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algorithmic challenges: 
integral method

Introduction
� QCD EoS: up to T∼ 1-2 GeV using staggered quarks

up to T∼ 500 MeV using Wilson quarks 

A. Bazavov, P. Petreczky, 
        J. Weber, PRD 2018
HOT-QCD Collab., PRD 2014   

Budapest-Wuppertal Collab., 2010, 2014

WHOT-QCD Collab., PRD 2017   

QCD in high-T regime: 
unexplored

technical issues: 
Lines of Constant Physics 

G. Boyd et al. 
NPB 469 (1996) 419

➔

QCD in a moving 
reference frame

➔

use            to determine 
      at temperature 
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T $ µ

(L. Giusti ’s talk)

Alpha Coll. 2016, 2017, 2018
M. Bruno et al. PRD 2017

L. Giusti and H. Meyer, 
PRL 2011, JHEP 2011 and 2013

L. Giusti and M. Pepe, PRL 2014, 
PRD 2015, PLB 2017

� Equation of State of SU(3) YM with high accuracy in the range 0 – 230 Tc

� Computation of mesonic and baryonic screening masses in QCD for T in 1-160 GeV 
M. Dalla Brida, et al.  JHEP 04 (2022) 034

L. Giusti, et al.  JHEP 06 (2024) 205, PLB 855 (2024) 138799 (D. Laudicina ’s talk)



Thermal QCD in a moving frame
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Tµ⌫

� Thermal theory in a moving reference frame 
corresponds to introducing a shift    when closing 
the b.c. along the temporal direction

f
⇣
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p
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⌘
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L0V
logZ(L0, V, ~⇠)

By Lorentz invariance the free-energy is given by
temperature 
of the system

T =
1

L0

p
1 + �2
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� Entropy density is the primary observable
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� QCD EoS: matrix elements of the energy-momentum tensor



Thermal QCD in a moving frame on the lattice
� Lattice breaks continuum translation invariance

<latexit sha1_base64="+kSUwP/SUwoby9Aie5Y42TIMfIQ=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPoTuELLeAF48RzQLJEHo6PUmTnoXuHjEM+QQvHhTx6hd582/sSSKo6IOCx3tVVNXzYim0wfjDWVvf2Nzazu3kd/f2Dw4LR8cdHSWK8TaLZKR6HtVcipC3jTCS92LFaeBJ3vWml5nfveNKiyi8NbOYuwEdh8IXjBor3QzuxbBQxCWMMSEEZYTUqtiSRqNeJnVEMsuiCCu0hoX3wShiScBDwyTVuk9wbNyUKiOY5PP8INE8pmxKx7xvaUgDrt10ceocnVtlhPxI2QoNWqjfJ1IaaD0LPNsZUDPRv71M/MvrJ8avu6kI48TwkC0X+YlEJkLZ32gkFGdGziyhTAl7K2ITqigzNp28DeHrU/Q/6ZRLpFoi15Vis7KKIwencAYXQKAGTbiCFrSBwRge4AmeHek8Oi/O67J1zVnNnMAPOG+fpp2OAw==</latexit>

⇠

L0
<latexit sha1_base64="dw6i1t7JeOYdqMFzFFOcWDR/vxA=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKcxEMZtbwIsHDxHNA5IlzE5mkyGzD2ZmhRDyCV48KOLVL/Lm3zibRFDRgoaiqpvuLj+RQhuMP5zcyura+kZ+s7C1vbO7V9w/aOk4VYw3WSxj1fGp5lJEvGmEkbyTKE5DX/K2P77M/PY9V1rE0Z2ZJNwL6TASgWDUWOn2uo/7xRIuY4wJISgjpHqBLanV3ApxEcksixIs0egX33uDmKUhjwyTVOsuwYnxplQZwSSfFXqp5gllYzrkXUsjGnLtTeenztCJVQYoiJWtyKC5+n1iSkOtJ6FvO0NqRvq3l4l/ed3UBK43FVGSGh6xxaIglcjEKPsbDYTizMiJJZQpYW9FbEQVZcamU7AhfH2K/ietSpmclSs356W6u4wjD0dwDKdAoAp1uIIGNIHBEB7gCZ4d6Tw6L87rojXnLGcO4Qect08SZo2j</latexit>

SHIFT

SPACE

SPACE

TIME

<latexit sha1_base64="bfeI++lObm2lt6s5TfJzp3/JK6A="></latexit>

s

T 3
= �L4

0(1 + ⇠2)3

⇠k
hT0ki⇠



Thermal QCD in a moving frame on the lattice
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� compute the renormalization 
constants: ZG and ZF           

