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I. Introduction



Heavy tetra-quark states Tcc
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q̄ : light anti-quark
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Tcc(ccūd̄) observation by LHCb.
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contri-
bution of the non-D0 background has been statistically subtracted. The result of the fit with
the two-component function described in the text is overlaid. The D⇤+D0 and D⇤0D+ thresholds
are indicated with the vertical dashed lines. The horizontal bin width is indicated on the vertical
axis legend. Inset shows a zoomed signal region with fine binning scheme, Uncertainties on
the data points are statistical only and represent one standard deviation, calculated as a sum in
quadrature of the assigned weights from the background-subtraction procedure.

To validate the presence of the signal component, several additional cross-checks are
performed. The data are categorised according to data-taking periods including the polarity

Table 1: Parameters obtained obtained from the fit to the D0D0⇡+ mass spectrum. Signal yield,
N , Breit–Wigner mass relative to D⇤+D0 mass threshold, �mBW, and width, �BW, are listed.
The uncertainties are statistical only.

Parameter Value

N 117± 16
�mBW �273± 61 keV/c2

�BW 410± 165 keV

3

genuine tetra-quark states

Aaij et al. (LHCb Collaboration),  
Nature Phys. (2022)
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q̄
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q̄
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360 keV below  thresholdD*+D0
D*+D0
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(I, JP ) = (0, 1+)



LHCb
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1

a0
[fm�1] = �0.01(9)

extrapolation in 1/a0

extrapolation in 
potential
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1

a0
[fm�1] = �0.03(4)

 seems to appear as a shallow bound state at physical pion mass.Tcc

Inverse scattering length from Lattice QCD

Ikeda et al. (HALQCD)

Chen et al. (FV)

Padmanath et al. (FV)

Lyu et al. 
(HALQCD)



Padmanath-Prelovsek, PRL 129 
(2022) 032002.  MeVmπ ≃ 280

 seems a “virtual” state.Tcc

Du et al.  PRL 131 (2023) 131903.
4

FIG. 4. Fit results for the lattice data from Ref. [19]. The solid and dashed vertical lines indicate the DD⇤ threshold and
the lhc, respectively, while the green dashed curve shows the function ip. The gray line and gray band show the fit and its
1� uncertainty, respectively, found in Ref. [19] using the ERE formula from Eq. (3) in the entire energy range both above and
below lhc. The red solid line and the orange band show the best fit and its 1� uncertainty, respectively, calculated in this
work. In the second plot (right panel) only the three most right data points were used in the fit while in the first plot (left
panel), in addition, a part of the error bar of the fourth (from right to left) point that is located above the left-hand cut (i.e.
for (p/EDD⇤)2 > �0.001) is included in the fit. Below the lhc, p cot � acquires an imaginary part, which is shown as the blue
line with the pink uncertainty band.

fit, as defined in Eq. (3), in the full energy range, thereby
yielding a pole location at p2/(2µ) = �9.9 MeV, on the
second Riemann sheet of the complex s plane, which
translates to (p/EDD⇤)2 = �0.001. In Fig. 4 this fit
is shown as the gray line including its 1� uncertainty
band shown in light gray. Thus, the pole extracted using
only the first two terms in the ERE is located at the lhc
or even below it. However, since the lhc sets the radius
of convergence of the ERE, the latter is only valid in a
small range |(p/EDD⇤)2| ⌧ 0.001, in which no lattice
data exist. Furthermore, the central values of the two
data points crucial for the fit performed in Ref. [19] lie
below the lhc, though in this case p cot � becomes com-
plex. Therefore, this pole extraction procedure cannot
be regarded as reliable.

