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Better understand contributions to 
the hadronic vacuum polarization of 
the muon                     .
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Motivation

Many interesting three-pion resonances. 

<latexit sha1_base64="+lB5pKcXCcC+Qe3zY7FnRwlDMxo=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahHixJkeqx6KXHCvYD2hA22227dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXhALrsFxvq3cxubW9k5+t7C3f3B4ZB+ftHSUKMqaNBKR6gREM8ElawIHwTqxYiQMBGsH4/u5354wpXkkH2EaMy8kQ8kHnBIwkm/bpeFV5dLvAXuCtN5qzHy76JSdBfA6cTNSRBkavv3V60c0CZkEKojWXdeJwUuJAk4FmxV6iWYxoWMyZF1DJQmZ9tLF5TN8YZQ+HkTKlAS8UH9PpCTUehoGpjMkMNKr3lz8z+smMLj1Ui7jBJiky0WDRGCI8DwG3OeKURBTQwhV3NyK6YgoQsGEVTAhuKsvr5NWpexWy9WH62LtLosjj87QOSohF92gGqqjBmoiiiboGb2iNyu1Xqx362PZmrOymVP0B9bnD0yNktM=</latexit>

(g � 2)HVP

Stepping stone up for more 
complicated resonances and weak 
decays:

Frontier of LQCD = rigorously 
analyzing three-pion energies 
(especially in resonance channels).
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N?

This talk = no lattice Monte Carlo, but implementation of finite-volume formalism.



The K-matrix 

where: 

Finite-
volume energies 
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RFT three-pion finite-volume formalism

Scattering 
Amplitude
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The finite-volume formalismI

4

LUSCHER QC MULT IPLE  CHANNEL  QC THREE-PART ICLE  QC 2--3

The finite-volume formalismI
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Quantization Condition Integral Equations
Different methods of deriving the finite-
volume formalism. 

Our work uses the relativistic-field-
theory (RFT) approach. 
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Implementation of the quantization condition
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Block diagonalize quantization condition to four sectors
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<latexit sha1_base64="NnKgQSD5KdvXqKRe7D+ff93tVsI=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtk1yQpl6Z/w4kERr/4db/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hYqVvtazYS+HxQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+b0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9j4ZMUWL41BJMFLO3IjLGChNjIyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBAQ7P8ApvzqPz4rw7H4vWgpPPHMMfOJ8/aCePkw==</latexit>

(! )

<latexit sha1_base64="47n6s3uHq1b7Dw+zA6oGsfFynfQ=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gViR6DXjxGMA/ILmF20kmGzM5u5hEIS/7EiwdFvPon3vwbJ8keNLGgoajqprsrSjlT2vO+ncLG5tb2TnG3tLd/cHjkHp80VWIkhQZNeCLbEVHAmYCGZppDO5VA4ohDKxrdz/3WBKRiiXjS0xTCmAwE6zNKtJW6rhuosSEScABjwybY67plr+ItgNeJn5MyylHvul9BL6EmBqEpJ0p1fC/VYUakZpTDrBQYBSmhIzKAjqWCxKDCbHH5DF9YpYf7ibQlNF6ovycyEis1jSPbGRM9VKveXPzP6xjdvw0zJlKjQdDlor7hWCd4HgPuMQlU86klhEpmb8V0SCSh2oZVsiH4qy+vk+ZVxa9Wqo/X5dpdHkcRnaFzdIl8dINq6AHVUQNRNEHP6BW9OZnz4rw7H8vWgpPPnKI/cD5/APHjkzk=</latexit>

! ! 0

<latexit sha1_base64="NRvNipyiSZ+8FwjUr6WzQWrIySI=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCp5KIVI9FLx4r2A9oQtlsJ+3SzSbd3RRKKF78K148KOLVX+HNf+O2zUFbHww83pthZl6QcKa043xbK6tr6xubha3i9s7u3r59cNhQcSop1GnMY9kKiALOBNQ10xxaiQQSBRyaweB26jdHIBWLxYMeJ+BHpCdYyCjRRurYx17ACR2oYUokYE/E2oNhykbY6dglp+zMgJeJm5MSylHr2F9eN6ZpBEJTTpRqu06i/YxIzSiHSdFLFSRmF+lB21BBIlB+Nnthgs+M0sVhLE0JjWfq74mMREqNo8B0RkT31aI3Ff/z2qkOr/2MiSTVIOh8UZhyrGM8zQN3mQSq+dgQQiUzt2LaJ5JQbVIrmhDcxZeXSeOi7FbKlfvLUvUmj6OATtApOkcuukJVdIdqqI4oekTP6BW9WU/Wi/VufcxbV6x85gj9gfX5AxXzlz0=</latexit>

! !" 0

    Using “am-pi-ell” public Python package (available on GitHub)

• Hansen, Romero-López, Sharpe (2020) •

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(!! )2

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(!! )2
<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(!! )2

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(!! )2

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(! )

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(! )

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(! )

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(! )

<latexit sha1_base64="NnKgQSD5KdvXqKRe7D+ff93tVsI=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtk1yQpl6Z/w4kERr/4db/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hYqVvtazYS+HxQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+b0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9j4ZMUWL41BJMFLO3IjLGChNjIyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBAQ7P8ApvzqPz4rw7H4vWgpPPHMMfOJ8/aCePkw==</latexit>

