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Introduction Continuum Discrete Conclusions & Outlook

⋆ (Smeared) spectral densities play a pivotal role in particle physics
⇒ Inclusive hadronic cross sections [M. T. Hansen, Meyer, and Robaina 2017; . . . ]
⇒ Semileptonic decays [Gambino and Hashimoto 2020; . . . ]
⇒ QGP transport properties [Jeon and Yaffe 1996; . . . ]
⇒ and more...

⋆ Euclidean-time correlation functions are related to spectral densities

C (t) =

∫ ∞

0
dω ρ(ω)e−ω|t|

via a Laplace Transform, difficult to invert knowing C (t) on t ∈ R only
⋆ Present status in lattice community: numerical inversion

⇒ Backus-Gilbert [Backus and Gilbert 1968; M. T. Hansen, Meyer, and Robaina 2017]
and modifications [M. Hansen, Lupo, and Tantalo 2019]

⇒ Chebyshev polynomials [Bailas, Hashimoto, and Ishikawa 2020]
⇒ Bayesian methods [Del Debbio, Giani, and Wilson 2022]
⇒ Machine-learning [Buzzicotti, De Santis, and Tantalo 2024]

Here: explicit analytic formulae to extract ρ(ω) from C(t),
both in the continuum and on the lattice
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Introduction Continuum Discrete Conclusions & Outlook

Analytic continuum solution

ρ(ω) = lim
α→0+

ρα(ω) = lim
α→0+

∫ ∞

0
dt gα(t|ω)C (t)

10−1 100 101

ωt

−0.10

−0.05

0.00

0.05

0.10

√
α gα(t|0.5)

α = 10−15

α = 10−10

• Real and computable coefficients

• Least-square solution, minimizing
∫
ω
[ρ(ω)− ρα(ω)]

2 α→0−−−→ 0
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Introduction Continuum Discrete Conclusions & Outlook

Derivation of the continuum solution

∫ ∞

0
dt e−ωt

C (t) =

∫ ∞

0
dω′ ρ(ω′)

H(ω,ω′)︷ ︸︸ ︷∫ ∞

0
dt

e−ω′t

e−ωt

1 Continuum inverse problem: t ∈ R+ (Inverse Laplace Transform, ILT)

2 Integrated inverse problem → invert H
3 Diagonalize H with “Mellin basis” us(ω) =

ω− 1
2 +is

√
2π

= u∗−s(ω), s ∈ R
[McWhirter and Pike 1978; Epstein and Schotland 2008]

∫

ω′
H(ω, ω′)us(ω

′) = π
coshπs us(ω) = |λs |2us(ω)

4 Invert the regularized operator Hα = H+ αI [Tikhonov 1963]

gα(t|ω) =
∫ ∞

−∞
ds

u∗
s (ω)λsu

∗
s (t)

|λs |2+α , λs = Γ

(
1
2
+ is

)
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Smeared spectral densities

ρκ =

∫ ∞

0
dω ρ(ω)κ(ω) , ρ(ω) = lim

α→0

∫ ∞

0
dt gα(t|ω)C (t)

ρκ = lim
α→0

∫ ∞

0
dt gα(t|κ)C (t) , gα(t|κ) =

∫ ∞

0
dω gα(t|ω)κ(ω)

10−1 100

ω∗t

−0.01

0.00

0.01

0.02

√
α gα(t|κ), ω∗ = 0.5 = 5σ

α = 10−15

α = 10−10

• Relevant in quantum field theories
• Straightforward generalization e.g.

