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❖ One of the biggest mysteries in physics

❖ Evidence for particle DM:

❖ i.e. "Bullet cluster"

❖ Properties:

❖ Massive, stable, "invisible"

❖ Interaction?

❖ With SM: no (low)

❖ Self: perchance?

Dark Matter
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Chandra X-ray Observatory

https://chandra.harvard.edu/


What can lattice do? 

❖ Test/limit effective theories

❖ Provide first-principles verification of dark 
matter models

❖ Compare directly to i.e. astro data

Dark Matter
3

Chandra X-ray Observatory

https://chandra.harvard.edu/
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Self-interaction

❖ "Small structure problems"

❖ Core-like shape preferred

❖ Hints towards self-interaction

❖ Upper bounds on cross-section
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Tulin, Yu: arXiv:1705.02358 (2017)

Dwarf Galaxy

https://arxiv.org/abs/1705.02358


Self-interaction

❖ "Small structure problems"

❖ Core-like shape preferred

❖ Hints towards self-interaction

❖ Upper bounds on cross-section
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Tulin, Yu: arXiv:1705.02358 (2017)
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❖ "Dark matter halos as particle colliders"

❖ Mild velocity dependence @ non-
relativistic velocities

❖ Relies on simulations of dark halos

❖ model-dependent

DM+DM DM+DM→

Velocity-dependent cross-section
6

Kaplinghat et al: Phys. Rev. Lett. 116 (2016)

http://test


❖ DM in halo thermalized

❖

❖  - rel. velocity,  - Maxwellian

❖ Can be done on the lattice

❖  needed

⟨σv⟩ = ∫
vesc

0
dv σ(v) v f(v)

v f(v)

σ(v)

DM+DM DM+DM→

Velocity-dependent cross-section
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Kaplinghat et al: Phys. Rev. Lett. 116 (2016)

Assumptions:
1. Maximal scattering channel dominant
2. s-wave scattering

http://test


Relic density

❖ Possibility: Dark matter as as a thermal 
relic from the early universe

❖ Handle on the dark matter abundance

❖ Temperature decreases  interaction 
"freezes out"

❖ Example:

❖ WIMP: DM + DM  SM + SM

→

→
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Frumkin et al: Phys.Rev.Lett. 130 (2023)
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https://inspirehep.net/literature/2106114


Strongly Interacting Massive Particles

❖ Alternative freeze-out paradigm

❖ Number lowering process in the dark 
sector

❖ Addresses self-interaction

❖ Coupling to the SM sector needed to 
prevent heat-up

❖ Mediator enables direct detection

❖ Underlying UV theory?
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ρDM ≈ 5.4ρB

Hochberg et al.: Phys. Rev. Lett. 113 (2014)

mDM ≲ GeV

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.113.171301


❖ Sp(4) flavour symmetry

❖ Pseudo-real rep of gauge group with 

❖ Mixing of left- and right handed 
components (Weyl-fermions)

❖ Symmetry is enlarged

❖ Result: 5 pNGBs

❖  process possible

❖ WZW description in ChPT

Nf = 2

3 → 2

Minimal realisation
11

U(4)

SU(4)

Sp(4)

mu = md = 0Axial anomaly

mu = md = 0
mu = md ≠ 0

Chiral symmetry 
breaking

U(2)xU(2)

SU(2)xSU(2)xU(1)

SU(2)xU(1)

Complex 
SU(3)c

Pseudo-real
Sp(4)c

Rep of gauge group:
( )Nf = 2

Kulkarni et al.: SciPost Phys. 14 (2023)
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https://arxiv.org/abs/2202.05191


❖ Sp(4) flavour symmetry

❖ Pseudo-real rep of gauge group with 

❖ Mixing of left- and right handed 
components (Weyl-fermions)

❖ Symmetry is enlarged

❖ Result: 5 pNGBs

❖  process possible

❖ WZW description in ChPT

Nf = 2

3 → 2

Minimal realisation
12

U(4)

SU(4)

Sp(4)

mu = md = 0Axial anomaly

mu = md = 0
mu = md ≠ 0

Chiral symmetry 
breaking

U(2)xU(2)

