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CLS ensembles/E250

[Paul et al; hep-lat/2112.07385]

E250

mπ 132 MeV
mK 495 MeV
a 0.0635 fm
L 6.1 fm
V /a4 963 × 192
mπL 4.1

https://arxiv.org/abs/2112.07385
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Role of QCD in muon g − 2

Why aµ = (g − 2)µ/2?

▶ Among the most precise observables in physics

▶ Muon expected to play an enhanced role in
physics beyond the standard model
(m2

µ/Λ
2
BSM ≫ m2

e/Λ
2
BSM)

Why QCD?

▶ Majority of contribution to aµ stems from QED

▶ Majority of error budget for aµ stems from
uncertainty in HVP contribution

▶ Two approaches: (1) dispersive, data-driven
and (2) lattice

QED Rest

Contribution to a

HVP

HLbL

Rest

Contribution to variance
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Discrepancies within the dispersive results
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▶ Requires experimental input =⇒ not a “pure” theory calculation

▶ “Significant” discrepancies in cross sections

https://arxiv.org/abs/2302.08834
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Discrepancies within & between the dispersive & lattice results
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▶ Requires experimental input =⇒ not a “pure” theory calculation

▶ “Significant” discrepancies in cross sections =⇒ significant discrepancies in aµ

https://arxiv.org/abs/2302.08834
https://arxiv.org/abs/2407.10913


6

Lattice approach to HVP via the time-momentum representation

From Bernecker & Meyer:

ahvpµ =
(α
π

)2 ∫ ∞

0
G (t)K̃ (t)dt

for kernel K̃ (t) and electromagnetic
current correlator

G (t) = −1

3

∑

k

∫
d3x ⟨JEMk (t, x)JEMk (0)⟩

Distinguish between different “windows”: Plot of windows [Kuberski]

▶ Short distance: Lattice artifacts dominate

▶ Intermediate distance: precise, good for comparison

▶ Long distance: signal-to-noise ratio deteriorates
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Reducing the error in the LD window through spectroscopy

[Keshavarzi et al; hep-ph/1802.02995]

▶ ππ channel
dominates at
low-energy

⟨[ππ]†(t) [ππ](0)⟩ = Z
(0)
ππ Z

(0)†
ππ e−E (0)t + . . .

⟨J†(t) [ππ](0)⟩ = Z
(0)
J Z

(0)†
ππ e−E (0)t + . . .

}
=⇒ ⟨J†(t)J(0)⟩ = |Z (0)

J |2e−E (0)t + . . .

https://arxiv.org/abs/1802.02995
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Setup for the spectral reconstruction of the current correlator

Must estimate many states:

⟨J(t)J†(0)⟩ =
∑

n

|Z (n)
J |2e−E (n)t

0
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5
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Light
N=4
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N=1

[Gérardin et al; hep-lat/1904.03120]

▶ Rather than use a single interpolator for
ππ, use many

(ππ)(p1,p2, t) = π+(p1, t)π
0(p2, t)

− π0(p1, t)π
+(p2, t)

▶ 9 different operators with p2 = 0

G (t) → G(t) =




1×1︷ ︸︸ ︷
GJ→J(t)

1×9︷ ︸︸ ︷
GJ→ππ(t)

Gππ→J(t)︸ ︷︷ ︸
9×1

Gππ→ππ(t)︸ ︷︷ ︸
9×9




▶ Solve the correlation matrix for the
overlaps and energies

▶ Use variational method on the 9× 9 matrix

https://arxiv.org/abs/1904.03120
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Solving the generalized eigenvalue problem

Approaches to the generalized eigenvalue problem (GEVP)

C (t)vn(t, t0) = λn(t, t0)C (t0)vn(t, t0)

Principal correlator
Compute eigenvalues λ on
each time slice for fixed
pivot t0, then fit

