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Renormalization of nonlocal gluon operators on the lattice

D. Gavriel,* H. Panagopoulos,’*! and G. Spanoudes!:#
' Department of Physics, University of Cyprus, Nicosia, CY-1678, Cyprus

We study the renormalization of a complete set of gange-invariant gluon nonlocal operators in
lattice perturbation theory. We determine the mixing pattern under renormalization of these opera-
tors using symmetry arguments, which extend beyond perturbation theory. Additionally, we derive
the renormalization factors of the operators within the modified Minimal Subtraction (MS) scheme
up to one-loop. To enable a non-perturbative renormalization procedure, we investigate a suitable
version of the modified regularization-invariant (RI') scheme. and we calculate the conversion fac-
tors from that scheme to MS. The computations are performed by employing both dimensional
and lattice regularizations, using the Wilson gluon action. This work is relevant to nonperturbative
studies of the gluon parton distribution functions (PDFs) on the lattice.

I. INTRODUCTION

The QCD factorization theorems [1] allow the expression of the cross-sections for various high-energy hard processes
as a convolution of a process-dependent hard scattering coeflicient, computable in perturbation theory, and a parton
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Gluon quasi-PDFs

Studies of gluon PDFs has been relatively limited compared to quark PDFs, however:

* Gluonic contributions make a significant impact on the proton’s spin [C. Alexandrou et al,,

= Motivation Phys. Rev. D 101, 094513 (2020)].
* Phenomenological data suggest that gluon PDFs dominate over quark PDFs in the

small-x region [S. Alekhin, . Bliimlein, S. Moch, Phys. Rev. D 89, 054028 (2014)].

Theoretical setup

* Global analysis finds that accurate calculations of gluon-dependent quantities are
essential for the cross-section of Higgs boson production, heavy quarkonium and jet
REN I production [J. Butterworth et al,, J. Phys. G 43, 023001 (2016)].

Conclusion
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Gluon quasi-PDFs

Studies of gluon PDFs has been relatively limited compared to quark PDFs, however:

* Gluonic contributions make a significant impact on the proton’s spin [C. Alexandrou et al,,
Phys. Rev. D 101, 094513 (2020)].

* Phenomenological data suggest that gluon PDFs dominate over quark PDFs in the
small-x region [S. Alekhin, . Bliimlein, S. Moch, Phys. Rev. D 89, 054028 (2014)].

* Global analysis finds that accurate calculations of gluon-dependent quantities are
essential for the cross-section of Higgs boson production, heavy quarkonium and jet
production [J. Butterworth et al., ]. Phys. G 43, 023001 (2016)].

One approach for the calculation of the x-dependence of PDFs using lattice QCD is the
quasi-distribution method [X.]i, Phys. Rev. Lett. 110, 262002 (2013), X. Ji, Sci. China Phys. Mech. Astron.
57,1407 (2014)]; employs the large momentum effective theory (LaMET).

* Quasi-PDFs are defined as matrix elements of momentum-boosted hadrons coupled to
gauge-invariant nonlocal operators, which includes a finite length Wilson line.

An important aspect of calculating quasi-PDFs is their renormalization.



Gluon nonlocal operators

The nonlocal gluon operators under study are defined in the fundamental
representation as:

Motivation
Ouvpo(r+27,2) =2 Tr (FW(:C + 2T)W(x + 27, 2) F o ()W (2, 2 + ZT))

= Theoretical setup

* F, is the gluon field strength tensor

Results * W(x,x + z7) is the straight Wilson line with length z. Its expression is given by the
path-ordered () exponential of the gauge field A, as follows:

Conclusion

W(x,x+ 27) =P exp [z’g /Z A, (x+(T) dC]
0
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Gluon nonlocal operators

The nonlocal gluon operators under study are defined in the fundamental
representation as:

Ouvpo(x+ 27,2) =2 Tr (FW(:C + 2T)W(x + 27, 2) F o ()W (2, 2 + ZT))

QF”

* W(x,x + z7) is the straight Wilson line with length z. Its expression is given by the
path-ordered () exponential of the gauge field A, as follows:

» is the gluon field strength tensor

W(x,x+ 27) =P exp [z’g /Z A, (x+(T) dC]
0

Due to the antisymmetry of £, , by selecting the indices of 0, to be in any direction:

- There are 36 nonlocal operators in total



Renormalization of operators

Motivation
In general, the nonlocal gluon operators may undergo mixing under renormalization.

