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Form factor definitions

For Bc → J/ψ, the non-zero matrix elements are parameterised in terms of local
hadronic form factors. For the vector and axial-vector these are given by

〈J/ψ(p′, λ)|c̄γµb|B−
c (p)〉 =

2iV (q2)

MBc + MJ/ψ
εµνρσε∗ν(p′, λ)p′

ρpσ

〈J/ψ(p′, λ)|c̄γµγ5b|B−
c (p)〉 = A0(q2)2MJ/ψ

ε∗(p′, λ) · q
q2 qµ

+ A1(q2)
[
ε∗µ(p′, λ)−

ε∗(p′, λ) · q
q2 qµ

]
(MBc + MJ/ψ)

− A2(q2)
ε∗(p′, λ) · q

MBc + MJ/ψ

[
pµ + p′µ −

M2
Bc

− M2
J/ψ

q2 qµ
]
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Previous HPQCD calculation: 2007.06957

I 2+1+1 MILC HISQ gluon configurations, a = 0.09fm, 0.06fm, 0.045fm
I Physical pions on a = 0.09fm ensemble
I HISQ charm and heavy valence quarks, with 1.3amc < amh < 0.9amb

Matrix elements extracted from fits to two-point and three-point functions

→
∑Nexp

n |AJ/ψ
n |2e−EJ/ψ

n t + (−1)t ...

→
∑Nexp

n |ABc
n |2e−EBc

n t + (−1)t ...

→
∑Nexp

n,m AJ/ψ
n AB†

m Vnme−tEBc
m −(T−t)EJ/ψ

n

+(−1)t ...+ (−1)T ...+ (−1)T−t ...

where the oscillating contributions come from our use of staggered quarks.

V00 ∼ 〈J/ψ(p′, λ)|J |B−
c (p)〉 → F(amc, amh , q2,Mηh ,M2

π)

3 / 13



Previous HPQCD calculation: 2007.06957
Form factors then extrapolated to physical continuum using fit to pseudo-BGL
parameterisation, excluding outer functions

F(q2) =
1

�
��φ(q2)P(q2)

3∑
n=0

anznNn

where
P(q2) =

∏
Mpole

z(q2,M2
pole)

an =
3∑

j,k,l=0
bjkl

n ∆
(j)
h

(
amval

c
π

)2k (amval
h
π

)2l

with ∆
(0)
h = 1 and

∆
(j 6=0)
h =

(
2Λ

Mηh

)j
−
(

2Λ
Mphys
ηb

)j

I Omission of outer functions, which depend on z and mh , makes choice of priors
unclear.

I Ideally include outer functions which depend on susceptibilities, χ.
I For b → c, susceptibilities are well known perturbatively, but for b → light

nonperturbative condensate effects are important
I we compute b̄c susceptibilities nonperturbatively on lattice before moving on to b̄s

and b̄u/b̄d
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b̄c Susceptibilities: 2405.01390
Susceptibilities are defined in terms of subtracted polarisation tensors for current jδµ,

(−q2gµν + qµqν)Πδ(q2) + qµqνΠδL(q
2) = i

∫
dxeiqx〈0|Tjδµ(x)jδ†ν (0)|0〉,

e.g.

χ1+ (q2 = 0) ≡
1
2
∂2

∂2q2

(
q2ΠA(q2)

) ∣∣∣
q2=0

,

Dispersive parameterisations like BGL use the optical theorem to write the imaginary
part of the polarisation tensor as

ImΠδµν(q2) =
1
2
∑
X

(2π)4δ(pX − q)〈0|jδµ|X(q)〉〈X(q)|jδ†ν |0〉.

and crossing symmetry to relate the 0 + J → 2 matrix elements to the 1 + J → 1
hadronic form factors F , arriving at an expression of the form:

χJP ≥
∫ ∞

tX

dq2λ(q2)|F(q2)|2

χJP ≥
1

2πi

∫
Cα

dz
z
|B(z)φ(z)F(z)|2.
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b̄c Susceptibilities: 2405.01390

I Compute χΓ directly on the lattice (e.g. Martinelli et al. 2105.07851) from time
moments of Euclidean correlation functions
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HPQCD 2405.01390
I We will use these susceptibilities to perform a fully dispersively bounded fit to

new data for Bc → J/ψ
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Bc → J/ψ Update: Dispersive Fit
tX = (MBc + MJ/ψ)

2 is above 2-particle threshold t+ = (MD∗ + MB)2.
Following 2305.06301, we use orthonormal polynomials on unit circle,∫ α(tX )

−α(tX )
dθpn(eiθ)pm(e−iθ) = δnm

The dispersive parameterisation is then

FY (z) =
1

PY (z)φY (z)
∑

n
aY

n pn(z)

where PY (z) =
∏

i z(q2, t+,M2
pole,i) are Blaschke factors and φ are outer functions,

which depend on the susceptibilities, χ, and are analytic on the open unit disk in z.

