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Matrix elements are hard
𝐶 𝑡 = ∑!

"! "

#$!
𝑒%$!&         𝐶'() 𝜎, 𝜏 = ∑*+

"#"$	
-$#$$

	 *𝐽*+	𝑒%$#.%$$/        𝐸! = 0.1𝑘        𝑍! = 1
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Outline

•  Motivation
• Lanczos in Hilbert space
• Convergence in noiseless case
• Adjustments for noise
• Strange scalar current in the 

nucleon & excited states
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Hilbert space & the Schrodinger picture

Interpolator excites the starting state
!𝜓 Ω = 𝜓 =%

!

𝑘 𝜓 𝑘 ≡%
!

𝑍! 𝑘

Hermitian transfer matrix
𝑇 = 𝑇" =%

!

𝑘 	𝜆! 𝑘

where   𝜆! = 𝑒#$!%

Euclidean time evolution
𝑇% 𝜓 =%

!

𝑍! 	𝑒#$!% 𝑘 	

	 → 	 𝑍&𝑒#$"% 0 + (ESC)
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No access to states/operators, but 
can compute correlators:
𝐶 𝑡 = 𝜓 𝑇% 𝜓 	
	 =%

!

𝑍! '	𝜆!%

𝐶()* 𝜎, 𝜏 = 𝜓+ 𝑇,𝐽𝑇- 𝜓
	 =%

./

𝑍.+∗	𝐽./ 	𝑍/ 	𝜆.+, 	𝜆/-



Running the Lanczos algorithm in Hilbert space
Start: 

𝑣1 = 2
2 2⟩

= 2
4(&)

 

𝛼1 = 𝑣1 𝑇 𝑣1 = 4 1
4(&)
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Iterate:
1. Apply 𝑇 and orthogonalize

=𝑣781 = 𝑇 − 𝛼7 𝑣7 + 𝛽7 𝑣7#1  

2. Normalize & compute 𝛼
𝛽781	' = =𝑣781 =𝑣781  

𝑣781 = 1
:#$%

=𝑣7;1  

𝛼781 = 𝑣781 𝑇 𝑣781  
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Can compute from 
𝐶 𝑡 = 𝜓 𝑇% 𝜓  !

(via a recursion relation)



Diagonalizing 𝑇
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𝑇!"
($) =%

&

𝜔!&
$ 	𝜆&

$ 𝜔'( &"
$

Ritz value ≈ 𝑒')!*



Diagonalizing 𝑇
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min
+

𝜆&
($) − 𝜆

,
≤ 𝐵&

$

Over all true 
eigenstates

Computable 
from 𝐶(𝑡)

Note: eigenvectors converge at same 
rate as eigenvalues! (Kaniel-Page-Saad)

𝑇!"
($) =%

&

𝜔!&
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$ 𝜔'( &"
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Ritz vectors & changes of basis 

Lanczos → Ritz: 𝑦&
$ = ∑"𝜔"&

$ 	|𝑣"⟩
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Lanczos approximates

𝑇 ≈ 𝑇 $ =%
!"

𝑣! 	𝑇!"
$ 𝑣" =%

&

𝑦&
$ 	𝜆&

$ 𝑦&
$

Ritz vector ≈ 𝑘
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Krylov → Lanczos: 𝑣" = ∑*𝐾"*	𝑇*
-
.(/)

Can compute 𝐾7%  from 𝛼7 , 𝛽7  via another recursion

Lanczos approximates

𝑇 ≈ 𝑇 $ =%
!"