(UV feature, not very large V)

� compute the expectation 
values of TG

0k and TF
0k

� compute directly the 
expectation value of TR

0k as
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two possible strategies
M. Dalla Brida, L. Giusti, 
M. Pepe, JHEP 2020



Thermal QCD in a moving frame on the lattice
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� compute the expectation 
values of TG

0k and TF
0k

� compute directly the 
expectation value of TR

0k as

two possible strategies

� computing the renormalization 
constants in QCD requires quite 
some computational resources  

we followed this way for 
SU(3) Yang-Mills theory
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M. Dalla Brida, L. Giusti, 
M. Pepe, JHEP 2020

� compute the renormalization 
constants: ZG and ZF           

(UV feature, not very large V)



The derivative of the free-energy density
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� ratio of partition functions is numerically challenging: poor overlap
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action

� we need large statistics: difficult in QCD

Monte Carlo 
simulations in QCD

Monte Carlo simulations 
in Yang-Mills

� the computation can be performed with high precision with moderate effort 
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@ḡ20
i
�
dḡ20
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The numerical study

� QCD on the lattice with               quarks in the chiral limit
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Nf = 3

� reduced lattice artifacts:          - improved Wilson fermions
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O(a)

� continuum limit extrapolation:
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L0/a = 4, 6, 8, 10

� large spatial volumes to have finite volume effects 
under control (checked explicitly): 

� shifted boundary conditions 
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LT ⇠ 10� 25
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⇠ = (1, 0, 0)

� 8 values of the temperature in the 
range
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3� 82 GeV

� we are adding one (two) more temperature: 165 (and 123) GeV 



The entropy density vs T
<latexit sha1_base64="dspBBDl8evLhis2yGCCiOxEyfdo="></latexit>
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⇤MS = 341 MeV

� Non-perturbative view: 
         is just a function of 
the temperature chosen to 
simplify the comparison 
with perturbation theory 
(we use definition at 5 
loops) 
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ĝ2(T )

� The points result from the continuum limit extrapolation of 4 values of the lattice 
spacing for each physical temperature  (M. Bresciani ’s talk)

� We compute the EoS with a final accuracy ⪝ 1% covering a range of about 2 orders 
of magnitude in the temperature 



Comparison with Perturbation Theory

� When the temperature of the QCD plasma is high, T is the leading energy scale
    asymptotic freedom: g2(T) is small        perturbative approach E. Braaten, L. Yaffe, L. McLerran, 

R. Pisarski, S. Huang, M. Lissia, 
J._P. Blaziot, E. Iancu, M. Laine, …

! 3d Yang-Mills theory: confining theory, IR problems A. Linde, RPP 1979, PLB 1980

� The PT relys on the hierarchy of 3 energy scales:
    observables expressed as series expansions in 
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g(T )

⇡
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⇡T � g(T )T � g2(T )T

hard                 soft                         ultrasoft  

� Integrating out the hard modes, the system is static      effective 3d theory;    



Comparison with Perturbation Theory

� When the temperature of the QCD plasma is high, T is the leading energy scale
    asymptotic freedom: g2(T) is small        perturbative approach E. Braaten, L. Yaffe, L. McLerran, 

R. Pisarski, S. Huang, M. Lissia, 
J._P. Blaziot, E. Iancu, M. Laine, …

� 1-loop PT: unsatisfactory

� PT: consider higher orders

! 3d Yang-Mills theory: confining theory, IR problems

� The PT relys on the hierarchy of 3 energy scales:
    observables expressed as series expansions in 

<latexit sha1_base64="OKVgr0hSmhqxFfA3Y78ZNswtJoI=">AAAB+3icdVDLSgMxFM34rPU11qWbYBHqpiRF+tgV3Lis0Bd0hpJJM21o5kGSEcswv+LGhSJu/RF3/o2ZtoKKHrhwOOde7r3HiwVXGqEPa2Nza3tnt7BX3D84PDq2T0p9FSWSsh6NRCSHHlFM8JD1NNeCDWPJSOAJNvDm17k/uGNS8Sjs6kXM3IBMQ+5zSrSRxnYJOr4kNJ1WupdZ6sQ8g2O7jKoIIYwxzAlu1JEhrVazhpsQ55ZBGazRGdvvziSiScBCTQVRaoRRrN2USM2pYFnRSRSLCZ2TKRsZGpKAKTdd3p7BC6NMoB9JU6GGS/X7REoCpRaBZzoDomfqt5eLf3mjRPtNN+VhnGgW0tUiPxFQRzAPAk64ZFSLhSGESm5uhXRGTBbaxFU0IXx9Cv8n/VoV16v49qrcRus4CuAMnIMKwKAB2uAGdEAPUHAPHsATeLYy69F6sV5XrRvWeuYU/ID19glTi5Py</latexit>

g(T )