" Theoretical setup - Their mixing pattern can be determined by the symmetries of the theory.

Results

We define the renormalization mixing matrix Z:

Conclusion
ofy=3(27"), o)

J
we use i and j as generic indices, to list operators within a mixing set.




Motivation

= Theoretical setup

Results

Conclusion

Conversion factors

Renormalization schemes:

= Modified minimal subtraction ( MS ) scheme, typically employed in phenomenological
studies. Cannot be used in nonperturbative studies due to its perturbative nature.

= Modified regularization-invariant (RI") scheme, applicable in both nonperturbative
and perturbative studies.

—> Nonperturbative renormalization factors are calculated in a suitably defined variant
of the RI' scheme.

Then they can be converted to the MS scheme through conversion factors which can
only be determined using perturbation theory and are regularization independent:

CMSRI' — (ZLR,W) -1 (ZLR,RI’) _ (ZDR,W) -1 (ZDR,RI’)

Convenient to use dimensional regularization (DR) instead of lattice regularization (LR).
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Lattice action

We consider a nonabelian gauge theory of SU(N.) group and N multiplets of fermions.

2
Full action: S = g_2 Z ReTr{1 — Uplaq.} + SF

plaq.

Terms :
* Gluons: Wilson plaquette gauge action.

* Fermions: clover-improved Wilson action (cgy, term).

E

v 1s determined by the standard clover discretization.

Standard lattice discretization of the Wilson line, using gluon links U; (x):
nF1
W(z,x+ 27) = HUiT(:CJrEa%), n=z/a
(=0
where U_; (x) = U:r (x — at) and upper (lower) signs correspondton > 0 (n < 0).
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Symmetry properties

Possible mixing with similar operators:

It can be shown that:

= No mixing with non-gauge invariant operators.

* No mixing with operators involving alternative paths for the Wilson line joining gluon

field-strength tensor.

= No mixing with nonlocal fermion operators.

=> All mixing operators will necessarily be of the same form as the original operator,
possibly with different values for the Lorentz indices u, v, p, 0.

10
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Symmetry properties

Possible mixing with similar operators:

It can be shown that:

= No mixing with non-gauge invariant operators.

* No mixing with operators involving alternative paths for the Wilson line joining gluon

field-strength tensor.

= No mixing with nonlocal fermion operators.

=> All mixing operators will necessarily be of the same form as the original operator,
possibly with different values for the Lorentz indices u, v, p, 0.
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Symmetry properties

C, P, T transformations:

= Under charge conjugation the operators remain invariant.

= There are 4 "parity" transformations (reflections P;, P,, P; , P, about each of the 4
axes); one these alters the sign of z in the operator.

Taking advantage of the translation invariance of the Lagrangian and the cyclic
permutations on the trace of the operators, we perform a change of basis:

1

O/:,l,l:VpO'(Z7 O) = 5 (OM’/PU(Z7 O) + OPUW/(Z7 O))

These operators are eigenstates of parity transformations (performed with respect to
the midpoint of the operators) with eigenvalues of +1 (even, E) or -1 (odd, O).

12
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Symmetry properties

Rotational octahedral point group:

Symmetry group that describes the discrete
rotational symmetries of an octahedron or a cube.
[since the Wilson line is chosen to lie along the z
direction]

Consists of 24 elements, corresponding to rotations
by various angles with respect to different axes.

It possesses five irreducible representations.

13
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Symmetry properties

Rotational octahedral point group:

Symmetry group that describes the discrete
rotational symmetries of an octahedron or a cube.
[since the Wilson line is chosen to lie along the z
direction]

Consists of 24 elements, corresponding to rotations
by various angles with respect to different axes.

It possesses five irreducible representations.

By exploring whether the operators support the
same irreducible representations and combining
our parity transformations findings, we arrange the
36 operators into 16 groups, as shown in the
Table.

