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Introduction
What is entanglement?

- Quantum physical implementation of conservation laws

m Decay of spin-0 particle: s=0 — 8 +5=0

m Pair creation from vacuum: s=0 — 51 +5 =0

m In a quantum field theory =>

0-~~0

correlations

1



Introduction
How to quantify entanglement?

m Bipartite quantum system:  Hag = Ha ® Hp
pure state: [Y) a5 € Has » pa = |¥) a5(¥| -
orthonormal bases: |n), € Ha, |m)g € Hp
2 Vg =2 Cmnma®@|ng Zmn|cmn|2 =1
> pag = V) ag(¥l = 2 mnn CmnCiyl M) alk] @ ) (]

( notation: [¥) (Y| = )¢ ® o (¥])

tr(phg) =1
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m Reduced density matrix:  pa = tre(paB) = D_ s S Gl M) a (Kl

[tr(pi) =1 = no entanglement (Cmn = am bn)] — [tr(pi) <1 = entanglement
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How to quantify entanglement?

m Bipartite quantum system:  Hag = Ha ® Hp
pure state: [¢) 5 € Has » paB = ) ap(¥| = tr(phg) =1
orthonormal bases: |n), € Ha, |m)g € Ha
2 Vg =2 Cmn M,y @|ng Zmn|cmn|2 =1

> pag = V) 4| = 2 mnki ConCiglm) 4 (k| & M) g (/]

m Reduced density matrix:  pa = tre(paB) = D_ s S Gl M) a (Kl

[tr(pi) =1 = no entanglement (Cmn = am bn)] — [tr(pi) <1 = entanglement

m Entanglement measures:

> |Purity: tr(p3)

> l Rényi entropies:  Hs(A) = — 15 logtr(p§) , s=2,8,... \

- | Entanglement entropy:  Sge(A) = — tr(pa log(pa)) (von Neumann entropy corresponding to pa)



Entanglement entropy on the lattice
Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

m SU(N) gauge theory on NS~ x N, lattice

Partition function:  Z(N¢, Ns) = [ D[U] e—SalV]

N
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Entanglement entropy on the lattice
Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

m SU(N) gauge theory on NS~ x N, lattice
Partition function: Z(N¢, Ns) = [ D[U] e~SalV]

- Density matrix element:

(P1lplba) = /D[U] e—SalUl —

U(x,Np)=v2(x)
U(x, 0)=11(x) U

Ni
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Entanglement entropy on the lattice

m SU(N) gauge theory on NS~ x N, lattice
Partition function:  Z(N¢, Ns) = [ D[U] e—SalV]

- Divide lattice into two parts (A, B)

[P. Calabrese, J. Cardy (2004)]

- Reduced density matrix p4 for part A

(a1 |palibaz) =

7

B

Va2

N,
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]
m SU(N) gauge theory on NS~ x N, lattice

Partition function:  Z(N¢, Ns) = [ D[U] e—SalV]

- Divide lattice into two parts (A, B)

- Reduced density matrix p4 for part A

B Vho

(a1 |palibaz) =

- Entanglement entropy:

See = —tra(pa log pa)

(how ?)
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

m SU(N) gauge theory on NS~ x N, lattice

Partition function:  Z(N¢, Ns) = [ D[U] e—SalV]

- Divide lattice into two parts (A, B)

- Reduced density matrix p4 for part A

B Vho

(Va1|palvaz) = ¥

- Replica method for s-th Rényi entropy:
1 1

N,

N,

Z(1, 8, Nt, Ns)

Hs(1, Nt, Ng) = s log tr(p3) = ]

with "cut partition function" Z¢(/, s, Nt, Ns)

—  Zo(I=0,s,Ni, Ns) = Z5(Ni, Ns)
—  Ze(I = Ns, s, Nt, Ns) = Z(s Nt, Ng)

Vs e N
Vs e N

(o}
s 8 T Zs(Np, Ne)

2N,
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Entanglement entropy on the lattice
Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]
- Entanglement entropy (EE):

o1 :
. Ologtr(py)

See(l, Nt, Ns) = 7sh—>1 58
dlog Zc(1, s, Nt, N,
:—(Iim 9log Ze(l, s, N, Ne) flogZ(N,,Ns)>
s—1 os

~ —logZ:(l,2,Nt,Ns) — (—2 log Z(Nt, Ns))

