
July 29, 2024 
41st International Symposium on Lattice Field Theory 

Implementing the reltivistic-field-
theory finite-volume formlism cross 
ll three-pion isospins

Athri Alotibi 
Higgs Center for Theoreticl Physics  

University of Edinburgh

Bsed on work with: Dr. Mxwell T. Hnsen



Table of 
Contents

Motivation

RFT three-pion finite-volume formalism

Implementation of the quantization condition

Example spectra of three pions with isospin 2 & 0

Unphysical solutions

Conclusion & outlook

1

2

3

4

5

6



Better understnd contributions to 
the hdronic vcuum polriztion of 
the muon                     .

3

Motivation

Mny interesting three-pion resonnces. 

<latexit sha1_base64="+lB5pKcXCcC+Qe3zY7FnRwlDMxo=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahHixJkeqx6KXHCvYD2hA22227dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXhALrsFxvq3cxubW9k5+t7C3f3B4ZB+ftHSUKMqaNBKR6gREM8ElawIHwTqxYiQMBGsH4/u5354wpXkkH2EaMy8kQ8kHnBIwkm/bpeFV5dLvAXuCtN5qzHy76JSdBfA6cTNSRBkavv3V60c0CZkEKojWXdeJwUuJAk4FmxV6iWYxoWMyZF1DJQmZ9tLF5TN8YZQ+HkTKlAS8UH9PpCTUehoGpjMkMNKr3lz8z+smMLj1Ui7jBJiky0WDRGCI8DwG3OeKURBTQwhV3NyK6YgoQsGEVTAhuKsvr5NWpexWy9WH62LtLosjj87QOSohF92gGqqjBmoiiiboGb2iNyu1Xqx362PZmrOymVP0B9bnD0yNktM=</latexit>

(g � 2)HVP

Stepping stone up for more 
complicted resonnces nd wek 
decys:

Frontier of LQCD = rigorously 
nlyzing three-pion energies 
(especilly in resonnce chnnels).

<latexit sha1_base64="NiR9YHEUPMY2PIsfhWe6O0o9uOI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquleqx6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8e3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvZmWv6rrn/WLJrbhzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n84PnqIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MeO2nTMaJoZIsFoUJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGBRuCt/zyKmldVLxapXZ/WarfZHHk4QROoQweXEEd7qABTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gDewo8p</latexit>

⇡(1300)
<latexit sha1_base64="NiR9YHEUPMY2PIsfhWe6O0o9uOI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquleqx6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8e3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvZmWv6rrn/WLJrbhzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n84PnqIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MeO2nTMaJoZIsFoUJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGBRuCt/zyKmldVLxapXZ/WarfZHHk4QROoQweXEEd7qABTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gDewo8p</latexit>

⇡(1300)
<latexit sha1_base64="NiR9YHEUPMY2PIsfhWe6O0o9uOI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquleqx6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8e3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvZmWv6rrn/WLJrbhzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n84PnqIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MeO2nTMaJoZIsFoUJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGBRuCt/zyKmldVLxapXZ/WarfZHHk4QROoQweXEEd7qABTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gDewo8p</latexit>

⇡(1300)

<latexit sha1_base64="NiR9YHEUPMY2PIsfhWe6O0o9uOI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquleqx6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8e3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvZmWv6rrn/WLJrbhzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n84PnqIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MeO2nTMaJoZIsFoUJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGBRuCt/zyKmldVLxapXZ/WarfZHHk4QROoQweXEEd7qABTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gDewo8p</latexit>

⇡(1300)

<latexit sha1_base64="NiR9YHEUPMY2PIsfhWe6O0o9uOI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquleqx6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8e3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvZmWv6rrn/WLJrbhzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n84PnqIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MeO2nTMaJoZIsFoUJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGBRuCt/zyKmldVLxapXZ/WarfZHHk4QROoQweXEEd7qABTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gDewo8p</latexit>

⇡(1300)

<latexit sha1_base64="NiR9YHEUPMY2PIsfhWe6O0o9uOI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquleqx6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8e3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvZmWv6rrn/WLJrbhzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n84PnqIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MeO2nTMaJoZIsFoUJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGBRuCt/zyKmldVLxapXZ/WarfZHHk4QROoQweXEEd7qABTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gDewo8p</latexit>

⇡(1300)

<latexit sha1_base64="DqEdSD9o8mrIva3vzuCb9ce4avE=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiDEyzATNIm3oBePEcwCkyH0dHqSJr0M3T1CCPkMLx4U8erXePNv7EmCuD4oeLxXRVW9KGFUG897d3Irq2vrG/nNwtb2zu5ecf+grWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0onGV5nfuSNKUyluzSQhIUdDQWOKkbFS0JOcDFG5Vq+c9oslz73IcA5915vjNymBJZr94ltvIHHKiTCYIa0D30tMOEXKUMzIrNBLNUkQHqMhCSwViBMdTucnz+CJVQYwlsqWMHCufp2YIq71hEe2kyMz0j+9TPzLC1IT18MpFUlqiMCLRXHKoJEw+x8OqCLYsIklCCtqb4V4hBTCxqZUsCH8//snaVdcv+pWb85KjctlHHlwBI5BGfigBhrgGjRBC2AgwT14BE+OcR6cZ+dl0ZpzljOH4Buc1w8WYJB+</latexit>

!(782)

<latexit sha1_base64="2i5oJbM+7F3AqsT6Pol7iHAi2is=">AAAB9XicdVDJSgNBEO1xjXGLevTSGIR4GWZcEr0FvXiMYBZIxtDT6Uma9DJ09yhhyH948aCIV//Fm39jTxLE9UHB470qquqFMaPaeN67Mze/sLi0nFvJr66tb2wWtrYbWiYKkzqWTKpWiDRhVJC6oYaRVqwI4iEjzXB4kfnNW6I0leLajGIScNQXNKIYGSvddCQnfdQ9KvnlinfQLRQ99yzDCfRdb4LfpAhmqHULb52exAknwmCGtG77XmyCFClDMSPjfCfRJEZ4iPqkbalAnOggnVw9hvtW6cFIKlvCwIn6dSJFXOsRD20nR2agf3qZ+JfXTkx0GqRUxIkhAk8XRQmDRsIsAtijimDDRpYgrKi9FeIBUggbG1TehvD/75+kcej6Zbd8dVysns/iyIFdsAdKwAcVUAWXoAbqAAMF7sEjeHLunAfn2XmZts45s5kd8A3O6weyuJFb</latexit>

!3(1670)

<latexit sha1_base64="13KNCbor4jMokBtgAArVH1Mik54=">AAAB8HicdVBNSwMxEJ2tX7V+VT16CRahXpbdolVvRS8eK1hbaZeSTbNtaJJdkqxQSn+FFw+KePXnePPfmG2L+Plg4PHeDDPzwoQzbTzv3cktLC4tr+RXC2vrG5tbxe2dGx2nitAGiXmsWiHWlDNJG4YZTluJoliEnDbD4UXmN++o0iyW12aU0EDgvmQRI9hY6RZ3/bJfqXqH3WLJc88yHCPf9ab4TUowR71bfOv0YpIKKg3hWOu27yUmGGNlGOF0UuikmiaYDHGfti2VWFAdjKcHT9CBVXooipUtadBU/ToxxkLrkQhtp8BmoH96mfiX105NdBqMmUxSQyWZLYpSjkyMsu9RjylKDB9Zgoli9lZEBlhhYmxGBRvC/79/kpuK61fd6tVRqXY+jyMPe7APZfDhBGpwCXVoAAEB9/AIT45yHpxn52XWmnPmM7vwDc7rB8q+jx4=</latexit>

a1(1260)

<latexit sha1_base64="Ee/S64sV9e+PZ4Qd54keuQGmO4M=">AAAB8nicdVDLSsNAFJ3UV62vqks3wSLUTUikVt0V3bisYB+QhjKZTtqhk5kwcyOU0M9w40IRt36NO//GSVvE54ELh3Pu5d57woQzDa77bhWWlldW14rrpY3Nre2d8u5eW8tUEdoikkvVDbGmnAnaAgacdhNFcRxy2gnHV7nfuaNKMyluYZLQIMZDwSJGMBjJ7yWs71W9muse98sV17nIcWp7jjvDb1JBCzT75bfeQJI0pgIIx1r7nptAkGEFjHA6LfVSTRNMxnhIfUMFjqkOstnJU/vIKAM7ksqUAHumfp3IcKz1JA5NZ4xhpH96ufiX56cQnQcZE0kKVJD5oijlNkg7/98eMEUJ8IkhmChmbrXJCCtMwKRUMiH8//snaZ84Xt2p39QqjctFHEV0gA5RFXnoDDXQNWqiFiJIonv0iJ4ssB6sZ+tl3lqwFjP76Bus1w9XyJAC</latexit>

