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Status of 3-particle formalism
[ References at end]

3 identical spinless particles

« Applications: 37", 3K, as well as ¢* theory [see talk by Fernando Romero-Lépez (later this session)]
Mixing of two- and three-particle channels for identical spinless particles

» Step on the way to N(1440) — Nn, Nrr, etc.
3 degenerate but distinguishable spinless particles, e.g 37 with isospin 0, |, 2, 3

» Potential applications: w(782), a,(1260), h,(1170), #(1300), ...

3 nondegenerate spinless particles

«  Potential applications: DDz~

2 identical +1 different spinless particles

« Applications: z7t7"K*, K*K*z™" [see talk by Fernando Romero-Lopez (later this session)]

3 identical spin-"2 particles
» Potential applications: 3n, 3p, 3A [see talk by Wilder Schaaf (Tuesday | 1:35am “Structure of Hadrons..”)

DD for all isospins (also BBr, KKr)

» Potential applications: 7. = D*D incorporating LH cut [see talk by Sebastian Dawid (later this session)]
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What is missing?

Non-indentical spin-'/2 particles, e.g. ppn, nnp
* Underway with Zack Draper, Max Hansen, & Fernando Romero-Lopez
Systems with mixed spins, e.g. NNz with [ = 0,1,2
* Underway with Sebastian Dawid, Max Hansen, & Fernando Romero-Lopez
Systems with mixed spins that mix with 2-particle channels, e.g. Roper — prx + pr
* Underway with Sebastian Dawid, Max Hansen, & Fernando Romero-Lopez
Multiple nondegenerate 3-particle channels, e.g. b,(1235),17(1295) — nnn + KKn
* This talk!
Combinations of the above

* Should be straightforward...
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Example: 7y + KKx

® We work in isosymmetric QCD, so G parity is a good symmetry (also on the lattice)
o nnn has G = +, KKr has G = = (depending on isospin & symmetry of KK pair)

® We project on the G = + sector, to avoid mixing with 37
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Example: 7y + KKx

® We work in isosymmetric QCD, so G parity is a good symmetry (also on the lattice)
o nnn has G = +, KKr has G = = (depending on isospin & symmetry of KK pair)
® We project on the G = + sector, to avoid mixing with 37

e We consider unnatural J°(0~,1%7,27, ...) to avoid mixing with 27

e In finite volume, must restrict to irreps that are not subduced from natural J*

% E.g A, in restframe (J¥ =07,47,...) and T, in rest frame JP=1%3%,..)
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Example: 7y + KKx

® We work in isosymmetric QCD, so G parity is a good symmetry (also on the lattice)
o nnn has G = +, KKr has G = = (depending on isospin & symmetry of KK pair)
® We project on the G = + sector, to avoid mixing with 37

e We consider unnatural J°(0~,1%7,27, ...) to avoid mixing with 27

e In finite volume, must restrict to irreps that are not subduced from natural J*

% E.g A, in restframe (J¥ =07,47,...) and T, in rest frame JP=1%3%,..)

® Allowed values of total isospinare /=0, 1, 2

e /=0 contains J'¢ = 0~ resonance #(1295)

e /=1 contains J'¢ = 1%~ resonance b,(1235)
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Example: 7y + KKx

We work in isosymmetric QCD, so G parity is a good symmetry (also on the lattice)
o nnn has G = +, KKr has G = = (depending on isospin & symmetry of KK pair)
® We project on the G = + sector, to avoid mixing with 37

We consider unnatural J©(0~,17,27, ...) to avoid mixing with 27

e In finite volume, must restrict to irreps that are not subduced from natural J*

% E.g A, in restframe (J¥ =07,47,...) and T, in rest frame JP=1%3%,..)

Allowed values of total isospinare 1 =0, 1, 2

e /=0 contains J'¢ = 0~ resonance #(1295)

e /=1 contains J'¢ = 1%~ resonance b,(1235)

Caveat: these resonances also decay to 4, which we do not include, and could decay to

(but are not seen in) 67,8747 + 1, ...
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Method of derivation

® Work in RFT approach [Hansen & SRS, 2014, ...]