⇡

<latexit sha1_base64="GkcukeF5uibi2v/h1W9MlzuuThQ="></latexit>

⇡T � g(T )T � g2(T )T

hard                 soft                         ultrasoft  

� Integrating out the hard modes, the system is static      effective 3d theory;    

A. Linde, RPP 1979, PLB 1980



Comparison with Perturbation Theory
E. Shuryak (1978), J. Kapusta (1979), 
T.Toimela (1983), P. Arnold and C.Zhai 
(1995), C. Zhai and B.Kastening (1995), 
K. Kajantie et al. (2003)
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ĝ6(T )

! unknown parameter related to the non-perturbative confining scale 
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g2(T )T

� PT computation up to          order

� Very poor convergence even 
at the Electro-Weak scale
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2 + s3ĝ
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Comparison with Perturbation Theory

� Very poor convergence even 
at the Electro-Weak scale
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ĝ6(T )

! unknown parameter related to the non-perturbative confining scale 
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g2(T )T

� Data are not described by PT
    No surprise: 

<latexit sha1_base64="ygQGRzswySXjPV+J7qX62JQ7SrM="></latexit>

ĝ2(80 GeV) ' 1.05
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ĝ

⇡
' 0.33
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ĝ2(2 GeV) ' 1.95
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ĝ

⇡
' 0.44

� Not matched the PT ansatz
<latexit sha1_base64="GkcukeF5uibi2v/h1W9MlzuuThQ="></latexit>

⇡T � g(T )T � g2(T )T

� PT computation up to          order
<latexit sha1_base64="6bnWXR2ipf3BvHgBtUKg1PAGpSQ="></latexit>

s(T )

T 3
=

32⇡2

45


s0 + s2ĝ

2 + s3ĝ
3 + s4ĝ

2 + s5ĝ
5 +

✓
s6 +

qc
(2⇡)6

◆
ĝ6
�
+ o(ĝ6)

E. Shuryak (1978), J. Kapusta (1979), 
T.Toimela (1983), P. Arnold and C.Zhai 
(1995), C. Zhai and B.Kastening (1995), 
K. Kajantie et al. (2003)



Comparison with Perturbation Theory
<latexit sha1_base64="lAXu6uKxh7aMGzCte9GHlPCHSYE=">AAAB9XicdVDLSgMxFM3UV62vqks3wSLUTUmK9LEruHFZoS9opyWTZtrQTGZIMkoZ+h9uXCji1n9x59+YaSuo6IELh3Pu5d57vEhwbRD6cDIbm1vbO9nd3N7+weFR/viko8NYUdamoQhVzyOaCS5Z23AjWC9SjASeYF1vdp363TumNA9ly8wj5gZkIrnPKTFWGsLBlBg4GVZgsXUJR/kCKiGEMMYwJbhaQZbU67UyrkGcWhYFsEZzlH8fjEMaB0waKojWfYwi4yZEGU4FW+QGsWYRoTMyYX1LJQmYdpPl1Qt4YZUx9ENlSxq4VL9PJCTQeh54tjMgZqp/e6n4l9ePjV9zEy6j2DBJV4v8WEATwjQCOOaKUSPmlhCquL0V0ilRhBobVM6G8PUp/J90yiVcKeHbq0IDrePIgjNwDooAgypogBvQBG1AgQIP4Ak8O/fOo/PivK5aM8565hT8gPP2CRoLkOk=</latexit>

ĝ6(T )

! unknown parameter related to the non-perturbative confining scale 
<latexit sha1_base64="u2QgmUCLXIJvzskPPH+fwDoN3vI=">AAAB73icdVDJSgNBEK1xjXGLevTSGIR4Cd1BstwCXjxGyAbJGHo6naRJz2J3jxCG/IQXD4p49Xe8+Tf2JBFU9EHB470qqup5kRTaYPzhrK1vbG5tZ3ayu3v7B4e5o+O2DmPFeIuFMlRdj2ouRcBbRhjJu5Hi1Pck73jTq9Tv3HOlRRg0zSzirk/HgRgJRo2VuuPbUqF5gZqDXB4XMcaEEJQSUiljS2q1aolUEUktizys0Bjk3vvDkMU+DwyTVOsewZFxE6qMYJLPs/1Y84iyKR3znqUB9bl2k8W9c3RulSEahcpWYNBC/T6RUF/rme/ZTp+aif7tpeJfXi82o6qbiCCKDQ/YctEolsiEKH0eDYXizMiZJZQpYW9FbEIVZcZGlLUhfH2K/iftUpGUi+TmMl/HqzgycApnUAACFajDNTSgBQwkPMATPDt3zqPz4rwuW9ec1cwJ/IDz9gmkzI8E</latexit>

g2(T )T

� PT computation up to          order

� Very poor convergence even 
at the Electro-Weak scale
� Data are not described by PT
    No surprise: 