⇡1(1400)
<latexit sha1_base64="0//dRqJMiGthNNIko5p4I3yfkH4=">AAAB8HicdVDLSgNBEOz1GeMr6tHLYBDiZdkVTfQW9OIxgnlIsoTZyWwyZGZ2mZkVQshXePGgiFc/x5t/42wSxGdBQ1HVTXdXmHCmjee9OwuLS8srq7m1/PrG5tZ2YWe3oeNUEVonMY9VK8SaciZp3TDDaStRFIuQ02Y4vMz85h1VmsXyxowSGgjclyxiBBsr3Q66fsn3K95Rt1D03PMMp8h3vSl+kyLMUesW3jq9mKSCSkM41rrte4kJxlgZRjid5DuppgkmQ9ynbUslFlQH4+nBE3RolR6KYmVLGjRVv06MsdB6JELbKbAZ6J9eJv7ltVMTnQVjJpPUUElmi6KUIxOj7HvUY4oSw0eWYKKYvRWRAVaYGJtR3obw/++fpHHs+mW3fH1SrF7M48jBPhxACXyoQBWuoAZ1ICDgHh7hyVHOg/PsvMxaF5z5zB58g/P6AdWRjyU=</latexit>

h1(1170)

<latexit sha1_base64="NiR9YHEUPMY2PIsfhWe6O0o9uOI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquleqx6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8e3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvZmWv6rrn/WLJrbhzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n84PnqIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MeO2nTMaJoZIsFoUJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGBRuCt/zyKmldVLxapXZ/WarfZHHk4QROoQweXEEd7qABTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gDewo8p</latexit>

⇡(1300)
<latexit sha1_base64="NiR9YHEUPMY2PIsfhWe6O0o9uOI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquleqx6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8e3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvZmWv6rrn/WLJrbhzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n84PnqIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MeO2nTMaJoZIsFoUJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGBRuCt/zyKmldVLxapXZ/WarfZHHk4QROoQweXEEd7qABTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gDewo8p</latexit>

⇡(1300)

<latexit sha1_base64="NiR9YHEUPMY2PIsfhWe6O0o9uOI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquleqx6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8e3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvZmWv6rrn/WLJrbhzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n84PnqIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MeO2nTMaJoZIsFoUJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGBRuCt/zyKmldVLxapXZ/WarfZHHk4QROoQweXEEd7qABTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gDewo8p</latexit>

⇡(1300)
<latexit sha1_base64="NiR9YHEUPMY2PIsfhWe6O0o9uOI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquleqx6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8e3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvZmWv6rrn/WLJrbhzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n84PnqIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MeO2nTMaJoZIsFoUJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGBRuCt/zyKmldVLxapXZ/WarfZHHk4QROoQweXEEd7qABTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gDewo8p</latexit>

⇡(1300)

<latexit sha1_base64="q4RidoqvkogkYoAGcK/q8ElKAPQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL4KXBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6WXjNo=</latexit>

K

<latexit sha1_base64="oijmQlfsDrm++Gm4TLQocfg+4Dc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6ojjN0=</latexit>

N

<latexit sha1_base64="rl3x7F12gvX1LRQFAYN6pnIsaNQ=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GiaiUW8hXjwmYBZIhtDTqUna9Cx09whhyBd48aCIVz/Jm39jTxLE9UHB470qqup5seBKO867lVtaXlldy68XNja3tneKu3stFSWSYZNFIpIdjyoUPMSm5lpgJ5ZIA09g2xtfZX77DqXiUXijJzG6AR2G3OeMaiM1av1iybEvM5yRsu3M8JuUYIF6v/jWG0QsCTDUTFClumUn1m5KpeZM4LTQSxTGlI3pELuGhjRA5aazQ6fkyCgD4kfSVKjJTP06kdJAqUngmc6A6pH66WXiX1430f6Fm/IwTjSGbL7ITwTREcm+JgMukWkxMYQyyc2thI2opEybbAomhP9//yStE7tcsSuN01K1togjDwdwCMdQhnOowjXUoQkMEO7hEZ6sW+vBerZe5q05azGzD99gvX4A5QGNBQ==</latexit>

B

<latexit sha1_base64="6NwEAi60MKaRSZgNcUr07mh1uj8=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69BIvgKSSiVW9FL56kgm2FNpbNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LRF/Hww8Hhvhpl5QSK4Rtd9twpz8wuLS8Xl0srq2vpGeXOrqeNUUdagsYjVTUA0E1yyBnIU7CZRjESBYK1geJ77rTumNI/lNY4S5kekL3nIKUEjtS5vOxqJ6pYrrnOa48j2HHeC36QCM9S75bdOL6ZpxCRSQbRue26CfkYUcirYuNRJNUsIHZI+axsqScS0n03OHdt7RunZYaxMSbQn6teJjERaj6LAdEYEB/qnl4t/ee0UwxM/4zJJkUk6XRSmwsbYzn+3e1wximJkCKGKm1ttOiCKUDQJlUwI///+SZoHjld1qleHldrZLI4i7MAu7IMHx1CDC6hDAygM4R4e4clKrAfr2XqZthas2cw2fIP1+gGUfo/B</latexit>

N?

This tlk = no lttice Monte Crlo, but implementtion of finite-volume formlism.



The K-matrix 

where: 

Finite-
volume energies 

    

4

RFT three-pion finite-volume formalism

Scattering 
Amplitude

LUSCHER QC MULT IPLE  CHANNEL  QC THREE-PART ICLE  QC 2--3

The finite-volume formalismI

4

LUSCHER QC MULT IPLE  CHANNEL  QC THREE-PART ICLE  QC 2--3

The finite-volume formalismI
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<latexit sha1_base64="aDQ3EvfXxDMj1DzeSFMEMZ0yrYQ=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0VwY0mKVDdC0Y0LFxXsA5pQJpNJO3QyCTMToYR8hRt/xY0LRdyKO//GSZtFbT0wzOGce7n3Hi9mVCrL+jFKK6tr6xvlzcrW9s7unrl/0JFRIjBp44hFouchSRjlpK2oYqQXC4JCj5GuN77J/e4jEZJG/EFNYuKGaMhpQDFSWhqYZ44XMV9OQv2lrezKCQTCad2JaZbeZXDe5VllYFatmjUFXCZ2QaqgQGtgfjt+hJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFuOj0rgyda8WEQCf24glN1viNFocx305UhUiO56OXif14/UcGlm1IeJ4pwPBsUJAyqCOYZQZ8KghWbaIKwoHpXiEdIB6N0knkI9uLJy6RTr9mNWuP+vNq8LuIogyNwDE6BDS5AE9yCFmgDDJ7AC3gD78az8Wp8GJ+z0pJR9ByCPzC+fgGk66BO</latexit>

P =
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L
n

<latexit sha1_base64="qopLulEpFzJjG3oAJkoCX6YdSq0=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkUcCK5kdZmHC7OxmpldCCP/hxYPGePVfvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb2d+84lrI2L1gOOE+xHtKxEKRtFKj7SjRX+AVOt4RNxuseSW3TnIKvEyUoIMtW7xq9OLWRpxhUxSY9qem6A/oRoFk3xa6KSGJ5QNaZ+3LVU04safzK+ekjOr9EgYa1sKyVz9PTGhkTHjKLCdEcWBWfZm4n9eO8Xw2p8IlaTIFVssClNJMCazCEhPaM5Qji2hTAt7K2EDqilDG1TBhuAtv7xKGhdlr1Ku3F+WqjdZHHk4gVM4Bw+uoAp3UIM6MNDwDK/w5oycF+fd+Vi05pxs5hj+wPn8AU/0kmc=</latexit>a!
0

<latexit sha1_base64="kJmHzYYL6k+LjY9TyC84DqMxBxU="></latexit>
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3
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�1F

<latexit sha1_base64="VBdFiXFl0c8IXKTfA0LKXrPxwuU="></latexit>

det[F�1
3 (E,P , L) +Kdf,3(E

?)] = 0

Quantization Condition Integral Equations
Different methods of deriving the finite-
volume formlism. 

Our work uses the reltivistic-field-
theory (RFT) pproch. 

Mtrices  on tensor-product spce: 
 

Holds up to exponentilly suppressed 
term               . 

 Requires prmetriztion of both  
nd              (e.g. using polynomils nd 
poles or EFT).

