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•lattice QCD using finite-volume method 
at  MeVmπ ≈ 200

•chiral unitary model

• : not a simple  baryon (exotic hadron)Λ(1405) Λ
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 from lattice QCDΛ(1405)

[Oller and Meissner, 2001]

[Hyodo and Jido 2012]

•our work:  from HAL QCD approachΛ(1405)

[Jido, Oller, Oset, Ramos, Meissner, 2003]

•one pole? two poles?

[Bulava et al. (BaSc Collab.), 2024]

virtual state below  + resonance below πΣ K̄N

[Bulava et al. (BaSc Collab.), 2024]

<latexit sha1_base64="fUzuzHS1FgvnmPasXJVWCIKo7mQ="></latexit>

m⇡ +m⌃
<latexit sha1_base64="O4ybBZ3PgEIdGEW/yhw6RnvQrhY="></latexit>

mK̄ +mN
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•time-dependent HAL QCD method

•R-correlator:
HAL QCD method [Ishii, Aoki, Hatsuda 2007]

[Ishii et al. 2011]

(local (leading-order) approximation)

<latexit sha1_base64="U1KdfbLGQMyB9s0cjWSCENGjyts="></latexit>
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( : reduced mass)<latexit sha1_base64="2lG30X62DKuLFEymw/5VGJNUbkc="></latexit>µ

Nambu-Bethe-Salpeter (NBS) 
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<latexit sha1_base64="+0ORgFX9hgt12KVJymL/aGM0ngM="></latexit>Z
d3r0 U(r, r0)R(r0, t) '

⇣r2

2µ
� @

@t
+

1

8µ

@2

@t2

⌘
R(r, t)

<latexit sha1_base64="H8HvpFLzb8aM1wAD3Neqxk/cDOc="></latexit>

V (r) ' 1

R(r, t)

⇣r2

2µ
� @

@t
+

1

8µ

@2

@t2

⌘
R(r, t)

<latexit sha1_base64="EhNNk5CJEQrUpj2ja4J2QrJrzmk="></latexit>

R(r, t) =
hO1(r, t)O2(0, t)J̄(0)i

hO1(t)Ō1(0)ihO2(t)Ō2(0)i
<latexit sha1_base64="1rV2rnPV+56umuMXyKmyA+2jfSM="></latexit>
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X
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•Talks of HAL QCD studies
• -  (T. Doi, Jul 29) 

• -  (L. Zhang, Jul 31) 

• - , -  (Y. Lyu, Jul 31) 

•Left-hand cut (S. Aoki, Aug 1) •Neural network (L. Wang, Aug 2)

Ξcc Ξcc

Λc N

J/ψ N ηc N
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Setups

•neglect coupling between  and  
in this work

<latexit sha1_base64="kBDPIRm2SDMWg1DHnSmWOHQu3Mg="></latexit>

8s
<latexit sha1_base64="RyLYuabr+rN1MPfhJcBEg+xtdx8="></latexit>

8a

•no coupling between  and  
•same interactions for  and 

<latexit sha1_base64="67bKgzkseVKMXXyjZ0eVIN7Uji8="></latexit>

8s
<latexit sha1_base64="qI8HnUB4PCh67Bm17B2eTQlQQrE="></latexit>

8a
<latexit sha1_base64="67bKgzkseVKMXXyjZ0eVIN7Uji8="></latexit>

8s
<latexit sha1_base64="qI8HnUB4PCh67Bm17B2eTQlQQrE="></latexit>

8a

•channels: 
baryonmeson

<latexit sha1_base64="vEcQXriD2uEwo9u6SLmzSl/DE10="></latexit>

8⌦ 8 = 27� 10� 10⇤ � 8s � 8a � 1

cf. chiral perturbation theory with 
Weinberg-Tomozawa term:

<latexit sha1_base64="fpjCDiaUhyZAyVK4LEaNg5WoKXI="></latexit>✓
V8s8s(r) V8s8a(r)
V8a8s(r) V8a8a(r)
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•study  in flavor SU(3) limitΛ(1405)
E