<latexit sha1_base64="ygQGRzswySXjPV+J7qX62JQ7SrM="></latexit>

ĝ2(80 GeV) ' 1.05

<latexit sha1_base64="MZwNWrQS2334fo2JMN03VjEKsfA=">AAACB3icdVDLSgMxFM3UV62vqktBgkVwNSSt9LEruHFZwT6gM5RMmmlDMw+TjFCG7tz4K25cKOLWX3Dn35hpK6jogQuHc+7l3nu8WHClEfqwciura+sb+c3C1vbO7l5x/6CjokRS1qaRiGTPI4oJHrK25lqwXiwZCTzBut7kIvO7t0wqHoXXehozNyCjkPucEm2kQfHY8SWhqTMmGo5mqRPzGXQUD9gNRHalMiiWkI0QwhjDjOBaFRnSaNTLuA5xZhmUwBKtQfHdGUY0CVioqSBK9TGKtZsSqTkVbFZwEsViQidkxPqGhiRgyk3nf8zgqVGG0I+kqVDDufp9IiWBUtPAM50B0WP128vEv7x+ov26m/IwTjQL6WKRnwioI5iFAodcMqrF1BBCJTe3QjomJhhtoiuYEL4+hf+TTtnGVRtfnZeaaBlHHhyBE3AGMKiBJrgELdAGFNyBB/AEnq1769F6sV4XrTlrOXMIfsB6+wQTRZi9</latexit>

ĝ

⇡
' 0.33

<latexit sha1_base64="V6IfWerF8MwxkWBAWpHCYxHZyAw="></latexit>

ĝ2(2 GeV) ' 1.95

<latexit sha1_base64="8ZxoKR6i9GoB/Z9Wk7b1wx4lUpM=">AAACB3icdVDLSgMxFM34rPU16lKQYBFclaSUPnYFNy4r2Ad0hpJJM21o5mGSEcowOzf+ihsXirj1F9z5N2baCip64MLhnHu59x4vFlxphD6sldW19Y3NwlZxe2d3b98+OOyqKJGUdWgkItn3iGKCh6yjuRasH0tGAk+wnje9yP3eLZOKR+G1nsXMDcg45D6nRBtpaJ84viQ0dSZEw3GWOjHPoKN4wG4gKlerQ7uEygghjDHMCa7XkCHNZqOCGxDnlkEJLNEe2u/OKKJJwEJNBVFqgFGs3ZRIzalgWdFJFIsJnZIxGxgakoApN53/kcEzo4ygH0lToYZz9ftESgKlZoFnOgOiJ+q3l4t/eYNE+w035WGcaBbSxSI/EVBHMA8FjrhkVIuZIYRKbm6FdEJMMNpEVzQhfH0K/yfdShnXyviqWmqhZRwFcAxOwTnAoA5a4BK0QQdQcAcewBN4tu6tR+vFel20rljLmSPwA9bbJxZOmL8=</latexit>

ĝ

⇡
' 0.44

� Not matched the PT ansatz
<latexit sha1_base64="GkcukeF5uibi2v/h1W9MlzuuThQ="></latexit>

⇡T � g(T )T � g2(T )T

! Non-perturbative and higher 
order effects fit by qc represent 
45% at the Electro-Weak scale 

<latexit sha1_base64="6bnWXR2ipf3BvHgBtUKg1PAGpSQ="></latexit>

s(T )

T 3
=

32⇡2

45


s0 + s2ĝ

2 + s3ĝ
3 + s4ĝ

2 + s5ĝ
5 +

✓
s6 +

qc
(2⇡)6

◆
ĝ6
�
+ o(ĝ6)

E. Shuryak (1978), J. Kapusta (1979), 
T.Toimela (1983), P. Arnold and C.Zhai 
(1995), C. Zhai and B.Kastening (1995), 
K. Kajantie et al. (2003)



Connecting to low-temperature results

� PT + qc do not connect well to low-temperature data available in the literature



Conclusions

� The framework of shifted boundary conditions is a simple, robust and efficient 
method to investigate with precision ⪝ 1% the thermal features of a QFT.