<latexit sha1_base64="Z9LN8oCLWsUFksrHSQL6GfbygHA="></latexit>

(flavor space)⌦ (spectator space)

⌦ (angular-momentum space)

<latexit sha1_base64="32oxboM8s0V47DcjNOCk0eDNdeQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZx/jNQ=</latexit>

E

<latexit sha1_base64="abicqawqjP3KyL6vhEb2ArkkpMs=">AAAB+XicbVDLSgMxFL1TX7W+Rl26GSyCqzJTpLosuhHcVLAPaIchk8m0oZlkSDKFMvRP3LhQxK1/4s6/MW1noa0HQg7n3EtOTpgyqrTrfluljc2t7Z3ybmVv/+DwyD4+6SiRSUzaWDAheyFShFFO2ppqRnqpJCgJGemG47u5350QqajgT3qaEj9BQ05jipE2UmDbg1CwSE0Tc+UPs6Ae2FW35i7grBOvIFUo0Arsr0EkcJYQrjFDSvU9N9V+jqSmmJFZZZApkiI8RkPSN5SjhCg/XySfORdGiZxYSHO4dhbq740cJWoezkwmSI/UqjcX//P6mY5v/JzyNNOE4+VDccYcLZx5DU5EJcGaTQ1BWFKT1cEjJBHWpqyKKcFb/fI66dRrXqPWeLyqNm+LOspwBudwCR5cQxPuoQVtwDCBZ3iFNyu3Xqx362M5WrKKnVP4A+vzB7wtk70=</latexit>

K2
<latexit sha1_base64="85WT735qHNSiW032t2sKSPggxM0=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgEDzJalelx6EXwMsF9wFZKmqZbWJqUJBVGKfivePGgiFf/Dm/+N2ZbD7r5IOTx3u9HXl6QMKq043xbpaXlldW18nplY3Nre8fe3WsrkUpMWlgwIbsBUoRRTlqaaka6iSQoDhjpBKObid95JFJRwR/0OCFejAacRhQjbSTfPugHgoVqHJsru8v9LIxOz3Pfrjo1Zwq4SNyCVEGBpm9/9UOB05hwjRlSquc6ifYyJDXFjOSVfqpIgvAIDUjPUI5iorxsGj+Hx0YJYSSkOVzDqfp7I0OxmiQ0kzHSQzXvTcT/vF6qoysvozxJNeF49lCUMqgFnHQBQyoJ1mxsCMKSmqwQD5FEWJvGKqYEd/7Li6R9VnPrtfr9RbVxXdRRBofgCJwAF1yCBrgFTdACGGTgGbyCN+vJerHerY/ZaMkqdvbBH1ifP4kbld4=</latexit>

Kdf,3

• F Romero-Lopez (2021) •

<latexit sha1_base64="EjHjoyLKdDCom4yoYDXO2gU8KUA=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxCXVhmRKrLohsXghXsA9qxZNK0DU0yQ5IR6jD4K25cKOLW/3Dn35hpZ6GtBwKHc+7lnhw/ZFRpx/m2cguLS8sr+dXC2vrG5pa9vdNQQSQxqeOABbLlI0UYFaSuqWakFUqCuM9I0x9dpn7zgUhFA3GnxyHxOBoI2qcYaSN17b0OR3qIEYtvkhK5j4/5dXLUtYtO2ZkAzhM3I0WQoda1vzq9AEecCI0ZUqrtOqH2YiQ1xYwkhU6kSIjwCA1I21CBOFFePEmfwEOj9GA/kOYJDSfq740YcaXG3DeTaVY166Xif1470v1zL6YijDQReHqoHzGoA5hWAXtUEqzZ2BCEJTVZIR4iibA2hRVMCe7sl+dJ46TsVsqV29Ni9SKrIw/2wQEoARecgSq4AjVQBxg8gmfwCt6sJ+vFerc+pqM5K9vZBX9gff4A+auU7Q==</latexit>

O(e�mL)

• Döring, Mai (2017) • • Hammer, Pang, 
Rusetsky (2017) •

• Hansen, Sharpe (2014) •

https://arxiv.org/abs/2112.05170
http://www.apple.com/uk
https://link.springer.com/article/10.1140/epja/i2017-12440-1
https://link.springer.com/content/pdf/10.1007/JHEP09(2017)109.pdf
https://link.springer.com/content/pdf/10.1007/JHEP09(2017)109.pdf
https://link.springer.com/content/pdf/10.1007/JHEP09(2017)109.pdf
https://link.aps.org/accepted/10.1103/PhysRevD.90.116003
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<latexit sha1_base64="aDQ3EvfXxDMj1DzeSFMEMZ0yrYQ=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0VwY0mKVDdC0Y0LFxXsA5pQJpNJO3QyCTMToYR8hRt/xY0LRdyKO//GSZtFbT0wzOGce7n3Hi9mVCrL+jFKK6tr6xvlzcrW9s7unrl/0JFRIjBp44hFouchSRjlpK2oYqQXC4JCj5GuN77J/e4jEZJG/EFNYuKGaMhpQDFSWhqYZ44XMV9OQv2lrezKCQTCad2JaZbeZXDe5VllYFatmjUFXCZ2QaqgQGtgfjt+hJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFuOj0rgyda8WEQCf24glN1viNFocx305UhUiO56OXif14/UcGlm1IeJ4pwPBsUJAyqCOYZQZ8KghWbaIKwoHpXiEdIB6N0knkI9uLJy6RTr9mNWuP+vNq8LuIogyNwDE6BDS5AE9yCFmgDDJ7AC3gD78az8Wp8GJ+z0pJR9ByCPzC+fgGk66BO</latexit>
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n

<latexit sha1_base64="qopLulEpFzJjG3oAJkoCX6YdSq0=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkUcCK5kdZmHC7OxmpldCCP/hxYPGePVfvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb2d+84lrI2L1gOOE+xHtKxEKRtFKj7SjRX+AVOt4RNxuseSW3TnIKvEyUoIMtW7xq9OLWRpxhUxSY9qem6A/oRoFk3xa6KSGJ5QNaZ+3LVU04safzK+ekjOr9EgYa1sKyVz9PTGhkTHjKLCdEcWBWfZm4n9eO8Xw2p8IlaTIFVssClNJMCazCEhPaM5Qji2hTAt7K2EDqilDG1TBhuAtv7xKGhdlr1Ku3F+WqjdZHHk4gVM4Bw+uoAp3UIM6MNDwDK/w5oycF+fd+Vi05pxs5hj+wPn8AU/0kmc=</latexit>a!
0

<latexit sha1_base64="kJmHzYYL6k+LjY9TyC84DqMxBxU="></latexit>
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<latexit sha1_base64="VBdFiXFl0c8IXKTfA0LKXrPxwuU="></latexit>
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3 (E,P , L) +Kdf,3(E

?)] = 0

Quantization Condition Integral Equations
Different methods of deriving the finite-
volume formlism. 

Our work uses the reltivistic-field-
theory (RFT) pproch. 

Mtrices  on tensor-product spce: 
 

Holds up to exponentilly suppressed 
term               . 

 Requires prmetriztion of both  
nd              (e.g. using polynomils nd 
poles or EFT).

<latexit sha1_base64="Z9LN8oCLWsUFksrHSQL6GfbygHA="></latexit>

(flavor space)⌦ (spectator space)

⌦ (angular-momentum space)

<latexit sha1_base64="32oxboM8s0V47DcjNOCk0eDNdeQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZx/jNQ=</latexit>

E

<latexit sha1_base64="abicqawqjP3KyL6vhEb2ArkkpMs=">AAAB+XicbVDLSgMxFL1TX7W+Rl26GSyCqzJTpLosuhHcVLAPaIchk8m0oZlkSDKFMvRP3LhQxK1/4s6/MW1noa0HQg7n3EtOTpgyqrTrfluljc2t7Z3ybmVv/+DwyD4+6SiRSUzaWDAheyFShFFO2ppqRnqpJCgJGemG47u5350QqajgT3qaEj9BQ05jipE2UmDbg1CwSE0Tc+UPs6Ae2FW35i7grBOvIFUo0Arsr0EkcJYQrjFDSvU9N9V+jqSmmJFZZZApkiI8RkPSN5SjhCg/XySfORdGiZxYSHO4dhbq740cJWoezkwmSI/UqjcX//P6mY5v/JzyNNOE4+VDccYcLZx5DU5EJcGaTQ1BWFKT1cEjJBHWpqyKKcFb/fI66dRrXqPWeLyqNm+LOspwBudwCR5cQxPuoQVtwDCBZ3iFNyu3Xqx362M5WrKKnVP4A+vzB7wtk70=</latexit>

K2
<latexit sha1_base64="85WT735qHNSiW032t2sKSPggxM0=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTgEDzJalelx6EXwMsF9wFZKmqZbWJqUJBVGKfivePGgiFf/Dm/+N2ZbD7r5IOTx3u9HXl6QMKq043xbpaXlldW18nplY3Nre8fe3WsrkUpMWlgwIbsBUoRRTlqaaka6iSQoDhjpBKObid95JFJRwR/0OCFejAacRhQjbSTfPugHgoVqHJsru8v9LIxOz3Pfrjo1Zwq4SNyCVEGBpm9/9UOB05hwjRlSquc6ifYyJDXFjOSVfqpIgvAIDUjPUI5iorxsGj+Hx0YJYSSkOVzDqfp7I0OxmiQ0kzHSQzXvTcT/vF6qoysvozxJNeF49lCUMqgFnHQBQyoJ1mxsCMKSmqwQD5FEWJvGKqYEd/7Li6R9VnPrtfr9RbVxXdRRBofgCJwAF1yCBrgFTdACGGTgGbyCN+vJerHerY/ZaMkqdvbBH1ifP4kbld4=</latexit>