(! )

<latexit sha1_base64="DCbr+Ki6c903wMzPYca5szg4euE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXvRWwX5Au5Rsmrah2eyazBbK0t/hxYMiXv0x3vw3pu0etPUxA4/3ZsjkBbEUBl3328mtrW9sbuW3Czu7e/sHxcOjhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDvzm2OujYjUI05i7od0oERfMIpW8u+7aScWi5p2iyW37M5BVomXkRJkqHWLX51exJKQK2SSGtP23Bj9lGoUTPJpoZMYHlM2ogPetlTRkBs/nR89JWdW6ZF+pG0rJHP190ZKQ2MmYWAnQ4pDs+zNxP+8doL9az8VKk6QK7Z4qJ9IghGZJUB6QnOGcmIJZVrYWwkbUk0Z2pwKNgRv+curpHFR9irlysNlqXqTxZGHEziFc/DgCqpwBzWoA4MneIZXeHPGzovz7nwsRnNOtnMMf+B8/gABdJJG</latexit>

I !!!
<latexit sha1_base64="zAYiae0AiBpVJ1FsFEw+B7zCIFA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1K9K1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIE3jMI=</latexit>

3
<latexit sha1_base64="2fvfthwg1mRLBhwA3jth0GTm+tU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1XG1el2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH+zjME=</latexit>

2
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1
<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="zAYiae0AiBpVJ1FsFEw+B7zCIFA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1K9K1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIE3jMI=</latexit>

3
<latexit sha1_base64="2fvfthwg1mRLBhwA3jth0GTm+tU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1XG1el2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH+zjME=</latexit>

2

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1
<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

https://github.com/mthansen/ampyl/tree/main
https://inspirehep.net/literature/1787807
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Implementation of the quantization condition

Features of a mpyL :

Calculates non-interacting energies, with 
multiplicities for a given finite-volume irrep 
and isospin:

<latexit sha1_base64="zueaq7g0kLYdqCH12gYAhTMMDMA="></latexit>

E { n } (L ) =
3!

i =1

"
m2

! + (2 ! /L )2n 2
i

Builds and projects the quantization 
condition for a given irrep and isospin.

Pre-computes spectator-momentum space 
matrices to accelerate evaluation.

Uses splines on irrep-projected building blocks 
to accelerate evaluation.

Various strategies for efficient root finding.
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Example spectra of three pions with isospin 2
<latexit sha1_base64="w6Uzj0c0O5Vc7b1vwR0vH4L6SzU="></latexit> I !

!!
=

2
P

2
=

0
(T

+ 1
)

<latexit sha1_base64="47E5s3KLoj9C8gev2pATutqzLp4="></latexit>!

"
"
"
"
"
"
"
"
#

$
!

%
" " "

"
&

! !
! !

'
" "

" "

!

#
! ! !
! ! !
! ! !

(

) "

" " "
$
!

%

(

*
*
*
*
*
*
*
*
)

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(! )
<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(!! )2

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(!! )2

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(! )
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Example spectra of three pions with isospin 2
<latexit sha1_base64="w6Uzj0c0O5Vc7b1vwR0vH4L6SzU="></latexit> I !

!!
=

2
P

2
=

0
(T

+ 1
)

<latexit sha1_base64="47E5s3KLoj9C8gev2pATutqzLp4="></latexit>!
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"
"
"
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%
" " "
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! !
! !

'
" "

" "

!

#
! ! !
! ! !
! ! !
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) "

" " "
$
!

%

(

*
*
*
*
*
*
*
*
)

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(! )
<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(!! )2

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(!! )2

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(! )
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Example spectra of three pions with isospin 2
<latexit sha1_base64="w6Uzj0c0O5Vc7b1vwR0vH4L6SzU="></latexit> I !
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=
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+ 1
)

<latexit sha1_base64="47E5s3KLoj9C8gev2pATutqzLp4="></latexit>!
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!

#
! ! !
! ! !
! ! !

(

) "
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*
*
*
)

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(! )
<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(!! )2

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(!! )2

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(! )
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Example spectra of three pions with isospin 2

<latexit sha1_base64="TQttYAAzHiGflAMwrAXauisMH00=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiuCqJSHVZdOOygq2FJoTJdNIOnUuYmYgl9FXcuFDErS/izrdx0mahrT8MfPznHM6ZP04Z1cbzvp3K2vrG5lZ1u7azu7d/4B7We1pmCpMulkyqfow0YVSQrqGGkX6qCOIxIw/x5KaoPzwSpakU92aakpCjkaAJxchYK3LrPApSCkdRHqixLHgWuQ2v6c0FV8EvoQFKdSL3KxhKnHEiDGZI64HvpSbMkTIUMzKrBZkmKcITNCIDiwJxosN8fvsMnlpnCBOp7BMGzt3fEzniWk95bDs5MmO9XCvM/2qDzCRXYU5Fmhki8GJRkjFoJCyCgEOqCDZsagFhRe2tEI+RQtjYuGo2BH/5y6vQO2/6rWbr7qLRvi7jqIJjcALOgA8uQRvcgg7oAgyewDN4BW/OzHlx3p2PRWvFKWeOwB85nz8b0ZSC</latexit>m! g" !