κ(ω) = 1
π

σ
(ω−ω∗)2+σ2

• Real and computable coefficients
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Subtracted spectral densities

C (t) =

∫ ∞

0
dω ωbρs(ω)e

−ωt , b > 0

e.g. isovector vector current in QCD: b = 2 → C (t) ∼ t−3 in UV

ρs(ω) = lim
α→0

∫ ∞

0
dt C (t) gα(t|ω, b) tb

10−1 100

ωt

−0.2

−0.1

0.0

0.1

0.2

√
α tbgα(t|0.5, b), α = 10−15

b = 0

b = 2

gα(t|ω, b) =
∫ ∞

−∞
ds

u∗s (ω)λsu
∗
s (t)

λsλ∗
s,b + α

λs,b = Γ
( 1

2 + b + is
)

⇒ Subtraction of UV divergences
⇒ Dispersive relations
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Derivation of the discrete solution

a
∞∑

t=a

e−ωt

C a(t) =

∫ ∞

0
dω′ ρ(ω′)

Ha(ω,ω′)︷ ︸︸ ︷

a
∞∑

t=a

e−ω′t

e−ωt

1 Discrete inverse problem: t
a ∈ N (Discrete ILT), C a(t) = C (t) +O(a2)

⇒ Naïve approach: discretize the continuum formula
⇒ Here: exact solution at fixed a

2 Summed inverse problem → invert Ha

3 Diagonalize Ha with c.o.s. vs(ω, a), s ∈ R+ [Bruno, Giusti, and MS 2024]

vs(ω, a) =
√

2πaNs us
(
1 − e−aω

)
e−aω

2F1

(
1
2
+ is,

3
2
+ is; 2; e−aω

)

vs(ω, a) a→0−−→ us(ω) + u−s(ω) +O
(
(aω)2

)

4 Invert the regularized operator Ha,α = Ha + αI [Tikhonov 1963]
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Analytic discrete solution

ρ(ω) = lim
α→0

a
∞∑

t=a

g a,α(t|ω)C a(t) , g a,α(t|ω) =
∫ ∞

0
ds

vs(ω, a)|λs |v s(t, a)

|λs |2 + α
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Introduction Continuum Discrete Conclusions & Outlook

Minimize discretization errors on ρ

• ∀α > 0 our solution minimizes the distance (N = ∞)
∫∞
0 dω

∣∣∣ρ(ω)− a
∑Na

t=a g
′
a,α(t)e

−ωt
∣∣∣
2
+ α

∑Na
t=a g

′
a,α(t)

2

⇒ Discretization errors on ρ are minimized as α → 0, even at fixed a > 0!
⇒ Naïve discretization of continuum has large discretization errors on ρ

• Backus-Gilbert-like methods minimize the same functional at fixed N < ∞

⇒ As N → ∞, numerical solution approaches our coefficients
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ḡα(t|ω) − 1

∣∣∣, aω = 0.5, tmax = Na, α = 10−10

t/a = 10

t/a = 6

t/a = 20

Matteo Saccardi Spectral densities from Euclidean-time lattice correlation functions 8 / 12



Introduction Continuum Discrete Conclusions & Outlook

Continuum case

ρ(ω) = lim
α→0

∫∞
0 dt gα(t|ω)C (t)

⇒ Symanzik and Lüscher FV analysis
⇒ Analytic study of errors:

statistical, α > 0, tmax < ∞
⇒ Quantifiable error estimates/bounds

2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0

ω/Mπ
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0.5

0.6

0.7

0.8
Continuum case

ρ(ω)

α = 10−6

α = 10−8

Discrete case

ρ(ω) = lim
α→0

a
∑∞

t=a ḡa,α(t|ω)C a(t)

⇒ Exact discrete solution as α → 0
∀ a, better than naïve discretization

⇒ Only discretization errors due to C a

⇒ Clear continuum limit scaling
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Matteo Saccardi Spectral densities from Euclidean-time lattice correlation functions 9 / 12



Introduction Continuum Discrete Conclusions & Outlook

Continuum case

ρ(ω) = lim
α→0

∫∞
0 dt gα(t|ω)C (t)

⇒ Symanzik and Lüscher FV analysis
⇒ Analytic study of errors:

statistical, α > 0, tmax < ∞
⇒ Quantifiable error estimates/bounds

2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0

ω/Mπ

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8
Continuum case

ρ(ω)

α = 10−6

α = 10−8

Discrete case

ρ(ω) = lim
α→0

a
∑∞
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An outlook: computation of integrals in time (1/2)

I =
∫∞
0 dt C (t)K (t)

=
∫∞
0 dω ρ(ω)κ(ω)

• C (t) sampled at t ∈ {a, 2a, . . . , tmax = Na} → C a(t)

• K (t) analytically known e.g. gα(t|ω), gα(t|κ), TMR for aHVP,LO
µ , . . .