Kdf,3

• F Romero-Lopez (2021) •

<latexit sha1_base64="EjHjoyLKdDCom4yoYDXO2gU8KUA=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxCXVhmRKrLohsXghXsA9qxZNK0DU0yQ5IR6jD4K25cKOLW/3Dn35hpZ6GtBwKHc+7lnhw/ZFRpx/m2cguLS8sr+dXC2vrG5pa9vdNQQSQxqeOABbLlI0UYFaSuqWakFUqCuM9I0x9dpn7zgUhFA3GnxyHxOBoI2qcYaSN17b0OR3qIEYtvkhK5j4/5dXLUtYtO2ZkAzhM3I0WQoda1vzq9AEecCI0ZUqrtOqH2YiQ1xYwkhU6kSIjwCA1I21CBOFFePEmfwEOj9GA/kOYJDSfq740YcaXG3DeTaVY166Xif1470v1zL6YijDQReHqoHzGoA5hWAXtUEqzZ2BCEJTVZIR4iibA2hRVMCe7sl+dJ46TsVsqV29Ni9SKrIw/2wQEoARecgSq4AjVQBxg8gmfwCt6sJ+vFerc+pqM5K9vZBX9gff4A+auU7Q==</latexit>

O(e�mL)

• Döring, Mai (2017) • • Hammer, Pang, 
Rusetsky (2017) •

• Hansen, Sharpe (2014) •

https://arxiv.org/abs/2112.05170
http://www.apple.com/uk
https://link.springer.com/article/10.1140/epja/i2017-12440-1
https://link.springer.com/content/pdf/10.1007/JHEP09(2017)109.pdf
https://link.springer.com/content/pdf/10.1007/JHEP09(2017)109.pdf
https://link.springer.com/content/pdf/10.1007/JHEP09(2017)109.pdf
https://link.aps.org/accepted/10.1103/PhysRevD.90.116003
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Implementation of the quantization condition

<latexit sha1_base64="enloRi0l6sU3Xav6u5O6du+KQGA="></latexit>

1⌦ 1⌦ 1 = (0� 1� 2)⌦ 1

= (1� 2� 3)I⇡⇡=2 � (0� 1� 2)I⇡⇡=1(⇢)
� 1I⇡⇡=0(�)

P G(|G|) Irrep 
(dimension)

[000] Oh (48)

[001] Dic4 (8)

[011] Dic2 (4)

<latexit sha1_base64="T5+Q5d9+4++wiOBW7CBQ2iceXso=">AAACF3icbZDLSsNAFIYn9VbrLerSzWAR2k1IilSXbUVwWcHWQhPCZDpph04uzEyEEvoWbnwVNy4Ucas738ZJmoW2/jDw8Z9zOHN+L2ZUSNP81kpr6xubW+Xtys7u3v6BfnjUF1HCMenhiEV84CFBGA1JT1LJyCDmBAUeI/fe9Cqr3z8QLmgU3slZTJwAjUPqU4ykslzdaLtWzapD24Ztt1FQJ/dyaCzgWkGjDiuuXjUNMxdcBauAKijUdfUvexThJCChxAwJMbTMWDop4pJiRuYVOxEkRniKxmSoMEQBEU6a3zWHZ8oZQT/i6oUS5u7viRQFQswCT3UGSE7Eci0z/6sNE+lfOikN40SSEC8W+QmDMoJZSHBEOcGSzRQgzKn6K8QTxBGWKsosBGv55FXoNwyraTRvz6utThFHGZyAU1ADFrgALXADuqAHMHgEz+AVvGlP2ov2rn0sWktaMXMM/kj7/AH9OJj1</latexit>

A1(1)

A2(1)

B1(1)

B2(1)

E2(2)

<latexit sha1_base64="OkyDZgKhQyJFeE8fHJqoN3dMj0U=">AAACKXicbZDLSsNAFIYn9VbrLerSzWAR6qYkVarLVhFcVugNmhgm00k7dHJhZiKU0Ndx46u4UVDUrS/iJM1CWw8MfP9/5jBzfjdiVEjD+NQKK6tr6xvFzdLW9s7unr5/0BVhzDHp4JCFvO8iQRgNSEdSyUg/4gT5LiM9d3Kd9nsPhAsaBm05jYjto1FAPYqRVJajN5r3VuQ7ZsU8hZYFm04t1bm6ybiWcdsxM3WWq1quHL1sVI2s4DKYOZRBXi1Hf7WGIY59EkjMkBAD04iknSAuKWZkVrJiQSKEJ2hEBgoD5BNhJ9mmM3iinCH0Qq5OIGHm/p5IkC/E1HfVTR/JsVjspeZ/vUEsvUs7oUEUSxLg+UNezKAMYRobHFJOsGRTBQhzqv4K8RhxhKUKt6RCMBdXXoZurWrWq/W783LjKo+jCI7AMagAE1yABrgFLdABGDyCZ/AG3rUn7UX70L7mVwtaPnMI/pT2/QN4vqFJ</latexit>

A±
1 (1)

A±
2 (1)

E±(2)

T±
1 (3)

T±
2 (3)

<latexit sha1_base64="GVrGysRw/e1Uz9zApTdQsgLUlBY=">AAACDXicbZC7TsMwFIadcivlFmBksShIZamSChXGtiyMRaIXqYkix3Vbq44T2Q5SFfUFWHgVFgYQYmVn421w0gzQ8kuWPv3nHB2f348Ylcqyvo3C2vrG5lZxu7Szu7d/YB4edWUYC0w6OGSh6PtIEkY56SiqGOlHgqDAZ6TnT2/Seu+BCElDfq9mEXEDNOZ0RDFS2vLMs6ZnV+wL6Diw6dVyamVeBqlV8syyVbUywVWwcyiDXG3P/HKGIY4DwhVmSMqBbUXKTZBQFDMyLzmxJBHCUzQmA40cBUS6SXbNHJ5rZwhHodCPK5i5vycSFEg5C3zdGSA1kcu11PyvNojV6NpNKI9iRTheLBrFDKoQptHAIRUEKzbTgLCg+q8QT5BAWOkA0xDs5ZNXoVur2vVq/e6y3GjlcRTBCTgFFWCDK9AAt6ANOgCDR/AMXsGb8WS8GO/Gx6K1YOQzx+CPjM8fpXKWQA==</latexit>

A1(1)

A2(1)

B1(1)

B2(1)

Isospin decomposition Irrep projection

Block digonlize quntiztion condition to four sectors

<latexit sha1_base64="47E5s3KLoj9C8gev2pATutqzLp4="></latexit>0
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<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)

<latexit sha1_base64="NnKgQSD5KdvXqKRe7D+ff93tVsI=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtk1yQpl6Z/w4kERr/4db/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hYqVvtazYS+HxQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+b0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9j4ZMUWL41BJMFLO3IjLGChNjIyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBAQ7P8ApvzqPz4rw7H4vWgpPPHMMfOJ8/aCePkw==</latexit>

(�)

<latexit sha1_base64="47n6s3uHq1b7Dw+zA6oGsfFynfQ=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gViR6DXjxGMA/ILmF20kmGzM5u5hEIS/7EiwdFvPon3vwbJ8keNLGgoajqprsrSjlT2vO+ncLG5tb2TnG3tLd/cHjkHp80VWIkhQZNeCLbEVHAmYCGZppDO5VA4ohDKxrdz/3WBKRiiXjS0xTCmAwE6zNKtJW6rhuosSEScABjwybY67plr+ItgNeJn5MyylHvul9BL6EmBqEpJ0p1fC/VYUakZpTDrBQYBSmhIzKAjqWCxKDCbHH5DF9YpYf7ibQlNF6ovycyEis1jSPbGRM9VKveXPzP6xjdvw0zJlKjQdDlor7hWCd4HgPuMQlU86klhEpmb8V0SCSh2oZVsiH4qy+vk+ZVxa9Wqo/X5dpdHkcRnaFzdIl8dINq6AHVUQNRNEHP6BW9OZnz4rw7H8vWgpPPnKI/cD5/APHjkzk=</latexit>⇤ ⌘ 0

<latexit sha1_base64="NRvNipyiSZ+8FwjUr6WzQWrIySI=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCp5KIVI9FLx4r2A9oQtlsJ+3SzSbd3RRKKF78K148KOLVX+HNf+O2zUFbHww83pthZl6QcKa043xbK6tr6xubha3i9s7u3r59cNhQcSop1GnMY9kKiALOBNQ10xxaiQQSBRyaweB26jdHIBWLxYMeJ+BHpCdYyCjRRurYx17ACR2oYUokYE/E2oNhykbY6dglp+zMgJeJm5MSylHr2F9eN6ZpBEJTTpRqu06i/YxIzSiHSdFLFSRmF+lB21BBIlB+Nnthgs+M0sVhLE0JjWfq74mMREqNo8B0RkT31aI3Ff/z2qkOr/2MiSTVIOh8UZhyrGM8zQN3mQSq+dgQQiUzt2LaJ5JQbVIrmhDcxZeXSeOi7FbKlfvLUvUmj6OATtApOkcuukJVdIdqqI4oekTP6BW9WU/Wi/VufcxbV6x85gj9gfX5AxXzlz0=</latexit>⌅ 6⌘ 0

    Using “am-pi-ell” public Python package (available on GitHub)

• Hansen, Romero-López, Sharpe (2020) •

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2
<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)