SU(2)xSU(2)xU(1)

SU(2)xU(1)

Complex 
SU(3)c

Pseudo-real
Sp(4)c

Rep of gauge group:
( )Nf = 2

Kulkarni et al.: SciPost Phys. 14 (2023)

Other Sp(4) talks:
1. Fabian Zierler: Tue 11:35
2. Niccolo Forzano: Wed 11:35
3. David Mason: Wed 12:15
4. Ho Hsiao: Fri 11:15
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https://arxiv.org/abs/2202.05191


❖ Zoo of dark hadrons

❖ 5 Pions & 10 Rhos lightest non-singlets

❖ No fermionic bound states

❖ Light  relevant for  scattering

❖ Limits ChPT validity

η′ ππ

Particle phenomenology
13

Bennett et al.: arXiv:1909.12662 (2019)
F. Zierler: PHD thesis

η′ 
σ π ρ

…

https://inspirehep.net/literature/1756603
https://static.uni-graz.at/fileadmin/_Persoenliche_Webseite/maas_axel/Dissertation_Fabian_Zierler.pdf
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Scattering phenomenology

❖ 3  scattering channels:

❖ 1-dim: Mixing with flavour singlets

❖ 10-dim: , 

❖ 14-dim: "Maximal" - 

❖ Contribution to  scattering naively 
scales with dimension

ππ

ρ → ππ 3π → 2π

π+π+ → π+π+

ππ → ππ

15

 Sp(4)f

Feger et al.: Comp.Phys.Com 257 (2020)

 ( )ππ → ππ dim = 1, 10, 14
 ( )ππ → ρ dim = 10

 ( )πππ → ππ dim = 10
etc.

5 ⊗ 5 ⊗ 5 = 3(5) ⊕ 10 ⊕ 30 ⊕ 35

5 ⊗ 5 = 1 ⊕ 10 ⊕ 14

https://arxiv.org/abs/2202.05191


❖ Standard Lüscher

❖ Relate finite volume energy levels with 
infinite volume scattering properties

❖ Zero total momentum:

❖ , 

❖ Result: Energy-dependent phase-shift

tan(δ) =
π

3
2q

𝒵0⃗
00(1,q2)

q =
L
2π

p

Scattering on the lattice
16

Lüscher et al.: Commun. Math. Phys. 104/105 (1986)
Briceño  et al.: Rev.Mod.Phys. 90 (2018) 2, 025001

https://link.springer.com/article/10.1007/BF01211097
https://inspirehep.net/literature/1606083
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Lattice setup
1. HiRep extension for Sp(2n)
2. Standard Wilson fermions

3.
mπ

mρ
= 0.70 − 0.87

Scattering on the lattice
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Phase shift

❖ Effective range expansion:

❖ Expand phase shift in 

❖ Access to 

❖ No quantitative effect from using different 
models for the fit

𝒪(p2)

σ(s)

18

, β = 7.05 m0 = − 0.85

YD, F. Zierler and A. Maas: arXiv:2405.06506

σm2
π

p cot(δ0)/mπ

https://arxiv.org/abs/2405.06506


-pT comparisonχ
19

Bijnens and Lu: JHEP, 03:028, (2011)
YD, F. Zierler and A. Maas: arXiv:2405.06506

❖ Prediction: 

❖ Potential systematics

❖ Promising for ChPT

❖ NLO?

a0mπ =
1
32 ( mπ

fπ )
2

*transparent points include smaller volumes

https://link.springer.com/article/10.1007/JHEP03(2011)028
https://arxiv.org/abs/2405.06506


YD, F. Zierler and A. Maas: arXiv:2405.06506

Velocity-weighted cross-section

❖ No sign for a velocity dependence

❖ Discrepancy in 

❖  predicted by SIMP

❖ Sp(4) not ruled out

a0mDM

mDM ∼ 100 MeV
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Kaplinghat et al: Phys. Rev. Lett. 116 (2016)

⟨σv⟩ = ∫
vesc

0
dv σ(v) v f(v) DM+DM DM+DM→

https://arxiv.org/abs/2405.06506
http://test


Summary & Outlook

❖ -scattering in the most common channel

❖ Decent agreement with astro-data with 

❖  scattering (with Bennett et. al.)

