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Motivation

+ Many interesting three-pion resonances.

« Better understand contributions to
the hadronic vacuum polarization of
the muon (9 — 2)avp.

+ Stepping stone up for more
complicated resonances and weak
decays: i

« Frontier of LQCD =rigorously
analyzing three-pion energies
(especially in resonance channels).

« This talk = no lattice Monte Carlo, but implementation of finite-volume formalism. 3



RFT three-pion finite-volume formalism

Quantization Condition

/" Finite- \/7
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where:
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det[F3'(E,P,L) + K4 3(E*)] =0

F, EE+ FEKs[l — (F @)K ' F
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f Scattering\

Amplitude

« F Romero-Lopez (2021) ¢

« Different methods of deriving the finite-
volume formalism.

 Hammer, Pang,
Rusetsky (2017) ¢

e Doring, Mai (2017) »

« Our work uses the relativistic-field-
theory (RFT) approach.

« Hansen, Sharpe (2014) «

+ Matrices on tensor-product space:

(flavor space) ® (spectator space)

® (angular-momentum space)

« Holds up to exponentially suppressed
term O(e~ ™).

« Requires parametrization of both K 5
and K 47 3(e.g. using polynomials and
poles or EFT).


https://arxiv.org/abs/2112.05170
http://www.apple.com/uk
https://link.springer.com/article/10.1140/epja/i2017-12440-1
https://link.springer.com/content/pdf/10.1007/JHEP09(2017)109.pdf
https://link.springer.com/content/pdf/10.1007/JHEP09(2017)109.pdf
https://link.springer.com/content/pdf/10.1007/JHEP09(2017)109.pdf
https://link.aps.org/accepted/10.1103/PhysRevD.90.116003
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Implementation of the quantization condition

+ [sospin decomposition
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« Hansen, Romero-L.opez, Sharpe (2020) °
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+ Block diagonalize quantization condition to four sectors

[7T7T7T 3

(77)2

5 ((m)

2

E
SEHH

1

~~
=
~—

0

(p) .7’:‘&0

G(/G])

< [rrep projection

Irrep

(dimension)

[000]

On (48)

AT (1)
AZ (1

&
H-
()

)
)
)

3
H_

(
(
(3
(3)

~

+
2

[001]

Dicq4 (8)

'

1(1

&

G

S

[011]

Dics (4)

<Using ‘am-pi-ell” public Python package (available on GitHub)
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https://github.com/mthansen/ampyl/tree/main
https://inspirehep.net/literature/1787807

Implementation of the quantization condition

« Features of ampylL.:

+ Calculates non-interacting energies, with
multiplicities for a given finite-volume irrep

and isospin:

EUHL) =Y \/ m2 + (27 /L)%n?

« Builds and projects the quantization
condition for a given irrep and isospin.

+ Pre-computes spectator-momentum space
matrices to accelerate evaluation.

+ Uses splines on irrep-projected building blocks

to accelerate evaluation.

« Various strategies for efficient root finding.
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Sm) | Negmoms | Naovwowo || Inmn =3 | Ingn =2 | Ingp =1 | Lipr =0
{000} 1 1 1 0 1 0
{011} 3 18 3 6 9 3
{022} 6 36 6 12 18 6
{112} 12 72 12 24 36 12
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I7T7T7T =

\3.00

Fxample spectra of three pions with isospin 2

/5.00 -

4754 °
4.50 -

4.25 -

En(L)/my

3.75 -

3.50 -

3.25 -

irrep

4.00 -

T+

1
AT E-, Ty, Ty, 2T, Tyt
A7 AL 2B~ 2T, 2T, , AS, E+, 3T, 2T
AT E~, Ty 2Ty , A, E*, 2T, Ty

AT E-, T, Ty, 2T, T,

irrep

................................................................

A7, E-, T,
AT E~, T, T, Ty

AT AL 2E— Ty, Ty, 2T, 2T

AT, Ty AL, T,



P*=0 (Ty)

I7T7T7T =

\3.00

Fxample spectra of three pions with isospin 2

/5.00 -

4754 °
4.50 -

4.25 -

En(L)/my

3.75 -

3.50 -

3.25 -

irrep

4.00 -

T+

1
AT E- Ty, Ty 217, Ty
AT, A5, 2E-, 2Ty, 2T, , A, E+ 3T, 2T
AT E~, Ty ,2Ty , A, E*, 2T, T,

AT E-, T, Ty, 2T, T,

irrep

................................................................

A7, E-, T,
AT E~, T, T, Ty

AT AL 2E— Ty, Ty, 2T, 2T

AT, Ty AL, T,



P*=0 (Ty)

I7T7T7T =

\3.00

Fxample spectra of three pions with isospin 2

/5.00 -

4754 °
4.50 -

4.25 -

En(L)/my

3.75 -

3.50 -

3.25 -

irrep

.
.\
\
AN
. \
)
.
\
.
~
Al
-
.
.
.
\
Y
-
“
-
8
\
-
.\ N\
.
5
-
.
-
-~
-
Y
-
»
-~

4.00 -

T+

1
AT E- Ty, Ty 217, Ty
AT, A5, 2E-, 2Ty, 2T, , A, E+ 3T, 2T
AT E~, Ty ,2Ty , A, E*, 2T, T,

AT E-, T, Ty, 2T, T,

irrep

................................................................

A7, E— [T,
Al_aE_aTQ_aTl-l_:TQ-.i_

AT, Ay, 2B, T, T, (2T, 2T

AT, Ty AT (T,



P*=0 (T)
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Fxample spectra of three pions with isospin 2
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Fxample spectra of three pions with isospin 2
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Example spectra of three pions with isospin O
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Unphysical Solution
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« Unphysical behaviour can arise for
certain parameters, especially at small
volumes.

« Cutoff function leading to enhanced
neglected volume effects is one possible
culprit:

H(k) = J(2),
B3y — (1+a)m?

(3 — a)m?

A

« Further investigation is required, but in
this case, this is not too concerning for
such small L.
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Main takeaways:

+ Quantitatively exploring RET formalism for three pions with
non-maximal isospin with realistic quantum numbers.

« The results can guide tuture lattice QCD calculations.

Future outlook:
< Fully implement decay tormalism (e.g. K — manr  ~* — 7rm).

« Implement other channels, including non-identical, non-
degenerate particles and intrinsic spin.

« Further optimise ampyL library:.

« Perform LQCD calculations of three-particle amplitudes.

15
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THANK YOU
FOR LISTENING.

All questions are welcome.