K̄N

πΣ

Λ(1405)

Physical point 

 ?Λ(1405)

SU(3) limit

    one pole in singlet channel  
& the other in octet channel [Jido, Oller, Oset, Ramos, Meissner, 2003] 

[Guo, Kamiya, Mai, Meissner, 2023]

(almost) single-channel 
analysis

•chiral unitary model: 



•(at least) one bound state in each channel 
from   and 

<latexit sha1_base64="TZtTKBwGIgq73eF3P5aALnoZcrA="></latexit>

h⇤(8)(t)⇤̄(8)(0)i
<latexit sha1_base64="cxgMSmD/mFPVSMml/DcPkKPLNdc="></latexit>

h⇤(1)(t)⇤̄(1)(0)i
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Lattice setups
•  fm,  lattices, a ≈ 0.12 324

<latexit sha1_base64="wBxmUNZ6RnljuhIs9Rebiz8Bh1U="></latexit>

mM = 459.4(1.7)stat MeV

: 3-quark type

•R-correlators <latexit sha1_base64="/Pu6Ak65LCCmnd4Mhrr1DDUvShg="></latexit>

(rep = 1, 8s, 8a)

<latexit sha1_base64="go3vYBi3DICs9PDIjSLdosToSY0="></latexit>

mB = 1166.1(4.1)stat MeV

<latexit sha1_base64="wiZMZIMuKKFcYMobDDv0Pzk3AFo="></latexit>

⇤(X)(t) ⇠
X

z

u(z, t)d(z, t)s(z, t)

<latexit sha1_base64="kxsg9AhdtW8wPcY7WYwJjcGAlGY="></latexit>

R(rep)(r, t) =
hM(x+ r, t)B(x, t)⇤̄(X)(0)i
hM(t)M̄(0)ihB(t)B̄(0)i

(  for   
 for )

<latexit sha1_base64="PzEQ4Zaphxfdh/52pe7+ezlDczo="></latexit>

X = 8
<latexit sha1_base64="5+T6oKdM5XeD978J90jaTTNUBsg="></latexit>

rep = 8s, 8a
<latexit sha1_base64="hY+I/loSmWShwFsPG8MnnYm+Q/U="></latexit>

X = 1
<latexit sha1_base64="Gu/HaoG3DxNyTzQNUj33FOrGRkk="></latexit>

rep = 1•calculation technique: same as in  
[KM, Aoki, PoS LATTICE2023, 063 (2024)]
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Local potentials

•R-correlators  
(NBS wave functions)

<latexit sha1_base64="xxilXVMyNY3y989iX4vn+byo6jU="></latexit>

R(r, t)

• singular behavior in all channels because of R-correlators crossing zero

<latexit sha1_base64="H8HvpFLzb8aM1wAD3Neqxk/cDOc="></latexit>
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preliminary

preliminary

•local potential in singlet channel <latexit sha1_base64="4EHnYqnwVfW7TtKuY6fvrx6g/Lc="></latexit>

V1(r)

no problematic in principle,  
but difficult to obtain reliable results

<latexit sha1_base64="1jFrqH4HmyFcFhWd7EEXwIXQP3A="></latexit>

U(r, r0) ⇡ ⌘v(r)v(r0)• alternative approach: separable potential                                      

<latexit sha1_base64="rNi5FkFJ4b7dKOMn1zh8G7VRcRU="></latexit>

(⌘ = ±1)
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•time-dependent equation

Separable potentials in the HAL QCD method
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(separable potential approximation)
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⇡ ⌘v(r)v(r0), (⌘ = ±1)

<latexit sha1_base64="OP67HRbBhR1MppdIXwRh0ZtHJmk="></latexit>✓
R(r, t) =
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constant (indep. of )<latexit sha1_base64="++SfDTQp2H+WE6ZcaG2tiyMchEM="></latexit>r

no singular behavior for 
<latexit sha1_base64="K8Y9llqhPcXomMQqNQxxlV0uGZ4="></latexit>

v(r)

 checked validity of separable potential approx. in  system<latexit sha1_base64="QMwUEjrQR+Ptxj089Ex7d5qaZS8="></latexit>

