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https://arxiv.org/abs/2203.11762
https://arxiv.org/abs/2104.07311
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The experimental precision of
Ds — X /v data, achievable from the
lattice, offers the opportunity to do a
complete phenomenologically relevant
calculation and at the same time to
validate the method
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Theoretical background



Inclusive semi-leptonic D — X /v decay
[P. Gambino and S. Hashimoto (2020), S. Hashimoto (2017)]

> Incoming D, meson at rest, p* = mQDS
> Outgoing X hadron, px = (qo, q)

> JY(2) = ig(a)y™ (1 — 75) f(x)

I =G2 <|vcd|2rcd A Ve [*Tes + |Vus|2Fsu)
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https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.125.032001
https://arxiv.org/pdf/1703.01881

Each contribution is given by

d’p, d’p
Ty, = Ly (pe, po) H™
f9 /(277)32EV @myi2E, L o P ) Hig (P px)

with L, standard leptonic tensor and the fully non-perturbative hadronic tensor

(2m)*
2mD

s

HY ) (p,px) = (Ds| 7£,(0)8* (P = px) £ (0) |Ds)

After a lengthy (but straightforward) derivation ...
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3deg

max

Z| a2

Z, = linear combinations of H}‘;’(qo,q2)
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max

3deg Z| 3 n/(]

dgo(qo™ — qo)" Zn, Z,, = linear combinations of H}‘;’(qo,qQ)

To treat numerically the integral we introduce a regularized version of the #-function

dr‘ n > max n max
24 T2 = lm, Z|q|3 / dao(a8™ — q0)"0 (65" — q0)Z

o—0 min
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max

4 3drfg

dgo(a0™ — q0)" Zn,

Zi“/,

0
min

Z, = linear combinations of H}‘;’(qo,qQ)

To treat numerically the integral we introduce a regularized version of the #-function

oo
Sdeg _ 3—n max n max
247” —5= = lim E |al dgo(g0™ = 0)" 05 (30" — q0) Zn
q o—0 min
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The final hadron phase-space

Qo € [, /mfcg +q?,mp, — |q|} m?cg lightest mass in the spectrum
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The final hadron phase-space
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Asymptotic expansion for small o: fit Ansatz for o — 0 extrapolation
[A. Evangelista et. al (2023)]

Apy = / " dgoa” [0(x) — 0()] plao)

___max
T=qo —4qo

max

> If p(qo) is regular at g
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https://arxiv.org/abs/2403.05404
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Asymptotic expansion for small ¢: fit Ansatz for o — 0 extrapolation

[A. Evangelista et. al (2023)]

Apy = / " dgoa” [0(x) — 0()] plao)

___max
T=qo —4qo

max

> If p(qo) is regular at ¢g
> n=0,1Ap, =0(c?)+ even powers (Zp,1)
b n=2 Aps,=0(c*)+ even powers (Z2)

> If p(qo) = Z - 6(qo — a5"*) + -+~
pn=0 Aps=3217

>n>0 Aps=0
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Asymptotic expansion for small ¢: fit Ansatz for o — 0 extrapolation

[A. Evangelista et. al (2023)]

Apy = / " dgoa” [0(x) — 0()] plao)

___max
T=qo —4qo

max

> If p(qo) is regular at g
> n=0,1Ap, =0(c?)+ even powers (Zp,1)

b n=2 Aps,=0(c*)+ even powers (Z2)

> If p(go) = Z - 6(go — q6"*) + -
>n=20 Apg:%Z!?

>n>0 Aps=0
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| Decay rate is not vanishing at g2,

? Experimental prescription may differ
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https://arxiv.org/abs/2403.05404

I't4 from lattice QCD

We need the hadronic tensor which is the spectral density of the correlation function

ME (1, o) = / dgo ™ (qo, q?)e™ "
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I't4 from lattice QCD

We need the hadronic tensor which is the spectral density of the correlation function
Mg () = [ dao 1 .ty

that in practice is obtained by

i tsnk, L2, t1, tsrc;
Mﬁ;(tz — t11q2) = lim 4pt( 2,11, torei Q)
tsnk'_)i’sg Cth (tsnk - t2)02pt(t1 - tsrc)

tsre>

> t=1te —t1 = a,2a,--- Euclidean time

> to — tsnk, tsre — t1 > 0 checked
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Going from

ME (1, q) = / dgoH (g0, o2)e ="

to
> 2
[ danlas™ = o) 00 a5 — a0) 175 (a0, )

implies solving a numerically ill-conditioned (but mathematically well-posed) inverse Laplace
transform

> t = a,2a,3a,--- < oo, scarce information

> signal-to-noise ratio of M} (¢, q) deteriorates exponentially
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One way out: HLT (R. Kellermann’s talk for another approach)
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https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.130.241901
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.074513
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.132.261901
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.132.261901
https://link.springer.com/article/10.1007/JHEP07(2022)083
https://arxiv.org/abs/2405.01388
https://arxiv.org/abs/2407.02069

One way out: HLT (R. Kellermann’s talk for another approach)

Extraction of spectral densities from lattice correlators

Martin Hansen,' Alessandro Lupo,” and Nazario Tantalo®
'INFN Roma Tor Vergata, Via della Ricerca Scientifica 1, I-00133 Rome, Italy
“University of Rome Tor Vergata, Via della Ricerca Scientifica 1, I-00133 Rome, Italy
3University of Rome Tor Vergata and INFN Roma Tor Vergata,
Via della Ricerca Scientifica 1, I-00133 Rome, Italy

