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K → ππ & Direct CPV

ε’ vs ε

‣ Re (ε’/ε)exp = 16.6(2.3) x 10-4   

(KTeV, NA48） 

‣ Explained by SM?
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K → ππ Amplitude and ε’
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ππ phase shifts at mK

Lellouch-Lüscher finite volume correction

Wilson coefs. 
pQCD LQCDLQCD 

(+pQCD)

Renormalization matrix

(! = ReA2/ReA0)

<latexit sha1_base64="wAGR1dCAhyv7JY74Nwd7U7tggIM="></latexit>

• Matrix elements < (ππ)I | Qi   | K > from 3pt correlation functions

• A2 amplitude has been determined very precisely [PRD91,074502 (2015)]


• A0 challenging — disconnected diagrams, power divergences – main focus
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Earlier calculations at physical mπ & mK
Re(ε’/ε) x104

PRD 102,054509

Re(ε'/ε) [x 10-4]

RBC/UKQCD
ExperimentGPBC 2015

GPBC 2020

PBC 24ID 2023

PDG 2012-22

-10 -5 0 5 10 15 20 25 30 35 40 45

PRD 102,094517

PRL 115,212001 G-parity Boundary Conditions (GPBC) 
a-1 ≈ 1.38 GeV 
Efforts started by early 2000s 
Led by C. Kelly

Periodic Boundary Conditions (PBC) 
newer project 
important for introducing EM/IB 
effects 
a-1 ≈ 1.02 GeV 
Led by MT

a-1 ≈ 1.38 GeV almost done, wrapping up 
starting calculation at a-1 ≈ 1.73 GeV

excited states

better controlled
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Systematic errors in 2020
Systematic errors on Im A0

6

Finite lattice spacing 12%

Wilson coefficients 12%

Lelloch-Lüscher FV correction 1.5%

Residual FV correction 7%

Parametric error 6%

Off-shellness 5%

Renormalization 4%

Missing G1 operator 3%

TOTAL 21%

Additional systematic error on ε’

‣ ε’ could be significantly affected by EM/IB effects (ΔI = 1/2 rule → ~20%)

Improvement desired 

Improvement study underway

Hope to compute near future (PBC appear necessary)
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Systematic errors in 2020
Systematic errors on Im A0

6

Finite lattice spacing 12%

Wilson coefficients 12%

Lelloch-Lüscher FV correction 1.5%

Residual FV correction 7%

Parametric error 6%

Off-shellness 5%

Renormalization 4%

Missing G1 operator 3%

TOTAL 21%

Additional systematic error on ε’

‣ ε’ could be significantly affected by EM/IB effects (ΔI = 1/2 rule → ~20%)

Improvement desired 

Improvement study underway

Hope to compute near future (PBC appear necessary)

This talk: 
Showing our first attempt at 

continuum extrapolation
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Lattice setup

RBC/UKQCD’s 2+1-flavor MDWF ensembles at physical pion & kaon 
masses

‣ 243 x 64, a-1 = 1.0 GeV, 439 configurations

‣ 323 x 64, a-1 = 1.4 GeV, 470 configurations


All-to-all quark propagators

‣ 2,000 low modes for light quarks (no low mode for strange)

‣ high-mode part: spin, color and time dilutions => 4x3x64 = 768 inversions


Sample AMA in use (fewer configurations for exact)

7
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Matrix elements
For extraction of ME
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large t1 & t2����������! M

2-pt function of ππ operator

K → ππ 3-pt function

1/2

2-pt function of kaon operator 
<latexit sha1_base64="xP0q+e5oekmp4lkv0xBt/U8xgBc=">AAAB8XicbVBNS8NAEJ34WeNX1aOXxSJ4kJJIUfFU7EXwUsF+YBPLZrtpl242YXcjlNB/4cWDIl79N978N27bHLT1wcDjvRlm5gUJZ0o7zre1tLyyurZe2LA3t7Z3dot7+00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBcPaxG89UalYLO71KKF+hPuChYxgbaQHT4V27fHWO73qFktO2ZkCLRI3JyXIUe8Wv7xeTNKICk04VqrjOon2Myw1I5yObS9VNMFkiPu0Y6jAEVV+Nr14jI6N0kNhLE0Jjabq74kMR0qNosB0RlgP1Lw3Ef/zOqkOL/2MiSTVVJDZojDlSMdo8j7qMUmJ5iNDMJHM3IrIAEtMtAnJNiG48y8vkuZZ2T0vV+4qpep1HkcBDuEITsCFC6jCDdShAQQEPMMrvFnKerHerY9Z65KVzxzAH1ifP/14j9Q=</latexit>