� QCD dynamics remains strongly non-perturbative up to the Electro-Weak scale, 
and this regime can only be reliably investigated through lattice simulations.

� We have computed the EoS of QCD Nf=3 covering a range of about 2 orders of 
magnitude in temperature in the unexplored regime between 3 and 82 GeV. 
Simulations are in progress at T = 165 GeV and, maybe, 123 GeV.

� The perturbative prediction shows a very poor convergence rate up to the 
Electro-Weak scale where               is quite large and the separation of the hard, 
soft and ultrasoft scales does not hold.

<latexit sha1_base64="MZwNWrQS2334fo2JMN03VjEKsfA=">AAACB3icdVDLSgMxFM3UV62vqktBgkVwNSSt9LEruHFZwT6gM5RMmmlDMw+TjFCG7tz4K25cKOLWX3Dn35hpK6jogQuHc+7l3nu8WHClEfqwciura+sb+c3C1vbO7l5x/6CjokRS1qaRiGTPI4oJHrK25lqwXiwZCTzBut7kIvO7t0wqHoXXehozNyCjkPucEm2kQfHY8SWhqTMmGo5mqRPzGXQUD9gNRHalMiiWkI0QwhjDjOBaFRnSaNTLuA5xZhmUwBKtQfHdGUY0CVioqSBK9TGKtZsSqTkVbFZwEsViQidkxPqGhiRgyk3nf8zgqVGG0I+kqVDDufp9IiWBUtPAM50B0WP128vEv7x+ov26m/IwTjQL6WKRnwioI5iFAodcMqrF1BBCJTe3QjomJhhtoiuYEL4+hf+TTtnGVRtfnZeaaBlHHhyBE3AGMKiBJrgELdAGFNyBB/AEnq1769F6sV4XrTlrOXMIfsB6+wQTRZi9</latexit>

ĝ

⇡
' 0.33

� Assuming that PT holds, then the non-perturbative physics contributes to         at 
order         : fitting this term to our data, it represents 45% of the total deviation 
from the Stefan-Boltzmann limit at the Electro-Weak scale 

<latexit sha1_base64="YXqetdV+rTy32d8JgWRczUXymNM=">AAAB+XicdVDLSgMxFM3UV62vUZdugkWom5JU6WNXcOOyQl/QjiWTZtrQzIMkUyjD/IkbF4q49U/c+Tdm2goqeuDC4Zx7ufceNxJcaYQ+rNzG5tb2Tn63sLd/cHhkH590VRhLyjo0FKHsu0QxwQPW0VwL1o8kI74rWM+d3WR+b86k4mHQ1ouIOT6ZBNzjlGgjjWx76ElCE1VqX6ZJ+/4qHdlFVEYIYYxhRnCtigxpNOoVXIc4swyKYI3WyH4fjkMa+yzQVBClBhhF2kmI1JwKlhaGsWIRoTMyYQNDA+Iz5STLy1N4YZQx9EJpKtBwqX6fSIiv1MJ3TadP9FT99jLxL28Qa6/uJDyIYs0CulrkxQLqEGYxwDGXjGqxMIRQyc2tkE6JiUKbsAomhK9P4f+kWynjahnfXRebaB1HHpyBc1ACGNRAE9yCFugACubgATyBZyuxHq0X63XVmrPWM6fgB6y3TzjZk1o=</latexit>

s(T )

T 3
<latexit sha1_base64="rmPdcEOVt3hHT1TxckXzfCfOWmY=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiDES+gOkuUW8OIxQjZIxtDT6SRNeha6e4Qw5CO8eFDEq9/jzb+xJ4mgog8KHu9VUVXPi6TQBuMPJ7OxubW9k93N7e0fHB7lj086OowV420WylD1PKq5FAFvG2Ek70WKU9+TvOvNrlO/e8+VFmHQMvOIuz6dBGIsGDVW6k7uKqjYuhzmC7iEMSaEoJSQagVbUq/XyqSGSGpZFGCN5jD/PhiFLPZ5YJikWvcJjoybUGUEk3yRG8SaR5TN6IT3LQ2oz7WbLM9doAurjNA4VLYCg5bq94mE+lrPfc92+tRM9W8vFf/y+rEZ19xEBFFseMBWi8axRCZE6e9oJBRnRs4toUwJeytiU6ooMzahnA3h61P0P+mUS6RSIrdXhQZex5GFMziHIhCoQgNuoAltYDCDB3iCZydyHp0X53XVmnHWM6fwA87bJwSrjqo=</latexit>

g6(T )