Group Operators Py | Pa | Pa| Pa |Irreducible Repr.
1 Ofiay + Odaas + O E|E|E|E Ay
2 Ofaya + 040 + 0340, E|E|E|E Ay
3 |( 2051~ O = O | | gy | | i | B E

131 — Odzaz
1 (2032,2_— Oiara — 92'-‘2‘) E|E|E|E E
OM[-I. - U2-|.24
05192 E|E|E|O
3 Ogiy ElO|E|E T
Oy O|E|E|E
074 E|E|E|O
6 0%y E|O|E|E T
Olayy O|E|E|E
O 0O|0|E|E -
7 OF iy O|E|E|O Ty
Ofaas E|lO|E|O
Ofi4n O|0|E|E
8 Of O|E|E|O Ta
0oy ElOo|E|O
Odaya + O O|E|0|E
i} Ofiay + Odias Elo|Oo|E T
O+ 0hia E|E|lO|O
[ o Elo|o|O
10 05121 + O34 O|E|O|O Ty
054y + Ongia o|0|0|E
Oagn — O O|E|O|E
11 Oy — O oy E|O|O|E Ty
Of4y — Odaa E|E|O|O
0%z — O5aia Elo|o|O
12 Oy — Dayas o|E|0]|O Ty
141 — Daza o|lo|o|E
13 O g + Odagy + 04410 olo|O]|0O Ay
14 O304 + Oagy + Oaaia E|lE|O|E Ay
15 (20:;-“2__0:;21.1'_0:"121) olololo I
O5125 — O34
16 2022 = Onu —Oun | g | g |0 | E E

(

Og124 — Oaza

)

14



Group Operators Py | Pa | Pa| Pa |Irreducible Repr.
. 1 Ofiar +Odga + Odss | E|E|E|E A,
Symmetry propertles 2 Ofara + Ofana + OFuas E|E|E|E Ay
( 204434 — Odyar — Otfaan ) e lele .
3 : E|lE|E|E E
O3y — Odzaa
1 (2032,2_— OJ'“_*_U?'-‘Z‘) E|E|E|E E
. OM[-I. - U2'-|.24
Key points: N I
vk 03122 ElE|lE]|O
. 5 O3 Elo|le|E T
= QOperators in groups {1, 2}, {3, 4}, {5, 6}, {7, 8} Osn o|E|e|E
N have the potential to mix under renormalization. Oiies Blele|o
MOtlvatlon . . 6 ooy E|O|E|E T
They share the same behavior under parity Oras ole|e|E
transformations and under the octahedral group. O olole|e
. 7 Odia O|E|E|O T3
Theoretical setup O £o|E|o
Ofas 0|0|E|E
8 O o o|E|E|O T
Ol Elo|le|o
= Results RPN W P S Y
] Oy + Oia Elo|lo]|E T
0%, + Ohs Ele|lo]|o
| O212 + Pag1a ElO[O]O
Conclusion o oot |olklo|o| =
05141 + O o|o|O|E
Oagn — O O|E|O|E
11 Oy — O oy E|lOo|O|E T3
Oy — Oha ElE|lo]|o
Opars — Ozans Elo|lo]|o
12 03121 — O o|lE|o|O T
D541 — O o|lo|o|E
13 O ias + 0h + 0di4a O|0|0]|0 Ay
14 O512s + 052 + 0502 |E|E|O|E Ay
15 (2('.2';;_“2_—03'-“.]'—03',21) olololo B
O5125 — O34
16 (Qﬁ}:;le__ O:;.tl.]__ 03_121) E E|O E I
03125 — Oza




Group Operators Py | Pa | Pa| Pa |Irreducible Repr.
. 1 Odias + Odss + 04 |E|E | E | E A,
Symmetry propertles 2 Oagz + Ofaga + OFgna ElE([E|F A1
3 (Qc}:;-l.ad_oﬂ-l:!] —Ualza'.t) lelelr P
; O3y — Odzaa R )
1 (2'9112’2_01"1_*_92'-‘2‘) E|E|E|E E
. Ol‘dl-l. - U2'-|.24
Key points: B 1l
2} 0510 E|lE|E|O
. 5 Osias Elo|E|E T
= QOperators in groups {1, 2}, {3, 4}, {5, 6}, {7, 8} Osn o|E|e|E
Nl e have the potential to mix under renormalization. Orie Elefelo)
. . Ons Elo|E|E T
They share the same behavior under parity Oras ole|e|E
transformations and under the octahedral group. O olo|e|e
- 7 Oy O|E|E|O Ty
Theoretical setup = Qperators in groups 9-16 cannot possibly mix; O “1171°
. 1. . . Ofiaa o|lo|E|E
they multiplicatively renormalize. 8 Ot olE|E|o T
Ol Elo|E|o
= Results oo\ lolelo]s
9 2y + Odiag Elo|lo|E T
OF,, + Oty E|lE|lo|o
. Otz + Oras Elo|lo|o
Conclusion 0| (ool lole|olo| =
03,41 + Oz olo|o|E
Oagn — O O|E|O|E
11 Oy — O oy E|O|O|E Ty
Ohas — Oz E|lE|o|o
O51s — Ozira Elo|lo|o
12 Osrzr — Oy o|lel|lolo Tz
Oa1 — Onaz olo|o|E
13 O ias + 0h + 0di4a O|0|0]|0 Ay
4 | 054 +05,+05: |E|E|O|E Ay
15 (20:;%12__0:]-21.]'_03'121) olololo F
O5125 — O34
16 (205“2_‘ Oazar — ‘33—121) ElE|o|E E
03125 — Oza