CK :

<latexit sha1_base64="S6jfaMwPODUS7l3hcaxHg7fB8ZM=">AAAB+nicbVDLSsNAFL2prxpfqS7dBIvgQkoivnBV7MZlBfuAJpbJdNIOnUzCzEQpsZ/ixoUibv0Sd/6N0zYLbT3cC4dz7mXunCBhVCrH+TYKS8srq2vFdXNjc2t7xyrtNmWcCkwaOGaxaAdIEkY5aSiqGGkngqAoYKQVDGsTv/VAhKQxv1OjhPgR6nMaUoyUlrpWyZOhWbvPvITqGnvHV12r7FScKexF4uakDDnqXevL68U4jQhXmCEpO66TKD9DQlHMyNj0UkkShIeoTzqachQR6WfT08f2oVZ6dhgL3VzZU/X3RoYiKUdRoCcjpAZy3puI/3mdVIWXfkZ5kirC8eyhMGW2iu1JDnaPCoIVG2mCsKD6VhsPkEBY6bRMHYI7/+VF0jypuOeVs9vTcvU6j6MI+3AAR+DCBVThBurQAAyP8Ayv8GY8GS/Gu/ExGy0Y+c4e/IHx+QNKAZNj</latexit>

C⇡⇡ :

<latexit sha1_base64="di8H5s0NYMmGU0BnoMnxriJdJDo=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUGIIGHGHU/BXDxGMAtkJqGn05M06Vno7lHCkP/w4kERr/6LN//GTjIHTXxQ8Hiviqp6XsyZVJb1beSWlldW1/Lr5sbm1vZOYXevIaNEEFonEY9Ey8OSchbSumKK01YsKA48TpvesDrxm49USBaFD2oUUzfA/ZD5jGClpY4jfbPaSUtnx2Pn5KZbKFplawq0SOyMFCFDrVv4cnoRSQIaKsKxlG3bipWbYqEY4XRsOomkMSZD3KdtTUMcUOmm06vH6EgrPeRHQleo0FT9PZHiQMpR4OnOAKuBnPcm4n9eO1H+tZuyME4UDclskZ9wpCI0iQD1mKBE8ZEmmAimb0VkgAUmSgdl6hDs+ZcXSeO0bF+WL+7Pi5XbLI48HMAhlMCGK6jAHdSgDgQEPMMrvBlPxovxbnzMWnNGNrMPf2B8/gBuJZEu</latexit>

C(3) :
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Matrix elements
For extraction of ME
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large t1 & t2����������! M

2-pt function of ππ operator

K → ππ 3-pt function

1/2

2-pt function of kaon operator 
<latexit sha1_base64="xP0q+e5oekmp4lkv0xBt/U8xgBc=">AAAB8XicbVBNS8NAEJ34WeNX1aOXxSJ4kJJIUfFU7EXwUsF+YBPLZrtpl242YXcjlNB/4cWDIl79N978N27bHLT1wcDjvRlm5gUJZ0o7zre1tLyyurZe2LA3t7Z3dot7+00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBcPaxG89UalYLO71KKF+hPuChYxgbaQHT4V27fHWO73qFktO2ZkCLRI3JyXIUe8Wv7xeTNKICk04VqrjOon2Myw1I5yObS9VNMFkiPu0Y6jAEVV+Nr14jI6N0kNhLE0Jjabq74kMR0qNosB0RlgP1Lw3Ef/zOqkOL/2MiSTVVJDZojDlSMdo8j7qMUmJ5iNDMJHM3IrIAEtMtAnJNiG48y8vkuZZ2T0vV+4qpep1HkcBDuEITsCFC6jCDdShAQQEPMMrvFnKerHerY9Z65KVzxzAH1ifP/14j9Q=</latexit>

CK :

<latexit sha1_base64="S6jfaMwPODUS7l3hcaxHg7fB8ZM=">AAAB+nicbVDLSsNAFL2prxpfqS7dBIvgQkoivnBV7MZlBfuAJpbJdNIOnUzCzEQpsZ/ixoUibv0Sd/6N0zYLbT3cC4dz7mXunCBhVCrH+TYKS8srq2vFdXNjc2t7xyrtNmWcCkwaOGaxaAdIEkY5aSiqGGkngqAoYKQVDGsTv/VAhKQxv1OjhPgR6nMaUoyUlrpWyZOhWbvPvITqGnvHV12r7FScKexF4uakDDnqXevL68U4jQhXmCEpO66TKD9DQlHMyNj0UkkShIeoTzqachQR6WfT08f2oVZ6dhgL3VzZU/X3RoYiKUdRoCcjpAZy3puI/3mdVIWXfkZ5kirC8eyhMGW2iu1JDnaPCoIVG2mCsKD6VhsPkEBY6bRMHYI7/+VF0jypuOeVs9vTcvU6j6MI+3AAR+DCBVThBurQAAyP8Ayv8GY8GS/Gu/ExGy0Y+c4e/IHx+QNKAZNj</latexit>