<latexit sha1_base64="w6Uzj0c0O5Vc7b1vwR0vH4L6SzU="></latexit> I !
!!
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P
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=
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(T
+ 1

)

<latexit sha1_base64="47E5s3KLoj9C8gev2pATutqzLp4="></latexit>!
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"
"
"
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!
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! ! !
! ! !
! ! !
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!
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*
*
*
*
*
*
)

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(! )
<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(!! )2

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(!! )2

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(! )

<latexit sha1_base64="wLuererjAxLM4RNEws54wqf/1+0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRC9C0IvgJYJ5QLKE2UknGTI7u8zMCmHJR3jxoIhXv8ebf+Mk2YMmFjQUVd10dwWx4Nq47reTW1ldW9/Ibxa2tnd294r7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZjG6nfvMJleaRfDTjGP2QDiTvc0aNlZr33XNyTdxuseSW3RnIMvEyUoIMtW7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NwJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/yk+5jBODks0X9RNBTESmv5MeV8iMGFtCmeL2VsKGVFFmbEIFG4K3+PIyaZyVvUq58nBRqt5kceThCI7hFDy4hCrcQQ3qwGAEz/AKb07svDjvzse8NedkM4fwB87nD2wZjlU=</latexit>

K 3 = 0
<latexit sha1_base64="3m5VGM+aLl6dEeNBHHwwd0TXiho="></latexit>!

q
m!

" 3

cot ! =
6"
g2

"!

m2
" ! E 2

Em!

E 2

m2
"
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Example spectra of three pions with isospin 2
<latexit sha1_base64="w6Uzj0c0O5Vc7b1vwR0vH4L6SzU="></latexit> I !

!!
=

2
P

2
=

0
(T

+ 1
)

<latexit sha1_base64="47E5s3KLoj9C8gev2pATutqzLp4="></latexit>!
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"
"
"
"
"
"
"
#

$
!

%
" " "

"
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! !
! !

'
" "

" "

!

#
! ! !
! ! !
! ! !

(

) "

" " "
$
!

%

(

*
*
*
*
*
*
*
*
)

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(! )
<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(!! )2

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(!! )2

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(! )

<latexit sha1_base64="TQttYAAzHiGflAMwrAXauisMH00=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiuCqJSHVZdOOygq2FJoTJdNIOnUuYmYgl9FXcuFDErS/izrdx0mahrT8MfPznHM6ZP04Z1cbzvp3K2vrG5lZ1u7azu7d/4B7We1pmCpMulkyqfow0YVSQrqGGkX6qCOIxIw/x5KaoPzwSpakU92aakpCjkaAJxchYK3LrPApSCkdRHqixLHgWuQ2v6c0FV8EvoQFKdSL3KxhKnHEiDGZI64HvpSbMkTIUMzKrBZkmKcITNCIDiwJxosN8fvsMnlpnCBOp7BMGzt3fEzniWk95bDs5MmO9XCvM/2qDzCRXYU5Fmhki8GJRkjFoJCyCgEOqCDZsagFhRe2tEI+RQtjYuGo2BH/5y6vQO2/6rWbr7qLRvi7jqIJjcALOgA8uQRvcgg7oAgyewDN4BW/OzHlx3p2PRWvFKWeOwB85nz8b0ZSC</latexit>m! g" !

<latexit sha1_base64="wLuererjAxLM4RNEws54wqf/1+0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRC9C0IvgJYJ5QLKE2UknGTI7u8zMCmHJR3jxoIhXv8ebf+Mk2YMmFjQUVd10dwWx4Nq47reTW1ldW9/Ibxa2tnd294r7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZjG6nfvMJleaRfDTjGP2QDiTvc0aNlZr33XNyTdxuseSW3RnIMvEyUoIMtW7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NwJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/yk+5jBODks0X9RNBTESmv5MeV8iMGFtCmeL2VsKGVFFmbEIFG4K3+PIyaZyVvUq58nBRqt5kceThCI7hFDy4hCrcQQ3qwGAEz/AKb07svDjvzse8NedkM4fwB87nD2wZjlU=</latexit>

K 3 = 0
<latexit sha1_base64="3m5VGM+aLl6dEeNBHHwwd0TXiho="></latexit>!

q
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E 2
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"
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Example spectra of three pions with isospin 2
<latexit sha1_base64="w6Uzj0c0O5Vc7b1vwR0vH4L6SzU="></latexit> I !

!!
=
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)

<latexit sha1_base64="47E5s3KLoj9C8gev2pATutqzLp4="></latexit>!
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*
)

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(! )
<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(!! )2

<latexit sha1_base64="cENWSt7aSgOUUokRh3GS3ny+Krc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSARNqRbutDQ7W7aWRNC+BdePGiMV/+NN/+NBfag4EubvLw3k5l5QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoZeJUM95ksYx1O6CGS6F4EwVK3k40p1Eg+UMwupn5D09cGxGrexwn3I/oQIlQMIpWeix3E2Hfea/aK5bcijsHWSVeRkqQodErfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nGU3JmlT4JY22/QjJXf3dMaGTMOApsZURxaJa9mfif10kxvPInQiUpcsUWg8JUEozJ7HzSF5ozlGNLKNPC7krYkGrK0IZUsCF4yyevkla14tUqtbuLUv06iyMPJ3AKZfDgEupwCw1oAgMFz/AKb45xXpx352NRmnOynmP4A+fzB48HkDU=</latexit>