1 Discrete sums (trapezoidal rule):

I1 = a
N∑

n=1

C a(na)K (na)

2 Interpret I as ρκ, κ(ω) =
∫∞
0 dt e−ωtK (t):

I2 = a
N∑

n=1

C a(na)g a,α(na|κ) , g a,α(t|κ) =
∫

ω

g a,α(t|ω)κ(ω)

⇒ minimize discretization errors, but α > 0 systematic errors
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I1 = a
N∑

n=1

C a(na)K (na)

2 Interpret I as ρκ, κ(ω) =
∫∞
0 dt e−ωtK (t):

I2 = a
N∑

n=1

C a(na)g a,α(na|κ) , g a,α(t|κ) =
∫

ω

g a,α(t|ω)κ(ω)

⇒ minimize discretization errors, but α > 0 systematic errors
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Introduction Continuum Discrete Conclusions & Outlook

An outlook: computation of integrals in time (2/2)

ρ(ω) =

√
1 − 4M2

π

ω2

[
Γ2
ρ

(Mρ−ω)2+Γ2
ρ
+
(

ω
3Mρ

)2
]
, K (t) = t3 , {Mπ ,Mρ , Γρ} physical

Pr
eli
m
in
ar
y
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Introduction Continuum Discrete Conclusions & Outlook

Continuum case

ρ(ω) = lim
α→0

∫∞
0 dt gα(t|ω)C (t)

⇒ Symanzik and Lüscher FV analysis
⇒ Analytic study of errors:

statistical, α > 0, tmax < ∞
⇒ Quantifiable error estimates/bounds

2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0

ω/Mπ

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8
Continuum case

ρ(ω)

α = 10−6

α = 10−8

Discrete case

ρ(ω) = lim
α→0

a
∑∞

t=a ḡa,α(t|ω)C a(t)

⇒ Exact discrete solution as α → 0
∀ a, better than naïve discretization

⇒ Only discretization errors due to C a

⇒ Clear continuum limit scaling

2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0

ω/Mπ

0.2

0.3

0.4

0.5

0.6

0.7

Discrete case

α = 10−6

α = 10−8

ρα(ω)

ρ̄a,α(ω)

⇒ Application to computation of
∫∞
0 dt C (t)K (t)

Thank you for your attention!
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Backup slides



Continuum basis

[Bruno, Giusti, and MS 2024 and in prep]

us(x) =
x−

1
2+is

√
2π

=
e is log x√

2πx
= u∗−s(x) , s ∈ R , x ∈ R+

• Orthogonality:
∫∞
0 dx u∗s (x)us′(x)

y=log x
=

∫∞
−∞

dy
2π e iy(s

′−s) = δ(s − s ′)

• Completeness:
∫∞
−∞ ds u∗s (x)us(y) =

1√
xy δ(log x − log y) = δ(x − y)

• Diagonalize simultaneously H and A with eigenvalues |λs |2 = π
coshπs

H(ω, ω′) =
∫
t
e−(ω+ω′)t = 1

ω+ω′ , A(t, t ′) =
∫
ω
e−(t+t′)ω = 1

t+t′

• ILT can be written as

C (t) =
∫
ω
ρ(ω)e−ωt

∫
t
e−ωt

−−−−→
∫
t
C (t)e−ωt =

∫
ω′ H(ω, ω′)ρ(ω′)

ρ = limα→0 ρα = limα→0
∫
ω′ δα(ω, ω

′)ρ(ω′)