λ(n) = e−E (n)(t−t0) + · · ·

Rotated correlator
Compute eigenvectors
exactly once then reuse for
all times, then fit

C
(n)
rot = v(n)†Cv(n)
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Solving the generalized eigenvalue problem

Approaches to the generalized eigenvalue problem (GEVP)

C (t)vn(t, t0) = λn(t, t0)C (t0)vn(t, t0)

Principal correlator
Compute eigenvalues λ on
each time slice for fixed
pivot t0, then fit

λ(n) = e−E (n)(t−t0) + · · ·

Rotated correlator
Compute eigenvectors
exactly once then reuse for
all times, then fit

C
(n)
rot = v(n)†Cv(n)

“Sliding pivot” eff mass
Compute eigenvalues on
each time slice for pivot
t0 = ⌈t/2⌉, then fit

E
(n)
eff = E (n) + . . .
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Corrections to the “sliding pivot” effective masses

Define δE (n) = minm ̸=n |E (m) − E (n)| and ∆E (n) = EN − En.

What is the correction ϵ
(n)
E (t, t0)?

Compute: E
(n)
eff (t) = log

(
λ(n)(t − 1, t0)

λ(n)(t, t0)

)

Fit: E
(n)
eff (t) = E (n) + ϵ

(n)
E (t, t0)

Worse case scenario (for fixed t0) [Lüscher & Wolff (1990)]:

ϵ
(n)
E (t, t0) = O

(
e−δE (n)t

)

Next-to-leading-order (for general t0) [Blossier; hep-lat/0902.1265]:

ϵ
(n)
E (t, t0) = O

(
e−∆E (n)t

)
+O

(
e−2(∆E (n)−δE (n))t0e−δE (n)t

)

https://doi.org/10.1016/0550-3213(90)90540-T
https://arxiv.org/abs/0902.1265
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Corrections to the “sliding pivot” effective masses

Define δE (n) = minm ̸=n |E (m) − E (n)| and ∆E (n) = EN − En.
Optimal correction when t0 ≥ t/2.

Compute: E
(n)
eff (t) = log

(
λ(n)(t − 1, ⌈t/2⌉)
λ(n)(t, ⌈t/2⌉)

)

Fit: E
(n)
eff (t) = E (n) +O

(
e−∆E (n)t

)

Worse case scenario (for fixed t0) [Lüscher & Wolff (1990)]:

ϵ
(n)
E (t, t0) = O

(
e−δE (n)t

)

Next-to-leading-order (for general t0) [Blossier; hep-lat/0902.1265]:

ϵ
(n)
E (t, t0) = O

(
e−∆E (n)t

)
+O

(
e−2(∆E (n)−δE (n))t0e−δE (n)t

)
t0/2≥t→ O

(
e−∆E (n)t

)

https://doi.org/10.1016/0550-3213(90)90540-T
https://arxiv.org/abs/0902.1265
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Corrections to the “sliding pivot” effective masses & matrix elements

Define δE (n) = minm ̸=n |E (m) − E (n)| and ∆E (n) = EN − En.
Optimal correction when t0 ≥ t/2.

Compute: E
(n)
eff (t) = log

(
λ(n)(t − 1, ⌈t/2⌉)
λ(n)(t, ⌈t/2⌉)

)

Fit: E
(n)
eff (t) = E (n) +O

(
e−∆E (n)t

)

Effective matrix elements for optimized operator [ΠΠ](n)(t; t0) ≡ ([ππ](t), v (n)(t, t0)):

Compute: Z̃
(n)
J (t) =

⟨J(t) [ΠΠ](n) †(0; ⌈t/2⌉)⟩√
⟨[ΠΠ](n)(t; ⌈t/2⌉) [ΠΠ](n) †(0; ⌈t/2⌉)⟩

(
λ(n)(⌈t/2⌉+ 1, ⌈t/2⌉)
λ(n)(⌈t/2⌉+ 2, ⌈t/2⌉)