To determine Mpole,i we use the
lattice Hc masses, extracted from
correlator fits, and the physical-
continuum splittings between MBc
and the b̄c poles,

Mpole,i = M latt
Hc +∆phys

i .

With this prescription, none of the
poles cross threshold
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Bc → J/ψ Update: Dispersive Fit

We expand the an appearing in the physical continuum parameterisation,

FY (z) =
1

PY (z)φY (z)
∑

n
aY

n pn(z),

to allow for dependence on mh and π masses:

aY
n = αY

n ×
(

1 +
3∑

j 6=0
bY ,j

n ∆
(j)
h + δχ

3∑
j=0

b̃Y ,j
n ∆

(j)
h

)
Nn

δχ =

(
Mπ

Λχ

)2
−
(

Mphys
π

Λχ

)2

, ∆
(j 6=0)
h =

(
Λ

MH

)j
−
(

Λ

Mphys
B

)j

The dispersive bounds then allow us to take priors of 0 ± 1 for each αY
n , where we also

truncate the sum at O(z3).
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HPQCD 2304.03137

Discretisation effects included at the level of matrix elements as

Jν,Γ(s)
latt = Jν,Γ(s)

phys +
3∑

j,n=0

3∑
k,l 6=0

c(ν,Γ),jkl
n ∆

(j)
h (w − 1)n

(
amval

c
π

)2k (amval
h
π

)2l

+
3∑

j,n=0

3∑
k,l 6=0

c̃(ν,Γ)(s),jkl
n ∆

(j)
h (w − 1)n

(
amval

c
π

)2k (amval
h
π

)2l

δ
(s)
χ

This is important for the noisy form factors, such as A2, where we have

A2 ∼
J − J ′

p2/M2
J/ψ

where J and J ′ are O(1) matrix elements.
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Bc → J/ψ Update: Results
Update includes increase in time sources on each ensemble and additional a = 0.06fm
ensemble with physical pions. a = 0.03fm ensemble also in progress.
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Data points here are corrected to better reflect fit quality:
Fcorrected = Fdata + (Fphys − F fit)
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Bc → J/ψ Update: Preliminary Dispersive Fit

0.00 0.01 0.02 0.03 0.04 0.05
z(q2, t0 = q2

max)

−0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

T
1

HPQ
CD

Pre
lim

in
ar

y

Bc→ J/ψ

Dispersively constrained fit

a\amh
0.08787
0.0884
0.0592
0.0568
0.0441

0.427 0.500 0.525 0.650 0.725 0.800

0.00 0.01 0.02 0.03 0.04 0.05
z(q2, t0 = q2

max)

0.0

0.2

0.4

0.6

0.8

1.0

T
2

HPQ
CD

Pre
lim

in
ar

y

Bc→ J/ψ

Dispersively constrained fit

a\amh
0.08787
0.0884
0.0592
0.0568
0.0441

0.427 0.500 0.525 0.650 0.725 0.800

0.00 0.01 0.02 0.03 0.04 0.05
z(q2, t0 = q2

max)

−0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

T
23

HPQ
CD

Pre
lim

in
ar

y

Bc→ J/ψ

Dispersively constrained fit

a\amh
0.08787
0.0884
0.0592
0.0568
0.0441

0.427 0.500 0.525 0.650 0.725 0.800

Also have good control over the heavy-HISQ extrapolation for the tensor.
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Comparison to 2007.06957

×2 reduction in uncertainty for 1± FFs vs 2007.06957, some change in shape.
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Shift in R(J/ψ) :

0.2582(38) → 0.2674(31) (prelim.)

and FL :

0.4416(92) → 0.4510(88) (prelim.)

Seems to go against arguments that
R(J/ψ) and FL should move move in
opposite directions
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Conclusions and outlook

I Update of Bc → J/ψ form factors near completion, with large reduction in
uncertainty for 1+ currents

I a = 0.03fm ensemble in progress and stability analysis still to do

I b̄c susceptibilities now computed (2405.01390), b̄s and b̄l susceptibilities now
underway

I Outer functions should be included!

Thanks for listening!
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