<latexit sha1_base64="NnKgQSD5KdvXqKRe7D+ff93tVsI=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtk1yQpl6Z/w4kERr/4db/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hYqVvtazYS+HxQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+b0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9j4ZMUWL41BJMFLO3IjLGChNjIyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBAQ7P8ApvzqPz4rw7H4vWgpPPHMMfOJ8/aCePkw==</latexit>

(�)

<latexit sha1_base64="DCbr+Ki6c903wMzPYca5szg4euE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXvRWwX5Au5Rsmrah2eyazBbK0t/hxYMiXv0x3vw3pu0etPUxA4/3ZsjkBbEUBl3328mtrW9sbuW3Czu7e/sHxcOjhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDvzm2OujYjUI05i7od0oERfMIpW8u+7aScWi5p2iyW37M5BVomXkRJkqHWLX51exJKQK2SSGtP23Bj9lGoUTPJpoZMYHlM2ogPetlTRkBs/nR89JWdW6ZF+pG0rJHP190ZKQ2MmYWAnQ4pDs+zNxP+8doL9az8VKk6QK7Z4qJ9IghGZJUB6QnOGcmIJZVrYWwkbUk0Z2pwKNgRv+curpHFR9irlysNlqXqTxZGHEziFc/DgCqpwBzWoA4MneIZXeHPGzovz7nwsRnNOtnMMf+B8/gABdJJG</latexit>

I⇡⇡⇡
<latexit sha1_base64="zAYiae0AiBpVJ1FsFEw+B7zCIFA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1K9K1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIE3jMI=</latexit>

3
<latexit sha1_base64="2fvfthwg1mRLBhwA3jth0GTm+tU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1XG1el2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH+zjME=</latexit>

2
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1
<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="zAYiae0AiBpVJ1FsFEw+B7zCIFA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1K9K1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIE3jMI=</latexit>

3
<latexit sha1_base64="2fvfthwg1mRLBhwA3jth0GTm+tU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1XG1el2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH+zjME=</latexit>

2

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

https://github.com/mthansen/ampyl/tree/main
https://inspirehep.net/literature/1787807


6

Implementation of the quantization condition

Fetures of mpyL:

Clcultes non-intercting energies, with 
multiplicities for  given finite-volume irrep 
nd isospin:

<latexit sha1_base64="zueaq7g0kLYdqCH12gYAhTMMDMA="></latexit>

E{n}(L) =
3X

i=1

q
m2

⇡ + (2⇡/L)2n2
i

Builds nd projects the quntiztion 
condition for  given irrep nd isospin.

Pre-computes specttor-momentum spce 
mtrices to ccelerte evlution.

Uses splines on irrep-projected building blocks 
to ccelerte evlution.

Vrious strtegies for efficient root finding.
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Example spectra of three pions with isospin 2
<latexit sha1_base64="w6Uzj0c0O5Vc7b1vwR0vH4L6SzU="></latexit> I ⇡

⇡
⇡
=

2
P

2
=

0
(T

+ 1
)

<latexit sha1_base64="47E5s3KLoj9C8gev2pATutqzLp4="></latexit>0

BBBBBBBB@

�
⌅
�

⇤ ⇤ ⇤
⇤

✓
⌅ ⌅
⌅ ⌅

◆
⇤ ⇤

⇤ ⇤

0

@
⌅ ⌅ ⌅
⌅ ⌅ ⌅
⌅ ⌅ ⌅

1

A ⇤

⇤ ⇤ ⇤
�
⌅
�

1

CCCCCCCCA

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)
<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)
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Example spectra of three pions with isospin 2
<latexit sha1_base64="w6Uzj0c0O5Vc7b1vwR0vH4L6SzU="></latexit> I ⇡

⇡
⇡
=

2
P

2
=

0
(T

+ 1
)

<latexit sha1_base64="47E5s3KLoj9C8gev2pATutqzLp4="></latexit>0

BBBBBBBB@

�
⌅
�
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0
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1

A ⇤

⇤ ⇤ ⇤
�
⌅
�

1

CCCCCCCCA

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)
<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)
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Example spectra of three pions with isospin 2
<latexit sha1_base64="w6Uzj0c0O5Vc7b1vwR0vH4L6SzU="></latexit> I ⇡

⇡
⇡
=

2
P
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0
(T

+ 1
)

<latexit sha1_base64="47E5s3KLoj9C8gev2pATutqzLp4="></latexit>0

BBBBBBBB@
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⇤ ⇤ ⇤
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⇤ ⇤
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1

A ⇤

⇤ ⇤ ⇤
�
⌅
�

1

CCCCCCCCA

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)
<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)
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Example spectra of three pions with isospin 2

<latexit sha1_base64="TQttYAAzHiGflAMwrAXauisMH00=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiuCqJSHVZdOOygq2FJoTJdNIOnUuYmYgl9FXcuFDErS/izrdx0mahrT8MfPznHM6ZP04Z1cbzvp3K2vrG5lZ1u7azu7d/4B7We1pmCpMulkyqfow0YVSQrqGGkX6qCOIxIw/x5KaoPzwSpakU92aakpCjkaAJxchYK3LrPApSCkdRHqixLHgWuQ2v6c0FV8EvoQFKdSL3KxhKnHEiDGZI64HvpSbMkTIUMzKrBZkmKcITNCIDiwJxosN8fvsMnlpnCBOp7BMGzt3fEzniWk95bDs5MmO9XCvM/2qDzCRXYU5Fmhki8GJRkjFoJCyCgEOqCDZsagFhRe2tEI+RQtjYuGo2BH/5y6vQO2/6rWbr7qLRvi7jqIJjcALOgA8uQRvcgg7oAgyewDN4BW/OzHlx3p2PRWvFKWeOwB85nz8b0ZSC</latexit>m⇡g⇢⇡

<latexit sha1_base64="w6Uzj0c0O5Vc7b1vwR0vH4L6SzU="></latexit> I ⇡
⇡
⇡
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)

<latexit sha1_base64="47E5s3KLoj9C8gev2pATutqzLp4="></latexit>0

BBBBBBBB@
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�
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�

1

CCCCCCCCA

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)
<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)

<latexit sha1_base64="wLuererjAxLM4RNEws54wqf/1+0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRC9C0IvgJYJ5QLKE2UknGTI7u8zMCmHJR3jxoIhXv8ebf+Mk2YMmFjQUVd10dwWx4Nq47reTW1ldW9/Ibxa2tnd294r7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZjG6nfvMJleaRfDTjGP2QDiTvc0aNlZr33XNyTdxuseSW3RnIMvEyUoIMtW7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NwJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/yk+5jBODks0X9RNBTESmv5MeV8iMGFtCmeL2VsKGVFFmbEIFG4K3+PIyaZyVvUq58nBRqt5kceThCI7hFDy4hCrcQQ3qwGAEz/AKb07svDjvzse8NedkM4fwB87nD2wZjlU=</latexit>

K3 = 0
<latexit sha1_base64="3m5VGM+aLl6dEeNBHHwwd0TXiho="></latexit>✓

q

m⇡

◆3

cot � =
6⇡

g2⇢⇡

m2
⇢ � E2

Em⇡

E2

m2
⇢
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Example spectra of three pions with isospin 2
<latexit sha1_base64="w6Uzj0c0O5Vc7b1vwR0vH4L6SzU="></latexit> I ⇡

⇡
⇡
=

2
P

2
=

0
(T

+ 1
)

<latexit sha1_base64="47E5s3KLoj9C8gev2pATutqzLp4="></latexit>0

BBBBBBBB@

�
⌅
�

⇤ ⇤ ⇤
⇤

✓
⌅ ⌅
⌅ ⌅

◆
⇤ ⇤

⇤ ⇤

0

@
⌅ ⌅ ⌅
⌅ ⌅ ⌅
⌅ ⌅ ⌅

1

A ⇤

⇤ ⇤ ⇤
�
⌅
�

1

CCCCCCCCA

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)
<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)

<latexit sha1_base64="TQttYAAzHiGflAMwrAXauisMH00=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiuCqJSHVZdOOygq2FJoTJdNIOnUuYmYgl9FXcuFDErS/izrdx0mahrT8MfPznHM6ZP04Z1cbzvp3K2vrG5lZ1u7azu7d/4B7We1pmCpMulkyqfow0YVSQrqGGkX6qCOIxIw/x5KaoPzwSpakU92aakpCjkaAJxchYK3LrPApSCkdRHqixLHgWuQ2v6c0FV8EvoQFKdSL3KxhKnHEiDGZI64HvpSbMkTIUMzKrBZkmKcITNCIDiwJxosN8fvsMnlpnCBOp7BMGzt3fEzniWk95bDs5MmO9XCvM/2qDzCRXYU5Fmhki8GJRkjFoJCyCgEOqCDZsagFhRe2tEI+RQtjYuGo2BH/5y6vQO2/6rWbr7qLRvi7jqIJjcALOgA8uQRvcgg7oAgyewDN4BW/OzHlx3p2PRWvFKWeOwB85nz8b0ZSC</latexit>m⇡g⇢⇡

