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non-perturbative renormalisation
‣ Rome-Southampton method 

    regularisation-independent (RI) momentum-subtraction (MOM) scheme 

Z𝒪(μ) ⟨p |𝒪bare
lat |p⟩p2=μ2 ≡ ⟨p |𝒪tree |p⟩

[Martinelli et al NPB 445 (1995)]

https://www.sciencedirect.com/science/article/pii/055032139500126D?via=ihub


‣ Variations: RI/MOM’, RI/SMOM, RI/IMOM…  

‣ Other NPR schemes: 
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non-perturbative renormalisation
‣ Rome-Southampton method 

    regularisation-independent (RI) momentum-subtraction (MOM) scheme 

Z𝒪(μ) ⟨p |𝒪bare
lat |p⟩p2=μ2 ≡ ⟨p |𝒪tree |p⟩

[Martinelli et al NPB 445 (1995)]

[Sturm et al PRD 80 (2009), Garron et al PRD 108 (2023)] 

[Lüscher et al NPB 384 (1992), Sint NPB 421 (1994), Tomii et al PRD 94 (2016)] …

https://www.sciencedirect.com/science/article/pii/055032139500126D?via=ihub
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.80.014501
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.014509
https://www.sciencedirect.com/science/article/pii/055032139290466O?via=ihub
https://www.sciencedirect.com/science/article/pii/0550321394902283?via=ihub
https://doi.org/10.1103/PhysRevD.94.054504
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‣ Charm and bottom physics

‣ Discretisation effects! 

⟨𝒪⟩S
lat(am, aμ) = ZS

𝒪(aμ) ⟨𝒪⟩bare
lat (am)

= ⟨𝒪⟩S
cont(m, μ)[1 + ̂δ (am, aμ)]

what we want 

lim
a→0

̂δ ≤ O(a2)

what we need 

 m ≪ μ ≪ a−1

what we have

mc, mb ≈ a−1

‣ RI/MOM or SMOM are massless schemes:  defined for ZS
𝒪(aμ) am ≪ 1

STRATEGY: define a scheme  where  absorbs  in S ZS
𝒪

̂δ lim a → 0
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‣ Extension of RI/SMOM for fermion bilinears 

✓ Ward identities satisfied 

✓ -factors in continuum limit similar to  

✓ Valid beyond the regime 

Z MS
am ≪ 1

[Boyle et al PRD 95 (2017)]

https://doi.org/10.1103/PhysRevD.95.054505
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3

‣ Extension of RI/SMOM for fermion bilinears 

✓ Ward identities satisfied 

✓ -factors in continuum limit similar to  

✓ Valid beyond the regime 

Z MS
am ≪ 1

[Boyle et al PRD 95 (2017)]

‣ NPR conditions imposed at some finite value of the renormalised mass 

RI/SMOM:   ,          

RI/mSMOM:   ,      

lim
mR→0

ZV

Zq

1
q2

Tr [(q ⋅ ΛV) /q]q2=μ2
= 12 ZV = ZV(aμ)

lim
mR→mR

ZV

Zq

1
q2

Tr [(q ⋅ ΛV) /q]q2=μ2
= 12 ZV = ZV(aμ, am)

๏ Can tune  to a value where  has mild -dependencemR Z𝒪⟨𝒪⟩ a

@

?2 ?3

https://doi.org/10.1103/PhysRevD.95.054505


Numerical implementation 
renormalised charm quark mass
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‣ In RI/mSMOM scheme 

mc,R(μ, mR) = lim
a→0

Zm(aμ, am) mbare
c

‣ Using 6 RBC/UKQCD domain wall fermion ensembles 

‣ 3 lattice spacings: coarse (C), medium (M), fine (F): 0.11 - 0.08 fm 

‣ Möbius (M) and Shamir (S) kernels

name L/a T/a a�1[GeV] m⇡[MeV] aml ams

C1M 24 64 1.7295(38) 276 0.005 0.0362
C1S 24 64 1.7848(50) 340 0.005 0.04
M1M 32 64 2.3586(70) 286 0.004 0.02661
M1S 32 64 2.3833(86) 304 0.004 0.03
F1M 48 96 2.708(10) 232 0.002144 0.02144
F1S 48 96 2.785(11) 267 0.002144 0.02144

[PRD84(2011), PRD93(2016), arXiv:2404.02297]

https://arxiv.org/abs/1012.4178
https://arxiv.org/abs/1411.7017
https://arxiv.org/abs/2404.02297
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Reference scales
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amc

MPDG
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M
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Reference scales
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 am

M

am

M

choose Mchoose  M

mR(μ, mR) = lim
a→0

Zm(aμ, am) m



Continuum extrapolation 
renormalised charm quark mass
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Continuum extrapolation 
renormalised charm quark mass

Step 1.  Choose ( , ,  ) μ M M
mR(μ, mR) = lim

a→0
Zm(aμ, am) m

7

Step 2.  Extrapolate to physical charm scale 

mc,R(μ, mR) = lim
M→MPDG

ηc

mR(μ, m)

μ = 2.0 GeV



Absorption of cutoff effects 
SMOM (massless) vs mSMOM (massive)
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A flatter approach to the continuum using the massive scheme