Group Operators Py | Pa | Pa| Pa |Irreducible Repr.
. 1 OF 11 + Odaan + Oyay E|E|E|E Ay
Symmetry prOpertleS 2 Oz + Ofara + O E|E|[E[L Ay
3 (zﬁ}:;-Lﬂd_OCI-l:!] —0:1232) elelelr I
; O3y — Odzaa R )
4 2'5-:'11212—01-11.4.—02'421 lelelr E
. Ol‘dl-l. - U2'-|.24
Key pomtS. Osyaz E|E|E|O
. 3 Oaan E|O|E|E T
= QOperators in groups {1, 2}, {3, 4}, {5, 6}, {7, 8} Osn o|E|e|E
N have the potential to mix under renormalization. Oiies Blele|o
MOtlvatlon . . 6 ooy E|O|E|E T
They share the same behavior under parity Oras ole|e|E
transformations and under the octahedral group. O olole|e
- 7 Oy O|E|E|O Ty
Theoretical setup = QOperators in groups 9-16 cannot possibly mix; Oian SO
. 7. . . O 14 O|lO|E|E
they multiplicatively renormalize. 8 Ot olE|E|o T
0o E|lo|E|O
= Results Otas0in)  |o|®|o|®
0 OFha1 + Oz E|O|O|E Ty
Oy + 04 E|E|O]|O
Conclusion i | [omiom ]| |o|elofo| =
. . . Og1as + Oz o|lo|lol|E
The above findings, are valid beyond . Jlols
perturbation theory. [based on symmetry 1 Oz~ Odas | |E|0|O|B| T
. Odvar — O E|E|lOo|oO
properties alone]. o oo\ lelololo
12 05121 — Do o|lE|o|O T
05141 — Panas olo|o|E
13 O g + Odagy + 04410 olo|O]|0O Ay
14 O51aq + Oaaay + Oyaa E|E|O|E Ay
15 (mg-t;_‘ Oiigl‘ 03'121) olololo i
16 (20@12‘05—*“‘0521) E|E|O|E E
03125 — Oza
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Perturbative calculation of Green’s functions

To study the renormalization of the gluon nonlocal operators:

We calculate the following one-particle-irreducible (1-PI) two-point bare amputated
Green’s functions using dimensional regularization (DR) and lattice regularization (LR):

ot (¢+4") Aol(g,2) = (A (q) (/ d'x Opvpo (T + z%,x)) A%(q/»amp

Calculations are more complicated than local operators due to the presence of both the
external momentum (q) and the length of the Wilson line (z) in the integrands.

18



One loop calculations

Motivation

1 2 4 5
Theoretical setup N N
= Results
6 7 8 9 10
Conclusion
r T
11 12 13 14 15

Fig.4: One-loop Feynman diagrams of the Green’s functions of the gluon nonlocal operators.

[Solid lines represent gluons. The operator insertion is denoted by a blue solid box.]




Motivation

Theoretical setup

= Results

Conclusion

One loop calculations in DR

The renormalization matrix of the operators turns out to be diagonal, both in the
original basis (0,,,s) and in the basis of symmetries table (16 groups).

Using the MS renormalization condition and the 1-loop results, we find:

2
g D 2
1 - 7/ NC__
T Toen? <<3+“) 3 f)

[Groups containing multiplets share the same renormalization factor for each
component within the multiplet]

0 fori=2,4,6,8
where w; =<1 fori=09-16
2 fori=1,3,5,7

DR,MS _ ¢

20
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One loop calculations in DR

The renormalization matrix of the operators turns out to be diagonal, both in the
original basis (0,,,s) and in the basis of symmetries table (16 groups).