KN
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How to extract separable potentials
•time-dependent (TD) equation for separable potential:

: constant (indep. of )<latexit sha1_base64="++SfDTQp2H+WE6ZcaG2tiyMchEM="></latexit>r

<latexit sha1_base64="wPn/cQb4tbvOrWc4b+OoQUrUwbk="></latexit>

(⌘ = ±1)

<latexit sha1_base64="NYPNdRZcsioJG3019JFVQc0cZsM="></latexit>
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= DR(r, t)
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Setups for separable potentials
•neglect coupling between  and 

<latexit sha1_base64="kBDPIRm2SDMWg1DHnSmWOHQu3Mg="></latexit>

8s
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U1(r, r
0) ⇡ ⌘1v1(r)v1(r

0)

•fitting for  using multi-Gaussians 
to obtain potentials in continuum

<latexit sha1_base64="OYWO9MQ/u5FnFO1lw0xGEdBgWSk="></latexit>

DR(r, t)

<latexit sha1_base64="ABJRTOrxYQU59kHRIOwzRKAXz9o="></latexit>✓
DR(r, t) =

✓
r2

2µ
� @

@t
+

1

8µ

@2

@t2

◆
R(r, t)

◆

 in singlet channel
<latexit sha1_base64="OYWO9MQ/u5FnFO1lw0xGEdBgWSk="></latexit>

DR(r, t)
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Results of separable potentials

•  for all three channels  attractive interactions 

•magnitude of  in short distance is larger for singlet channel

<latexit sha1_base64="k+zjVYX0v6ZkKbSOXqBK9Ucnnvw="></latexit>

⌘ = �1
<latexit sha1_base64="VvgAnH6HzixjnXX2UANf8rTVE5w="></latexit>

v(r)

•Results of , 
<latexit sha1_base64="VvgAnH6HzixjnXX2UANf8rTVE5w="></latexit>

v(r)
<latexit sha1_base64="IJJ3XW3xvOEsadEAwr7+SJb59KE="></latexit>⌘
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v8a(r)  
<latexit sha1_base64="6gTRtP4C9khFT9//2aWb7WfQ+hM="></latexit>

v1(r)
preliminary preliminary preliminary

 channel
<latexit sha1_base64="kBDPIRm2SDMWg1DHnSmWOHQu3Mg="></latexit>

8s  channel
<latexit sha1_base64="RyLYuabr+rN1MPfhJcBEg+xtdx8="></latexit>
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<latexit sha1_base64="SuPOXy07e8/xFS83TjBWMuZ7vj4="></latexit>

1
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<latexit sha1_base64="o/ndQZp2Uhe0pKXl30kSkP4M318="></latexit>�1



11

Binding energies
•solve Schrödinger equation in the Gaussian expansion method 
with separable potentials

•our results (preliminary)

<latexit sha1_base64="qgG9kxHKJAbf98VsqYbGOQ0X+S0="></latexit>

Ebind [MeV]

 channel
<latexit sha1_base64="kBDPIRm2SDMWg1DHnSmWOHQu3Mg="></latexit>

8s  channel
<latexit sha1_base64="RyLYuabr+rN1MPfhJcBEg+xtdx8="></latexit>

8a  channel
<latexit sha1_base64="SuPOXy07e8/xFS83TjBWMuZ7vj4="></latexit>

1
<latexit sha1_base64="nny1owTwlyeYNCdNwsJlNuZ2L8Q="></latexit>

69.1(6.2)stat(
+7.7
�12.4)syst

<latexit sha1_base64="VznXFEW9DVqaLW1d2Zx4Q/H598g="></latexit>

59.9(5.3)stat(
+5.6
�7.7)syst

<latexit sha1_base64="KSFVtT3tgkHh915fB6wV30Nc3P8="></latexit>

52.6(3.8)stat(
+2.1
�5.4)syst

•c.f.  estimates from  :
<latexit sha1_base64="ryhkEg1HJyUH+3EwOy+aN9N11/M="></latexit>

h⇤(X)(t)⇤̄(X)(0)i <latexit sha1_base64="eQJy5HsrM8ZtTmsItiY7otiJX5Q="></latexit>

(X = 1, 8)