= —logtr(p3) = Ha(l, Ni, Ns)
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]
- Entanglement entropy (EE):

. Ologtr(ps)
I, Nt, Ng) = — lim ——~2~
See(/, Nt, Ns) Jim 58
- —(Iim 9log Zo(l, 5, Niy Ns) |ogZ(N,,Ns)>
s—1 os

~
~

—log Z¢(1,2, Nt, Ns) — (—2 log Z(Ni, Ns))
= —logtr(p}) = Ho(l, Ni, Ns)

- free energy difference

N;
N, B
s,
b,
N, By
t
B,
[—>
o 1=2
—_—
B A

2N,
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]
- Entanglement entropy (EE):

ol y
im ogtr(pA)

I, Nt, Ng) = — |
See(/, N, Ns) Jim 58
dlog Zc(1, s, Nt, N,
:—(Iim 9log Ze(l, s, N, Ne) flogZ(N,,Ns)>
s—1 os

~ —logZ:(l,2,N;,Ns) — | (—2 log Z(Nt, Ns))
= —logtr(p4) = Ha(/, N, Ns)

- free energy difference

N,

N,

2N,
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

- Entanglement entropy (EE):

. Ologtr(ps
SEE(’, nyNS) = *sll_fn %

dlog Z:(1, s, Nt, N,

- —(Iim 9log Ze(l, s, e, Ns) _ |ogZ(N,,Ns)>

s—1 os
~ —logZ:(l,2,Nt,Ns) — (—2 log Z(Nt, Ns))
—logtr(pg) = Ha(l, Ni, Ns)
- free energy difference
- Instead of EE, measure discrete derivative w.r.t. / > 0:
OSee(!', N, Ns) N

or r=i1/2

—log Ze(I+ 1,2, Nt, Ns) — (—logZc(/,2, Nt, Ng))
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

- Entanglement entropy (EE):

. Ologtr(ps
SEE(’, Nt, Ns) = - sh—n>11 %
0log Zc(!, s, Nt, Ns)

(sm as

~ —logZ:(l,2,N;,Ns) — (—2 logZ(Nt, Ns))

— log Z(Nt, Ns)>

= —logtr(p3) = Ha(l, N;, Ns)
- free energy difference

- Instead of EE, measure discrete derivative w.r.t. / > 0:
OSee(!', N, Ns)
ar r=i+1/2

~

—log Ze(I+ 1,2, Nt, Ns) | — (—log Zc(1,2, Nt, Ns))

N, B
ra, !
G 2N
N¢ By
t
ray s
—
: 1=3
S G
B LA N
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

- Entanglement entropy (EE):

. Ologtr(ps
SEE(’, Nt, Ns) = - sh—n>11 %
0log Zc(!, s, Nt, Ns)

(sm as

~ —logZ:(l,2,N;,Ns) — (—2 logZ(Nt, Ns))

— log Z(Nt, Ns)>

= —logtr(p3) = Ha(l, N;, Ns)
- free energy difference

- Instead of EE, measure discrete derivative w.r.t. / > 0:
OSee(!', N, Ns)
ar r=i+1/2

~

—log Ze(I+ 1,2, Nt, Ns) —  (—log Zc(/,2, Nt, Ns))

N,

N,

2N,
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

- Entanglement entropy (EE):

. Ologtr(ps
SEE(’, nyNS) = *sll_fn %

dlog Zo(l, 8, N, N
:—(Iim 9log Zo(l, s, Ni, Ns) flogZ(N,,Ns)>
s—1 os

~ —logZ:(l,2,Nt,Ns) — (—2 log Z(Nt, Ns))
—logtr(pz) = He(/, Ni, Ns)

- free energy difference

- Instead of EE, measure discrete derivative w.r.t. / > 0:
OSee(l', Nty Ns) N
or r=i+1/2
—log Ze(I+ 1,2, Nt, Ns) — (—logZc(/,2, Nt, Ng))
9

| — I+ 1 is non-local change —> overlap problem
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Entanglement entropy on the lattice

Overcoming the overlap problem

m Original approach
[P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)],[E. Itou et al. (2015)],[A. Rabenstein et al. (2018)]

- interpolating partition function:

Z,*(a):/.D[U] op(—(1-a) S{U] —a Su[U]) wih ac[01]
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Entanglement entropy on the lattice

Overcoming the overlap problem

m Original approach
[P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)],[E. Itou et al. (2015)],[A. Rabenstein et al. (2018)]