C⇡⇡ :

<latexit sha1_base64="di8H5s0NYMmGU0BnoMnxriJdJDo=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUGIIGHGHU/BXDxGMAtkJqGn05M06Vno7lHCkP/w4kERr/6LN//GTjIHTXxQ8Hiviqp6XsyZVJb1beSWlldW1/Lr5sbm1vZOYXevIaNEEFonEY9Ey8OSchbSumKK01YsKA48TpvesDrxm49USBaFD2oUUzfA/ZD5jGClpY4jfbPaSUtnx2Pn5KZbKFplawq0SOyMFCFDrVv4cnoRSQIaKsKxlG3bipWbYqEY4XRsOomkMSZD3KdtTUMcUOmm06vH6EgrPeRHQleo0FT9PZHiQMpR4OnOAKuBnPcm4n9eO1H+tZuyME4UDclskZ9wpCI0iQD1mKBE8ZEmmAimb0VkgAUmSgdl6hDs+ZcXSeO0bF+WL+7Pi5XbLI48HMAhlMCGK6jAHdSgDgQEPMMrvBlPxovxbnzMWnNGNrMPf2B8/gBuJZEu</latexit>

C(3) :

(= < ππ(270 MeV) | HW | K >)
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2-pt function of ππ operator

K → ππ 3-pt function

1/2

2-pt function of kaon operator 
<latexit sha1_base64="xP0q+e5oekmp4lkv0xBt/U8xgBc=">AAAB8XicbVBNS8NAEJ34WeNX1aOXxSJ4kJJIUfFU7EXwUsF+YBPLZrtpl242YXcjlNB/4cWDIl79N978N27bHLT1wcDjvRlm5gUJZ0o7zre1tLyyurZe2LA3t7Z3dot7+00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBcPaxG89UalYLO71KKF+hPuChYxgbaQHT4V27fHWO73qFktO2ZkCLRI3JyXIUe8Wv7xeTNKICk04VqrjOon2Myw1I5yObS9VNMFkiPu0Y6jAEVV+Nr14jI6N0kNhLE0Jjabq74kMR0qNosB0RlgP1Lw3Ef/zOqkOL/2MiSTVVJDZojDlSMdo8j7qMUmJ5iNDMJHM3IrIAEtMtAnJNiG48y8vkuZZ2T0vV+4qpep1HkcBDuEITsCFC6jCDdShAQQEPMMrvFnKerHerY9Z65KVzxzAH1ifP/14j9Q=</latexit>

CK :

n n n
n

n

momentum         
(non-interacting ππ’s case) Energy

n = 0 (0,0,0) 2mπ (+ interaction)

n = 1 2π/L x (1,0,0) could be ≈ mKn = 2 2π/L x (1,1,0)

Energy-conserving process found for excited ππ state – confronting PBC approach

<latexit sha1_base64="S6jfaMwPODUS7l3hcaxHg7fB8ZM=">AAAB+nicbVDLSsNAFL2prxpfqS7dBIvgQkoivnBV7MZlBfuAJpbJdNIOnUzCzEQpsZ/ixoUibv0Sd/6N0zYLbT3cC4dz7mXunCBhVCrH+TYKS8srq2vFdXNjc2t7xyrtNmWcCkwaOGaxaAdIEkY5aSiqGGkngqAoYKQVDGsTv/VAhKQxv1OjhPgR6nMaUoyUlrpWyZOhWbvPvITqGnvHV12r7FScKexF4uakDDnqXevL68U4jQhXmCEpO66TKD9DQlHMyNj0UkkShIeoTzqachQR6WfT08f2oVZ6dhgL3VzZU/X3RoYiKUdRoCcjpAZy3puI/3mdVIWXfkZ5kirC8eyhMGW2iu1JDnaPCoIVG2mCsKD6VhsPkEBY6bRMHYI7/+VF0jypuOeVs9vTcvU6j6MI+3AAR+DCBVThBurQAAyP8Ayv8GY8GS/Gu/ExGy0Y+c4e/IHx+QNKAZNj</latexit>