•systematic error includes
•timeslice dependence 
•finite-volume effects

•consistent with the results from  within (large) errors 

•  is satisfied  same as chiral unitary model

<latexit sha1_base64="ryhkEg1HJyUH+3EwOy+aN9N11/M="></latexit>

h⇤(X)(t)⇤̄(X)(0)i
<latexit sha1_base64="L8bW7xvod+T/DKb2krcW1SbrOT8="></latexit>

E8s
bind, E

8a
bind < E1

bind

<latexit sha1_base64="qgG9kxHKJAbf98VsqYbGOQ0X+S0="></latexit>

Ebind [MeV]

( ) channel
<latexit sha1_base64="kBDPIRm2SDMWg1DHnSmWOHQu3Mg="></latexit>

8s
<latexit sha1_base64="RyLYuabr+rN1MPfhJcBEg+xtdx8="></latexit>

8a  channel
<latexit sha1_base64="SuPOXy07e8/xFS83TjBWMuZ7vj4="></latexit>

1
<latexit sha1_base64="iYd7zACB0Ol4L6TyU8sMYYj37Ds="></latexit>

23.1(28.0)stat
<latexit sha1_base64="eJeUa1cezE7MulcTbZcM7u9gS9k="></latexit>

78.0(12.3)stat

[Hiyama, Kino, Kamimura, 2003]
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•we study  in flavor SU(3) limit from the meson-baryon 
scatterings in lattice QCD using the HAL QCD method 

•R-correlator has a zero point, which leads to singular behavior of the 
potential 

•to avoid such behavior, we employ a separable potential instead of the 
usual local approximation for the HAL QCD method 

•our results of the potentials show attractive interactions and produce 
consistent binding energies within (large) errors 

•first time application of the HAL QCD method with separable potentials

Λ(1405)

Summary
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• coupled-channel analysis for  and  channel with separable 
potentials 

• studies with more realistic setups

<latexit sha1_base64="kBDPIRm2SDMWg1DHnSmWOHQu3Mg="></latexit>

8s
<latexit sha1_base64="RyLYuabr+rN1MPfhJcBEg+xtdx8="></latexit>

8a

Future work

• (2+1)-flavor simulation  coupled-channel analysis is required

• more complicated separable form in the HAL QCD potential

• a sum of separable terms

• more precise consistency check by reducing errors of 
the estimates from  

<latexit sha1_base64="ryhkEg1HJyUH+3EwOy+aN9N11/M="></latexit>

h⇤(X)(t)⇤̄(X)(0)i <latexit sha1_base64="eQJy5HsrM8ZtTmsItiY7otiJX5Q="></latexit>

(X = 1, 8)

• variational method using  and  additionally
<latexit sha1_base64="QiuwOnJh2IoElnedCEt0eDnFUV4="></latexit>

h(MB)(t)⇤̄(0)i
<latexit sha1_base64="3fQAlANgaAQy6CPmJCDkMvjylcI="></latexit>

h(MB)(t)(M̄B)(0)i
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i
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Backups



<latexit sha1_base64="D7Fba/lfdyoKQuqV9GrXLr8MisY="></latexit>

R(rep)(r, t) =
h(M(r, t)B(0, t))(rep)⇤̄(0)i
hM(t)M†(0)ihB(t)B†(0)i

15

•use 3-quark source operator in the R-correlator
(cf.  MeV,  MeV in chiral unitary model)mM = 368 mB = 1151

: 3-quark type 
(octet, singlet)

<latexit sha1_base64="+S2ppe+1GfJ2NW6WSYMV4d4+o08="></latexit>
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(rep = (1, 8a, 8s))

Setups in detail (  in SU(3) limit)Λ(1405)
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Quark contractions