- interpolating partition function:

Z'(a) = /D[U] exp<f(1 —a) S[U] —a S41[U] ) with o €[0,1]

Ny

2N,


https://doi.org/10.1016/j.nuclphysb.2008.04.024
https://doi.org/10.22323/1.091.0188
https://doi.org/10.1093/ptep/ptw050
https://doi.org/10.1103/PhysRevD.100.034504

Entanglement entropy on the lattice

Overcoming the overlap problem

m Original approach

[P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)],[E. Itou et al. (2015)],[A. Rabenstein et al. (2018)]

- interpolating partition function:

Z'(a) = /D[U] exp<f(1 —a) S[U] — o S41[U] ) with o €[0,1]

Ny

2N,


https://doi.org/10.1016/j.nuclphysb.2008.04.024
https://doi.org/10.22323/1.091.0188
https://doi.org/10.1093/ptep/ptw050
https://doi.org/10.1103/PhysRevD.100.034504

Entanglement entropy on the lattice
Overcoming the overlap problem
m Original approach
[P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)],[E. Itou et al. (2015)],[A. Rabenstein et al. (2018)]
- interpolating partition function:
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> measure (Si11— S, = 3
(03
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m Original approach
[P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)],[E. Itou et al. (2015)],[A. Rabenstein et al. (2018)]
- interpolating partition function:
Zi (@)= [ DU ewp(~(1 =) S[U] ~a Sim[U] ) win ac[o,1]

_ Olog Z1 ()

> measure (Si11— S, = 3
(03

fora € [0,1]

- interpolate and integrate:

1 1
Olog Z*
~ —/daM — /da<5,+1 -8,
I'=1+1/2 Oa 5

OSee(!', N, Ns)
ol
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Overcoming the overlap problem

m Original approach
[P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)],[E. Itou et al. (2015)],[A. Rabenstein et al. (2018)]

- interpolating partition function:

Z (o) = /D[U] op(—(1-a) S{U] —a Su[U]) wih ac[01]

Olog Z* (c
> measure (Si11— S, = fgail() foro € [0,1]
(03
. . 4000
- interpolate and integrate:
1 1 2000
OSee(l', Nt, N, Odlog Z (a
ee(/, Ni, Ns) %—/da g /( ):/da<81+1—81>a 5
or P=I41/2 O (S
° 2
Issue: huge free energy barrier — bad signal to noise ratio -2000
- Gets worse with increasing volume and increasing N (number of colors) -4000

0 0.2 0.4 0.6 0.8 1.0
a

data from [Y. Nakagawa et al. (2009)]
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m Original approach
[P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)],[E. Itou et al. (2015)],[A. Rabenstein et al. (2018)]

- interpolating partition function:

Z (o) = /D[U] op(—(1-a) S{U] —a Su[U]) wih ac[01]

Olog Z* (c
> measure (Si11— S, = _OlgZi(a) foro € [0,1]
da
- interpolate and integrate: 1000
0See(l', Ne, Ne) [ ologZi(a) | 800
— = - [0 < [aasia - s, S o0
I"'=1+1/2 o 5 5

400
Issue: huge free energy barrier — bad signal to noise ratio 200
- Gets worse with increasing volume and increasing N (number of colors) 0

0 0.2 04 0.6 0.8 1.0
a

data from [Y. Nakagawa et al. (2009)]
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Overcoming the overlap problem

m Entanglement surface deformation method

- interpolate by deforming entangling surface

Ny

a2 2N,

Example in (2+1) dimensions

0.0
-05 "'-.&
~1.0 ,
y
7-1.5 N,
”‘::C‘
-2.0 (2+1)D ~;-,“. )
—2.5| V=482 ot
0 20 40 50 80
n

2N;
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Overcoming the overlap problem

m Entanglement surface deformation method

2N,

0
-10
[T i
< F
T-20
(3+1)D i
=301 v =162

0

200 400 600

- interpolate by deforming entangling surface

Example in (3+1) dimensions
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Overcoming the overlap problem
m Entanglement surface deformation method

->

2N,
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Overcoming the overlap problem

m Entanglement surface deformation method

- interpolate by deforming entangling surface

2N,

Example in (3+1) dimensions

(N NN

R AT AT A

[NV N
AN_N NN
AVALNY,

Ve,

K7

‘VII
N
AV

T
AVEN,

NNNN
N ]

