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Hadron Forces
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Quarks on sites

Gluons on links

q(x)

Uμ(x, x + μ) = exp[−ia Aμ]

Huge integration variables
   for  lattice,  GB/config∼ 109−10 964 ∼ 50

Importance Sampling
Hybrid MC = MD + Metropolis

Continuum ＆Thermodynamic Limits

a → 0, L → ∞



August 2, LATTICE 2024, the University of Liverpool, UK /25Lingxiao Wang(王凌霄)

HAL QCD
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HAL QCD Method
Rebuild Potential
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N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007) 
S. Aoki, T. Hatsuda, and N. Ishii, Prog. Theor. Phys. 123, 89 (2010) 

Aoki, S., Doi, T., Front. in Phys. 8, 307 (2020) 
S. Aoki and T. Doi, in Handbook of Nuclear Physics(2023), pp. 1–31

Local Approx. 
Gradient Expansion

Nambu-Bethe-Salpeter (NBS) 
wave function

Nulcear Force
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Learning Potential
Inverse Problem
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NBS wave function Potential Function

minθℒ = ∑
k

∫ d3 r [(Ek − H0) ϕk(r) − ∫ d3 r′ Uθ(r, r′ )ϕk(r′ )]
2

Data(Observations) Physics Properties

Maximize Likelihood Estimation

Gradient Decent
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Non-local Potential
Inverse Problem
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NBS wave function Potential Function

minθℒ = ∑
k

∫ d3 r [(Ek − H0) ϕk(r) − ∫ d3 r′ Uθ(r, r′ )ϕk(r′ )]
2

Maximize Likelihood Estimation

Gradient Decent

Prel
im

inary
 

Res
ults
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Toy Model
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Toy Model
Separable Potential
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U(r, r′ ) ≡ ων(r)ν(r′ ), ν(r) ≡ e−μr

The S-wave solution of the Schrodinger equation with this potential 
is given exactly by,

ϕ0
k (r) =

eiδ0(k)

kr
sin{kr + δ0(k)} − sin δ0(k)e−μr (1 +

r(μ2 + k2)
2μ ) ,

where, 

k cot δ0(k) = −
1

4μ2 [2μ(μ2 − k2) −
3μ2 + k2

4μ3
(μ2 + k2)2 +

(μ2 + k2)4

8πmω ]
As a numerical example, we take μ = 1.0,ω = − 0.017μ4, m = 3.30μ, R = 2.5/μ

Aoki, S., Doi, T., Front. in Phys. 8, 307 (2020)
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Toy Model
Separable Potential
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U(r, r′ ) ≡ ων(r)ν(r′ ), ν(r) ≡ e−μrϕ0
k (r) =

eiδ0(k)

kr [sin{kr + δ0(k)} − sin δ0(k)e−μr (1 +
r (μ2 + k2)

2μ )]

❓

As a numerical example, we take , μ = 1.0 ω = − 0.017μ4, m = 3.30μ, R = 2.5/μ



August 2, LATTICE 2024, the University of Liverpool, UK /25Lingxiao Wang(王凌霄)

Warm-Up
Two parameters
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ϕ0
k (r) =

eiδ0(k)

kr [sin{kr + δ0(k)} − sin δ0(k)e−μr (1 +
r (μ2 + k2)

2μ )]

Uθ(r, r′ ) = ω exp(−θ1r)exp(−θ2r′ )

A practical set-up for training, 
, .k = [0.01,1.0], Nk = 20 r = R

minθℒ = ∑
k

[(Ek − H0) ϕk(r = R) − ∫ 4πdr′ r′ Uθ(R, r′ )ϕk(r′ )]
2
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ϕ0
k (r) =

eiδ0(k)

kr [sin{kr + δ0(k)} − sin δ0(k)e−μr (1 +
r (μ2 + k2)

2μ )]

A practical set-up for training, 
, 
.

k = [0.01,1.0], Nk = 10
r = [0.01,5R], Nr = 100

minθℒ = ∑
r

∑
k

[(Ek − H0) ϕk(r) − ∫ 4πd r′ r′ Uθ(r, r′ )ϕk(r′ )]
2

Uθ(r, r′ ) = ωfθ(r, r′ ), UNN(r, r′ ) ≡ fθ(r, r′ )

Symmetricly Sharing Parameters

Adding 

Physi
cs

!