Absorption of cutoff effects 
tuning mSMOM reference mass using M

9

 can be varied to 
find the flattest 
continuum approach

M
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Matching to  
renormalised charm quark mass

MS

Step 3: Perturbative matching to  using  

 

‣ Conversion factors computed to 1-loop in Landau gauge: ( ) 

MS (μ, mR)

mMS
c,R (μ) = RMS←mSMOM

m ( m2
R

μ2 ) mmSMOM
c,R (μ, mR)

u = m2
R /μ2

RMS←mSMOM
m (u) = 1 +

α
4π

CF [−4 +
3
2

C0 (u) + 3 ln (1 + u) − 3u ln ( u
1 + u )]
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Matching to  
renormalised charm quark mass

MS

Step 3: Perturbative matching to  using  

 

‣ Conversion factors computed to 1-loop in Landau gauge: ( ) 

MS (μ, mR)

mMS
c,R (μ) = RMS←mSMOM

m ( m2
R

μ2 ) mmSMOM
c,R (μ, mR)

u = m2
R /μ2

RMS←mSMOM
m (u) = 1 +

α
4π

CF [−4 +
3
2

C0 (u) + 3 ln (1 + u) − 3u ln ( u
1 + u )]

➡ 1-loop truncation error estimate ~ 0.4% at 2 GeV and ~ 0.3% at 3 GeV
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Final results 
renormalised charm quark mass
✓Full error budget with statistical + systematic + PT matching error 

 

  

 

mMS
c,R (2 GeV) = 1.115(7)(12)(4) GeV

mMS
c,R (3 GeV) = 1.008(6)(11)(4) GeV

mMS
c,R (mMS

c,R ) = 1.292(5)(10)(4) GeV

Comparison with FLAG21:

1.00 1.05 1.10

mMS
c,R(3 GeV) [GeV]

ETM21A
HPQCD20A

FNAL/MILC/TUM18
HPQCD14

ETM14A
ETM14

ALPHA21
Petreczky19

JLQCD16
¬QCD14

HPQCD10
RBC/UKQCD24

mMS
c,R(3 GeV)

This work (RBC/UKQCD’24)
FLAG2023 (Nf = 2 + 1)
FLAG2023 (Nf = 2 + 1 + 1)



Main takeaways and outlook
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Can tune  to find flattest 
approach to the continuum 

(observable-dependent)

mRMilder continuum 
extrapolation using the 

massive scheme

‣ A massive NPR scheme: RI/mSMOM, test case: charm quark mass

‣ Study other bilinear operators 

‣ Can consider expanding RI/mSMOM to fourquark vertices!



Backup: variations with reference mass Mi

Consistently flatter 
extrapolations in the 
massive scheme

• circles: mSMOM 

✦ diamonds: SMOM



Backup: pion mass dependence
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t/a
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aM
eÆ

M1M values
am = 0.1000

am = 0.2250 am = 0.3000 am = 0.3750

‣ Comparison of  values on 
M1M ensemble to those on 
M0M ensemble (physical point) 
- good agreement! 

‣ Pion mass dependence (from 
sea effects) expected to be 
low/negligible

aMηh

Plot by J T Tsang

name L/a T/a a�1[GeV] M⇡[MeV] aml ams

C1M 24 64 1.7295(38) 276 0.005 0.0362
C1S 24 64 1.7848(50) 340 0.005 0.04
M0M 64 128 2.3586(70) 139 0.000678 0.02661
M1M 32 64 2.3586(70) 286 0.004 0.02661
M1S 32 64 2.3833(86) 304 0.004 0.03
F1M 48 96 2.708(10) 232 0.002144 0.02144
F1S 48 96 2.785(11) 267 0.002144 0.02144



Backup:  mSMOM renormalisation 
conditions

Zq : lim
mR→mR

1
12p2

Tr [−iSR(p)−1 /p]
p2=μ2

= 1,

Zm : lim
mR→mR

1
12mR

Tr [SR(p)−1]
p2=μ2

+
1
2

Tr [(iq ⋅ ΛA,R) γ5]
sym

= 1,

ZV : lim
mR→mR

1
12q2

Tr [(q ⋅ ΛV,R) /q]
sym

= 1,

ZA : lim
mR→mR

1
12q2

Tr [(q ⋅ ΛA,R + 2mRΛP,R) γ5 /q]
sym

= 1,

ZP : lim
mR→mR

1
12

Tr [ΛP,Rγ5]
sym

= 1,

ZS : lim
mR→mR

{ 1
12

Tr [ΛS,R] +
1

6q2
Tr [2mRΛP,Rγ5 /q]}

sym

= 1.



Backup: other ingredients

‣ For DWFs, , using plateau of  

‣ Set , using plateau of 

amh = aminput + amres ameff
res(t) =

⟨PJ5q⟩(t)
⟨PP⟩(t)

ZA = ZPCAC
A Zeff

A (t) =
1
2

C(t + 1
2 ) + C(t − 1

2 )

2L(t)
+

2C(t + 1
2 )

L(t) + L(t + 1)

4 5



Backup: continuum extrapolation: amres

Fit ansatz: 

m(a) = m(0)[1 + αa2 + βamres(M)]



to compute 2-loop matching