❖ 3 2: Parametrizing  from ChPT (WZW) + finite volume levels (with 
Max Hansen)

ππ

mDM = 100 MeV

ρ → ππ

→ 𝒦3→2

21

Thank you!
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Result tables

Energy levels⟵
Effective range
expansion

⟵



Energy levels

❖ Infinite volume pion mass

❖
, 

❖ Non-interacting levels: 

❖ Resonances: 

❖ One to one mapping of  to sign of 
phase shift

q =
L
2π

P tan(δ) =
π

3
2q

𝒵0⃗
00(1,q2)

q2 ∈ {1,2,..}

𝒵(1,q2) = 0

Eππ(L)
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YD, F. Zierler and A. Maas: arXiv:2405.06506

, β = 7.05 m0 = − 0.85

Jenny et al.: Phys. Rev. D 105 (2022)

E
mπ

https://arxiv.org/abs/2405.06506
https://arxiv.org/abs/2204.02756


BACKUP

The Zeta function

Jenny et al.: Phys. Rev. D 105 (2022)

https://arxiv.org/abs/2204.02756


BACKUP

Why not SU(2)

❖ Sp(2) = SU(2)

❖ "Large NC" further away from the 
conformal window for fixed 

❖ Studies of SU(2) exist but are less 
compatible

Nf

"  less constraint for larger "mπ Nc
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Why confining gauge theory

❖ Large coupling needed

❖ Arises naturally in confining 
theories

❖ Hard to make it work with 
elementary particles
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Small-scale structure problems
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Sp(4) particle spectrum

Bennett et al.: arXiv:1909.12662 (2019)

https://inspirehep.net/literature/1756603
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Energy levels on the lattice
❖ Each operator in a specified quantum number channel contains the full 

energy spectrum with some non-trivial (not possible to tell a priori) overlap

❖ Solution: Try/use a lot of operators and perform variational analysis

❖ Correlation functions can expressed as diagrams


C(t) = ⟨𝒪(t)𝒪†(0)⟩ = ∑
k

⟨0 |𝒪 |k⟩ ⟨k |𝒪† |0⟩ exp−tEk

lim
t→∞

C(t) = e−tm



BACKUP

Variational Analysis

❖ Build cross-correlation matrix

❖ The Eigenvalues of this matrix disentangle the energy levels

❖

❖ Works best with large operator basis

λk(t) ∝ etEk

Cij(t) = ⟨𝒪i(t)𝒪†
j (0)⟩



BACKUP

Trivial energy levels

❖ Lot of scattering states possible

❖ Possible operators: , , , , , , ,  (+ potential singlets)

❖

❖ Trivial momenta in finite volume:

❖

ρ ππ πρ ρρ πππ ππρ πρρ ρρρ

E = ∑
i

m2
i + p2

i

p =
2π | ⃗n |

L
, ⃗n ∈ ℤ3



BACKUP

Lüscher method
P=(1,1,0)
(for irrep  in )B−

1 D2h

Lang et. al.: arXiv:1105.5636v3

https://arxiv.org/


BACKUP

Phenomenology of scattering channels

❖ 14-dim:

❖ (Probably) contributes most to 
-scattering

❖ 14 out of 25 possible combinations 
of Pions

ππ
 (I=0,1,2)

 (I=1)
 (I=1)
 (I=0,1,2)

etc.

5 ⊗ 5 = 1 ⊕ 10 ⊕ 14
10 ⊗ 5 = 5 ⊕ 10 ⊕ 35
5 ⊗ 5 ⊗ 5 = 3(5) ⊕ 10 ⊕ 30 ⊕ 35
ππ → ππ
ππ → ρ
ππ → πππ
ππ → ππρ

Sp(4)f

Feger et al.: Comp.Phys.Com 257 (2020)

https://arxiv.org/abs/2202.05191


BACKUP

Phenomenology of scattering channels

❖ 1-dim:

❖ (Probably) no large contribution to 
-scattering

❖ Mixes in other scattering channel

❖ Numerically challenging
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Feger et al.: Comp.Phys.Com 257 (2020)

https://arxiv.org/abs/2202.05191
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Phenomenology of scattering channels