<latexit sha1_base64="wLuererjAxLM4RNEws54wqf/1+0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRC9C0IvgJYJ5QLKE2UknGTI7u8zMCmHJR3jxoIhXv8ebf+Mk2YMmFjQUVd10dwWx4Nq47reTW1ldW9/Ibxa2tnd294r7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZjG6nfvMJleaRfDTjGP2QDiTvc0aNlZr33XNyTdxuseSW3RnIMvEyUoIMtW7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NwJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/yk+5jBODks0X9RNBTESmv5MeV8iMGFtCmeL2VsKGVFFmbEIFG4K3+PIyaZyVvUq58nBRqt5kceThCI7hFDy4hCrcQQ3qwGAEz/AKb07svDjvzse8NedkM4fwB87nD2wZjlU=</latexit>

K3 = 0
<latexit sha1_base64="3m5VGM+aLl6dEeNBHHwwd0TXiho="></latexit>✓

q

m⇡

◆3

cot � =
6⇡

g2⇢⇡

m2
⇢ � E2

Em⇡

E2

m2
⇢
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Example spectra of three pions with isospin 2
<latexit sha1_base64="w6Uzj0c0O5Vc7b1vwR0vH4L6SzU="></latexit> I ⇡

⇡
⇡
=

2
P

2
=

0
(T

+ 1
)

<latexit sha1_base64="47E5s3KLoj9C8gev2pATutqzLp4="></latexit>0

BBBBBBBB@

�
⌅
�

⇤ ⇤ ⇤
⇤

✓
⌅ ⌅
⌅ ⌅

◆
⇤ ⇤

⇤ ⇤

0

@
⌅ ⌅ ⌅
⌅ ⌅ ⌅
⌅ ⌅ ⌅

1

A ⇤

⇤ ⇤ ⇤
�
⌅
�

1

CCCCCCCCA

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)
<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(⇡⇡)2

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(⇢)

<latexit sha1_base64="TQttYAAzHiGflAMwrAXauisMH00=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiuCqJSHVZdOOygq2FJoTJdNIOnUuYmYgl9FXcuFDErS/izrdx0mahrT8MfPznHM6ZP04Z1cbzvp3K2vrG5lZ1u7azu7d/4B7We1pmCpMulkyqfow0YVSQrqGGkX6qCOIxIw/x5KaoPzwSpakU92aakpCjkaAJxchYK3LrPApSCkdRHqixLHgWuQ2v6c0FV8EvoQFKdSL3KxhKnHEiDGZI64HvpSbMkTIUMzKrBZkmKcITNCIDiwJxosN8fvsMnlpnCBOp7BMGzt3fEzniWk95bDs5MmO9XCvM/2qDzCRXYU5Fmhki8GJRkjFoJCyCgEOqCDZsagFhRe2tEI+RQtjYuGo2BH/5y6vQO2/6rWbr7qLRvi7jqIJjcALOgA8uQRvcgg7oAgyewDN4BW/OzHlx3p2PRWvFKWeOwB85nz8b0ZSC</latexit>m⇡g⇢⇡

<latexit sha1_base64="wLuererjAxLM4RNEws54wqf/1+0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRC9C0IvgJYJ5QLKE2UknGTI7u8zMCmHJR3jxoIhXv8ebf+Mk2YMmFjQUVd10dwWx4Nq47reTW1ldW9/Ibxa2tnd294r7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZjG6nfvMJleaRfDTjGP2QDiTvc0aNlZr33XNyTdxuseSW3RnIMvEyUoIMtW7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NwJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/yk+5jBODks0X9RNBTESmv5MeV8iMGFtCmeL2VsKGVFFmbEIFG4K3+PIyaZyVvUq58nBRqt5kceThCI7hFDy4hCrcQQ3qwGAEz/AKb07svDjvzse8NedkM4fwB87nD2wZjlU=</latexit>

K3 = 0
<latexit sha1_base64="3m5VGM+aLl6dEeNBHHwwd0TXiho="></latexit>✓

q

m⇡
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Example spectra of three pions with isospin 2

<latexit sha1_base64="1V2nXsooBVVeD3d6RN0E7et10eQ=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJrDHpEvXjExAUSWEm3dKGh227argnZ8Bu8eNAYr/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsr+dc97/GsV664VXcGtEy8nFQgR6NX/ur2JUljKgzhWOuO5yYmyLAyjHA6KXVTTRNMRnhAO5YKHFMdZLNjJ+jEKn0USWVLGDRTf09kONZ6HIe2M8ZmqBe9qfif10lNdBVkTCSpoYLMF0UpR0ai6eeozxQlho8twUQxeysiQ6wwMTafkg3BW3x5mTTPq16tWru/qNRv8jiKcATHcAoeXEId7qABPhBg8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwDZ9o4T</latexit>

A�
1

<latexit sha1_base64="TQjiM9I46C0/khiA89tN0qfYeB0=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4kewSgx5RLx4xcYEEVtItXWhou5u2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbBa2its7u3v7pYPDpo5TRahPYh6rdog15UxS3zDDaTtRFIuQ01Y4up36rSeqNIvlgxknNBB4IFnECDZW8q971cfzXqnsVtwZ0DLxclKGHI1e6avbj0kqqDSEY607npuYIMPKMMLppNhNNU0wGeEB7VgqsaA6yGbHTtCpVfooipUtadBM/T2RYaH1WIS2U2Az1IveVPzP66QmugoyJpPUUEnmi6KUIxOj6eeozxQlho8twUQxeysiQ6wwMTafog3BW3x5mTSrFa9Wqd1flOs3eRwFOIYTOAMPLqEOd9AAHwgweIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwDbfI4U</latexit>

A�
2

<latexit sha1_base64="6jFDnqW1eeMVPFL1AmwYdE5pW38=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHZFosegCB4jmgcka5idzCZDZmeXmV4hLPkELx4U8eoXefNvnDwOmljQUFR1090VJFIYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZxqxmsslrFuBtRwKRSvoUDJm4nmNAokbwSD67HfeOLaiFg94DDhfkR7SoSCUbTS/c3jaadQdEvuBGSReDNShBmqncJXuxuzNOIKmaTGtDw3QT+jGgWTfJRvp4YnlA1oj7csVTTixs8mp47IsVW6JIy1LYVkov6eyGhkzDAKbGdEsW/mvbH4n9dKMbz0M6GSFLli00VhKgnGZPw36QrNGcqhJZRpYW8lrE81ZWjTydsQvPmXF0n9rOSVS+W782LlahZHDg7hCE7AgwuowC1UoQYMevAMr/DmSOfFeXc+pq1LzmzmAP7A+fwBueyNcw==</latexit>

E� <latexit sha1_base64="gBwD9mQu2BdIwreblRgUgf9bm3M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJrDHokevGICQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vpv57SeqNJOiaSYJDWI8FCxiBBsr+c2+93jRL1fcqjsHWiVeTiqQo9Evf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66YmugkyJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8SlqXVa9WrT1cVeq3eRxFOIFTOAcPrqEO99AAHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifP/cOjiY=</latexit>

T�
1

<latexit sha1_base64="S0Ccn/2DBXA8Vt5erUoFajHgtdc=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4kewSgx6JXjxiwgIJrKRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz321lb39jc2i7sFHf39g8OS0fHLR2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfDfz209UaRbLppkkNBB4KFnECDZW8pv96uNlv1R2K+4caJV4OSlDjka/9NUbxCQVVBrCsdZdz01MkGFlGOF0WuylmiaYjPGQdi2VWFAdZPNjp+jcKgMUxcqWNGiu/p7IsNB6IkLbKbAZ6WVvJv7ndVMT3QQZk0lqqCSLRVHKkYnR7HM0YIoSwyeWYKKYvRWREVaYGJtP0YbgLb+8SlrViler1B6uyvXbPI4CnMIZXIAH11CHe2iADwQYPMMrvDnSeXHenY9F65qTz5zAHzifP/iUjic=</latexit>

T�
2

<latexit sha1_base64="1xZB+OOfB+BZp0jNeG7uyG/pP0Y=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSIIQtktUj1WvXis4LaFdi3ZNNuGJtklyQpl6W/w4kERr/4gb/4b03YP2vpg4PHeDDPzwoQzbVz321lZXVvf2CxsFbd3dvf2SweHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDv1W09UaRbLBzNOaCDwQLKIEWys5F/3qo/nvVLZrbgzoGXi5aQMORq90le3H5NUUGkIx1p3PDcxQYaVYYTTSbGbappgMsID2rFUYkF1kM2OnaBTq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif10lNdBVkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmlWK16tUru/KNdv8jgKcAwncAYeXEId7qABPhBg8Ayv8OZI58V5dz7mrStOPnMEf+B8/gDYdI4S</latexit>

A+
2

<latexit sha1_base64="g5WtNFaOQgVLJSyoIW2FtNlBqyI=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBAEIeyKRI9BETxGNA9I1jA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOHkcNLGgoajqprsrSKQw6LrfztLyyuraem4jv7m1vbNb2NuvmzjVjNdYLGPdDKjhUiheQ4GSNxPNaRRI3ggG12O/8cS1EbF6wGHC/Yj2lAgFo2il+5vH006h6JbcCcgi8WakCDNUO4WvdjdmacQVMkmNaXlugn5GNQom+SjfTg1PKBvQHm9ZqmjEjZ9NTh2RY6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmk7chePMvL5L6Wckrl8p358XK1SyOHBzCEZyABxdQgVuoQg0Y9OAZXuHNkc6L8+58TFuXnNnMAfyB8/kDtuSNcQ==</latexit>