C⇡⇡ :

<latexit sha1_base64="di8H5s0NYMmGU0BnoMnxriJdJDo=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUGIIGHGHU/BXDxGMAtkJqGn05M06Vno7lHCkP/w4kERr/6LN//GTjIHTXxQ8Hiviqp6XsyZVJb1beSWlldW1/Lr5sbm1vZOYXevIaNEEFonEY9Ey8OSchbSumKK01YsKA48TpvesDrxm49USBaFD2oUUzfA/ZD5jGClpY4jfbPaSUtnx2Pn5KZbKFplawq0SOyMFCFDrVv4cnoRSQIaKsKxlG3bipWbYqEY4XRsOomkMSZD3KdtTUMcUOmm06vH6EgrPeRHQleo0FT9PZHiQMpR4OnOAKuBnPcm4n9eO1H+tZuyME4UDclskZ9wpCI0iQD1mKBE8ZEmmAimb0VkgAUmSgdl6hDs+ZcXSeO0bF+WL+7Pi5XbLI48HMAhlMCGK6jAHdSgDgQEPMMrvBlPxovxbnzMWnNGNrMPf2B8/gBuJZEu</latexit>

C(3) : with n-th ππ operator used in 

that couples well with only n-th state n

n
<latexit sha1_base64="Xm3SX5XS+rrwI66zzof5Xk3FvUo=">AAAB+XicdVDLSgMxFM3UVx1foy7dBIvgasi0dqy7YjcuK9gHdMaSSTNtaOZBkimUoX/ixoUibv0Td/6N6UNQ0ZNcOJxzL7k5QcqZVAh9GIW19Y3NreK2ubO7t39gHR61ZZIJQlsk4YnoBlhSzmLaUkxx2k0FxVHAaScYN+Z+Z0KFZEl8p6Yp9SM8jFnICFZa6luWJ0OzcZ97KdN31tdSCdlXNdd1XIhsp6JPVRNUKSNUg46NFiiBFZp9690bJCSLaKwIx1L2HJQqP8dCMcLpzPQySVNMxnhIe5rGOKLSzxebz+CZVgYwTISuWMGF+n0ix5GU0yjQnRFWI/nbm4t/eb1MhTU/Z3GaKRqT5UNhxqFK4DwGOGCCEsWnmmAimN4VkhEWmCgdlqlD+Pop/J+0y7bj2tXbi1L9ehVHEZyAU3AOHHAJ6uAGNEELEDABD+AJPBu58Wi8GK/L1oKxmjkGP2C8fQKLvZOj</latexit>

C⇡⇡
n

Energy of 2 pions in rest frame with PBC

(= < ππ(270 MeV) | HW | K >)
En
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Variational method [Lüscher, 1990]
Solving GEVP (Generalized Eigenvalue Problem)


‣                             couples mostly with n-th state


‣  


ππ operators used in this work:

‣ πp=(0,0,0)πp=(0,0,0)


‣ πp=(0,0,1)πp=(0,0,-1)


‣ πp=(0,1,1)πp=(0,-1,-1)


‣ πp=(1,1,1)πp=(-1,-1,-1) 

‣ σ ~               : turned out to be very important to extract ~500-MeV state

‣ KK ~                       : for checking further excited-state contamination

9

<latexit sha1_base64="1xIv2RxeGm3PAtRXSMJsK+BoWyQ=">AAACGXicbVBNS8NAFNzUrxq/oh69LFZRREoiol6EohdvrWBVaGp42W7apZtN2N0oJfRvePGvePGgiEc9+W/c1h7UOrAwzMzj7Zsw5Uxp1/20ChOTU9MzxVl7bn5hcclZXrlUSSYJrZOEJ/I6BEU5E7Sumeb0OpUU4pDTq7B7OvCvbqlULBEXupfSZgxtwSJGQBspcNwNX0V2NQBfsnZHg5TJHa5uBQIfY19lcQD4NsjFLvRvdkzK3gicklt2h8DjxBuREhqhFjjvfishWUyFJhyUanhuqps5SM0Ip33bzxRNgXShTRuGCoipaubDy/p40ygtHCXSPKHxUP05kUOsVC8OTTIG3VF/vYH4n9fIdHTUzJlIM00F+V4UZRzrBA9qwi0mKdG8ZwgQycxfMemABKJNmbYpwft78ji53Ct7B+X9871S5WRURxGtoXW0jTx0iCroDNVQHRF0jx7RM3qxHqwn69V6+44WrNHMKvoF6+MLYneepw==</latexit>