δα(ω, ω
′) =

∫∞
−∞ ds

u∗
s (ω)|λs |2us (ω′)

|λs |2+α

α→0−−−→ δ(ω − ω′)



Discrete basis

[Bruno, Giusti, and MS 2024 and in prep]

vs(ω, a) =
√

2πa |λs |2 |Ns | us
(
1 − e−aω

)
e−aω

2F1

(
1
2
+ is,

3
2
+ is; 2; e−aω

)

vs(ω, a) = a
∞∑

t=a

e−ωtv s(t, a) ,Ns =
√

2π

( 1
2 + is

)
λ∗
s

Γ(−2is)λs
, s ∈ R+

• Continuum limit: vs(ω, a)
a→0−−−→ √

a
(
us(aω)

Ns

|Ns | + u∗s (aω)
(Ns )

∗

|Ns |

)
restoring

continuum orthogonality and completeness relations
• Ha and Aa are diagonalized by vs and v̄s with eigenvalues |λs |2

Ha(ω, ω
′) = a

∑∞
t=a e

−(ω+ω′)t = ae−a(ω+ω′)

1−e−a(ω+ω′) , Aa(t, t
′) = 1

t+t′∫
ω′ Ha(ω, ω

′)e−ω′t = a
∑∞

t′=a e
−ωt′Aa(t

′, t)

• Discrete ILT can be written as
ρ = limα→0 ρ̄a,α = limα→0

∫
ω′ δ̄a,α(ω, ω

′)ρ(ω′)

δ̄a,α(ω, ω
′) =

∫∞
0 ds vs (ω,a)|λs |2vs (ω′,a)

|λs |2+α

α→0−−−→ δ(ω − ω′)∀ a



Smearing at α > 0

[Bruno, Giusti, and MS 2024 and in prep]

ρα(ω) =

∫

ω′
δα(ω, ω

′)ρ(ω′)

δα(ω, ω
′) =

∫ ∞

−∞
ds

u∗s (ω)|λs |2us(ω′)

|λs |2 + α

α=10-6

α=10-10

0.1 0.5 1 5 10
ω

-0.5

0.5

1.0

1.5

2.0

2.5

δα(ω,1)

ρa,α(ω) =

∫

ω′
δa,α(ω, ω

′)ρ(ω′)

δa,α(ω, ω
′) =

∫ ∞

0
ds

vs(ω, a)|λs |2vs(ω′, a)

|λs |2 + α

δ a,α(ω,1)

δα(ω,1)

0.5 1.0 1.5 2.0
ω

-0.5

0.5

1.0

1.5

2.0

2.5

α=10-10, a=1



Subtracted spectral densities

Subtraction of UV divergences ⇒ C (t) =

∫ ∞

0
dω ωbρs(ω)e

−ωt , b > 0

ρs(ω) = lim
α→0

∫ ∞

0
dt tbgα(t|ω, b)C (t) , gα(t|ω, b) =

∫ ∞

−∞
ds

u∗s (ω)λsu
∗
s (t)

λsλ∗
s,b + α

λs,b = Γ
( 1

2 + b + is
)

10−1 100

ωt

−0.2

−0.1

0.0

0.1

0.2

√
α tbgα(t|0.5, b), α = 10−15

b = 0

b = 2



Least-square solutions (coefficients)

[Bruno, Giusti, and MS 2024 and in prep]

• The coefficients gα(t|ω) can be defined from minimizing

δ

δg

{∫

ω′

[
δ(ω − ω′)−

∫

t

e−ω′tgα(t|ω)
]2

+ α

∫

t

gα(t|ω)
}

= 0

gα(t|ω) =
∫

t′
e−ωt′A−1

α (t, t ′) , Aα = A+ αI

• The coefficients g a,α(t|ω) can be defined from minimizing

δ

δg





∫

ω′

[
δ(ω − ω′)− a

∞∑

t=a

e−ω′tg a,α(t|ω)
]2

+ αa
∞∑

t=a

g a,α(t|ω)