\V,

(3+1)D
=301 v,=16°
0 200 200 600

[

2N;




Entanglement entropy on the lattice

Overcoming the overlap problem

m Entanglement surface deformation method

- interpolate by deforming entangling surface

2N,

Example in (3+1) dimensions
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Overcoming the overlap problem
m Entanglement surface deformation method

- interpolate by deforming entangling surface

2N,

Example in (3+1) dimensions
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Overcoming the overlap problem

m Entanglement surface deformation method

- interpolate by deforming entangling surface
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Overcoming the overlap problem

m Entanglement surface deformation method

->

2N,

0 -
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=301 v =16
0 200 400 600

interpolate by deforming entangling surface

Example in (3+1) dimensions
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Entangling surface deformation

Avoiding remnant free energy barriers

m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface

.

(3+1)D
[ Ve=168
0

200

200 600



Entangling surface deformation
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m Remnant free energy

[ ] n be avoided b appropl e [0) e with respe op al directions of "torus
Sp ct t CIp
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Ca Vi Yy

- example for (2+1)d lattice:
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Entangling surface deformation

Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface

m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"
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Avoiding remnant free energy barriers
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Avoiding remnant free energy barriers
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Avoiding remnant free energy barriers
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Entangling surface deformation

Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface

m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"
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Entangling surface deformation

Avoiding remnant free energy barriers
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Entangling surface deformation

Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface
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Entangling surface deformation
Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface

m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

= SU(5) in (3+1) dimensions (Vs = Nx N2 with Ny = 8, Ns = 7).
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Entangling surface deformation

Avoiding remnant free energy barriers

m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface

m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

= SU(5) in (3+1) dimensions (Vs = Nx N2 with Ny = 8, Ns = 7).
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Entangling surface deformation
Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface

m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

= SU(5) in (3+1) dimensions (Vs = Nx N2 with Ny = 8, Ns = 7).
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Entangling surface deformation
Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface

m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

= SU(5) in (3+1) dimensions (Vs = Nx N2 with Ny = 8, Ns = 7).
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Entangling surface deformation
Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface
m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

= SU(5) in (3+1) dimensions (Vs = Nx N2 with Ny = 8, Ns = 7).
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Entangling surface deformation
Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface
m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

= SU(5) in (3+1) dimensions (Vs = Nx N2 with Ny = 8, Ns = 7).
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Entangling surface deformation
Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface
m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

= SU(5) in (3+1) dimensions (Vs = Nx N2 with Ny = 8, Ns = 7).
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Entangling surface deformation
Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface
m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

= SU(5) in (3+1) dimensions (Vs = Nx N2 with Ny = 8, Ns = 7).
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Entangling surface deformation

Avoiding remnant free energy barriers

m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface

m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

= SU(5) in (3+1) dimensions (Vs = Nx N2 with Ny = 8, Ns = 7).
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Entangling surface deformation
Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface
m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

= SU(5) in (3+1) dimensions (Vs = Nx N2 with Ny = 8, Ns = 7).
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Entangling surface deformation
Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface
m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

= SU(5) in (3+1) dimensions (Vs = Nx N2 with Ny = 8, Ns = 7).
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Entangling surface deformation
Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface
m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

= SU(5) in (3+1) dimensions (Vs = Nx N2 with Ny = 8, Ns = 7).
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Entangling surface deformation

Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface

m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

= SU(5) in (3+1) dimensions (Vs = Nx N2 with Ny = 8, Ns = 7).
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Entangling surface deformation

Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface

m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

= SU(5) in (3+1) dimensions (Vs = Nx N2 with Ny = 8, Ns = 7).
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Entangling surface deformation
Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface
m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

= SU(5) in (3+1) dimensions (Vs = Nx N2 with Ny = 8, Ns = 7).
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Entangling surface deformation

Avoiding remnant free energy barriers

m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface

- SU(5) in (3+1) dimensions:

m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

comparison of boundary update methods:

e
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Entangling surface deformation

Avoiding remnant free energy barriers
m Remnant free energy barriers due to changing numbers of corners and edges in entangling surface

m Can be avoided by appropriate tilting of lattice with respect to principal directions of "torus"

- SU(5) in (3+1) dimensions:

comparison of boundary update methods:  non-tilted lattice < tilted lattice <— local derivative
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Remaining problems