Using the MS renormalization condition and the 1-loop results, we find:

2
g D 2
1 - 7/ NC__
T Toen? <<3+“) 3 f)

[Groups containing multiplets share the same renormalization factor for each
component within the multiplet]

0 fori=2,4,6,8
where w; =<1 fori=09-16
2 fori=1,3,5,7

DR,MS _ ¢

This result:

* is independent of gauge parameter (f) . It is expected from gauge invariance in MS .

* isindependent of the length of the Wilson line (z).

* indicates no operator mixing of equal or lower dimension.

21
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RI' renormalization prescription

Significant flexibility in defining renormalization conditions in a RI' scheme, particularly
in cases of operator mixing.

A practical choice for a RI'-like scheme suitable for nonperturbative studies is to
consider:

* four 2x2 mixing matrices (for each of the four 2-element mixing groups).

* eight 1x1 matrices (for operators that are multiplicatively renormalizable).
- We need to impose several conditions to identify the elements of these matrices.

In our proposed conditions:
= We select certain values for the Lorentz indices «, § of the external gluons.

= We set specific components of the RI' renormalization scale (g) to zero.

With this choice, we aim to create a solvable system of conditions and achieve simpler
expressions. Other options can be tested by using our results on the full Green's
functions.

22
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Conversion factors

Using the renormalization conditions of the RI' scheme and the MS -renormalized Green’s
functions we derive the conversion factors of the operators.

- They are complex expressions including integrals of modified Bessel functions of
the second kind, K,,, over a Feynman parameter and/or over variables running
along the Wilson line.

Insights by plotting the conversion factors for the parameters used in lattice simulations.

For the Ny = 2 + 1 + 1 ensemble of twisted-mass clover-improved fermions and Iwasaki-
improved gluons (cA211.30.32) [C. Alexandrou et al., Phys. Rev. D 98,054518 (2018)]:

« MS scale is fixed at i = 2 GeV
lattice volume is L3 X T with L = 32 and T = 64 (in lattice units)

lattice spacing is a = 0.0938 fm
g% = 3.47625
f = 1 (Landau gauge)

. . — 21 21 21 21 1 .
RI' scale is defined as ag = (T ny, Nz N3 (ng+ > )), where n; are integers.

L L 23
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The plots: "l
= Show the real part of the conversion factors e e I B
N as a function of z/a [imaginary part is | o
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Theoretical setup z/a ranging from 1 to L/2 = 16, while : I i\.\ . Coglia
dashed lines connecting these points display S oo . B (Cosl
» Results the conversion factors for arbitrary oo
noninteger values of z/a (value atz/a = 0 S e i
has been excluded) e s
Conclusion = Do not show negative values of z/a as the 25
conversion factors are symmetric with 20 et
respect to z = 0. - ./,./""
» Depending on the choice of g the numerical % * (Cuslis
values of the conversion factors can be osp
excessively large (must tune g accordingly).

z/a

Fig.5: Conversion factor of ‘plus-type’

. 24
operators as a function of z/a




Motivation

Theoretical setup

= Results

Conclusion

Conversion factors

As an example, for the ‘plus-type’ operators
(mixing pairs {1, 2}, {3, 4}, {7, 8}, and
operators 9,11, and 15 ):

= Wesetn; =n,=3,n;=0,andn, =-1/2.

CMS’ RI'

CMS.RI

CMS’ RI'

25}

2.0?—
1.5?—
1.05—
o.sf— /

00 } y’/’

"’ o [Cuglit
” B [Cirgl22

0.00

25}
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0.15*"
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0.10 'l

o
005~ !
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N B [Cysilan

20}

05F

oof |

e [Caslia

L I | I | I | I | I | I | I | I
0 2 4 6 8 10 12 14 16

z/a

Fig.5: Conversion factor of ‘plus-type’

. 25
operators as a function of z/a
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Conversion factors

As an example, for the ‘plus-type’ operators
(mixing pairs {1, 2}, {3, 4}, {7, 8}, and
operators 9,11, and 15 ):

= Wesetn; =n,=3,n;=0,andn, =-1/2.

Conversion matrix elements for pair {7, 8}:
* Diagonal elements (figure above)
* Nondiagonal elements (figure below)

- mixing pairs, {1, 2} and {3, 4}, have similar
qualitative behavior.

