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Motivation

In a multibody system, each subsystem
should possess momentum. Therefore,
the formalism in the finite volume of a
moving system Is crucial.

For example, 3-body system In the
rest frame, any 2-body should
have the momentum.
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(1) More lattice spectra.
(2) Subsystem of multibody
system
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OC In the finite volume of rest frame
\ / \ LUscher, Commun.Math.
:/ \ _|_/ G, T =V + VGQT'} PKhys. leSH 15_?;I (1983).
Im, sacnrajda an
A) Sharpe
NPB 727 218 (2005)
ﬂ:\ / +\ 8 TL =V + VGzBTL.. [R)agérggl,(;/\/leissner, Oset,
/ \ / (B) EPJA 47 139 (2011)
>@<:>o< +>@< T =T+ TGETE, b =G — Gy
(C)
Bk \ T(p}, k% EY) TL(k*, pt; EY)
L. % . k) >|< f y Mg
ey pis ) = Tpp pis B7) + (L?’Z /(27r )4w1 (k*)w2 (k) B — wi (k*) — wa(K*) + i€
After PW o - .
Quantization [T (£7)] = (&) = [F(B )])[F(E*)hmw(iz JES - Vi (B ¥ () (1)
T P2 | 207 ) Tk wn(k) B — (@ ( ) wa(k)*) + e

O]

38
@ ST Sl fE

S e S g
Y VN




QC In the finite volume of moving frame

d3k* kT . &k 1 A3k
| Gy = | Gy 3%;‘7 (35S ) = (55 o) 7
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Condition q is the on-shell
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Three-momentum transformation

dSk* d3k’r . , . _)r _>*
COE %/ 37" ng The relation k" & k™ ?79?

Moving Frame ( ) 1_»:/ t_,u-/ \:_,,_-J Rest Frame (E ,O)
O T ki=k" Failed to fix the relation O 7 k,=k*
O o E’zzﬁ_l‘(’r Because of off-shell O , EZZ_E*

k" = (k. k) = (786" + vkl kL) = Ak} + BP + k7,
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Three-momentum transformation

dSk* d3k’r . , . _)r _>*
COE %/ 37" ng The relation k" & k™ ?79?

Moving Frame ( ) t‘_E _. 13 _. t‘jfz Rest Frame (E*,(_j)
O o ky=k" Failed to fix the relation O K=k
A ————
O Ezzﬁ—ﬁr Because of off-shell O - EZZ_E*
k" = (k. k') = (vBV" + vk .k1) = Ak + BP + kI, (12 / )» Singularity term +
3
6 B ‘P' e B /(1*2 T P2 B i L I (271' —mL)
- Va2 4 P2’ T T e Cat’
two particles are both on-shell,
~ ~ NN
62 B\ Yim (&)Y, (k) (5 *=E*and b* =
[M(QP)]zmzmzlq (Lﬁz 73/ ) ; ;2—19*2<q) a and b w1
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Three-momentum transformation

A3 k* d3 kT . . . _)r _>*
(2)3 *f/ I ng The relation k" & k™ ?9?

Moving Frame ( ) L';-i/ ui/ L'i/ Rest Frame (E*, O)
O o ky=k' Failed to fix the relation O ki=k
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Three typical transformation formalisms

Kim, Sachrajda and Sharpe NPB 727 218 (2005) r = KSS JKSS (g, py_ 47 [Lﬂ b e
C=E), Y =wm(k), J = ZEE; Ly [ fae
1 : : : e D
oo B@) L al s The first particle Is oo 1] e
B (q) | Eq) always on-shell, while o=y (5:5)"
. El@),, wi(k) r second one is not
k' = e gk~ g Pk
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Three typical transformation formalisms

Kim, Sachrajda and Sharpe NPB 727 218 (2005) r = KSS S (g, p) - 4T [le > m((l;*))eﬂ;f-l‘:? o /{f’}d o 1‘:;
a’ = E*(Q) ’ b* = wl(k*) ) jT — Zlgi,r; WiL ann dt €' /di« etk
1 - . -
o B o), The first particle is o[ | 2 ]
B (q) | " E(q) always on-shell, while = (25)"
E(q) w1 (k") d '
k* = —2ki— ———"P+k' second one IS not.