(!! )2

<latexit sha1_base64="ClIKq61vbI3ML6aJTIlihf4N2VA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHn1Wv3+stK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/qRY63</latexit>

(! )

<latexit sha1_base64="TQttYAAzHiGflAMwrAXauisMH00=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiuCqJSHVZdOOygq2FJoTJdNIOnUuYmYgl9FXcuFDErS/izrdx0mahrT8MfPznHM6ZP04Z1cbzvp3K2vrG5lZ1u7azu7d/4B7We1pmCpMulkyqfow0YVSQrqGGkX6qCOIxIw/x5KaoPzwSpakU92aakpCjkaAJxchYK3LrPApSCkdRHqixLHgWuQ2v6c0FV8EvoQFKdSL3KxhKnHEiDGZI64HvpSbMkTIUMzKrBZkmKcITNCIDiwJxosN8fvsMnlpnCBOp7BMGzt3fEzniWk95bDs5MmO9XCvM/2qDzCRXYU5Fmhki8GJRkjFoJCyCgEOqCDZsagFhRe2tEI+RQtjYuGo2BH/5y6vQO2/6rWbr7qLRvi7jqIJjcALOgA8uQRvcgg7oAgyewDN4BW/OzHlx3p2PRWvFKWeOwB85nz8b0ZSC</latexit>m! g" !

<latexit sha1_base64="wLuererjAxLM4RNEws54wqf/1+0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRC9C0IvgJYJ5QLKE2UknGTI7u8zMCmHJR3jxoIhXv8ebf+Mk2YMmFjQUVd10dwWx4Nq47reTW1ldW9/Ibxa2tnd294r7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZjG6nfvMJleaRfDTjGP2QDiTvc0aNlZr33XNyTdxuseSW3RnIMvEyUoIMtW7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NwJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/yk+5jBODks0X9RNBTESmv5MeV8iMGFtCmeL2VsKGVFFmbEIFG4K3+PIyaZyVvUq58nBRqt5kceThCI7hFDy4hCrcQQ3qwGAEz/AKb07svDjvzse8NedkM4fwB87nD2wZjlU=</latexit>

K 3 = 0
<latexit sha1_base64="3m5VGM+aLl6dEeNBHHwwd0TXiho="></latexit>!

q
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Example spectra of three pions with isospin 2

<latexit sha1_base64="1V2nXsooBVVeD3d6RN0E7et10eQ=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJrDHpEvXjExAUSWEm3dKGh227argnZ8Bu8eNAYr/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsr+dc97/GsV664VXcGtEy8nFQgR6NX/ur2JUljKgzhWOuO5yYmyLAyjHA6KXVTTRNMRnhAO5YKHFMdZLNjJ+jEKn0USWVLGDRTf09kONZ6HIe2M8ZmqBe9qfif10lNdBVkTCSpoYLMF0UpR0ai6eeozxQlho8twUQxeysiQ6wwMTafkg3BW3x5mTTPq16tWru/qNRv8jiKcATHcAoeXEId7qABPhBg8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwDZ9o4T</latexit>

A !
1

<latexit sha1_base64="TQjiM9I46C0/khiA89tN0qfYeB0=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4kewSgx5RLx4xcYEEVtItXWhou5u2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbBa2its7u3v7pYPDpo5TRahPYh6rdog15UxS3zDDaTtRFIuQ01Y4up36rSeqNIvlgxknNBB4IFnECDZW8q971cfzXqnsVtwZ0DLxclKGHI1e6avbj0kqqDSEY607npuYIMPKMMLppNhNNU0wGeEB7VgqsaA6yGbHTtCpVfooipUtadBM/T2RYaH1WIS2U2Az1IveVPzP66QmugoyJpPUUEnmi6KUIxOj6eeozxQlho8twUQxeysiQ6wwMTafog3BW3x5mTSrFa9Wqd1flOs3eRwFOIYTOAMPLqEOd9AAHwgweIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwDbfI4U</latexit>

A !
2

<latexit sha1_base64="6jFDnqW1eeMVPFL1AmwYdE5pW38=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHZFosegCB4jmgcka5idzCZDZmeXmV4hLPkELx4U8eoXefNvnDwOmljQUFR1090VJFIYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZxqxmsslrFuBtRwKRSvoUDJm4nmNAokbwSD67HfeOLaiFg94DDhfkR7SoSCUbTS/c3jaadQdEvuBGSReDNShBmqncJXuxuzNOIKmaTGtDw3QT+jGgWTfJRvp4YnlA1oj7csVTTixs8mp47IsVW6JIy1LYVkov6eyGhkzDAKbGdEsW/mvbH4n9dKMbz0M6GSFLli00VhKgnGZPw36QrNGcqhJZRpYW8lrE81ZWjTydsQvPmXF0n9rOSVS+W782LlahZHDg7hCE7AgwuowC1UoQYMevAMr/DmSOfFeXc+pq1LzmzmAP7A+fwBueyNcw==</latexit>