 = 0

g a,α(t|ω) = a
∞∑

t′=a

e−ωt′A−1
a,α(t, t

′) , Aa,α = Aa + αI



Least-square solutions (spectral density)

[Bruno, Giusti, and MS 2024 and in prep]

• ρα(ω) =
∫
t
e−ωtg ′

α(t)
α→0−−−→ ρ(ω) can be defined from minimizing

δ
δg

{∫
ω

[
ρ(ω)−

∫
t
e−ωtg ′

α(t)
]2

+ α
∫
t
g ′
α(t)

2
}
= 0

g ′
α(t) =

∫
t′
A−1

α (t, t ′)C (t ′) ⇒ ρα(ω) =
∫
t,t′

e−ωtA−1
α (t, t ′)C (t ′)

⇒ ρα(ω) =
∫
t
gα(t|ω)C (t) , gα(t|ω) =

∫
t′
e−ωt′A−1

α (t ′, t)

• ρa,α(ω) = a
∑∞

t=a e
−ωtg ′

a,α
α→0−−−→ ρ(ω) ∀ a can be defined from minimizing

δ
δga,α

{∫
ω

[
ρ(ω)− a

∑∞
t=a e

−ω′tg ′
a,α(t)

]2
+ αa

∑∞
t=a g

′
a,α(t)

2
}

= 0

g ′
a,α(t) = a

∑∞
t′=a A

−1
a,α(t, t

′)C a(t
′) ⇒ ρa,α(ω) = a2 ∑∞

t,t′=a e
−ωtA−1

a,α(t, t
′)C a(t

′)

⇒ ρa,α(ω) = a
∑∞

t=a g a,α(t|ω)C a(t) , g a,α(t|ω) = a
∑∞

t′=a e
−ωt′A−1

a,α(t
′, t)



Errors: finite tmax

[Bruno, Giusti, and MS 2024 and in prep]

• Systematic error due to t ∈ (0, tmax)

ρα(ω)− ρα,tmax(ω) =

∫ ∞

−∞
ds

u∗s (ω)λs

|λs |2 + α

∫ ∞

tmax

dt u∗s (t)C (t)

• If ∃ mass gap, C (t) = c e−Mt at t ≥ tmax

∫ ∞

tmax

dt u∗s (t)C (t) = c us(M) Γ

(
1
2
− is,M tmax

)

Γ

(
1
2
− is,M tmax

)
=

√
2πe−M tmaxu∗s (M tmax)

[
1 +O

(
1

M tmax

)]

• Bounded systematic error as α > 0, exponentially suppressed in M tmax

ρα(ω)− ρα,tmax(ω) = c

∫ ∞

−∞
ds

u∗s (ω)λsus(M)

|λs |2+α
Γ

(
1
2
− is,M tmax

)



Errors: α > 0

[Bruno, Giusti, and MS 2024 and in prep]

• Error on ρ(ω) can be estimated from a separate reconstruction (β > 0)
[Bruno, Giusti, and MS, IL NUOVO CIMENTO 47 C (2024) 197]

ρ(ω)− ρα(ω) =

∫ ∞

0
dt g

(1)
α,0(t|ω)C (t)

g
(1)
α,β(t|ω) = α

∫ ∞

−∞
ds

u∗s (ω)λsu
∗
s (t)

(|λs |2+β)(|λs |2 + α)

• A similar double reconstruction works also for ρκ. In this case, we can
interpret κ as being smeared with ρ to estimate a computable bound

|ρκ − ρκ,α|2 =

∣∣∣∣
∫

ω

ρ(ω)[κ(ω)− κα(ω)]

∣∣∣∣
2

≤ α2
[∫

ω

ρ(ω)2
] ∫

ω,ω′
κ(ω)κ(ω′)

∫ ∞

−∞
ds

u∗s (ω)us(ω
′)

(|λs |2 + α)2

and
∫
ω
ρ(ω)2 can be modeled/estimated from another inverse problem
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