 1



Motivation

To access new physics we need better simulations
Reduce the Sign-Problem

Find beneficial contour deformation
And make it cheap

Neural Networks
Risk of unphysical results
Waste resources to learn known features

July 30, 2024 Slide 1



Motivation

To access new physics we need better simulations
Reduce the Sign-Problem
Find beneficial contour deformation

And make it cheap

Neural Networks
Risk of unphysical results
Waste resources to learn known features

July 30, 2024 Slide 1



Motivation

To access new physics we need better simulations
Reduce the Sign-Problem
Find beneficial contour deformation
And make it cheap

Neural Networks
Risk of unphysical results
Waste resources to learn known features

July 30, 2024 Slide 1



Motivation

To access new physics we need better simulations
Reduce the Sign-Problem
Find beneficial contour deformation
And make it cheap

Neural Networks

Risk of unphysical results
Waste resources to learn known features

July 30, 2024 Slide 1



Motivation

To access new physics we need better simulations
Reduce the Sign-Problem
Find beneficial contour deformation
And make it cheap

Neural Networks
Risk of unphysical results

Waste resources to learn known features

July 30, 2024 Slide 1



Motivation

To access new physics we need better simulations
Reduce the Sign-Problem
Find beneficial contour deformation
And make it cheap

Neural Networks
Risk of unphysical results
Waste resources to learn known features

July 30, 2024 Slide 1



Hubbard Model

H = −
∑
x,y

κx,y

(
a†x↑ay↑ + a†x↓ay↓

)
− U

2

∑
x

(nx↑ − nx↓)
2 − µ

∑
x

(nx↑ + nx↓)

The Hubbard model is used to approximate solid state systems [Hubbard, 1963]

κ: Nearest-neighbour hopping (tight binding)

U: On-site interaction

µ: Chemical potential

κ U

July 30, 2024 Slide 2



The Sign-Problem

Expectation value

〈
Ô
〉
=

1
Z

∫
Dϕ Ô [ϕ] e−S[ϕ] , Z =

∫
Dϕ e−S[ϕ]

⇒
〈
Ô
〉
=

∫
Dϕ Ô [ϕ] ρ [ϕ] ≈ 1

N

N∑
n=0

Ô [ϕn]

with ϕn ∼ ρ [ϕn] =
1
Z e−S[ϕn]

Action

S =
∑
x,t

ϕ2
x,t

2Ũ
− log det(M[ϕ, κ̃, µ̃]M[−ϕ,−κ̃,−µ̃])

Action

S =
∑
x,t

ϕ2
x,t

2Ũ
− log det(M[ϕ, κ̃, µ̃]M[−ϕ,−κ̃,−µ̃]) ∈ C
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The Sign-Problem

S[ϕ] → Re{S[ϕ]}+ i Im{S[ϕ]}
ρ[ϕ] → e−Re{S[ϕ]} ∈ R
Ô[ϕ] → Ôe−i Im{S[ϕ]} ∈ C

⇒
〈
Ô
〉
=

〈
Ôe−iSI

〉
R

⟨e−iSI⟩R
≈

∑N
n=0 Ô [ϕn] e−iSI[ϕn]∑N

n=0 e−iSI[ϕn]

with ϕn ∼ e−SR

Statistical Power

Σ =
∣∣〈e−iSI

〉
R

∣∣ (
Neff = Σ2 × Ncfg

)
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Contour Deformation
Lefschetz Thimbles ∫

Dϕ e−S[ϕ] =
∑
L

e−iSI[L]

∫
L
Dϕ e−SR[ϕ]

Im{ϕ}

Re{ϕ}

Lefschetz Thimbles

xx

[Alexandru et al., 2017, Ulybyshev et al., 2019, Wynen et al., 2020, Rodekamp et al., 2022]
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Contour Deformation
Constant Offsets - Optimized Offset

Σ[ϕopt] = max (Σ[ϕ])Im{ϕ}

Re{ϕ}

Lefschetz Thimbles

xx

Optimized Plane

[Gäntgen et al., 2023, Gäntgen et al., 2024]
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Neural Networks

But which one?
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Group equivariant Convolutional NNs (G-CNNs)
T. S. Cohen & M. Welling (arXiv: 1602.07576)

generalization of convolutional NN
reduces sample complexity by exploiting symmetries
high degree of weight sharing
increase the expressive capacity of the network without increasing the number of parameters
can be implemented with negligible computational overhead for discrete groups
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Group equivariant Convolutional NNs (G-CNNs)
T. S. Cohen & M. Welling (arXiv: 1602.07576)

[[Luf] ⋆ ψ](g) =
∑
h∈G

∑
k

fk(u−1h)ψ(g−1h)

=
∑
h∈G

∑
k

fk(h)ψ(g−1uh)

=
∑
h∈G

∑
k

fk(h)ψ((u−1g)−1h)

=[Lu[f ⋆ ψ]](g)
Feature map with rotation [Cohen and Welling, 2016]
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Group equivariant Convolutional NNs (G-CNNs)
for the Hubbard Model

Symmetries of the Hubbard Action:
geometric symmetries of the spatial lattice
→ translation (assuming periodic boundaries), rotation, mirroring
symmetries of the temporal lattice
→ translation, reversal
sign flips (real valued)
→ Z2

Example: four-site square lattice with periodic boundaries

⟲

July 30, 2024 Slide 10



Group equivariant Convolutional NNs (G-CNNs)
Visualization: Square
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Group equivariant Convolutional NNs (G-CNNs)
Visualization: Square
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Group equivariant Convolutional NNs (G-CNNs)
Visualization: Square
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Group equivariant Convolutional NNs (G-CNNs)
Visualization: Square
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Group equivariant Convolutional NNs (G-CNNs)
Visualization: Square
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Group equivariant Convolutional NNs (G-CNNs)
Visualization: Square
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Results
Structure 2x2
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Results
Structure 4x4
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Transfer Learning
Outlook: Transfer to larger lattice

Idea: Convolutional networks have no fixed input size
→ Scale to larger Nt.
→Maybe even greater Nx when boundaries are periodic.
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Summary

Need a fraction of the training data
Output is more stable
Better scaling of needed parameters ?
Potential for transfer learning
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Thank You for your attention
Collaborators:

Tom Luu Marcel Rodekamp
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Backup
Coupling Structure
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