<latexit sha1_base64="6jgGP7ggx72j69+ts0okAis2mqs="></latexit>
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Details of calculation

•R-correlators <latexit sha1_base64="/Pu6Ak65LCCmnd4Mhrr1DDUvShg="></latexit>

(rep = 1, 8s, 8a)
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all-to-all-propagator 
calculation using 
stochastic method

Λ̄
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q

q
q
q

t = 0t

q̄
q̄
q̄
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<latexit sha1_base64="SUvoXOqQ/2OugNCDCypp/y40COg="></latexit>

M

<latexit sha1_base64="XLNVRs9y/IZKjEZ/YGRu3YsaayU="></latexit>z

move  to increase 
statistics (CAA + TSM)

x

[Blum, Izubuchi, Shintani 2013]
[Bali, Collins, Schäfer 2010]
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Local potentials in all channels

R-correlators 
<latexit sha1_base64="xxilXVMyNY3y989iX4vn+byo6jU="></latexit>

R(r, t)

•singular behavior because of the R-correlators crossing zero

<latexit sha1_base64="vEQOPU5JaUbO45fsk5d96UzNtpE="></latexit>

V8s8s(r)
<latexit sha1_base64="vLlnFkQGNZOno6qQGq3Yi7X/PSo="></latexit>

V8a8a(r)

<latexit sha1_base64="4EHnYqnwVfW7TtKuY6fvrx6g/Lc="></latexit>

V1(r)
<latexit sha1_base64="H8HvpFLzb8aM1wAD3Neqxk/cDOc="></latexit>

V (r) ' 1

R(r, t)

⇣r2

2µ
� @

@t
+

1

8µ

@2

@t2

⌘
R(r, t)

preliminary preliminary

preliminary

preliminary
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Phase shifts

•typical behavior when systems have attractive interactions 

•one bound state appears

•solve Lippmann-Schwinger equation with the sapearable potentials

•results of <latexit sha1_base64="tcnoJ2OiB9wF/RctI7mgzMBvmmU="></latexit>

k cot �(k)

 channel
<latexit sha1_base64="kBDPIRm2SDMWg1DHnSmWOHQu3Mg="></latexit>

8s  channel
<latexit sha1_base64="RyLYuabr+rN1MPfhJcBEg+xtdx8="></latexit>

8a  channel
<latexit sha1_base64="SuPOXy07e8/xFS83TjBWMuZ7vj4="></latexit>

1

preliminary preliminary preliminary
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•plot of <latexit sha1_base64="Kv8D3QEPRUj0+9dNCRzSS/flkXk="></latexit>

v(r)

•enlarged plot

<latexit sha1_base64="oL6WWHvQKXQhE6O5Cg2sjkJNoSQ="></latexit>

fp(r) = f(r) +
X

n

f(r+ Ln), n 2 {(0, 0,±1), (0,±1, 0), (±1, 0, 0)}

•“periodic”: using periodic funtion as a fit functionSeparable potential in each case

  
<latexit sha1_base64="liubc8KdgQdxSXhosqbApqbgdx0="></latexit>

v8s(r)
<latexit sha1_base64="mpfnGApDfx66xXjzVP/C2LeZEWM="></latexit>

(⌘8s = �1)   
<latexit sha1_base64="dj8+22Yb7lwRgosGCF4qv2FDpF0="></latexit>

v8a(r)
<latexit sha1_base64="YedknXeu/Jk/TYCnOBmwYxiY1n0="></latexit>

(⌘8a = �1)   
<latexit sha1_base64="6gTRtP4C9khFT9//2aWb7WfQ+hM="></latexit>

v1(r)
<latexit sha1_base64="Wr8jL8ebspEkldBHGzidX+tD/1I="></latexit>

(⌘1 = �1)

<latexit sha1_base64="liubc8KdgQdxSXhosqbApqbgdx0="></latexit>

v8s(r)
<latexit sha1_base64="dj8+22Yb7lwRgosGCF4qv2FDpF0="></latexit>

v8a(r)  
<latexit sha1_base64="6gTRtP4C9khFT9//2aWb7WfQ+hM="></latexit>

v1(r)