Oa ! O
0
n =

P
a v

⇤
n,aOa

<latexit sha1_base64="CavWLEmmm6r9JIG1YzVtulPtyAc=">AAACIXicbVDLSgMxFM34rONr1KWbYCu0IGWmiLoRit24VLBa6JQhk2ba0ExmSO4IpfRX3Pgrblwo4k78GdM6iLZeSDicc+5N7glTwTW47oe1sLi0vLJaWLPXNza3tp2d3VudZIqyJk1Eoloh0UxwyZrAQbBWqhiJQ8HuwkFjot/dM6V5Im9gmLJOTHqSR5wSMFTgnJV8HdmNMlTuA1mGIwjcin2OfWFGdMkPZQzm/mUpBU7RrbrTwvPAy0ER5XUVOO9+N6FZzCRQQbRue24KnRFRwKlgY9vPNEsJHZAeaxsoScx0ZzTdcIwPDdPFUaLMkYCn7O+OEYm1HsahccYE+npWm5D/ae0MorPOiMs0Aybp90NRJjAkeBIX7nLFKIihAYQqbv6KaZ8oQsGEapsQvNmV58FtreqdVI+va8X6RR5HAe2jA1RGHjpFdXSJrlATUfSAntALerUerWfrzXr/ti5Yec8e+lPW5xd/Y59l</latexit>

C(t)vn(t, t0) = �n(t, t0)C(t0)vn(t, t0)
<latexit sha1_base64="j6wFJcdykP53GLdQjBEevb6f+T0="></latexit>

Cab(t) = hOa(t)Ob(0)†i =
P

n An,aA
⇤
n,be

�Ent: N x N correlator matrix
<latexit sha1_base64="kH1ukIiOJKt4haWGZ2i2sLS/m6c=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJexKUI/BXDxGMA9IljA7mU2GzM6uM71CCPkJLx4U8ervePNvnCR70MSChqKqm+6uIJHCoOt+O2vrG5tb27md/O7e/sFh4ei4aeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY1WZ+64lrI2L1gOOE+xEdKBEKRtFK7a4JSa2EF71C0S27c5BV4mWkCBnqvcJXtx+zNOIKmaTGdDw3QX9CNQom+TTfTQ1PKBvRAe9YqmjEjT+Z3zsl51bpkzDWthSSufp7YkIjY8ZRYDsjikOz7M3E/7xOiuGNPxEqSZErtlgUppJgTGbPk77QnKEcW0KZFvZWwoZUU4Y2orwNwVt+eZU0L8veVblyXylWb7M4cnAKZ1ACD66hCndQhwYwkPAMr/DmPDovzrvzsWhdc7KZE/gD5/MH1B6PMA==</latexit>

C(t)

<latexit sha1_base64="cnBYeTmORPYRQJke5z4YXqAcaro=">AAACD3icbVDLSsNAFJ34tr6iLt0MFqWCLYmIuhGKIrisYB/Q1DCZTurgZBJmboQS+gdu/BU3LhRx69adf+OkZuHrwMDhnHu4c0+QCK7BcT6sicmp6ZnZufnSwuLS8oq9utbScaooa9JYxKoTEM0El6wJHATrJIqRKBCsHdyc5n77linNY3kJw4T1IjKQPOSUgJF8e9vTIfaECfSJLyuwC76zg48xu8qqZ7lQzYWRb5edmjMG/kvcgpRRgYZvv3v9mKYRk0AF0brrOgn0MqKAU8FGJS/VLCH0hgxY11BJIqZ72fieEd4ySh+HsTJPAh6r3xMZibQeRoGZjAhc699eLv7ndVMIj3oZl0kKTNKvRWEqMMQ4Lwf3uWIUxNAQQhU3f8X0mihCwVRYMiW4v0/+S1p7Nfegtn+xX66fFHXMoQ20iSrIRYeojs5RAzURRXfoAT2hZ+veerRerNev0QmryKyjH7DePgGD2Zpv</latexit>

�n(t, t0) = e�En(t�t0)