E*(q) 1 E*(q) |
Rummukainen and Gottlieb NPB 450 397 (1997) , — RG' WS P) = 1T [% N P [ Ak (_;)}
Géxkeler,Horsley,Lage,Meifner,Rakow,Rusetsky, o ZL [T (1 mom)]
Schierholz,and Zanotti PRD 86 094513 (2012) 7’”‘ ST B

R sin [L Dre
- c_Eq)  mi-mj _ ,_E(q) ey
a = F (Q), b — 9 + 2E*(q) —wl(Q)! j = E(q) Drg = Dkss = n+(E*(q)) .
E(q) 1 mi —mj
K" = ki+- 1+ —-—2|P+k}, Thearrangement of . o Lq\?
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Three typical transformation formalisms
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Three typical transformation formalisms
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Three typical transformation formalisms

New one, it has some benefits!

r=LWLY a*, b* are independent on E*!
The boosted potential is still energy independent.
a* = wi(k*) + wa(k*) and b* = wy(k*) The eigenvectors form a complete orthonormal basis of
the Hilbert space of the Hamiltonian.
k* k*))? 1+ P2 *
T R R S N1 B

w1 (k*) + wa(k*) w1 (k*) + wa(k*)

It — wi (k") + wa (P — k") K — wi (k") P4k,
Vi) +wsP —k))? P2 /(wi(k") +wa(P — kr))* — P2
jr _ ‘Bk* _ w1 (k*)WQ(k*) wl(kr) + wg(P — kr)
ok” wl(k*) + WQ(k*) wl(k"")wg(P — k?")
Both particles are on-shell. 18
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Three typical transformation formalisms

New one, it has some benefits!

r=LWLY a*, b* are independent on E*!
The boosted potential is still energy independent.
a* = wi(k*) + we(k*) and b* = wi(k") The eigenvectors form a complete orthonormal basis of
the Hilbert space of the Hamiltonian.
1o V0@i(k*) +wz(k*)? + P L) k*
wi (k) + wo (k) T wi (k) + wa(k) For three-body, it avoids the negative energy or the

velocity being larger than the light speed, Keep E > |I_5|.
wi(K") +wa (P — k) wi(K") P + k7 , Blanton and Sharpe PRD 102, 054520 (2020)

k* = ki —
J@i ) @ k)P \fwi () +wn(P — k) — P2
jr _ ‘Bk* _ w1 (k*)WQ(k*) wl(kr) + LUQ(P — kr)
8k7’ wl(k*) + WQ(k*) wl(k"")wg(P — k?")
Both particles are on-shell. 19
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Three typical transformation formalisms

New one, it has some benefits!

r=LWLY a*, b* are independent on E*!
The boosted potential is still energy independent.

a* = wi(k*) + wa(k*) and b* = wy(k*) The eigenvectors form a complete orthonormal basis of
the Hilbert space of the Hamiltonian.

k* k*))? - P2 *
o = V() + () 4 1L IS o |
w1 (k*) + wa(k*) wy (k) 4 wa(k?) For three-body, it avoids the negative energy or the

velocity being larger than the light speed, keeps E > |I_5|.

K* — wi (k") + wap(P — k') Kl — wi(K") P + k7 , Blanton and Sharpe PRD 102, 054520 (2020)

Vi) +wsP —k))? P2 /(wi(k") +wa(P — kr))* — P2

Weak point, we caution the breaking of relativistic
invariance of the three-particle divergence-free K
matrix identified.

Blanton and Sharpe, PRD 103, 054503 (2021)

ok* W (k*)WQ(k*) wl(kr) + LUQ(P — kr)
Ok"|  wi(k*) + wa(k*) wi(k")wo(P — k")

7-|

Both particles are on-shell. 20

@reavexs ) . 5

L //_\v/\v/ﬁ\\ L T

B University of Chinese Academy of Sciences



] J. M. M. Hall etc. PRD 87(2013), 094510
J.-j. Wu etc. PRC90 (2014), 055206
I ntrOd U Ctl O N Of H E FT Y. J|_i etlé.ePCRD 101(2020), 114501

PRD 103(2021), 094518

H=H,+H, IBi> bare state, bare mass m;, |a(k,)> non-interaction channels
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Introduction of HEFT

H=H,+H, IBi> bare state,
Ho= X |8)m; (B[ + X |ar(k,) )| Jmz, +K2 +\/m§2+k2J(a(k )]
H=g+0 9-3 3 [Jatk.)e (B B), (o0, S

Continuum

|

Discrete

H, =) |B)m

i=1,n

a2 /L)”zz[\E ), g

a 1=1n

0=3"ak,))V, , (BK,)]
a,p

Jak — (%) k) — (25) " [k,
(Bl =3,50, k) — (K, K[k,

\+Z‘k k> [«/m +k2 + ij+k§L<7,—?‘
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Introduction of HEFT

H=H,+H, IBi> bare state, bare mass m;, |a(k,)> non-interaction channels

Ho= X |8)m; (B[ + X |ar(k,) )| Jmz, +K2 +\/mjz+k2J(a(k )]

i=1,n

=047 9-X 3 [latk)a 8B (ak)] >

a 1=1n

1= Ylat o, (k)| D

a:ﬂ 2 =2
ConInUUM | ok — ) Ja) — (o)),
Discl:rete (pR|ak))=0,0K, k) — (k. —k|k,—k) =5,9,
Ho = 3 [B)m, (B, |+ 3|k, -k [‘/ k2 +Jm? ki} ik
;\ \+Z‘ > m2 +kZ +m. + a< ‘

-3 />ZZU .