<latexit sha1_base64="liubc8KdgQdxSXhosqbApqbgdx0="></latexit>

v8s(r)
<latexit sha1_base64="dj8+22Yb7lwRgosGCF4qv2FDpF0="></latexit>

v8a(r)  
<latexit sha1_base64="6gTRtP4C9khFT9//2aWb7WfQ+hM="></latexit>

v1(r)

preliminary preliminary preliminary

preliminary preliminary preliminary

preliminary preliminary preliminary



21

<latexit sha1_base64="oL6WWHvQKXQhE6O5Cg2sjkJNoSQ="></latexit>

fp(r) = f(r) +
X

n

f(r+ Ln), n 2 {(0, 0,±1), (0,±1, 0), (±1, 0, 0)}

•“periodic”: using periodic funtion as a fit functionObservables in each case
•<latexit sha1_base64="tcnoJ2OiB9wF/RctI7mgzMBvmmU="></latexit>

k cot �(k)

•binding energies (MeV) (preliminary)

8_s 8_a 1
t=6 61.4(5.3) 54.7(1.5) 76.8(3.4)
t=7 54.4(9.7) 53.7(3.6) 58.3(4.1)
t=8 65.5(12.5) 52.4(5.6) 69.9(6.7)

periodic 8_s 8_a 1
t=6 59.9(5.3) 53.4(1.7) 75.7(3.3)
t=7 52.2(9.9) 52.6(3.8) 56.7(4.9)
t=8 62.2(9.5) 47.2(6.2) 69.1(6.2)

singlet octet octet
from 2pt 78.0(12.3) 23.1(28.0) 23.1(28.0)

 channel
<latexit sha1_base64="kBDPIRm2SDMWg1DHnSmWOHQu3Mg="></latexit>

8s  channel
<latexit sha1_base64="RyLYuabr+rN1MPfhJcBEg+xtdx8="></latexit>

8a  channel
<latexit sha1_base64="SuPOXy07e8/xFS83TjBWMuZ7vj4="></latexit>

1

preliminary preliminary preliminary
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• it appears due to the zeros of  (wave functions) 

• such behavior does not happen in the usual QM  
 singular behavior: effects beyond QM (effects from QFT) 

• HAL QCD method with separable potentials allow us to avoid 
singular behavior

<latexit sha1_base64="NhiCGGSW/Bfl6JAxlxm+QGb89+c="></latexit>

R(r, t)

Discussions

non-locality of the 
HAL QCD potential

• singular behavior:

• systematic error of binding energy (BE):

• mainly comes from timeslice dependence of the potentials in 
short distance ( )

<latexit sha1_base64="3jb5vng6bH1p9gtY8Icn5Eddx9Y="></latexit>

r . 0.15 fm

 BE is sensitive to short distance behavior 
of separable potentials
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•same phase shifts up to ~100 MeV for  while ~10 MeV for 

<latexit sha1_base64="ROQL4GPNbQvas0mjR84dBRSOXL0="></latexit>

I = 1 KN
<latexit sha1_base64="M19uQfhY8Ka2yB30YbDgYQAobT4="></latexit>

I = 0 KN

Reliability check of separable potential

<latexit sha1_base64="ROQL4GPNbQvas0mjR84dBRSOXL0="></latexit>

I = 1 KN
(27-plet) (10*-plet)

<latexit sha1_base64="M19uQfhY8Ka2yB30YbDgYQAobT4="></latexit>

I = 0 KN

•compare phase shifts calculated using local and separable potentials 

•systems:  and  in SU(3) limit at  MeV,  MeV 

•
<latexit sha1_base64="Ci3f91Lo3Pgv9zlQjfeJlk99W80="></latexit>

I = 1
<latexit sha1_base64="M19uQfhY8Ka2yB30YbDgYQAobT4="></latexit>

I = 0 KN mM ≈ 672 mB ≈ 1490

k cot δ