❖ 10-dim:

❖ Mixing with the Rho

❖

❖ Work in progress

πππ → ππ
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etc.
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Feger et al.: Comp.Phys.Com 257 (2020)

https://arxiv.org/abs/2202.05191


BACKUP

Phenomenology of scattering channels
❖ 14-dim:

❖ Makes up most  scattering (14/25)

❖ Easiest on the lattice

❖ 10-dim: 

❖ Mixing with dark 

❖

❖ 1-dim:

❖ Mixing with other states

ππ

ρ

πππ → ππ

 (I=0,1,2)
 (I=1)

 (I=1)
 (I=0,1,2)

etc.

5 ⊗ 5 = 1 ⊕ 10 ⊕ 14
10 ⊗ 5 = 5 ⊕ 10 ⊕ 35
5 ⊗ 5 ⊗ 5 = 3(5) ⊕ 10 ⊕ 30 ⊕ 35
ππ → ππ
ππ → ρ
ππ → πππ
ππ → ππρ

Sp(4)f

Feger et al.: Comp.Phys.Com 257 (2020)

https://arxiv.org/abs/2202.05191


BACKUP

Flavour quantum numbers
❖ Composite states live in irreps of the flavour 

symmetry

❖ Can be represented in diagrams given by the 
weight system

❖ "Meson-octet" and "Baryon-Decuplet" in 
 (mass-degenerate)

❖ Mass-degenerate  perfect symmetry

SU(3)F

→

·

⑧ 6

·

⑧

⑨ ⑧

⑧

Q2

Q1

3 ⊗ 3̄

·

·

· ·

⑧ ⑧

⑧ ·

&

⑧

Q2

Q1

3 ⊗ 3 ⊗ 3Weight system of the 

fundamental of SU(3):

So(3)

· &

⑧ 6

· &

Q2

Q1

3 & 3̄
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Flavour quantum numbers in Sp(4)

❖ Similar in Sp(4) for visualising 
scattering states

❖ Quarks in fundamental of Sp(4) (4-
plet)

❖

❖ Pions in 5 

❖ Rhos in 10

4 ⊗ 4 = 1 ⊕ 5 ⊕ 10

Sp44

-U

~
di E

t

E
X

Q2

Q1
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Pions form a 5-plet

❖ Isomorphism: SO(5) = Sp(4)

❖ Quark content can be read off

❖

❖ Scattering states:

❖

π+ = uγ5d̄

5 ⊗ 5 = 1 ⊕ 10 ⊕ 14

-tTod Il
· ·

To
⑳

-- Tod
It

⑳ ⑧

Q2

Q1
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The 14-plet

❖ Reminder: 

❖  is unique to the 14

❖      

5 ⊗ 5 = 1 ⊕ 10 ⊕ 14

π+π+

𝒪14
ππ = π+π+ = π−π− = ΠudΠud = Πūd̄Πūd̄

Hudtud Tud

Tudt

Tudit ++
-

Test
&

⑳ ⑧

·

TooTd

·ii j to

-
Tod TTTid

& ⑧ ⑧

Q2

Q1



BACKUP

❖ Contains , , 

❖ Trick from before does not work

❖ Use young-diagrams

ρ ππ πππ

The 10-plet
C

· S

-
G
· S ·S

F
S
·

⑧

g] ·E ⑨A

I &
·
S

·S

H

S
&

Q2

Q1

ρ
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❖ Contains , , 

❖ Trick from before does not work

❖ Use young-diagrams

ρ ππ πππ

The 10-plet

·Tud Tod

·
Tudat

·i
o

·

Tudit +-
·

·
·
T

TudTug

·ITo · Totte

⑧

TTd

Q2

Q1

ππ
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Dark Matter
❖ Collection of phenomena with no 

explanation in the standard model (SM)

❖ Rotation curves, structure formation, 
etc.

❖ Possible explanations:

❖ Modified gravity

❖ Non observable form of matter

❖ Particle beyond the SM

Rubin et al.: Ap.J.L. 225 (1978)

https://inspirehep.net/literature/1592444