Neural Network 
Non-Local Potential
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Symmetricly Sharing Parameters

minθℒ = ∑
r

∑
k

[(Ek − H0) ϕk(r) − ∫ 4πd r′ r′ Uθ(r, r′ )ϕk(r′ )]
2

Neural Network 
Non-Local Potential

Uθ(r, r′ ) = ωfθ(r, r′ ), UNN(r, r′ ) ≡ fθ(r, r′ )
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Neural Network 
Non-Local Potential: More Physics Priors
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Symmetricly Sharing Parameters

+ Asymptotic Behaviour as Regulator

lim
r>R,r′ >R

U(r, r′ ) → 0

minθℒ = ∑
r

∑
k

[(Ek − H0) ϕk(r) − ∫ 4πd r′ r′ Uθ(r, r′ )ϕk(r′ )]
2

Uθ(r, r′ ) = ωfθ(r, r′ ), UNN(r, r′ ) ≡ fθ(r, r′ )



August 2, LATTICE 2024, the University of Liverpool, UK /25Lingxiao Wang(王凌霄) 14

Symmetricly Sharing Parameters

+

Asymptotic Behaviour as Regulator

lim
r>R,r′ >R

U(r, r′ ) → 0

A practical set-up for training, , rj ∈ [4R, 5R], Nreg = 100 ℒreg =
Nreg

∑
i

Nreg

∑
j

(UNN(ri, rj) − 0)2

Neural Network 
Non-Local Potential: More Physics Priors

minθℒ = ∑
r

∑
k

[(Ek − H0) ϕk(r) − ∫ 4πd r′ r′ Uθ(r, r′ )ϕk(r′ )]
2

Uθ(r, r′ ) = ωfθ(r, r′ ), UNN(r, r′ ) ≡ fθ(r, r′ )
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Neural Network 
Non-Local Potential: More Physics Priors



In preparation within HAL QCD collaboration(Takumi Doi, Tetsuo Hatsuda, Yan Lyu)

Case study:  

ΩcccΩccc(1S0)



August 2, LATTICE 2024, the University of Liverpool, UK /25Lingxiao Wang(王凌霄)

Real World
Time-Dependent HAL QCD
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N. Ishii, etc., Phys. Lett. B 712, 437 (2012)

Normalized NN correlation function

“Time-Dependent” Schrödinger-like Equation

R(t, ⃗r ) ≡ CNN( ⃗r, t)/(e−mNt)2

{ 1
4mN

∂2

∂t2
−

∂
∂t

− H0} R(t, ⃗r ) = ∫ d3r′ U( ⃗r, ⃗r′ )R(t, ⃗r′ )

Alleviate the Ground State Saturation
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Neural Networks
Time-Dependent HAL QCD
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{ 1
4mN

∂2

∂t2
−

∂
∂t

− H0} R(t, ⃗r ) = ∫ d3r′ U( ⃗r, ⃗r′ )R(t, ⃗r′ )

minθℒ = ∑
t { 1

4mN
Rtt(t, r) − Rt(t, r) +

1
mN

Rr(t, r) − ∫ 4πr′ 
2dr′ Uθ(r, r′ )R(t, r′ )}

2

Maximize Likelihood Estimation

Rtt(t, r) ≡ ∂2
t R(t, r), Rt(t, r) ≡ ∂tR(t, r), Rr(t, r) ≡ ∇2R(t, r)
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Neural Networks
Time-Dependent HAL QCD
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minθℒ = ∑
t { 1

4mN
Rtt(t, r) − Rt(t, r) +

1
mN

Rr(t, r) − ∫ 4πr′ 
2dr′ Uθ(r, r′ )R(t, r′ )}

2

!! ", "′

"′ "

+

Residual of 
Schrödinger Eq.