® Use time-ordered perturbation theory (TOPT) based method [Blanton & SRS, 2020]

e Combines 2+| formalism (for zz7) with nonidentical formalism (for KKr)
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Method of derivation

® Work in RFT approach [Hansen & SRS, 2014, ...]

® Use time-ordered perturbation theory (TOPT) based method [Blanton & SRS, 2020]

e Combines 2+| formalism (for zz7) with nonidentical formalism (for KKr)

® Result takes standard form

Quantization g

Conditions S

2- and 3-particle  (QC2 & QC3)
spectra

Infinite-volume
integral eqs.
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Method of derivation

® Work in RFT approach [Hansen & SRS, 2014, ...]

® Use time-ordered perturbation theory (TOPT) based method [Blanton & SRS, 2020]

e Combines 2+1 formalism (for zz7) with nonidentical formalism (for KKr)

® Result takes standard form

A Es(L)
By (L) s,
Fo(L) 4"’? @,

Quantization g

Conditions S

2- and 3-particle  (QC2 & QC3)
spectra

Infinite-volume
integral eqs.

Matrix indices are:
1 1] ~ channel, k, Zm
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New features

® Multiple non-degenerate channels (notation is [[pair-a, pair-b]; ,spectator];)
I =2has 5 [[KK]i72, [K7]3/2K]a, [K3/9K]2, [[rml2n]2, [[n]i7]2,

(KK, ([KK]or]y, [K7ls o K1 (Kl oKy [K73 0 K] [[K 7)o K

I'=1has8 o lenlih

[ = 0 has 5: [[KK]i7)o, [[K7]1 2K]o, [[K71 2 K]o, [[7m)on]o. [7n]17]o

e Kinematic factors are channel-dependent
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dot [1+ AR <o,

New features

B = - —Fll_ -
*3 (REL) ™+ FY
® Multiple non-degenerate channels (notation is [[pair-a, pair-b]; ,spectator];)
I =2 has 5: [[KK|i7|s, [[K7]3/0K]2, [[K7]3/2K]2, [[77]2n]2, [T0]17]2,
(KK, ([KK]or]y, [K7ls o K1 (Kl oKy [K73 0 K] [[K 7)o K
I =1 has 8:
rmlin]y, [len]iw],
[ =0 has 5: [[KK]i7o, [K]1oK]o, [K7]1 /2 K]o, [[mmlon]o, [[mn]17]o
e Kinematic factors are channel-dependent
® Projection onto G = + reduces channel count to 4, 6,and 4, e.g.
P.F™P,  —\2P.G™EP, 0 0
AlI=0 _, —2P,GE™p, FK 4+ GEK 0 0
¢ 0 0 P.F"P, \2P.G'"" P,
0 0 V2P,G'™P, F'T 4 G'™T / P, ICKKI 1 P, 0 0 PQKQZHKK I=1
i 0 ICKWI 1/2 0 0
ICQI,LO] — 0 Q’LO 1K7T7T,[:0 0
sha T
\]CWT)(—)KKI 1Pe 0 0 K;T,??L,Izl )
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Form of Z 4 5: example of [ = (

e Two underlying channels: a) [[KK]i7]o, b) [[77]on]o
® Assuming PT symmetry, there are 3 independent amplitudes: aa, ab = ba, bb

® Convert to 4-d matrix form using projection operators:

= —0].x I ,
R’ = 3 Y00 Ky ™ ({ph {k}) o YU
z,yc{a,b}

[kab|t [kab]t [kab]t

= a kab
y[l 0]7 T — ( (y(312) —|— y(321) ) \/7())(213) + y(123)) O, 0) 9

VIt (o, 0, L )

Vilog) == [0 Yim(@)a({p)

kfm o 47t

Po(1) kK, Po(2)—a; Po(3)—b

® Can expand underlying amplitudes in a threshold expansion, or assume a pole form in the
presence of a resonance—both are constrained by symmetries
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Reduction to single channel

K closes KK closes

Ty \ \ KI?]Z’ b 1 }/]

—t——+—+——+—+—>
320 970 1090 1130 1235 1295 E(MeV)
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Reduction to single channel