E !
<latexit sha1_base64="gBwD9mQu2BdIwreblRgUgf9bm3M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJrDHokevGICQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vpv57SeqNJOiaSYJDWI8FCxiBBsr+c2+93jRL1fcqjsHWiVeTiqQo9Evf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66YmugkyJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8SlqXVa9WrT1cVeq3eRxFOIFTOAcPrqEO99AAHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifP/cOjiY=</latexit>

T !
1

<latexit sha1_base64="S0Ccn/2DBXA8Vt5erUoFajHgtdc=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4kewSgx6JXjxiwgIJrKRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz321lb39jc2i7sFHf39g8OS0fHLR2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfDfz209UaRbLppkkNBB4KFnECDZW8pv96uNlv1R2K+4caJV4OSlDjka/9NUbxCQVVBrCsdZdz01MkGFlGOF0WuylmiaYjPGQdi2VWFAdZPNjp+jcKgMUxcqWNGiu/p7IsNB6IkLbKbAZ6WVvJv7ndVMT3QQZk0lqqCSLRVHKkYnR7HM0YIoSwyeWYKKYvRWREVaYGJtP0YbgLb+8SlrViler1B6uyvXbPI4CnMIZXIAH11CHe2iADwQYPMMrvDnSeXHenY9F65qTz5zAHzifP/iUjic=</latexit>

T !
2

<latexit sha1_base64="1xZB+OOfB+BZp0jNeG7uyG/pP0Y=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSIIQtktUj1WvXis4LaFdi3ZNNuGJtklyQpl6W/w4kERr/4gb/4b03YP2vpg4PHeDDPzwoQzbVz321lZXVvf2CxsFbd3dvf2SweHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDv1W09UaRbLBzNOaCDwQLKIEWys5F/3qo/nvVLZrbgzoGXi5aQMORq90le3H5NUUGkIx1p3PDcxQYaVYYTTSbGbappgMsID2rFUYkF1kM2OnaBTq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif10lNdBVkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmlWK16tUru/KNdv8jgKcAwncAYeXEId7qABPhBg8Ayv8OZI58V5dz7mrStOPnMEf+B8/gDYdI4S</latexit>

A+
2

<latexit sha1_base64="g5WtNFaOQgVLJSyoIW2FtNlBqyI=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBAEIeyKRI9BETxGNA9I1jA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOHkcNLGgoajqprsrSKQw6LrfztLyyuraem4jv7m1vbNb2NuvmzjVjNdYLGPdDKjhUiheQ4GSNxPNaRRI3ggG12O/8cS1EbF6wGHC/Yj2lAgFo2il+5vH006h6JbcCcgi8WakCDNUO4WvdjdmacQVMkmNaXlugn5GNQom+SjfTg1PKBvQHm9ZqmjEjZ9NTh2RY6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmk7chePMvL5L6Wckrl8p358XK1SyOHBzCEZyABxdQgVuoQg0Y9OAZXuHNkc6L8+58TFuXnNnMAfyB8/kDtuSNcQ==</latexit>

E +
<latexit sha1_base64="9PaH0tqVJs5i5F0qrGi2MmMCjI8=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSIIQtktUj0WvXis0G0L7VqyabYNTbJLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmhQln2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+G7mt5+o0iyWTTNJaCDwULKIEWys5Df71cfLfqnsVtw50CrxclKGHI1+6as3iEkqqDSEY627npuYIMPKMMLptNhLNU0wGeMh7VoqsaA6yObHTtG5VQYoipUtadBc/T2RYaH1RIS2U2Az0sveTPzP66YmugkyJpPUUEkWi6KUIxOj2edowBQlhk8swUQxeysiI6wwMTafog3BW355lbSqFa9WqT1cleu3eRwFOIUzuAAPrqEO99AAHwgweIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwD1jI4l</latexit>

T +
2

<latexit sha1_base64="RjW966GouUjtVJghQZhuWvN3jJw=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0VwFZJSq5tC0Y3uKtgHNDFMJtN26OTBzEQoIT/ixl9x40IRF27Ev3HSZqGthxnu4dx7ufceL2ZUSNP81korq2vrG+XNytb2zu6evn/QFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpXnew+ECxqFd3IaEydAo5AOKUZSSa5ev3FTO6bzl8EmrEF7LGKESWoaZzjIoO1FzBfTQIW0nd3XmmbF1aumYc4Al4lVkCoo0Hb1T9uPcBKQUGKGhBhYZiydFHFJMSNZxU4EUTMnaEQGioYoIMJJZ9dl8EQpPhxGXP1Qwpn6uyNFgcj3U5UBkmOxmMvF/3KDRA4vnJSGcSJJiOeDhgmDMoK5VdCnnGDJpoogzKnaFeIx4ghLZWhugrV48jLp1gyrYTRu69XWZWFHGRyBY3AKLHAOWuAatEEHYPAInsEreNOetBftXfuYl5a0oucQ/IH29QOQuaD5</latexit>

I !!! = 2 P 2 = 0
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Example spectra of three pions with isospin 2