CMS’ RI'

CMS.RI

25)
[ _ [ ]
[ o-0 "¢ -
[ - i
20F o-® -m-
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r o _.m
- m
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Conversion factors

As an example, for the ‘plus-type’ operators
(mixing pairs {1, 2}, {3, 4}, {7, 8}, and 2 S P N S S
operators 9,11, and 15 ): 2/a

= Wesetn; =n,=3,n;=0,andn, =-1/2.

IS, RI'

Conversion matrix elements for pair {7, 8}:

(

* Diagonal elements (figure above)

* Nondiagonal elements (figure below)

0 2 4 6 8 10 14
- mixing pairs, {1, 2} and {3, 4}, have similar 7/
qualitative behavior. 25
z.oi’ o ® oo " T
Conversion matrix element for operator 15: z e T
. . . . . . % 10p //. e [Cusilia
 single element as it is multiplicatively .
= 05+ !
renormalized o
0of
—>non mixing operators, 9 and 11, have oz 4 e s 2w

z/a

similar graphical representation.
Fig.5: Conversion factor of ‘plus-type’
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Conversion factors

For the ‘minus-type’ operators (mixing pair
{5,6}, and operators 10, 12, 14, and 16 ):

» Wesetn,=0,n,=n5=3,andn, =5 for
mixing pair {5,6}

» andn;=n,=0,n3=3,andn, =5 for
operators 10,12,14, and 16

[thus tree-level Green’s functions will be
invertible for all integer values]
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Conversion factors

For the ‘minus-type’ operators (mixing pair
{5,6}, and operators 10, 12, 14, and 16 ):

» Wesetn,=0,n,=n5=3,andn, =5 for
mixing pair {5,6}

» andn;=n,=0,n3=3,andn, =5 for
operators 10,12,14, and 16

[thus tree-level Green’s functions will be
invertible for all integer values]

Conversion matrix elements for pair {5, 6}:
* Diagonal elements (figure above)
* Nondiagonal elements (figure below)
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C!\I\ RI'

For the ‘minus-type’ operators (mixing pair
{5,6}, and operators 10, 12, 14, and 16 ): ok

» Wesetn,=0,n,=n5=3,andn, =5 for ,
mixing pair {5,6} oaf

Motivation

* andn;=n,=0,n3 =3,and ny =5 for oaf
operators 10,12,14, and 16 ’

[thus tree-level Green’s functions will be
= Results invertible for all integer values]

Theoretical setup

SMS, RI'
LN RI
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=

Conclusion Conversion matrix elements for pair {5, 6}: zja

* Diagonal elements (figure above)
* Nondiagonal elements (figure below)
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One loop calculations in LR

We find the renormalization factorsin LR [ i,j € {1, ..., 16} ]:

LR.MS _

g* | 2x? , , 9 L
I+ 1672 ) N + Ny (e +eacsw +ezcgy + 3 log(a”i”)

z 5!
+ N.. (64 + €5|E| —3 log(a?f?) — (66 + log(a2ﬁ2)> wi) }]

where e; =-1.05739, e, =0.79694, e5 = -4.71269, ¢, = -17.81504, e; = -19.95484, and
eq = —8.37940.

* The presence of cgyy is inherited from lattice gluon field renormalization factor.
* The expression is gauge independent ( numerically confirmed up to 0(107>) ).

* Coefficient es has the same value as in the quark nonlocal operators of an arbitrary
Wilson line’s shape (linear divergence arises only from Wilson-line self-energy).
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One loop calculations in LR

We find the renormalization factorsin LR [ i,j € {1, ..., 16} ]:

2

272 2
1 J { + Ny (el + g Coyy + €3 Coayy + 3 log(ag,u-g)>

ZLRMS _ 5 _
g TN,

z 5!
+ N.. (64 + €5|E| —3 log(a?f?) — (66 + log(a2ﬁ2)> wi) }]

where e; =-1.05739, e, =0.79694, e5 = -4.71269, ¢, = -17.81504, e; = -19.95484, and
eq = —8.37940.

* The presence of cgyy is inherited from lattice gluon field renormalization factor.
* The expression is gauge independent ( numerically confirmed up to 0(107>) ).

* Coefficient es has the same value as in the quark nonlocal operators of an arbitrary
Wilson line’s shape (linear divergence arises only from Wilson-line self-energy).

The renormalization matrix turns out to be diagonal, both in the original basis (0,y,4)
and in the basis of symmetries table (16 groups), as observed in the case of DR.