<latexit sha1_base64="fFcNTLK0R9QzZlxJo36UMl9coAI=">AAAB/nicbZDLSsNAFIYn9VbjLSqu3AwWQRBKIt6WRTcuK9gLNKFMJpN26GQS5iKUUPBV3LhQxK3P4c63cZpmoa0/DHz85xzOmT/MGJXKdb+tytLyyupadd3e2Nza3nF299oy1QKTFk5ZKrohkoRRTlqKKka6mSAoCRnphKPbab3zSISkKX9Q44wECRpwGlOMlLH6zoEvY9sPkYBaw1NYUBT1nZpbdwvBRfBKqIFSzb7z5Ucp1gnhCjMkZc9zMxXkSCiKGZnYvpYkQ3iEBqRnkKOEyCAvzp/AY+NEME6FeVzBwv09kaNEynESms4EqaGcr03N/2o9reLrIKc804pwPFsUawZVCqdZwIgKghUbG0BYUHMrxEMkEFYmMduE4M1/eRHaZ3Xvsn5xf15r3JRxVMEhOAInwANXoAHuQBO0AAY5eAav4M16sl6sd+tj1lqxypl98EfW5w8MRJRF</latexit>

ūu+ d̄d
<latexit sha1_base64="QySqogG3QH7EDOYcmSU2AJ55Soc=">AAACAnicbVDNS8MwHE39nPWr6km8BIcgDEcrfh2HXoReJrgPWLuRZukWljYlSYUxhhf/FS8eFPHqX+HN/8Z060E3HwQe771fkt8LEkalsu1vY2FxaXlltbBmrm9sbm1bO7t1yVOBSQ1zxkUzQJIwGpOaooqRZiIIigJGGsHgJvMbD0RIyuN7NUyIH6FeTEOKkdJSx9r3ZGh6XEeyG6DrwhJ02yW3fdKxinbZngDOEycnRZCj2rG+vC7HaURihRmSsuXYifJHSCiKGRmbXipJgvAA9UhL0xhFRPqjyQpjeKSVLgy50CdWcKL+nhihSMphFOhkhFRfznqZ+J/XSlV45Y9onKSKxHj6UJgyqDjM+oBdKghWbKgJwoLqv0LcRwJhpVszdQnO7MrzpH5adi7K53dnxcp1XkcBHIBDcAwccAkq4BZUQQ1g8AiewSt4M56MF+Pd+JhGF4x8Zg/8gfH5A1njlXk=</latexit>

KK+ K+K�
(e.g. PRD 102,054509)
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Re-based GEVP
10

Re-based GEVP

‣ Large size GEVP at short time separations


‣ Switch to smaller-size GEVP at larger time any eigenvalue is becoming zero-consistent


Example:
<latexit sha1_base64="EtuWl8ng1WNp3cHwKM9essFH1zU="></latexit>0

BBBB@

O(000)

O(001)

O(011)

O(111)

O�

1

CCCCA

5x5 GEVP at t = 2

<latexit sha1_base64="HrjYu4sWMdyzVrQuq+hNOUQbQE8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2M/H1Zrbt1dAK0TryA1KNAeVr/8UUqyhApDONZ64LnSBDlWhhFOZxU/01RiMsExHVgqcEJ1kC/OnaELq4xQlCpbwqCF+nsix4nW0yS0nQk2Y73qzcX/vEFmotsgZ0JmhgqyXBRlHJkUzX9HI6YoMXxqCSaK2VsRGWOFibEJVWwI3urL66R7Vfeu642HRq3ZKuIowxmcwyV4cANNuIc2dIDABJ7hFd4c6bw4787HsrXkFDOn8AfO5w8lLY91</latexit>( <latexit sha1_base64="eRg7NPvznN/kw/QcPC5yO6T2Dcw="></latexit>

O
t=2
0

O
t=2
1

O
t=2
2

O
t=2
3

O
t=2
4

- couples well with the ground st.

- couples well with the 1st excited st.

- …

- incorporating 5th op and hence 5th state can spoil the 
signal of lower states at larger time separations
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<latexit sha1_base64="HrjYu4sWMdyzVrQuq+hNOUQbQE8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2M/H1Zrbt1dAK0TryA1KNAeVr/8UUqyhApDONZ64LnSBDlWhhFOZxU/01RiMsExHVgqcEJ1kC/OnaELq4xQlCpbwqCF+nsix4nW0yS0nQk2Y73qzcX/vEFmotsgZ0JmhgqyXBRlHJkUzX9HI6YoMXxqCSaK2VsRGWOFibEJVWwI3urL66R7Vfeu642HRq3ZKuIowxmcwyV4cANNuIc2dIDABJ7hFd4c6bw4787HsrXkFDOn8AfO5w8lLY91</latexit>( <latexit sha1_base64="eRg7NPvznN/kw/QcPC5yO6T2Dcw="></latexit>
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- couples well with the 1st excited st.