<latexit sha1_base64="JkK2qS5xQzoOtrC/K+j7XMa1dfY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseqF48V7Ae0oWy2m3bp7ibsToRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ncLa+sbmVnG7tLO7t39QPjxq2SgxjDdZJCPTCajlUmjeRIGSd2LDqQokbwfju8xvP3FjRaQfcRJzX9GhFqFgFDPppu+V+uWKW3XnIKvEy0kFcjT65a/eIGKJ4hqZpNZ2PTdGf0oNCib5rNRLLI8pG9Mh76ZUU8WtP53fOiNnqTIgYWTS0kjm6u+JKVXWTlSQdiqKI7vsZeJ/XjfB8NqfCh0nyDVbLAoTSTAi2eNkIAxnKCcpocyI9FbCRtRQhmk8WQje8surpHVR9WrV2sNlpX6bx1GEEziFc/DgCupwDw1oAoMRPMMrvDnKeXHenY9Fa8HJZ47hD5zPH/BKjYg=</latexit>

A1
<latexit sha1_base64="ty5Z/6xAzaNhGUyteic6En/7C5E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHqxWMF+wFtKJvtpF26uwm7G6GU/gUvHhTx6h/y5r8xaXPQ1gcDj/dmmJkXxIIb67rfztr6xubWdmGnuLu3f3BYOjpumSjRDJssEpHuBNSg4AqblluBnVgjlYHAdjC+y/z2E2rDI/VoJzH6kg4VDzmjNpNu+tViv1R2K+4cZJV4OSlDjka/9NUbRCyRqCwT1Jiu58bWn1JtORM4K/YSgzFlYzrEbkoVlWj86fzWGTlPlQEJI52WsmSu/p6YUmnMRAZpp6R2ZJa9TPzP6yY2vPanXMWJRcUWi8JEEBuR7HEy4BqZFZOUUKZ5eithI6ops2k8WQje8surpFWteLVK7eGyXL/N4yjAKZzBBXhwBXW4hwY0gcEInuEV3hzpvDjvzseidc3JZ07gD5zPH/HPjYk=</latexit>

A2
<latexit sha1_base64="vP460j+f7OaxOBdJoznGJn72g9k=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdSLx4r2A9oQ9lsp+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBLcWNf9dgobm1vbO8Xd0t7+weFR+fikbcJYM2yxUIS6G1CDgitsWW4FdiONVAYCO8H0LvM7T6gND9WjnUXoSzpWfMQZtZnUGHilQbniVt0FyDrxclKBHM1B+as/DFksUVkmqDE9z42sn1BtORM4L/VjgxFlUzrGXkoVlWj8ZHHrnFykypCMQp2WsmSh/p5IqDRmJoO0U1I7MateJv7n9WI7uvUTrqLYomLLRaNYEBuS7HEy5BqZFbOUUKZ5eithE6ops2k8WQje6svrpH1V9WrV2sN1pd7I4yjCGZzDJXhwA3W4hya0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nD/HRjYk=</latexit>

B1

<latexit sha1_base64="WXqTVdgxVA4dku2WH6A2dZAKOnQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHUi8cK9gPaUDbbabt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAQ31nW/nY3Nre2d3cJecf/g8Oi4dHLaNmGsGbZYKELdDahBwRW2LLcCu5FGKgOBnWB6l/mdJ9SGh+rRziL0JR0rPuKM2kxqDKrFQansVtwFyDrxclKGHM1B6as/DFksUVkmqDE9z42sn1BtORM4L/ZjgxFlUzrGXkoVlWj8ZHHrnFymypCMQp2WsmSh/p5IqDRmJoO0U1I7MateJv7n9WI7uvUTrqLYomLLRaNYEBuS7HEy5BqZFbOUUKZ5eithE6ops2k8WQje6svrpF2teLVK7eG6XG/kcRTgHC7gCjy4gTrcQxNawGACz/AKb450Xpx352PZuuHkM2fwB87nD/NWjYo=</latexit>

B2
<latexit sha1_base64="GWkZhqnyLqslsoIBj3NZSZRHgfc=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rEogscK9gPaUDbbSbt0dxN2N0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/nbX1jc2t7cJOcXdv/+CwdHTcMlGiGTZZJCLdCahBwRU2LbcCO7FGKgOB7WB8m/ntJ9SGR+rRTmL0JR0qHnJGbSbd9avFfqnsVtw5yCrxclKGHI1+6as3iFgiUVkmqDFdz42tP6XaciZwVuwlBmPKxnSI3ZQqKtH40/mtM3KeKgMSRjotZclc/T0xpdKYiQzSTkntyCx7mfif101seO1PuYoTi4otFoWJIDYi2eNkwDUyKyYpoUzz9FbCRlRTZtN4shC85ZdXSata8WqV2sNluX6Tx1GAUziDC/DgCupwDw1oAoMRPMMrvDnSeXHenY9F65qTz5zAHzifP/frjY0=</latexit>

E2

<latexit sha1_base64="GKMRoxvyO5luUFCS+PpYYA6R+JM=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0VwFZJSq5tC0Y3uKtgHNDFMJtN26OTBzEQoIT/ixl9x40IRF27Ev3HSZqGthxnu4dx7ufceL2ZUSNP81korq2vrG+XNytb2zu6evn/QFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpXnew+ECxqFd3IaEydAo5AOKUZSSa5ev3FTO6bzl8EmrEF7LGKESWoaZzjIoO1FzBfTQIW0nd3XmlbF1aumYc4Al4lVkCoo0Hb1T9uPcBKQUGKGhBhYZiydFHFJMSNZxU4EUTMnaEQGioYoIMJJZ9dl8EQpPhxGXP1Qwpn6uyNFgcj3U5UBkmOxmMvF/3KDRA4vnJSGcSJJiOeDhgmDMoK5VdCnnGDJpoogzKnaFeIx4ghLZWhugrV48jLp1gyrYTRu69XWZWFHGRyBY3AKLHAOWuAatEEHYPAInsEreNOetBftXfuYl5a0oucQ/IH29QOSPqD6</latexit>