To improve on the extraction of the pole parameters
from the phase shifts of Ref. [19] we fit the lattice data
with an amplitude that includes the lhc.3 More pre-
cisely, we solve the DD⇤ scattering equation employing
a potential that incorporates the one-pion exchange and
two contact terms—one momentum-independent and one
momentum-dependent. The latter are treated as two
fitting parameters. This is a simplified version of the
full amplitude of Ref. [29], where all D waves are now
switched o↵ to be in line with Ref. [19]. The chiral ex-
trapolation of the involved pion decay constant is con-
sidered using chiral perturbation theory [32] and that of
the D⇤D⇡ coupling is taken from Ref. [33, 34]. Further

3 An important role played by the lhc from pion exchanges for NN
scattering at unphysical pion masses was pointed out in Refs. [30,
31].

details of the framework and fitting procedure are pro-
vided in Appendix A. The results of this procedure are
shown in Fig. 4 as the red line with the orange uncer-
tainty band.4 We did not include the lowest data point
in the fit, since it lies below the lhc and was extracted
with a formula that ignores it. Since a part of the un-
certainty range of the second data point extends to the
energy range above the lhc, we performed two fits: one
with this part included in the fit (the left panel of Fig. 4)
and the other one where we ignored it (the right panel
of Fig. 4). The upper three data points were included in
both fits.
The poles of the T -matrix can now be extracted using

Eq. (2), which can be illustrated graphically as an inter-
section of the orange band with the green dashed curve
from unitarity. We, therefore, conclude from the results
presented in the left panel of Fig. 4 that for the majority
of the 1� parameter space, including the best fit, the am-
plitude contains two virtual states, both residing closer
to the DD⇤ threshold than the pole extracted in the orig-
inal analysis of Ref. [19], where only a single virtual state
was found. Those fits within the 1� band, where p cot �
does not cross the ip curve above the lhc, describe the
presence of a very narrow resonance that shows up as
a pair of complex poles below the DD⇤ threshold. The
appearance of a pair of virtual states is indeed natural
near the point where they are about to turn to a narrow

4 Since the three-body cut is su�ciently far away, see Eq. (10), the
D-meson recoil terms can be neglected. While the results shown
in Fig. 4 were obtained with the recoil corrections included, we
checked that their impact on the results is negligible.

imaginary
real

Left-hand cut(LHC) invalidates the analysis. 

LHC

“Effective theory” should be applied to 
data above LHC.

Collins et al.  PRD 109 (2024) 094509.
Meng et al.  PRD 109 (2024) L071506.
See also

Rapposo-Hansen, 2311.18793[hep-lat]

A modified finite volume formula in the presence of the LHC using an 
effective theory.



Does left-hand cut also affect the HAL QCD method ?
Lyu et al.  PRL 131 (2023) 161901.

LHC

-0.02

The virtual pole appears above the 
LHC in this lattice setup.

The analysis in this paper is valid.

However we need to understand 
what happens if a bound state 
appears below the left-hand cut in 
the HAL QCD method.

I. Introduction 

II. Bound state below LHC 

III. HAL QCD method with LHC 

IV.  Conclusion and discussion



II. Bound state below LHC
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Left-hand cut
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(ED⇤ � ED, ~q � ~p)

pion propagator
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1

(ED⇤ � ED)2 � (~q � ~p)2 �m2
⇡

S-wave projection

Branch points appear at
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A+ = m2
⇡ << A� = 2(m2

D⇤ +m2
D)�m2

⇡

Therefore, if , the cut appears at negative  .(mD* − mD)2 − m2
π < 0 k2
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k = |~q| = |~p|
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Left-hand cut in the potential 
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dr2
� U(r) + k2

�
'(k, r) = 0

ex. virtual “pion” exchange Yukawa potential
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U(r) = g
e�mr

r

regular solution
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S-wave Schrödiner equation
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'(k, r)
r!1�! aeikr � be�ikr
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S(k) :=
a

b S-matrix
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'(k, 0) = 0,
d

dr
'(k, 0) = 1
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'(k, r) =
1

2ik

⇥
eikrF(�k, r)� e�ikrF(k, r)

⇤
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F(k, r) = 1 +

Z r

0
dr0eikr

0
U(r0)'(k, r0)
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If U(r) is cuto↵ at R as U(r > R) = 0, S(k) is well-defined for 8k 2 C.
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S(k) =
F(�k,R)

F(k,R)

How different is  in the large  limit from an analytic continuation w/o IR cutoff ? S(k) R

No LHC (Who care the tail of the potential behind the moon ?)



 limit R → ∞

In the upper  plane (  ),  is convergent as , whilek Imk ≥ 0 ℱ(k, R) R → ∞
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F(�k,R) = 1 +

Z R

0
dr0e�ikr0U(r0)'(k, r0) = F(�k, R̄) +

Z R

R̄
dr0e�ikr0U(r0)'(k, r0)
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'(k, r) ' �F(k,1)

2ik
e�ikr

Therefore  is divergent (convergent) as 
 for  (  ). At  for a bound 

state, where ,  is convergent.