=>in lattice theory at the 1-loop level, the nonlocal gluon operators under investigation
are multiplicatively renormalized.
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One loop calculations in LR

We find the renormalization factors in LR [ i,j € {1, ..., 16} ]:

2

272 2
1 J { + I\rf (61 + €0 Cswy + €3 C%’LV + 3 log(ag,u-g)>

ZLRMS _ 5 _
g TN,

LN, (4 Fesd = Zlonai®) — (e + lon(a2p?)) w) H
a

where e; = -1.05739, e, =0.79694, e; = -4.71269, e, = -17.81504, e5 = -19.95484, and
eg = —8.37940.

* The presence of cgyy is inherited from lattice gluon field renormalization factor.
* The expression is gauge independent ( numerically confirmed up to 0(107>) ).

* Coefficient es has the same value as in the quark nonlocal operators of an arbitrary
Wilson line’s shape (linear divergence arises only from Wilson-line self-energy).

The renormalization matrix turns out to be diagonal, both in the original basis (0,y,4)
and in the basis of symmetries table (16 groups), as observed in the case of DR.

=>in lattice theory at the 1-loop level, the nonlocal gluon operators under investigation
are multiplicatively renormalized.
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One loop calculations in LR

Even though the one-loop lattice calculation shows a multiplicative renormalization for
all the gluon nonlocal operators under study:

= We expect that mixing among pairs of operators, as dictated by the symmetries of
QCD, will be revealed at higher orders.

= Provides a valuable input to the nonperturbative studies regarding the size of mixing
contributions expected to arise in lattice simulations.

= Although a multiplicatively renormalizable operator is a better candidate to explore
the hadron matrix elements of gluon PDFs, in practice, other operators, which can mix
only at higher orders of perturbation theory, can be possible alternatives.
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Summary and Discussion

We have studied the renormalization of the gluon nonlocal operators.

By analyzing the symmetry properties of these operators, we have identified their
mixing pattern under renormalization; some undergo mixing into pairs ({1, 2}, {3, 4},
{5, 6}, {7, 8}), while others are multiplicatively renormalizable (9-16).

We have computed the two-point bare Green'’s functions of gluon nonlocal operators
using both DR and LR.

We have evaluated the renormalization factors in the MS scheme at one-loop. They
are found to be diagonal, both in the continuum and on the lattice.

In lattice theory, at the 1-loop level, the nonlocal gluon operators undergo
multiplicative renormalization. Mixing is expected to occur at higher orders of
perturbation theory.

We determined the conversion factors of these operators between the RI’ and MS
renormalization schemes. The RI' scheme was defined to be compatible with the
mixing pattern of the operators and be practical for nonperturbative studies.

The outcomes of this study are essential for exploring potential paths for
investigations of gluon PDFs through lattice QCD.
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Symmetry properties

Possible mixing with similar operators:

* No mixing with operators involving alternative paths for the Wilson line joining gluon
field-strength tensor.

—> Wilson lines renormalize multiplicatively

* No mixing with nonlocal fermion operators:

U(x+27) T W(x + 27,x) ¥ (x)

where W generally stands for a fermion field, and I' is a Dirac y-matrix (or product
thereof).

—->W transforms under the fundamental, rather than the adjoint, representation of
the global gauge group.
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Symmetry properties

Possible mixing with similar operators:

* No mixing with non-gauge invariant operators, in particular:
* BRST variations of other operators [Class A]
* operators which vanish by the equations of motion [Class B]

* finite mixing with any other operator having the same symmetry properties
[Class C].

—>substitution of the field strength tensor F,,, , on either side of the Wilson line, by any
combination of elementary fields, would violate one or more of the symmetries.

[e.g., local BRST symmetry.]
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Perturbative calculation of Green’s functions

We calculate the following one-particle-irreducible (1-PI) two-point bare amputated
Green’s functions using dimensional regularization (DR) and lattice regularization (LR):

0 (a+4d") Aola.2) = {4i(a) ( / d‘*mme(wHﬁw)) A%@’Damp‘

More complicated calculations than local operators due to the presence of both the
external momentum (q) and the length of the Wilson line (z) in the integrands.