- …

- incorporating 5th op and hence 5th state can spoil the 
signal of lower states at larger time separations

<latexit sha1_base64="Rdt0wZDPdwTtUekuo2RzIEOpi5w="></latexit>0

BBB@

O
t=2
0

O
t=2
1

O
t=2
2

O
t=2
3

1

CCCA



Lattice 2024         Masaaki Tomii (UConn, RBRC)

Re-based GEVP
10

Re-based GEVP

‣ Large size GEVP at short time separations
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O
t=2
0

O
t=2
1

O
t=2
2

O
t=2
3

O
t=2
4

- couples well with the ground st.

- couples well with the 1st excited st.

- …

- incorporating 5th op and hence 5th state can spoil the 
signal of lower states at larger time separations

<latexit sha1_base64="Rdt0wZDPdwTtUekuo2RzIEOpi5w="></latexit>0

BBB@

O
t=2
0

O
t=2
1

O
t=2
2

O
t=2
3

1

CCCA
4x4 GEVP at t = 3, …

<latexit sha1_base64="HrjYu4sWMdyzVrQuq+hNOUQbQE8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2M/H1Zrbt1dAK0TryA1KNAeVr/8UUqyhApDONZ64LnSBDlWhhFOZxU/01RiMsExHVgqcEJ1kC/OnaELq4xQlCpbwqCF+nsix4nW0yS0nQk2Y73qzcX/vEFmotsgZ0JmhgqyXBRlHJkUzX9HI6YoMXxqCSaK2VsRGWOFibEJVWwI3urL66R7Vfeu642HRq3ZKuIowxmcwyV4cANNuIc2dIDABJ7hFd4c6bw4787HsrXkFDOn8AfO5w8lLY91</latexit>(
• 3 operators to form next basis


• 1 operator to be excluded from next basis
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Preliminary

Preliminary

11

aEππ from ππ 2pt func & GEVP

t0

ef
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ground st. 1st-excited st. 2nd-excited st. 3rd-excited st.

243 x 64, I = 0 323 x 64, I = 0

RGEVP works well


3rd excited state shown is from the 4-operator basis, the others from 3-operator basis


Correction with non-interacting ππ system on lattice and continuum applied

‣ Plateau appears at earlier time separations

t0
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aEππ from ππ 2pt func & GEVP

t0

amK
amK

Need some interpolation to reach on-shell

ef

0.0

0.2

0.4

0.6

0.8

1.0

1 2 3 4 5 6 7
ground st. 1st-excited st. 2nd-excited st. 3rd-excited st.0.0

0.2

0.4

0.6

0.8

1.0

1.2

1 2 3 4 5 6 7
ground st. 1st-excited st. 2nd-excited st. 3rd-excited st.

243 x 64, I = 0 323 x 64, I = 0

RGEVP works well


3rd excited state shown is from the 4-operator basis, the others from 3-operator basis


Correction with non-interacting ππ system on lattice and continuum applied

‣ Plateau appears at earlier time separations

t0



Lattice 2024         Masaaki Tomii (UConn, RBRC)

Effective matrix elements 
12

M1,2

M1,6

Weighted average over t1 = top - tK taken

State n extracted by (R)GEVP eigenvector


‣ t - t0 fixed to 2

‣ No significant dependence on t0 seen around    

current choice: t0 = 5

RGEVP (5→4→3) plateauing from t2 = 3 or 4

‣ smaller error than 4x4

‣ potential excited-state contamination in 3x3

‣ GEVP statistically near singular for 5x5 t2 = tππ – top

-0.06

-0.05

-0.04

-0.03

-0.02

2 4 6 8 10
t2/a

3x3 GEVP
4x4 GEVP
5x5 GEVP
RGEVP1
RGEVP2

M(n = 1, Q6, t0 = 5, t-t0 = 2, δt = 10)0.001

0.002

0.003

0.004

0.005

0.006

0.007

2 4 6 8 10
t2/a

3x3 GEVP
4x4 GEVP
5x5 GEVP
RGEVP1
RGEVP2

M(n = 1, Q2, t0 = 5, t-t0 = 2, δt = 10)