K closes KK closes

Ty \ \ KI??Z’ b 1 }/]
—tt———+—+—+—>

320 970 1090 1130 1235 1295 E(MeV)
' < A~ M”»
Automatically zzn only Must use full zzn + KKz formalism

S.R.Sharpe,“Three-particle formalism for multiple channels...,” LATTICE 2024, 7/29/2024 8 /9



Reduction to single channel

]Z']Z'}”] Kn cliies KK clo\sies KI?]Z’ bl }7
—t >

820 970 1090 1130 1235 1295 E(MeV)
A~M,
 — %

Automatically zzn only Must use full zzn + KKz formalism

e Intermediate region where can use either 77 only or zzn + KKr formalism

® Two 3-particle channel formalism must reduce to that for single channel if integrate out off-
shell KKz intermediate states

® We have shown explicitly how this works—provides a cross-check on formalism
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Summary & Outlook

Generalization of QC3 to two 3-particle channels is relatively straightforward
® New feature of G-parity projection not directly related to multiple channels
® Decoupling of channel as drop below threshold is understood
Extending formalism to include additional 3-particle channels will be simple
Application to LQCD lies some way in the future

® Working with heavier-than-physical pion masses will reduce issue of neglected
four-pion channels

Main present motivation was to understand/extend formalism
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Thanks
Any questions?
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scattering amplitudes]
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e J. Lozano, U. Meilsner, . Romero-Ldpez, A. Rusetsky & G. Schierholz, 2205.11316, JHEP [Resonance form factors
from finite-volume correlation functions with the external field method]
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Alternate 3-particle approaches

% Finite-volume unitarity (FVU) approach

e M. Mai & M. Doring, 1709.08222, EPJA [formalism]

e M. Mai et al., 1706.06118, EPJA [unitary parametrization of Ms involving R matrix; used in FVU approach]

e A.Jackura et al., 1809.10523, EPJC [further analysis of R matrix parametrization]

® M. Mai & M. Doring, 1807.04746, PRL [3 pion spectrum at finite-volume from FVU]

e M. Maietal., 1909.05749 ,PRD [applying FVU approach to 3zt spectrum from Hanlon & Ho6rz]

e C. Culver et al., 1911.09047, PRD [calculating 3z spectrum and comparing with FVU predictions]

e A.Alexandru et al., 2009.12358, PRD [calculating 3K~ spectrum and comparing with FVU predictions]

e R.Brettetal., 2101.06144, PRD [determining 3z interaction from LQCD spectrum]

e M. Maij et al., 2107.03973, PRL [three-body dynamics of the a;(1260) from LQCD]

e D. Dasadivan et al., 2112.03355, PRD [pole position of a;(1260) in a unitary framework]

e D. Seivert, M. Mai, U-G. Meilsner, 2212.02171, JHEP [Particle-dimer approach for the Roper resonance]

% HALQCD approach

e T. Doietal. (HALQCD collab.), 1106.2276, Prog.Theor.Phys. [3 nucleon potentials in NR regime]
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Backup slides
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Forms of F and G

® Symmetric form of QC3 takes the by-now familiar form

[T det 1+KE, B =0

re{0.1,2} 1,k l,m
N o 1 i . 1
i _ I 1) &I i _
573 — P Al My B0, My = = .
1+ M; G Kyp +FU
. IO DD Dr
F[I 0] — dia FD,FW A[1=0] _ G \/iPG
5 ( ) ¢ V2G™P P, 0
. [—[(@) UV 134 Verms ( *(i,j,p)) 1 Vi *(i,j,p))
(7“) — m/\@ im\ Q@
[F ]p’ﬁ’m pfm 5 Z>L3 L3 Z PV/ (271')3] |: (q;’(g)el C(Lj)wlgk) (E—wg)—wc(zj)—wék)) (q;,(;))e
2 _ LY /mf(r'*("j’p)) HO (p)HO(r) Yo (p"077) 1
pl'm/;rém 2(,01(9@) I3 (q;"(;)) bij — my, (q;(g)) qu(nj)L3
where b;; = (E — w(l) wq(nj), —p—r).
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