Many applications by now

R-ratio Spectroscopy at non-zero temperature
Phys.Rev.Lett. 130 (2023) 24, 241901 A. Smecca's talk Meson spectroscopy
F. Margari's poster, D. Stewart's talk

Ed. Bennet et al. (2024)

Hadronic 7 decay N. Forzano's talk

A. Evangelista et al. (2023), Phys.Rev.Lett. 132 (2024) . . . .

G. Gagliardi's talk Exclusive scattering amplitudes from lattice QCD
A. Patella & N. Tantalo (2024)

Heavy H — X/{v inclusive decay A. Patella’s talk

P. Gambino et al. (2022) M +herel
any others!
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https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.074513
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.132.261901
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.132.261901
https://link.springer.com/article/10.1007/JHEP07(2022)083
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In general we want to extract p, = [ dw K, (w)p(w) from C(t) = [ dwe " p(w)

> A linear estimator for the solution can be written by
approximating the target smearing (Schwartz) kernel

> The estimator is model independent and unbiased in
the limits T — oo and vanishing statistical errors

T
po=»_g:Clar)
=1

T
K;f)j;frox _ Z gr (T)e—awT
T7=1

lim K2PP'* = K,

T+ o0 o
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—wt

In general we want to extract p, = [ dw K, (w)p(w) from C(t) = [~ dwe ™ p(w)

T
pe = 9:Clar)
=1

> A linear estimator for the solution can be written by
approximating the target smearing (Schwartz) kernel

T
K;lf)jgrox _ Z gr (T)e—awT
T=1

> The estimator is model independent and unbiased in lim KPP = K,
. . . . . . a,
the limits T — oo and vanishing statistical errors Too

For T' < co one needs to estimate the residual systematic uncertainty due to the kernel approximation
in addition to statistical error
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> The coefficients g are calculated by minimizing

Wihgl = (1— A)% 1 \Blg]

> Suppression of the statistical error

Blgl = g¢" - COV[C(1)] - g = (3p)”

> Accuracy of the approximated kernel

2
oo T
A[g] — / dw ZgTe—awT _ Kltyarget
E T=1

~0

Eo ~ 0.9 - g»
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Stability analysis to tune A
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02 1
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O(3000) stability analysis in one plot

PHLT

Distribution of the pull variable across all the stability analysis

0.0 0.1 0.2 0.3

C80 requires more statistics
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Results ad fixed ensemble and o

B64, fg = cs, 0 =198 MeV
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Results ad fixed ensemble and o
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T'cq is Cabibbo suppressed
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Conclusions

> The HLT method offers a solid way-out to the challenging computation of inclusive decay rates,
but that is not enough to do physics ...
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Conclusions

> The HLT method offers a solid way-out to the challenging computation of inclusive decay rates,
but that is not enough to do physics ...

Netx-to-do list

Finite Size Effects

Continuum Limit o .
Christiane Grof3’s talk right after me

>

>

> o — 0 extrapolation
> Integration over g2
>

Comparison with experiments

Thank you for the attention and don't run away!!!
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Backup



Definition of Z,,

Zo=Ys+Y3 —2Y, ZlEQ(Yg—Zyl—Y;;)

Z2EY3—2Y1\

Form factors decomposition of the hadronic tensor

mb, H" (p,pz) = ¢"'mp h1 +p"p ha + (p — px)"(p — px)"hs
+[p"(p — px)” + (p — px)"P Tha — e palp — px)shs

Yi=-mp, Y @' H? =M
ij

2
Y2:mD5H00:h1+h2+(17 d0 ) h3+2(17q70)h4
Mmpg mps

Ys=mp, Y §'¢H” = —himb, + |a|*hs
ij

s

Y, = —mp, E G'H® = (1 - nf“ >|q|h3 + |a|ha
N D
1

__imp, ijk Ak yij
Ys = D) ZE ¢ H" =|qlhs

ijk

S>> D

e}
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Production line

This is repeated for: ETMC ensembles all close to physical point

> 2 channels, third coming ID L>xT alfm] L [fm]
> Zo. 71 and Zo B48 48%x 96  0.07951 3.82
' B64 | 64% x 128 0.07951  5.09
> 2 smearing kernels B96 | 96° x 192 0.07951  7.63
> O(10) vales of o C80 | 80° x 160 0.06816  5.45
> 10 values of g D9 | 96°x92 0.05688 5.46
E112 | 112°x 224 0.04891  5.47

> for each ensemble




Final results

Spline interpolation + trapezoid integration
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o +— 0 extrapolation

> Zo : 02 + even powers
> Z1: 02+ even powers

> Zz:o* + even powers
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Continuum extrapolation

Fg=cs, Zo, q*=0.035 [GeV]?, o = 436 [MeV],
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Lepton moments

Everything presented in this talk applies straightforwardly to the Lepton moments

LdAM? dr
lt f" /dqo/dEZEé odqf;dEz

The first lepton moment reads

dM o
96 mp, — 5 = im > q'" | dantas™ = a0)0n ™ = a0) 28"
0

Z) =Yy 4+ Vs — 2V,

—4Y1 + Ya + 3Y; — 4Y; + 2Y3
Z{P = —6Y1 +3Y5 — 2Yi + Y5

Z0 = 2y, + Vs

N
—~
[
N2
I



Exclusive ground-state contribution to I's,

dI'fs 1 mp,

3,2, 2
dq? — 2473 g [l £+ (a”)

ff_ (q?) can be computed by fitting the leading exponential contribution to the correlation functions