J. M. M. Hall etc. PRD 87(2013), 094510
J.-j. Wu etc. PRC90 (2014), 055206
Y. Li etc. PRD 101(2020), 114501

PRD 103(2021), 094518
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The test In S-wave of rt scattering

9(‘2‘) = g:;; (1+(Cl x k)2) =0 -
Vi ™ mp(MeV)  948.96 In the Finite Volume
q 0.64698
| s o (fm)  0.43979
- Wicr = gfm(_]?la{s) gfm( QvP)
140 | [H] _ gf%n(]ih}i) E*(klzp) 9 .
120 g/ " (ka, P) 0 E*(ka, P)
- 100 | :
© gol 3 1
= S 2mr\ 2 1 - Wk* W, + Wpg, \ 2
(@) - fin/q. — L* i i i
8 o 7Py = () aie) ()
w 40F S S
20! B (i, P) = A/ (wh, +wpi)? — P,
200 400 600 800 1000 Det[H — EI] = 0

E (MeV) 24
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The test In S-wave of i scatterlng
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Summary

We explore the general formalism of momentum transformation in a finite volume.

We discuss three different transformation methods, two of which have been investigated
In previous studies. The third method is a novel approach that offers advantages for the

Hamiltonian method and the study of three-body systems. All three methods are
consistent within errors of O(e™™%).

Finally, we provide a comparison of the finite volume spectrum between the Hamiltonian
and KSS methods based on the same phase shift of irrr scattering for S-wave interactions.
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Thanks for attention!
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T =V +VGyT.

Tt =v+vaehTt,

)< TV =T +TG5T",
Gy =GS -Gy

The detailed derivation
TE=V 4V (Gy+GE = Gy) T =V +V (Gy+ GE) TE,
T-Tt=—1-vaey)tvehirt.
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QC In the finite volume of rest frame

T =V +VG,yT. e
T(py,pi; P7) = V(py,pii PT) +/ (QW)4V(p’*},k*;P*)Gz(k*;P*)T(k*ap?;P*)
Tt =v+veiTt, GE P = Y B(QL”)Bde(k*k)Gz(k.Pﬂ
%k * * d—lk* . Tk Z}HE * * ok *
'TL(pf,p.i;P ) =V (p}.pi: P*) + / ) V(py, k5 P \GP (k*, P)TE(k*, pt: P¥)
L/ x % * * %k * dkbk 1 * 7% * * s\L/p.x % *
T (pfapi;P):V(pfapi;P)+/Qﬂ_ﬁ > V(}, k5 PY)Go(K*, PY)TH (K, pi; P*)

k*_Q’J‘Tn GZB

Tt =T+ 17CETE, Gh=a8 -Gy

* * * * * * dk ddk* ¥, ¥ * * *
TL(pfapi;P):T(Pfapi§P)+/2?? (LJZ / ) pfk' P*)Ga(k”, P)TL(k P P7)
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QC In the finite volume of rest frame
T =T+ TGLTE, GE =GF - Gy

TL(pf?pi;P ) :T(pfjpi;P ) / 2?: ( 3 Z / ) pf k™ P )Gg(k‘ P )TL(k' pl P )
1 (1) k§ = —wi(k*) + de,
Gao(k; P
2N PY= 0 -2 i) (P = k)2 — m3 + i) (2) ki = B — wn(k*) + ic
*, * 1 1 )
Go(k™; P*) — _ . — wa(k*) P} + wi(k*) + wa(k*)
L] 1 (2m)id (kg — (F5 — wa(k™)))
2wy (k*) Py + w1 (k*) —wa(k*) Py — wi(k*) —wa(k*) +iec
) *k*\ T(p}, k" EY) T"(k*,p}; E*)
T* (P}, Pi; E7) = Z _/ (27) ) dwi(k*)wa(k*) E* — wi(k*) — wa(k*) + de

Quantization
Condition

\ &3k i Yiem () Yit (i) (1) B
[F(E )lmlm = (L;}Z / ) 4w1 ) (k*) E*—(wl(k*)+WQ(k)*)+i€
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