I !!! = 2 P 2 = 1
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Example spectra of three pions with isospin 0

<latexit sha1_base64="1V2nXsooBVVeD3d6RN0E7et10eQ=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJrDHpEvXjExAUSWEm3dKGh227argnZ8Bu8eNAYr/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsr+dc97/GsV664VXcGtEy8nFQgR6NX/ur2JUljKgzhWOuO5yYmyLAyjHA6KXVTTRNMRnhAO5YKHFMdZLNjJ+jEKn0USWVLGDRTf09kONZ6HIe2M8ZmqBe9qfif10lNdBVkTCSpoYLMF0UpR0ai6eeozxQlho8twUQxeysiQ6wwMTafkg3BW3x5mTTPq16tWru/qNRv8jiKcATHcAoeXEId7qABPhBg8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwDZ9o4T</latexit>

A !
1

<latexit sha1_base64="TQjiM9I46C0/khiA89tN0qfYeB0=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4kewSgx5RLx4xcYEEVtItXWhou5u2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbBa2its7u3v7pYPDpo5TRahPYh6rdog15UxS3zDDaTtRFIuQ01Y4up36rSeqNIvlgxknNBB4IFnECDZW8q971cfzXqnsVtwZ0DLxclKGHI1e6avbj0kqqDSEY607npuYIMPKMMLppNhNNU0wGeEB7VgqsaA6yGbHTtCpVfooipUtadBM/T2RYaH1WIS2U2Az1IveVPzP66QmugoyJpPUUEnmi6KUIxOj6eeozxQlho8twUQxeysiQ6wwMTafog3BW3x5mTSrFa9Wqd1flOs3eRwFOIYTOAMPLqEOd9AAHwgweIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwDbfI4U</latexit>

A !
2

<latexit sha1_base64="6jFDnqW1eeMVPFL1AmwYdE5pW38=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHZFosegCB4jmgcka5idzCZDZmeXmV4hLPkELx4U8eoXefNvnDwOmljQUFR1090VJFIYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZxqxmsslrFuBtRwKRSvoUDJm4nmNAokbwSD67HfeOLaiFg94DDhfkR7SoSCUbTS/c3jaadQdEvuBGSReDNShBmqncJXuxuzNOIKmaTGtDw3QT+jGgWTfJRvp4YnlA1oj7csVTTixs8mp47IsVW6JIy1LYVkov6eyGhkzDAKbGdEsW/mvbH4n9dKMbz0M6GSFLli00VhKgnGZPw36QrNGcqhJZRpYW8lrE81ZWjTydsQvPmXF0n9rOSVS+W782LlahZHDg7hCE7AgwuowC1UoQYMevAMr/DmSOfFeXc+pq1LzmzmAP7A+fwBueyNcw==</latexit>

E !
<latexit sha1_base64="gBwD9mQu2BdIwreblRgUgf9bm3M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJrDHokevGICQsksJJu6UJDt920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vpv57SeqNJOiaSYJDWI8FCxiBBsr+c2+93jRL1fcqjsHWiVeTiqQo9Evf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66YmugkyJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8SlqXVa9WrT1cVeq3eRxFOIFTOAcPrqEO99AAHwgweIZXeHOE8+K8Ox+L1oKTzxzDHzifP/cOjiY=</latexit>

T !
1

<latexit sha1_base64="S0Ccn/2DBXA8Vt5erUoFajHgtdc=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4kewSgx6JXjxiwgIJrKRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz321lb39jc2i7sFHf39g8OS0fHLR2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfDfz209UaRbLppkkNBB4KFnECDZW8pv96uNlv1R2K+4caJV4OSlDjka/9NUbxCQVVBrCsdZdz01MkGFlGOF0WuylmiaYjPGQdi2VWFAdZPNjp+jcKgMUxcqWNGiu/p7IsNB6IkLbKbAZ6WVvJv7ndVMT3QQZk0lqqCSLRVHKkYnR7HM0YIoSwyeWYKKYvRWREVaYGJtP0YbgLb+8SlrViler1B6uyvXbPI4CnMIZXIAH11CHe2iADwQYPMMrvDnSeXHenY9F65qTz5zAHzifP/iUjic=</latexit>

T !
2

<latexit sha1_base64="1xZB+OOfB+BZp0jNeG7uyG/pP0Y=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSIIQtktUj1WvXis4LaFdi3ZNNuGJtklyQpl6W/w4kERr/4gb/4b03YP2vpg4PHeDDPzwoQzbVz321lZXVvf2CxsFbd3dvf2SweHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDv1W09UaRbLBzNOaCDwQLKIEWys5F/3qo/nvVLZrbgzoGXi5aQMORq90le3H5NUUGkIx1p3PDcxQYaVYYTTSbGbappgMsID2rFUYkF1kM2OnaBTq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif10lNdBVkTCapoZLMF0UpRyZG089RnylKDB9bgoli9lZEhlhhYmw+RRuCt/jyMmlWK16tUru/KNdv8jgKcAwncAYeXEId7qABPhBg8Ayv8OZI58V5dz7mrStOPnMEf+B8/gDYdI4S</latexit>

