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Quantum Computing in “noisy environment” 

or Fault-Tolerant QC

•Fighting quantum decoherence with 

entanglement 

•Quantum Error Correction (QEC)  

     cf. B.M Terhal, Rev. Mod. Phys. 87 (2015) 307 
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Fault-Tolerant Quantum Memory

Fault-Tolerant Universal Quantum Gate



Quantum error and statistical model

•Specific quantum code with stabilizer formalism 

•Modeling quantum error pattern 

•Mapping quantum error pattern to statistical model 

•cf. simple case: Dennis et al, J. Math. Phys. 43 

(2002) 4452



Quantum Error Detection/Correction

•Check whether error happens via the measurement of 

“ancilla” qubits: measurement result is called syndrome 

(quantum error detection) 

•From the syndrome, guess quantum error probabilistically 

•Correct quantum error



Error rate and threshold probability

•If the quantum error rate is higher than the “threshold 

probability”, QEC is not possible. 

•Above the threshold probability, “probabilistic correction” 

is not possible. 

•“Probabilistic interpretation” is related to some statistical 

model



Warm-up: 1-D repetition code
• realistic quantum circuit diagram for 1-D repetition code 
with phase flip error and mapping to a statistical model 
(quenched 2-D Ising model on a triangular lattice)
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Quantum Error Models  
and Mapped Statistical physics models in Toric Code

•Random bit flip  error or phase flip  error  

     —> 2-D Ising model with quenched anti-ferromagnetic coupling 

•Random bit flip error or phase flip error + syndrome 

measurement error  

     —> 3-D  gauge theory with quenched anti-ferromagnetic coupling

(σx) (σz)

Z(2)



Quantum Error Models  
and Mapped Statistical physics models in Toric Code

•Independent ,  error + syndrome measurement error 

      —> 3-D  gauge theory  

              with quenched anisotropic anti-ferromagnetic coupling 

•Depolarizing (i.e., , , ) error + syndrome measurement error  

     —> 3-D  gauge theory  

             with anisotropic quenched anti-ferromagnetic coupling

(σx) (σz)

Z(2)

(σx) (σy) (σz)

Z(2) × Z(2)
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P =  2.88 x 10-5 P =  0.0231

Third order cumulant of Polyakov Line,  gauge theoryZ(2) × Z(2)
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P =  2.88 x 10-5 P =  0.0231

Susceptibility of Polyakov Line,  gauge theoryZ(2) × Z(2)
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Phase diagram,  gauge theoryZ(2) × Z(2)
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Conclusion

•Threshold error probability for the viability of Quantum Error Correction 

can be studied by MC simulation of quenched statistical physics model 

•For toric code where an independent bit-flip or phase flip occurs together 

with independent syndrome measurement error, the threshold probability 

from MC suggests  

•For toric code where depolarizing noise occurs together with independent 

syndrome measurement error, the threshold probability from MC suggests 

p ∼ 0.00682

p ∼ 0.0144