)t/2

Fit: Z̃
(n)
J (t) = Z

(n)
J +O

(
e−∆E (n)⌈t/2⌉

)
Depends on t0, not t!
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Fits to the effective masses (p2 = 0, T+
1 )
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Fit to rotated correlators

▶ Principal & rotated correlators fits: include generic “garbage exponential” term,
independent of each level
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Fits to the effective masses (p2 = 0, T+
1 )
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▶ Principal & rotated correlators fits: include generic “garbage exponential” term,
independent of each level

▶ “Sliding pivot” fits: include shared O
(
e−∆E (n)t

)
correction
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Direct comparison of spectrum (p2 = 0, T+
1 )
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▶ Comparison after model averaging over choice tmin/a = [4, . . . , 9]
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Comparison of matrix elements
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Previous study:

R(n)(t) =

∣∣∣∣∣∣
⟨J(ΠΠ)(n)†⟩√

⟨(ΠΠ)(n)(ΠΠ)(n)†⟩ e−E
(n)
ππt

∣∣∣∣∣∣
t→∞→

∣∣∣Z (n)
J

∣∣∣

▶ Requires fitted energies as input

▶ Sensitive to GEVP parameters

▶ Only plateaus at very late times or
large t0

https://arxiv.org/abs/1808.05007
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Comparison of matrix elements
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▶ Since corrections are known, possible to fit earlier & more precise data (right)

https://arxiv.org/abs/1808.05007
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Putting it all together: reconstructing the current correlator
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▶ Current correlator fully saturated after including 4 states
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Putting it all together: reconstructing the current correlator
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▶ Current correlator fully saturated after including 4 states

▶ Spectroscopy more precise than low-mode averaging (LMA) at x0 ≈ 2.5 fm
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Improvement to ahvpµ via the bounding method
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[Kuberski]

▶ Including spectroscopy halves the error of ahvpµ on our most important ensemble!
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Extension to other irreps: the phase shifts [preliminary]
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▶ Fit spectrum to a Breit-Wigner line resonance using all irreps

▶ For this first study, constraint to Ecm ≲ 5mπ
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The timelike pion form factor [preliminary]
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Lellouch-Lüscher-Meyer:

∣∣∣F (Λ,d)
π

∣∣∣
2
= gΛ(γ)

(
k
∂δ1(k)

∂k
+ q

∂ϕ(Λ,d)(q)

∂q

)

× 3πE 2
cm

2q5cmL
3

∣∣∣Z (Λ,d)
J
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Posterior [χ2
ν = 1.1]:

mρ/mπ = 5.760(88)

gρππ = 6.02(30)

Γρ/mπ = 1.14(12)

▶ Does not include systematics!
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Summary

4 6 8 10 12 14 16 18
t/a

0.10

0.15

0.20

0.25

0.30

0.35

0.40

0.45

0.50

E

3.5

4.0

4.5

5.0

Z
(0

)
J

9

10

11

12

Z
(1

)
J

4 8 12 16 20 24 28 32 36
t/a

15.0

17.5

20.0

22.5

Z
(2

)
J

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
x0 (fm)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

C
I=

1 (
t)/

C l
(t)

▶ Reminder: in the regime t0/2 ≥ t, the NLO corrections to effective quantities are
known! =⇒ We can use these constraints to increase precision.

▶ Including spectroscopy halves the error of ahvpµ on our most important ensemble
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Backup
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Sensitivity of old ratios to t0
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Phase shifts by irrep
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Form factor by irrep

0

2

4

6

8

10
pSq0-T1up pSq1-A1p pSq1-Ep pSq2-A1p

0

2

4

6

8

10
pSq2-B1p pSq2-B2p pSq3-A1p pSq3-Ep

2 3 4 5 6 7
0

2

4

6

8

10
pSq4-A1p

2 3 4 5 6 7

pSq4-Ep

|F
|

Ecm/m