<latexit sha1_base64="KNvqPuXin2uGWZEjj4DWbKTHGpg=">AAACFHicbZDLSgMxFIYzXut4G3XpJlgUQSgzpajLohs3QgV7gaaUTJppQzMXkjNqGfoQbnwVNy4UcevCnW9jello6w+Bj/+cw8n5/UQKDa77bS0sLi2vrObW7PWNza1tZ2e3puNUMV5lsYxVw6eaSxHxKgiQvJEoTkNf8rrfvxzV63dcaRFHtzBIeCuk3UgEglEwVts5ITqwyYMS3R5QpeL7jGBJVZcTDG2PYHI0giLBQ/u67eTdgjsWngdvCnk0VaXtfJFOzNKQR8Ak1brpuQm0MqpAMMmHNkk1Tyjr0y5vGoxoyHUrGx81xIfG6eAgVuZFgMfu74mMhloPQt90hhR6erY2Mv+rNVMIzluZiJIUeMQmi4JUYojxKCHcEYozkAMDlClh/opZjyrKwORomxC82ZPnoVYseKeF0k0pX76YxpFD++gAHSMPnaEyukIVVEUMPaJn9IrerCfrxXq3PiatC9Z0Zg/9kfX5A0+snQ8=</latexit>

large t1 & t2����������! Mn,i

<latexit sha1_base64="mhLrvD+unyQ0I8BAxT5yT5XtjEU="></latexit>

Me↵(t2, t1) = C(3)(t2, t1)

"
eE

⇡⇡t2eE
Kt1

C⇡⇡(t2)CK(t1)

#1/2

n,i n,i
n

n
ef

ef

n: state index

i:  operator index

1.4 GeV lattice

1.4 GeV lattice
<latexit sha1_base64="CavWLEmmm6r9JIG1YzVtulPtyAc=">AAACIXicbVDLSgMxFM34rONr1KWbYCu0IGWmiLoRit24VLBa6JQhk2ba0ExmSO4IpfRX3Pgrblwo4k78GdM6iLZeSDicc+5N7glTwTW47oe1sLi0vLJaWLPXNza3tp2d3VudZIqyJk1Eoloh0UxwyZrAQbBWqhiJQ8HuwkFjot/dM6V5Im9gmLJOTHqSR5wSMFTgnJV8HdmNMlTuA1mGIwjcin2OfWFGdMkPZQzm/mUpBU7RrbrTwvPAy0ER5XUVOO9+N6FZzCRQQbRue24KnRFRwKlgY9vPNEsJHZAeaxsoScx0ZzTdcIwPDdPFUaLMkYCn7O+OEYm1HsahccYE+npWm5D/ae0MorPOiMs0Aybp90NRJjAkeBIX7nLFKIihAYQqbv6KaZ8oQsGEapsQvNmV58FtreqdVI+va8X6RR5HAe2jA1RGHjpFdXSJrlATUfSAntALerUerWfrzXr/ti5Yec8e+lPW5xd/Y59l</latexit>

C(t)vn(t, t0) = �n(t, t0)C(t0)vn(t, t0)

} 3-operator basis
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Result for A0
13
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O(a2) scaling violation potentially significant

‣ Extrapolation with c0 + c2 a2 + c4 a4 with a constraint |c2 a2| = 2 |c4 a4| at a-1 = 1.0 GeV 

corresponding to the coarser lattice did not change the result beyond statistical error
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Result for ε’

1.4 GeV lattice calculation with PBC and GPBC consistent


Continuum extrapolation attempted 

14
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<latexit sha1_base64="0bJ65iLinylyryvCwIfccxsV3hs="></latexit>
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Summary & Outlook
Current main sources of systematic errors on ε’


Finite lattice spacing

‣ We did first attempt continuum extrapolation with                                                 

multiple ensembles


‣ 1.0 & 1.4 GeV ensembles                                                                                                  
→ O(a2) scaling violation potentially significant


‣ Finer lattice calculations on-going & planned →→→


Wilson coefficients

‣ An improvement study underway, possibly to be incorporated in the upcoming paper


EM/IB effects

‣ Theoretical framework being developed [Christ et al, PRD106, 014508 (2021)]
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(almost) Done

RBC/UKQCD 2+1 MDWF ensembles with physical mπ
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Summary & Outlook
Current main sources of systematic errors on ε’


Finite lattice spacing

‣ We did first attempt continuum extrapolation with                                                 

multiple ensembles


‣ 1.0 & 1.4 GeV ensembles                                                                                                  
→ O(a2) scaling violation potentially significant


‣ Finer lattice calculations on-going & planned →→→


Wilson coefficients

‣ An improvement study underway, possibly to be incorporated in the upcoming paper


EM/IB effects

‣ Theoretical framework being developed [Christ et al, PRD106, 014508 (2021)]
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Summary & Outlook
Current main sources of systematic errors on ε’
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→ O(a2) scaling violation potentially significant


‣ Finer lattice calculations on-going & planned →→→


Wilson coefficients

‣ An improvement study underway, possibly to be incorporated in the upcoming paper


EM/IB effects

‣ Theoretical framework being developed [Christ et al, PRD106, 014508 (2021)]
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