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Extraction of  S and P wave DD* 
scattering phase shift using 
twisted boundary conditions.



Motivation for investigating T+
cc

・Experimental observation in a decay 

D*+ D0

D0 π+
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D*0 D+

D0 π0

LHCb collab. Nat. Commun. 13, 3351 (2022).

・Some lattice QCD calculations 
　imply the existence of  as the 

　bound state of  and .

T+
cc

D D*

with

I (JP) = 0 (1+) .

HALQCD, Phys. Rev. Lett. 131, 161901 (2023) 
S. Collins et al, Phys. Rev. D 109, 094509 (2024)
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Method B. Finite volume effect of first excited state
Scattering length a0 = lim

p→0
tan δ0(k)/k
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Plots from NN-OnLine (http://nn-online.org/)

Sign of a0 in bound system (np 3S1) is different from one in scattering
system (np 1S0).
In scattering system, π/2 > δ0(k) ≥ 0 ⇐⇒ tan δ0(k) ≥ 0.

Sign of finite volume effect of scattering state is determined by sign of
tan δ0(p).

scattering system ∆En < 0, but bound system ∆E0 > 0
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Nucleon-Nucleon scattering

Deuteron 

repulsive-like

No bound state

• The behavior of scattering 
phase shift at low energy 
plays a significant role as a 
signal of a bound state 
(Levinson’s theorem).

Our Aim

• We calculate scattering phase shifts by Lüscher’s method. 

• We access the detailed low energy information by 
employing the twisted boundary conditions.
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Twisted BC : 

e2iδ(k)eikL = eiθ

Quantization cond.

Under the twisted boundary condition.

δ(k) + kL = 2πn+θ (n ∈ ℤ)
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 is calculable by changing δ(k) in 0 < k < 2π/L θ

without using other large volume gauge configurations.



Under the twisted boundary condition (up to P wave).

cot δ0(k) − M ⃗θ
SS(q) M ⃗θ

SP(q)

M ⃗θ
SP(q) cot δ1(k) − M ⃗θ

PP(q)
= 0

M ⃗θ
ab(q) : combination of generalized  

  zeta functions, depends on .⃗θ

Lüscher’s formula(3dim)

⃗θ
Symmetry

S
P

S and P wave contributions can be highly mixed with each 
other because trivial irrep  is contained in both 
decomposition.
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⃗θ = (θx, θy, θz)



Strategy to obtain  δ0(k), δ1(k)
⃗θ = (0,0,0), (π,0,0), (π, π,0), (π, π, π)

cot δ0(k) =
Z00(1; q2)

π3/2q
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Step.3

⃗θ = (θ, θ, θ)
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⃗θ = (0,0,θ)

Input by fit
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Using

Using

S. Ozaki, S. Sasaki, Phys. Rev. D87 (2013) 014506

Effective range expansion 
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Simulation setup

・Non perturbatively improved clover action 　 

・Relativistic heavy quark (RHQ) action for 

・We also calculate  case for comparison. 

・Using operators

BB*

Oj =
(ūγ5Q) ⋅ (d̄γjQ) − (d̄γ5Q) ⋅ (ūγjQ)

2
(Q = c, b)
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・2+1 flavor PACS-CS gauge configuration with
　 , .L3 × T = 323 × 64 La = 2.9 fm

for up and down quarks.

charm and bottom quarks. 

Phys. Rev. D 79, 034503 (2009).



Check of dispersion relations
For D meson

For B meson

p2
lat = (

⃗θ
L )

2

p2
cont = E2 − m2



Calculation according to the strategy
For  system with DD* mπ = 410 MeV

step 2step 1

step 3
The low energy behavior 
can be obtained through  
P wave calculations.

Horizontal axis: q2 = ( Lk
2π )
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Charm Bottom
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S wave scattering phase shifts
For DD* For BB*

Scattering phase shifts get close to the behavior of a bound 
state as  gets smaller and heavy quark mass get heavier.mπ



P wave scattering phase shifts
For DD* For BB*

・P wave effects are measured and we separated. 

・  seems to be independent of  for  case while itδ1 mπ DD*

depends on  for .mπ BB*



Summary
・S and P wave scattering phase shift are extracted 
　through Lüscher’s method under twisted BCs. 

- We properly separated the S and P wave effects in 
Lüscher’s formula. 

-  system seems to get close to a bound state as 
 and heavy quark mass gets heavier.

QQūd̄

mπ → mphys

Prospects
・More statistics for , and lighter . 

・A bound state in  system?

mπ = 295 MeV mπ

QQūd̄