ℱ(−k, R)

R → ∞ Im k > m /2 Im k < m /2 kb

ℱ(kb, ∞) = 0 ℱ(−kb, R)
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k

 is convergent at  .S(k) Im k < m /2

 is divergent at   due to  except  .S(k) Im k > m /2 ℱ(−k, ∞) kb

At finite ,  has a pole at , which converges to  .R S(k) k = kb(R) kb := kb(∞)

 diverges since the denominator becomes zero.S(kb(R))
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Gaussian + Yukawa potential
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k cot �(k)
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Re

pole position

LHC
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R ! 1

bound state 
condition 
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k cot �(k) = ik
S(k) + 1

S(k)� 1
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ik

At ,  
converges to  , an 
analytic continuation of 
the physical S-matrix, 
as  . 

Im k < m /2 S(k)

Sanal(k)

R → ∞

analytic continuation

At ,  diverges as , so that  converges to the bound 
state condition  . 

Im k > m /2 S(k) R → ∞ k cot δ(k)

ik

As , a pole position  of  converges to the pole  of  , 

where  is always real.

R → ∞ kb(R) S(k) kb Sanal(k)

S(kb(R))



LHC

At ,  
converges to  , an 
analytic continuation of 
the physical S-matrix, 
as  . 

Im k < m /2 S(k)

Sanal(k)

R → ∞

As , a pole position  of  converges to the pole  of  , 

where  is always real.

R → ∞ kb(R) S(k) kb Sanal(k)

S(kb(R))

pole position



III. HAL QCD method with LHC

How can we treat the LHC in the HAL QCD method ?



1. Investigate the long distance behavior of the potential numerically

Ex.  PotentialsD*D

Effective energy in space
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D⇤D potential
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Ee↵(r) = � ln[V (r)r2/a3]

r

2-pion rather than 1-pion exchange is observed. 

2-Gauss + Yukawa^2
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consistent with Yukawa2 at large r
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aie
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+ a3(1� e�(r/b3)
2

)2
✓
e�m⇡r

r

◆2

Lyu et al.  PRL 131 (2023) 161901.

Caution: 1-pion exchange is NOT a dominant contribution for  .Tcc



2. Estimate the position of the LHC.
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3. Compare the analytic continuation with  the position of the LHC 

1-pion

If a bound (virtual) state appears above 
the LHC, the conclusion from the 
analytic continuation is valid.

If a virtual state appears below the LHC, 
the analysis should be made including 
the LHC through the potential. 

4

FIG. 4. Fit results for the lattice data from Ref. [19]. The solid and dashed vertical lines indicate the DD⇤ threshold and
the lhc, respectively, while the green dashed curve shows the function ip. The gray line and gray band show the fit and its
1� uncertainty, respectively, found in Ref. [19] using the ERE formula from Eq. (3) in the entire energy range both above and
below lhc. The red solid line and the orange band show the best fit and its 1� uncertainty, respectively, calculated in this
work. In the second plot (right panel) only the three most right data points were used in the fit while in the first plot (left
panel), in addition, a part of the error bar of the fourth (from right to left) point that is located above the left-hand cut (i.e.
for (p/EDD⇤)2 > �0.001) is included in the fit. Below the lhc, p cot � acquires an imaginary part, which is shown as the blue
line with the pink uncertainty band.

fit, as defined in Eq. (3), in the full energy range, thereby
yielding a pole location at p2/(2µ) = �9.9 MeV, on the
second Riemann sheet of the complex s plane, which
translates to (p/EDD⇤)2 = �0.001. In Fig. 4 this fit
is shown as the gray line including its 1� uncertainty
band shown in light gray. Thus, the pole extracted using
only the first two terms in the ERE is located at the lhc
or even below it. However, since the lhc sets the radius
of convergence of the ERE, the latter is only valid in a
small range |(p/EDD⇤)2| ⌧ 0.001, in which no lattice
data exist. Furthermore, the central values of the two
data points crucial for the fit performed in Ref. [19] lie
below the lhc, though in this case p cot � becomes com-
plex. Therefore, this pole extraction procedure cannot
be regarded as reliable.