Single link overlap problem

m BC swap over single non-perpendicular spatial link becomes difficult for N > 3

p(B — A) ~ e Retr(Py 4t P2 a) =y Retr(Py 5 4P ) (naive Metropolis)
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Remaining problems
Single link overlap problem
m BC swap over single non-perpendicular spatial link becomes difficult for N > 3
p(B — A) ~ ey Retr(P1 atP2 a) = Retr(Py 5+P2,5) (naive Metropolis)

m modified SU(2) sub-group heat-bath update incl. BC swap:
(only slightly better than simple Metropolis)

SU(Z) — Pacc ~ 0.3 Ns
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Remaining problems
Single link overlap problem
m BC swap over single non-perpendicular spatial link becomes difficult for N > 3
p(B — A) ~ ey Retr(P1 atP2 a) = Retr(Py 5+P2,5) (naive Metropolis)

m modified SU(2) sub-group heat-bath update incl. BC swap:
(only slightly better than simple Metropolis)

SU(2) — Pacc ~ 0.3 N,

SU(3) — Pacc ~ 0.2 r=- "v*j"g;;)z'g”r( -
SU(5) — Pacc ~ 0.005

Ny

-> Worm-like update:

SU(2) — Pacc ~ 0.45 S
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Remaining problems

Worm-like BC update (simplified: move choice probab. factors not shown)

m pick permutation o € MN(1,...,s), seti=1

m while true:
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Remaining problems
Worme-like BC update (simplified: move choice probab. factors not shown)
m pick permutation o € M(1,...,s),seti=1
m while true:
m randomly choose i = +1
mif(i=1anddi <0)or(i=sanddi > 0):

end worm

mseti’ =i+ (6i—1)/2
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Remaining problems
Worme-like BC update (simplified: move choice probab. factors not shown)
m pick permutation o € M(1,...,s),seti=1
m while true:
m randomly choose i = +1
mif(i=1anddi <0)or(i=sanddi > 0):

end worm

mseti’ =i+ (6i—1)/2

m randomly pick a link U from staple of P, ;1
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Remaining problems
Worme-like BC update (simplified: move choice probab. factors not shown)
m pick permutation o € M(1,...,s),seti=1
m while true:

m randomly choose i = +1

mif(i=1anddi <0)or(i=sanddi > 0):
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Remaining problems

Worme-like BC update (simplified: move choice probab. factors not shown)

m pick permutation o € M(1,...,s),seti=1

m while true:

randomly choose §i = +1
if (/=1anddi <0)or(i=sanddi>0):

end worm

seti’ =i+ (6i—1)/2

randomly pick a link U from staple of Py ;)

compute one-link integrals N,
Zis = [ DIU] oy Retr(U Sy 5)
S, is staple sum around U w.r.t. BCa, BCg : B T
(one-link int. with Cayley-Hamilton: [TR (2024)]) i i B
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Remaining problems

Worme-like BC update (simplified: move choice probab. factors not shown)

m pick permutation o € M(1,...,s),seti=1

m while true:

randomly choose §i = +1
if (/=1anddi <0)or(i=sanddi>0):
end worm
seti’ =i+ (6i—1)/2
randomly pick a link U from staple of Py ;)
compute one-link integrals N,
Zis = [ D[U] oy Retr(U Sy 5)
Sy, B is staple sum around U w.r.t. BCa, BCp
(one-link int. with Cayley-Hamilton: [TR (2024)])
with probab. p(8i) = min(1, (Za/Zs)?") : N,
change BC for Py ;1 t

seti=1i+ i

generate new value for U
(using heat-bath dist. w.r.t. current BC)
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Remaining problems

Remnant "single cube" free energy barrier?

m For £ > 2 non-monotonic change in free energy during BC change for single spatial cube

- auto-correlation issue?

- can it be avoided?
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Conclusions & outlook

Conclusions
m Entangling surface deformation method with tilted lattice and/or local derivative essentially avoids free energy barriers in

determination of entanglement measures (Rényi entropies) in SU(N) lattice gauge theories.

m Worme-like update for temporal BC flip over spatial link results in significantly higher acceptance rates.
(but still small as N increases)

m Remnant "single cube" free energy barrier can show up for £ > 2.

Outlook
m Some ideas to overcome the "single cube" free energy barriers and improve acceptance rates for BC updates further.

m Aplications: entropic c-function for SU(2) , SU(3) , SU(5) , mutual information, ...
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