E+
<latexit sha1_base64="9PaH0tqVJs5i5F0qrGi2MmMCjI8=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSIIQtktUj0WvXis0G0L7VqyabYNTbJLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmhQln2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+G7mt5+o0iyWTTNJaCDwULKIEWys5Df71cfLfqnsVtw50CrxclKGHI1+6as3iEkqqDSEY627npuYIMPKMMLptNhLNU0wGeMh7VoqsaA6yObHTtG5VQYoipUtadBc/T2RYaH1RIS2U2Az0sveTPzP66YmugkyJpPUUEkWi6KUIxOj2edowBQlhk8swUQxeysiI6wwMTafog3BW355lbSqFa9WqT1cleu3eRwFOIUzuAAPrqEO99AAHwgweIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwD1jI4l</latexit>

T+
2

<latexit sha1_base64="RjW966GouUjtVJghQZhuWvN3jJw=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0VwFZJSq5tC0Y3uKtgHNDFMJtN26OTBzEQoIT/ixl9x40IRF27Ev3HSZqGthxnu4dx7ufceL2ZUSNP81korq2vrG+XNytb2zu6evn/QFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpXnew+ECxqFd3IaEydAo5AOKUZSSa5ev3FTO6bzl8EmrEF7LGKESWoaZzjIoO1FzBfTQIW0nd3XmmbF1aumYc4Al4lVkCoo0Hb1T9uPcBKQUGKGhBhYZiydFHFJMSNZxU4EUTMnaEQGioYoIMJJZ9dl8EQpPhxGXP1Qwpn6uyNFgcj3U5UBkmOxmMvF/3KDRA4vnJSGcSJJiOeDhgmDMoK5VdCnnGDJpoogzKnaFeIx4ghLZWhugrV48jLp1gyrYTRu69XWZWFHGRyBY3AKLHAOWuAatEEHYPAInsEreNOetBftXfuYl5a0oucQ/IH29QOQuaD5</latexit>

I⇡⇡⇡ = 2 P 2 = 0
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Example spectra of three pions with isospin 2

<latexit sha1_base64="JkK2qS5xQzoOtrC/K+j7XMa1dfY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseqF48V7Ae0oWy2m3bp7ibsToRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ncLa+sbmVnG7tLO7t39QPjxq2SgxjDdZJCPTCajlUmjeRIGSd2LDqQokbwfju8xvP3FjRaQfcRJzX9GhFqFgFDPppu+V+uWKW3XnIKvEy0kFcjT65a/eIGKJ4hqZpNZ2PTdGf0oNCib5rNRLLI8pG9Mh76ZUU8WtP53fOiNnqTIgYWTS0kjm6u+JKVXWTlSQdiqKI7vsZeJ/XjfB8NqfCh0nyDVbLAoTSTAi2eNkIAxnKCcpocyI9FbCRtRQhmk8WQje8surpHVR9WrV2sNlpX6bx1GEEziFc/DgCupwDw1oAoMRPMMrvDnKeXHenY9Fa8HJZ47hD5zPH/BKjYg=</latexit>

A1
<latexit sha1_base64="ty5Z/6xAzaNhGUyteic6En/7C5E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHqxWMF+wFtKJvtpF26uwm7G6GU/gUvHhTx6h/y5r8xaXPQ1gcDj/dmmJkXxIIb67rfztr6xubWdmGnuLu3f3BYOjpumSjRDJssEpHuBNSg4AqblluBnVgjlYHAdjC+y/z2E2rDI/VoJzH6kg4VDzmjNpNu+tViv1R2K+4cZJV4OSlDjka/9NUbRCyRqCwT1Jiu58bWn1JtORM4K/YSgzFlYzrEbkoVlWj86fzWGTlPlQEJI52WsmSu/p6YUmnMRAZpp6R2ZJa9TPzP6yY2vPanXMWJRcUWi8JEEBuR7HEy4BqZFZOUUKZ5eithI6ops2k8WQje8surpFWteLVK7eGyXL/N4yjAKZzBBXhwBXW4hwY0gcEInuEV3hzpvDjvzseidc3JZ07gD5zPH/HPjYk=</latexit>

A2
<latexit sha1_base64="vP460j+f7OaxOBdJoznGJn72g9k=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQ9lsp+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBLcWNf9dgobm1vbO8Xd0t7+weFR+fikbcJYM2yxUIS6G1CDgitsWW4FdiONVAYCO8H0LvM7T6gND9WjnUXoSzpWfMQZtZnUGHilQbniVt0FyDrxclKBHM1B+as/DFksUVkmqDE9z42sn1BtORM4L/VjgxFlUzrGXkoVlWj8ZHHrnFykypCMQp2WsmSh/p5IqDRmJoO0U1I7MateJv7n9WI7uvUTrqLYomLLRaNYEBuS7HEy5BqZFbOUUKZ5eithE6ops2k8WQje6svrpH1V9WrV2sN1pd7I4yjCGZzDJXhwA3W4hya0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nD/HRjYk=</latexit>

B1

<latexit sha1_base64="WXqTVdgxVA4dku2WH6A2dZAKOnQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHUi8cK9gPaUDbbabt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAQ31nW/nY3Nre2d3cJecf/g8Oi4dHLaNmGsGbZYKELdDahBwRW2LLcCu5FGKgOBnWB6l/mdJ9SGh+rRziL0JR0rPuKM2kxqDKrFQansVtwFyDrxclKGHM1B6as/DFksUVkmqDE9z42sn1BtORM4L/ZjgxFlUzrGXkoVlWj8ZHHrnFymypCMQp2WsmSh/p5IqDRmJoO0U1I7MateJv7n9WI7uvUTrqLYomLLRaNYEBuS7HEy5BqZFbOUUKZ5eithE6ops2k8WQje6svrpF2teLVK7eG6XG/kcRTgHC7gCjy4gTrcQxNawGACz/AKb450Xpx352PZuuHkM2fwB87nD/NWjYo=</latexit>

B2
<latexit sha1_base64="GWkZhqnyLqslsoIBj3NZSZRHgfc=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rEogscK9gPaUDbbSbt0dxN2N0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/nbX1jc2t7cJOcXdv/+CwdHTcMlGiGTZZJCLdCahBwRU2LbcCO7FGKgOB7WB8m/ntJ9SGR+rRTmL0JR0qHnJGbSbd9avFfqnsVtw5yCrxclKGHI1+6as3iFgiUVkmqDFdz42tP6XaciZwVuwlBmPKxnSI3ZQqKtH40/mtM3KeKgMSRjotZclc/T0xpdKYiQzSTkntyCx7mfif101seO1PuYoTi4otFoWJIDYi2eNkwDUyKyYpoUzz9FbCRlRTZtN4shC85ZdXSata8WqV2sNluX6Tx1GAUziDC/DgCupwDw1oAoMRPMMrvDnSeXHenY9F65qTz5zAHzifP/frjY0=</latexit>

E2

<latexit sha1_base64="GKMRoxvyO5luUFCS+PpYYA6R+JM=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0VwFZJSq5tC0Y3uKtgHNDFMJtN26OTBzEQoIT/ixl9x40IRF27Ev3HSZqGthxnu4dx7ufceL2ZUSNP81korq2vrG+XNytb2zu6evn/QFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpXnew+ECxqFd3IaEydAo5AOKUZSSa5ev3FTO6bzl8EmrEF7LGKESWoaZzjIoO1FzBfTQIW0nd3XmlbF1aumYc4Al4lVkCoo0Hb1T9uPcBKQUGKGhBhYZiydFHFJMSNZxU4EUTMnaEQGioYoIMJJZ9dl8EQpPhxGXP1Qwpn6uyNFgcj3U5UBkmOxmMvF/3KDRA4vnJSGcSJJiOeDhgmDMoK5VdCnnGDJpoogzKnaFeIx4ghLZWhugrV48jLp1gyrYTRu69XWZWFHGRyBY3AKLHAOWuAatEEHYPAInsEreNOetBftXfuYl5a0oucQ/IH29QOSPqD6</latexit>

I⇡⇡⇡ = 2 P 2 = 1
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Example spectra of three pions with isospin 0

<latexit sha1_base64="1V2nXsooBVVeD3d6RN0E7et10eQ=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJrDHpEvXjExAUSWEm3dKGh227argnZ8Bu8eNAYr/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsr+dc97/GsV664VXcGtEy8nFQgR6NX/ur2JUljKgzhWOuO5yYmyLAyjHA6KXVTTRNMRnhAO5YKHFMdZLNjJ+jEKn0USWVLGDRTf09kONZ6HIe2M8ZmqBe9qfif10lNdBVkTCSpoYLMF0UpR0ai6eeozxQlho8twUQxeysiQ6wwMTafkg3BW3x5mTTPq16tWru/qNRv8jiKcATHcAoeXEId7qABPhBg8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwDZ9o4T</latexit>