To improve on the extraction of the pole parameters
from the phase shifts of Ref. [19] we fit the lattice data
with an amplitude that includes the lhc.3 More pre-
cisely, we solve the DD⇤ scattering equation employing
a potential that incorporates the one-pion exchange and
two contact terms—one momentum-independent and one
momentum-dependent. The latter are treated as two
fitting parameters. This is a simplified version of the
full amplitude of Ref. [29], where all D waves are now
switched o↵ to be in line with Ref. [19]. The chiral ex-
trapolation of the involved pion decay constant is con-
sidered using chiral perturbation theory [32] and that of
the D⇤D⇡ coupling is taken from Ref. [33, 34]. Further

3 An important role played by the lhc from pion exchanges for NN
scattering at unphysical pion masses was pointed out in Refs. [30,
31].

details of the framework and fitting procedure are pro-
vided in Appendix A. The results of this procedure are
shown in Fig. 4 as the red line with the orange uncer-
tainty band.4 We did not include the lowest data point
in the fit, since it lies below the lhc and was extracted
with a formula that ignores it. Since a part of the un-
certainty range of the second data point extends to the
energy range above the lhc, we performed two fits: one
with this part included in the fit (the left panel of Fig. 4)
and the other one where we ignored it (the right panel
of Fig. 4). The upper three data points were included in
both fits.
The poles of the T -matrix can now be extracted using

Eq. (2), which can be illustrated graphically as an inter-
section of the orange band with the green dashed curve
from unitarity. We, therefore, conclude from the results
presented in the left panel of Fig. 4 that for the majority
of the 1� parameter space, including the best fit, the am-
plitude contains two virtual states, both residing closer
to the DD⇤ threshold than the pole extracted in the orig-
inal analysis of Ref. [19], where only a single virtual state
was found. Those fits within the 1� band, where p cot �
does not cross the ip curve above the lhc, describe the
presence of a very narrow resonance that shows up as
a pair of complex poles below the DD⇤ threshold. The
appearance of a pair of virtual states is indeed natural
near the point where they are about to turn to a narrow

4 Since the three-body cut is su�ciently far away, see Eq. (10), the
D-meson recoil terms can be neglected. While the results shown
in Fig. 4 were obtained with the recoil corrections included, we
checked that their impact on the results is negligible.

LHC

If a bound state appears below the LHC, 
we should directly extract the binding 
energy w/o analytic continuation.



4. If the LHC is expected to exist, we may include it in the potential fit.

Ex. Even though the one-pion exchange is not seen in  potential, we include 
it as an alternative fit to estimate its effect. 

D*D

Gauss + (Yukawa^2) + Yukawa
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The analysis with the alternative fit gives an estimate for systematic errors.
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The binding energy is not a↵ected at all by the LHC, if the Schrödinger equation

is directly solved.



IV. Conclusion and discussion



• The analytic continuation and the result in the limit of the infra-red cutoff 
 differ below the LHC, except the binding energy  . 

• Thus, the binding energy in the HAL QCD method is not affected by the 
LHC. 

• For the virtual state below the LHC, the analytic continuation can be 
performed through the HAL QCD potential to include an effect of the LHC. 

• The long distance behavior which causes the LHC may be included in 
the fit of the HAL QCD potential. 

• A doubly charmed tetra-quark   in the previous HAL QCD method 
appears as a virtual state above the LHC, and thus remains valid.

R → ∞ kb

T+
cc

In order to control the effect of LHC, it is essential to determine the long 
distance behavior of the potential:  The HAL QCD method is a suitable 
framework to do this explicitly.



Thank you  for your attention !
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A relation between the LHC and the analytic structure of the partial wave 
amplitude in the S-matrix theory.
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Cut from the u-channel bound pion = Left-hand cut ?
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