A+
2

<latexit sha1_base64="g5WtNFaOQgVLJSyoIW2FtNlBqyI=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBAEIeyKRI9BETxGNA9I1jA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOHkcNLGgoajqprsrSKQw6LrfztLyyuraem4jv7m1vbNb2NuvmzjVjNdYLGPdDKjhUiheQ4GSNxPNaRRI3ggG12O/8cS1EbF6wGHC/Yj2lAgFo2il+5vH006h6JbcCcgi8WakCDNUO4WvdjdmacQVMkmNaXlugn5GNQom+SjfTg1PKBvQHm9ZqmjEjZ9NTh2RY6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmk7chePMvL5L6Wckrl8p358XK1SyOHBzCEZyABxdQgVuoQg0Y9OAZXuHNkc6L8+58TFuXnNnMAfyB8/kDtuSNcQ==</latexit>

E +

<latexit sha1_base64="gbzaws98al7MVzRv758RtIvCl90=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0VwFZJSq5tC0Y3uKtgHNDFMJtN26OTBzEQoIT/ixl9x40IRF27Ev3HSZqGthxnu4dx7ufceL2ZUSNP81korq2vrG+XNytb2zu6evn/QFVHCMengiEW87yFBGA1JR1LJSD/mBAUeIz1vcpXnew+ECxqFd3IaEydAo5AOKUZSSa5ev3FTO6bzl8EmNKE9FjHCJDWNMxxk0PYi5otpoELazu5rTbPi6lXTMGeAy8QqSBUUaLv6p+1HOAlIKDFDQgwsM5ZOirikmJGsYieCqJkTNCIDRUMUEOGks+syeKIUHw4jrn4o4Uz93ZGiQOT7qcoAybFYzOXif7lBIocXTkrDOJEkxPNBw4RBGcHcKuhTTrBkU0UQ5lTtCvEYcYSlMjQ3wVo8eZl0a4bVMBq39WrrsrCjDI7AMTgFFjgHLXAN2qADMHgEz+AVvGlP2ov2rn3MS0ta0XMI/kD7+gGNa6D3</latexit>

I !!! = 0 P 2 = 0

<latexit sha1_base64="GOmVeCJEUNfJgSPlXoR4Li54ygg=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMquSPVY9OKxQrcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDfz209UaSZF00wSGsR4KFjECDZW8pt97/GiX664VXcOtEq8nFQgR6Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdBNkTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbQuq16tWnu4qtRv8ziKcAKncA4eXEMd7qEBPhBg8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwD0Bo4k</latexit>

T +
1
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Unphysical Solution
<latexit sha1_base64="pqOgKEC4S9B0Q5jy53ArvgQWx80="></latexit> I !

!!
=

2
P

2
=

1
(A

1
)

Cutoff function leading to enhanced 
neglected volume effects is one possible 
culprit:

<latexit sha1_base64="m8SbTVJHbvd1uyMYSXti0rs1zuY="></latexit>

H (k ) ! J (z),

z =
E ! 2

2,k " (1 + ! )m2

(3 " ! )m2 ,

Further investigation is required, but in 
this case, this is not too concerning for 
such small L.

Unphysical behaviour can arise for 
certain parameters, especially at small 
volumes.



Conclusion 
& outlook

15

Quantitatively exploring RFT formalism for three pions with 
non-maximal isospin with realistic quantum numbers. 

The results can guide future lattice QCD calculations.

Main takeaways:

Fully implement decay formalism (e.g.                                         ). 

Implement other channels, including non-identical, non-
degenerate particles and intrinsic spin. 

Further optimise a mpyL  library. 

Perform LQCD calculations of three-particle amplitudes.

Future outlook:

<latexit sha1_base64="EsC5OcmzZJceZdDyyM4fNeQyhSs=">AAACLXicbVDLSgMxFM34rPVVdekmWARxUWZEqsuiLgQ3FewDOmO5k2ba0GRmSDJKGfpDbvwVEVxUxK2/YabtQtteEjiccy/n3uPHnClt2yNraXlldW09t5Hf3Nre2S3s7ddVlEhCayTikWz6oChnIa1ppjltxpKC8Dlt+P3rTG88UalYFD7oQUw9Ad2QBYyANlS7cHOHXcm6PQ1SRs/YjdnkYbenYiA0dexYD7HbBSHg8XRxc7tQtEv2uPA8cKagiKZVbRfe3U5EEkFDTTgo1cpcvBSkZoTTYd5NFDXufejSloEhCKq8dHztEB8bpoODSJofajxm/06kIJQaCN90CtA9Natl5CKtlejg0ktZGCeahmRiFCQc6whn0eEOk5RoPjAAiGRmV0x6IIFoE3DehODMnjwP6mclp1wq358XK1fTOHLoEB2hE+SgC1RBt6iKaoigF/SGRujTerU+rC/re9K6ZE1nDtC/sn5+AW6rqOU=</latexit>

K ! !!! " ! ! !!!
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