A�
1

<latexit sha1_base64="TQjiM9I46C0/khiA89tN0qfYeB0=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4kewSgx5RLx4xcYEEVtItXWhou5u2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbBa2its7u3v7pYPDpo5TRahPYh6rdog15UxS3zDDaTtRFIuQ01Y4up36rSeqNIvlgxknNBB4IFnECDZW8q971cfzXqnsVtwZ0DLxclKGHI1e6avbj0kqqDSEY607npuYIMPKMMLppNhNNU0wGeEB7VgqsaA6yGbHTtCpVfooipUtadBM/T2RYaH1WIS2U2Az1IveVPzP66QmugoyJpPUUEnmi6KUIxOj6eeozxQlho8twUQxeysiQ6wwMTafog3BW3x5mTSrFa9Wqd1flOs3eRwFOIYTOAMPLqEOd9AAHwgweIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwDbfI4U</latexit>

A�
2

<latexit sha1_base64="6jFDnqW1eeMVPFL1AmwYdE5pW38=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHZFosegCB4jmgcka5idzCZDZmeXmV4hLPkELx4U8eoXefNvnDwOmljQUFR1090VJFIYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZxqxmsslrFuBtRwKRSvoUDJm4nmNAokbwSD67HfeOLaiFg94DDhfkR7SoSCUbTS/c3jaadQdEvuBGSReDNShBmqncJXuxuzNOIKmaTGtDw3QT+jGgWTfJRvp4YnlA1oj7csVTTixs8mp47IsVW6JIy1LYVkov6eyGhkzDAKbGdEsW/mvbH4n9dKMbz0M6GSFLli00VhKgnGZPw36QrNGcqhJZRpYW8lrE81ZWjTydsQvPmXF0n9rOSVS+W782LlahZHDg7hCE7AgwuowC1UoQYMevAMr/DmSOfFeXc+pq1LzmzmAP7A+fwBueyNcw==</latexit>

E� <latexit sha1_base64="gBwD9mQu2BdIwreblRgUgf9bm3M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJrDHokevGICQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vpv57SeqNJOiaSYJDWI8FCxiBBsr+c2+93jRL1fcqjsHWiVeTiqQo9Evf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66YmugkyJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8SlqXVa9WrT1cVeq3eRxFOIFTOAcPrqEO99AAHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifP/cOjiY=</latexit>

T�
1

<latexit sha1_base64="S0Ccn/2DBXA8Vt5erUoFajHgtdc=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4kewSgx6JXjxiwgIJrKRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz321lb39jc2i7sFHf39g8OS0fHLR2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfDfz209UaRbLppkkNBB4KFnECDZW8pv96uNlv1R2K+4caJV4OSlDjka/9NUbxCQVVBrCsdZdz01MkGFlGOF0WuylmiaYjPGQdi2VWFAdZPNjp+jcKgMUxcqWNGiu/p7IsNB6IkLbKbAZ6WVvJv7ndVMT3QQZk0lqqCSLRVHKkYnR7HM0YIoSwyeWYKKYvRWREVaYGJtP0YbgLb+8SlrViler1B6uyvXbPI4CnMIZXIAH11CHe2iADwQYPMMrvDnSeXHenY9F65qTz5zAHzifP/iUjic=</latexit>

T�
2

<latexit sha1_base64="1xZB+OOfB+BZp0jNeG7uyG/pP0Y=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSIIQtktUj1WvXis4LaFdi3ZNNuGJtklyQpl6W/w4kERr/4gb/4b03YP2vpg4PHeDDPzwoQzbVz321lZXVvf2CxsFbd3dvf2SweHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDv1W09UaRbLBzNOaCDwQLKIEWys5F/3qo/nvVLZrbgzoGXi5aQMORq90le3H5NUUGkIx1p3PDcxQYaVYYTTSbGbappgMsID2rFUYkF1kM2OnaBTq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif10lNdBVkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmlWK16tUru/KNdv8jgKcAwncAYeXEId7qABPhBg8Ayv8OZI58V5dz7mrStOPnMEf+B8/gDYdI4S</latexit>

A+
2

<latexit sha1_base64="g5WtNFaOQgVLJSyoIW2FtNlBqyI=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBAEIeyKRI9BETxGNA9I1jA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOHkcNLGgoajqprsrSKQw6LrfztLyyuraem4jv7m1vbNb2NuvmzjVjNdYLGPdDKjhUiheQ4GSNxPNaRRI3ggG12O/8cS1EbF6wGHC/Yj2lAgFo2il+5vH006h6JbcCcgi8WakCDNUO4WvdjdmacQVMkmNaXlugn5GNQom+SjfTg1PKBvQHm9ZqmjEjZ9NTh2RY6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmk7chePMvL5L6Wckrl8p358XK1SyOHBzCEZyABxdQgVuoQg0Y9OAZXuHNkc6L8+58TFuXnNnMAfyB8/kDtuSNcQ==</latexit>

E+

<latexit sha1_base64="gbzaws98al7MVzRv758RtIvCl90=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0VwFZJSq5tC0Y3uKtgHNDFMJtN26OTBzEQoIT/ixl9x40IRF27Ev3HSZqGthxnu4dx7ufceL2ZUSNP81korq2vrG+XNytb2zu6evn/QFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpXnew+ECxqFd3IaEydAo5AOKUZSSa5ev3FTO6bzl8EmNKE9FjHCJDWNMxxk0PYi5otpoELazu5rTbPi6lXTMGeAy8QqSBUUaLv6p+1HOAlIKDFDQgwsM5ZOirikmJGsYieCqJkTNCIDRUMUEOGks+syeKIUHw4jrn4o4Uz93ZGiQOT7qcoAybFYzOXif7lBIocXTkrDOJEkxPNBw4RBGcHcKuhTTrBkU0UQ5lTtCvEYcYSlMjQ3wVo8eZl0a4bVMBq39WrrsrCjDI7AMTgFFjgHLXAN2qADMHgEz+AVvGlP2ov2rn3MS0ta0XMI/kD7+gGNa6D3</latexit>

I⇡⇡⇡ = 0 P 2 = 0

<latexit sha1_base64="GOmVeCJEUNfJgSPlXoR4Li54ygg=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMquSPVY9OKxQrcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDfz209UaSZF00wSGsR4KFjECDZW8pt97/GiX664VXcOtEq8nFQgR6Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdBNkTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbQuq16tWnu4qtRv8ziKcAKncA4eXEMd7qEBPhBg8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwD0Bo4k</latexit>

T+
1
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Unphysical Solution
<latexit sha1_base64="pqOgKEC4S9B0Q5jy53ArvgQWx80="></latexit> I ⇡

⇡
⇡
=

2
P

2
=

1
(A

1
)

Cutoff function leding to enhnced 
neglected volume effects is one possible 
culprit:

<latexit sha1_base64="m8SbTVJHbvd1uyMYSXti0rs1zuY="></latexit>

H(k) ⌘ J(z),

z =
E

⇤2
2,k � (1 + ↵)m2

(3� ↵)m2
,

Further investigtion is required, but in 
this cse, this is not too concerning for 
such smll L.

Unphysicl behviour cn rise for 
certin prmeters, especilly t smll 
volumes.



Conclusion 
& outlook

15

Quntittively exploring RFT formlism for three pions with 
non-mximl isospin with relistic quntum numbers. 

The results cn guide future lttice QCD clcultions.

Min tkewys:

Fully implement decy formlism (e.g.                                         ). 

Implement other chnnels, including non-identicl, non-
degenerte prticles nd intrinsic spin. 

Further optimise mpyL librry. 

Perform LQCD clcultions of three-prticle mplitudes.

Future outlook:

<latexit sha1_base64="EsC5OcmzZJceZdDyyM4fNeQyhSs=">AAACLXicbVDLSgMxFM34rPVVdekmWARxUWZEqsuiLgQ3FewDOmO5k2ba0GRmSDJKGfpDbvwVEVxUxK2/YabtQtteEjiccy/n3uPHnClt2yNraXlldW09t5Hf3Nre2S3s7ddVlEhCayTikWz6oChnIa1ppjltxpKC8Dlt+P3rTG88UalYFD7oQUw9Ad2QBYyANlS7cHOHXcm6PQ1SRs/YjdnkYbenYiA0dexYD7HbBSHg8XRxc7tQtEv2uPA8cKagiKZVbRfe3U5EEkFDTTgo1cpcvBSkZoTTYd5NFDXufejSloEhCKq8dHztEB8bpoODSJofajxm/06kIJQaCN90CtA9Natl5CKtlejg0ktZGCeahmRiFCQc6whn0eEOk5RoPjAAiGRmV0x6IIFoE3DehODMnjwP6mclp1wq358XK1fTOHLoEB2hE+SgC1RBt6iKaoigF/SGRujTerU+rC/re9K6ZE1nDtC/sn5+AW6rqOU=</latexit>

K ! ⇡⇡⇡ �⇤ ! ⇡⇡⇡



All questions re welcome.
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