The amputated tree-level Green'’s functions for both DR and LR:

Atoriipa = 0" (+ qutp ardpo " + Gudy acdp, €7
— qvp 5au550 e—iz¢;__qup 5aa5ﬁu g2
— 4.9 5aV55p e_imh — 4ulo 5ap5ﬂy &

+ @ulo Oaplpp e + g4, Ocp0Bu eizqg)

1zqs

 the expression is antisymmetric in {y, v} and {p, o}

* the expression is symmetric under (y, v) < (p, o) and under (a, 3, q) < (B, a,—q).
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RI' renormalization prescription

Renormalization - t 22 fori=
conditions for TIr [Aom (‘?az)] T [Aéf‘i(},z)] _ )2 fori=3
mixing pairs: NZ—1  |g—q.=o, N2 —1 Gama—0, 201G fori=T
Motivation a=p=3 o for i = 2,4.8
, * ¢, is the momentum ‘o |
Theoretical setup of the external gluon 1 py v [Atree (7 2 fori=
fields ' { 0w (T ")] _ [ Oy 1 ‘“)] _, —27%2 fori=4
NZ2—1  |g—g—o,  N2-1  |acs=o, |263 fori=38
— . c G3=q4=0, c g3=q4=0, q142

renormalization scale

Conclusion * The trace is RV (- tree (7
performed across o {if;( )(1 “)] _ {{\\3”(? /’)] _ {;Siﬂ (243) 0233 ior 1=5
NgE — 1= Ng — = orv=_(
color space. i JI=

)0 fori=2>5
51:0. isin (2q3) G2qs  for i =€




RI' renormalization prescription

Renormalization Tr [Ag{;)(c},z)] Tr [Ator‘(ef)(q z)] . ’

conditions for N2—1  |ocsco,  NZ-1  |pmco P for i =9,11

multiplicative a=1,8=3 a—1,8=3
Motivation renormalized operators:

RI’ (= . tree -
" [AO(”(Q 4)] " [Ao(i)(q L)} — z'qm(z(f?;)g_g for i = 10.12
' . NZ-1  |_o_ NZ—1  |oeco =

Theoretical setup + g, is the momentum n=i=0 71,

of the external gluon

fields
] ‘ L= ree
Results e ’ T [ABY (7.2)] I [AB (7. 2)] disin (233) dads for i = 14
* @y isthe RI _ N2 -1 G1=Ga=0, Nz -1 si—au—0. |isin(z@3) gz fori =16
: renormalization scale a=4,5=1 a=4,6=1
Conclusion
* The trace is .
performed across I {Ao(i)(%z)] I {Atorfi(q ”)] VR .
_ - . = or =15
color space. N2—1  |s—g—o. N2-1 |s—a—o 2
a=3,8=4 a=3,=4

For ‘minus-type’ operators (mixing pair {5, 6} and operators 10,12,14, and 16 with
multiplicative renormalization) we cannot select g;=0 (nor gz=m z n, where n is an
integer) because sin(g; z) will vanish, thus making their expression noninvertible.
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Conversion factors

Note for ‘minus-type’ operators:

Divergent behavior for noninteger values of

z/a

—>due to the unavoidable factor of sin(g; z) in
their tree-level expressions

But z/a is necessarily an integer in the lattice
definition of the operators, making these
divergences inconsequential.

5F T m [ |
[ ;. [ |
r i [ i
F oo
4 0 ,': /
F oo I/ \ ]
: | /
3f ' ' / '
[ s
Lo : ’ : ‘/
5 2f ! - A . a2
2} Foo 4.’// . o n . .
L ] - ) 1
EQ) 10 A ! l ! ///’
P - L
of /  u !
[ ' I :r
b 1 v
-1 1 '
1: ! '.
[ o ol
r 1 1
-2r ! [ I I
2 4 6 8 10 12 14 16
z/a
T T
L "l
04F |
P i

\I
v !
[ V!
| \!
1 i
-04 L il
2 4 6 8 10 12 14 16
z/a
St ¢ i
F I ! 1
+ I 1
4r b — i
E ' /o !
r | ® /
3 i p
L ’ ' ’
z  2f ° - o
2} F P ol X /./
= ? 7 ° S 1
[@} 1; ,. . /
[ // // : 1/
0r ® —
L [ J 1 Vol
r ! [ I
_11 1 1 "v
[ I II :"
-2F ! L ‘l’ L
2 4 6 8 10 12 14 16
z/a

o [Csalin

B [Ci56l22

e [Cselin

B [Cis56l21

e [Cuglin
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