𝑣! 	𝑇!"
$ 𝑣" =%

&

𝑦&
$ 	𝜆&
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$

Ritz vector ≈ 𝑘
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Krylov → Lanczos: 𝑣" = ∑*𝐾"*	𝑇*
-
.(/)
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𝑦&
$ 	= 	 %

"*

𝜔"&
$ 	𝐾"*	𝑇*

𝜓
𝐶(0)

	 ≡ 	 %
*

𝑃&*
($)	𝑇*

𝜓
𝐶(0)
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𝑇 ≈ 𝑇 $ =%
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$ 𝑦&
$
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Matrix elements with Lanczos
Construct initial/final state Ritz vectors

𝐶 𝑡 → 𝑦/ 	 𝐶+ 𝑡 → |𝑦.+⟩

𝑦.+ 	𝐽	 𝑦/ =%
,-

𝑃.,+	∗ 𝑣1 𝑇,𝐽	𝑇- 𝑣1 𝑃/-

	 = %
,-

𝑃.,+	∗
𝐶()*(𝜎, 𝜏)
𝐶+ 0 𝐶(0)

	𝑃/-

Just matrix multiplication!
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Noiseless case: solves an ⁄𝑁% 2 state 
system after incorporating all 𝑁%  points

i.e. finds all ⁄𝑁& 2 # matrix elements exactly



Lanczos in the presence of noise

Noise → must use “oblique Lanczos” (non-Hermitian 𝑇 / off-diag 𝐶(𝑡))
𝑣1< = |𝑣1=⟩	 but    𝑣7< ≠ |𝑣7=⟩ and   𝑦7

< > ≠ 𝑦7
= >

Must filter out ”spurious” states
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𝑇($) = %
&∈12

𝑦&
3 $ 	𝜆&

$ 𝑦&
4 $ +%

&∈2

𝑦&
$ 	𝜆&

$ 𝑦&
$
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Hermitian subspace
Real 𝜆!

1 ,  y3 = 𝑦4 = 𝑦
 Physically interpretable

𝑇($) = %
&∈12

𝑦&
3 $ 	𝜆&

$ 𝑦&
4 $ +%

&∈2

𝑦&
$ 	𝜆&

$ 𝑦&
$
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Noise artifact states
Complex 𝜆!

1 ,  |y3⟩ ≠ |𝑦4⟩
𝐶 𝑡 = 𝜓 𝑇 1 &

𝜓  for 𝑡 ≤ 2𝑚 − 1	
(i.e. all data incorporated)

Intuition: need oscillating modes to 
replicate noisy correlator
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+ Cullum-Willoughby test 
(see Mike Wagman’s talk)



Strange scalar matrix elements of the nucleon (& exciteds)
Action: Luscher-Weisz, 2+1 stout-smeared clover

𝑀5 ≈ 170	MeV    𝑎 ≈ 0.09	fm
Nucleon   𝜒 ∼ 𝑢	𝐶	𝛾?	𝑑 	𝑢  

Quarks smeared to 𝑟 = 4.5
Strange scalar current   𝐽 ∼ 𝑠̅𝑠
Forward (𝒑 = 𝒑+ = 𝒒 = 𝟎) matrix elements

1381 configs  ×  1024 sources  ≈ 	1.4×106 meas
Fully disconnected 𝐶'()

Hierarchical probing w/ 512 Hadamards
One shot 𝑍! noise per config
No deflation / low-mode subtraction

Not renormalized!
Mixes w/ light quarks
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Results: nucleon spectrum
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Results: nucleon spectrum
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Missing 𝑵𝝅, 𝑵𝝅𝝅 states!



Ground-state matrix element
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Fit: 0 𝑠̅𝑠 0 7 = 3.03(24)



Excited & transition matrix elements

Lattice 2024 - Dan Hackett 13



Excited & transition matrix elements
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Outlook
Versus previous methods:
• No SNR decay, no statistical modeling, no optimizers
• Better control of excited states
• Simple: only analysis hyperparameters are for state identification

Can also compute overlaps 𝑍&  (decay constants!)
Can apply to >3-point functions: take 𝒥 = 𝐽(𝑇5𝐽,
Need dense evaluation of sink times

Only have data for 𝑡. ≥ 𝑡&   →   take Ψ =	𝑇%"|𝜓⟩
Only have e.g. even 𝑡.    →    take “𝑇” = 𝑇'
→ Can apply to existing disconnected data now

TODO: better statistics, state ID, convergence diagnostics; bounds?
What can we do now that we couldn’t before?
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