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Project Motivations and Specifics

[ Jele}

Form Factor Motivation

CKM matrix elements calculated from kinematic form factors.

ar
qu X ’VCKM\2 X ’f(qz)’27

|Veg| = 0.22140.004, | V| = (3.8240.20) x 10-3[PDG, 2024].

I(s) > I(s)
b < Vb < i
e+
W+
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Project Motivations and Specifics

oeo

Heavy HISQ

@ Generic heavy-quark simulated at various masses.
@ Allows extrapolation to physical b-quark mass.

t

H J mcsmh<mb

K Hes)

< _ >

@ Ny =2+1+1MILC-HISQ @ Fully relativistic, nearly full
gluon fields [1004.0342], kinematic range.
[1212.4768].
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Project Motivations and Specifics
ooe

Gluon Field Ensembles

Set [ ~afm) ms/m  N3xN;, amprange |Pmml[MeV/c]] T range
-5 0.09 5 323 x 96 0.450-0.8 311 15-24
f-phys 0.09 27 643 x 96 0.433-0.8 330 15-24
sf-5 0.06 5 483 x 144 0.274-0.8 622 22-31
stphys | 0.06 27 96 x 192 0.2585-0.8 648 2231
uf-5 0.04 5 643 x 192 0.194-0.8 583 29-44

@ Per ensemble we set smallest amy, ~ amP™®.

@ Coming soon:

@ coarser ensembles, a ~ 0.12fm, 0.15fm.
e amy = amf;hyS on select finer ensembles.

@ Max g2 on uf5 ~ 20GeV? .
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Fit Procedure
@®00000

Correlator Fit Equations

Two-point correlator fit equation (e.g. 7):
Nexp—1
Ci()= Y. [JAT"E(e 6"t 4 o BTN
i=0
~(—1)|ATOP(eE " 4 e BTN

Three-point correlator fit equation (e.g. H — 7):
Nexp—1 H,n
CPM(t Ty = Y [A7upartne & e 5T
i,j=0
w,n, _pHorr
— (= 1)T-D AT po AhogE "t ET T

— (1) AT g AT g T

7,0 _pHorT_
+ (1) ATOURe A e e BT
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Fit Procedure
Oe0000

Form Factor Equations

Matrix element for ground-state lattice current Jgy (e.9. H — 7):

<7T|Jlatt|H> = 2Zdisc V MyE; x J&’]
Form factor relations to lattice matrix elements:

Scalar: (7| Sau|H) = fo(G°) x H’

Vector:  Zy (x| Vit H) = f1(¢P) (PZ P M’?’q_zM?rq“>
+ fo(qz)wq“

Tensor:  Zr(u)(#| Tk | H) = fr(q?, 1) x I\flgwj—jlpM7T2

Note: A and # denote local non-Goldstone pseudoscalars. Z terms
calculated in [1211.6966], [1008.4562], [1305.1462], [2008.02024]

6/19



Fit Procedure
00@000

Fitting Obstacles

Fitting requires inverting correlation matrix. For H — =, per
ensemble we fit over:

@ 4 x amp,

@ 5 x 6, where 6 = |aﬁ,r,,<| x \%Xw,

@4xT,

@ 4x spin-taste copies for H from using local current
operators,

@ 4x 3-point current components: (scalar, temporal vector,
spacial vector, tensor),

... and the Hs — K alternative of each of the above.
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Scalar X-Vector T-Vector Tensor
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Fit Refining
@000

Nexp and tmin Testing

SF-phys H mass Fit Posterior vs tmin & Nexp, am = 0.2585
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@ Uncertainty decreases at

smaller tyin/a.
@ Posterior central value

saturates at higher Neyp.

tmln/a

@ Here | choose thn/a=7

@ Empirical Bayes testing
favors Neyxp = 4 across all

ensembles. e



Fit Refining
lo] Jele}

Priors and Bayesian Fitting

P, + o; — Fit Parameter, X2 = Xaug = X2+ Xarior:
B; 4 &; = Prior on Parameter, Cror = i (P,U;IP,)
2.00 B-»n Temporal Vector V_eff: f5-ensemble, am=0.675, 6=1.282, T=24
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Priors P; + &; are initially set from M and Ag plots, refined

through Empirical Bayesian Analysis. 12119



Fit Refining
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Setting Priors

Some parameters warrant precise priors with narrow widths:

F-ensemble Bpi mother meson effective masses
1.50 = 0.300

F Bpi daughter meson effective mass
T
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Fit Refining
oooe

Setting Priors

Others warrant conservative priors with broad widths:

H-m f-5 Scalar Current Effective Amplitudes, All 6's
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Preliminary Results and Future Steps
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Sample Fit Result - Prior vs. Posterior Bounds

0 B-1t Temporal Vector V_eff: f5-ensemble, am=0.675, 6=1.282, T=24
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Preliminary Results and Future Steps
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Sample Fit Result - Reconstructed Effective Amplitude

o B-mt Temporal Vector V_eff: f5-ensemble, am=0.675, 6=1.282, T=24
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Preliminary Results and Future Steps
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H — 7 (a= 0.09fm, mg/m; = 5) form factors

H-mn, f5, Scalar form-factor H-m, f5, Temporal Vector form-factor
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Results shown are preliminary. amg™® = am{" = 0.450
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Preliminary Results and Future Steps
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0.09fm, mg/m; = 5) form factor
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Results shown are preliminary. amg™® = am{" = 0.450
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Preliminary Results and Future Steps
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Recap and Outlook

Key Points Next steps:
@ Kinematic form factors @ Fit refinement:
— |Vup| and [Veql. e SVD cut analysis,
@ First use of heavy-HISQ e Empirical Bayes testing

of 3pt priors,
o Stability testing.
@ Modified z-expansion:

method for Hs) — m(K)
across wide kinematic

range. .
) C e Physical b-quark mass
@ Bayesian Statistics integral extrapolation,
to fitting method (priors). e Continuum limit

extrapolation.
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Back-Up: Renormalization

@ Zjisc: tree level discretization correction starting at (amp,)*
[Monahan, Shigemitsu, Horgan, 1211.6966].

@ Zy: derived from the partially conserved vector current
relation [Na et al., 1008.4562],[Koponen et al., 1305.1462].

For Hom: 2Zy= (Mh = Mz )(m| VO H) | o—gz,,

@ Zr: tensor current renormalization at energy scale =
4.8GeV =~ my [Hatton ef al., 2008.02024].
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Back-Up: Empirical Bayes Analysis

Gaussian Bayes Factor (GBF) = probability density of randomly
sampling the fit data from fit model (including priors). By

construction it punishes over-fitting.

SFp 2pt-Amplitude Width Testing

@ Optimization: minimize
Xaug» Maximise GBF.,

@ Alog(GBF) > 3is
considered significant.
Increasing prior width
artificially lowers x3,q-

@ Adding "noise" to priors
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Back-Up: Sample Correlator Fitting

F5 Ensemble 3pt-Correlator Comparison: am=0.675, 6=1.282, T=24
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