BP

% &, "

Uθ(r, r′ ) ≡ g( f(r) + f(r′ )) θi+1 → θi +
∂ℒ

∂Uθ(r, r′ )
∂Uθ(r, r′ )

∂θ
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Neural Networks
Case study: ΩcccΩccc(1S0)
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Uθ(r > 3fm, r′ > 3fm) → 0

Asymptotic Behaviour as Regulator

R2 = Rt+1 − 2Rt + Rt−1, R1 = (Rt+1 − Rt−1)/2,Rr = ∇2 R(t, r)

ℒt = ∑
t { 1

4mN
R2(t, r) − R1(t, r) +

1
mN

Rr (t, r) − ∫ dr′ Uθ(r, r′ )R(t, r′ )}

∫ dr′ UNN(r, r′ )R(t, r′ ) ≈ ∑
r′ 

Δr′ Uθ(r, r′ )R(t, r′ )

ℒr =
rmax

∑
r=3fm

rmax

∑
r′ =3fm

Uθ(r, r′ )2

ℒ ≡ ℒt + λℒr

λ = 108
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Neural Networks
Case study: ΩcccΩccc(1S0)
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Vθ(r) ≡
∑r′ Δr′ Uθ(r, r′ )R(t, r′ )

R(t, r)

Localized NN Potential

After 2000 epochs

t=26
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Neural Networks
Case study: ΩcccΩccc(1S0)

22

First time!  
Non-local Potential!

Prel
im

inary
 Res

ults
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Phase Shifts
To be calculated…
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Y. Lyu, etc., Phys. Rev. Lett. 127, 072003 (2021)

( k2

mN
−

∇2

mN ) ψk(r) = ∫
∞

0
Uθ(r, r′ )ψk(r′ )r′ 2 dr′ 

continuous function

K. Murakami presents applications to Lambda(1405) 
@Lattice 2024, Aug 2, 2024, 12:55 PM

Non-local potential matters!
e.g., Separable Potential

https://conference.ippp.dur.ac.uk/event/1265/contributions/7506/
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Summary
Take-home messages

• k-independent and non-local 
potential! 

• Physics prior as regularization! 

24

Symmetricly Sharing Parameters

Asymptotic Behaviour as Regulator

lim
r>R,r′ >R

U(r, r′ ) → 0

+

!! ", "′

"′ "

+

Residual of 
Schrödinger Eq.

BP

% &, "

Prel
im

inary
 

Res
ults
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Outlook
Roadmap

• Rebuild Separable Potential 

• Neural Network Non-Local Potential ✔ 

• Exchange symmetry 

• Asympotoic behaviour 

• t-HAL QCD method 

• Omega-Omega(s-channel) ✔ 

• Non-local potential ✔ 

• Phase Shifts 💪  

• Next Steps 

• Full-t joint learning 

• More real cases 
(B-B, N-B, N-M, N-N, elastic scattering…)

25

Symmetricly Sharing Parameters

Asymptotic Behaviour as Regulator

lim
r>R,r′ >R

U(r, r′ ) → 0

+



Thank you!

Physics-Driven Deep Learning
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DEEP-IN
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in preparation 
 [Review]

Contact at lingxiao.wang@riken.jp

https://sites.google.com/view/deep-in-wg/homepage

mailto:lingxiao.wang@riken.jp
https://sites.google.com/view/deep-in-wg/homepage
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Backups
Scattering
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Space

Imaginary Time

x

y

𝒥†
1

𝒥†
2

⟨N1(x, t)N2(y, t)𝒥†
1(0)𝒥†

2(0)⟩

= ∑
n

⟨0 |N1(x)N2(y) |n⟩ane−Ent

⟶ ϕ(r, t) = ∑
n<n*

bnϕn(r)e−Entt > t*

N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007), 
S. Aoki, T. Hatsuda, and N. Ishii, Prog. Theor. Phys. 123, 89 (2010). 

N. Ishii, etc.(HAL QCD), Phys. Lett. B 712, 437 (2012)

(Ek − H0)ϕk(r) = ∫ d3 r′ U(r, r′ )ϕk(r′ ), r < R

LR

2 PI Kernelϕ(r, t) →

Consider the wave function at “interacting region” 
Phase shift, Binding energy⟶



August 2, LATTICE 2024, the University of Liverpool, UK /25Lingxiao Wang(王凌霄)

Toy Model-II
Yukawa Potential
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μ = 1,α = 2,m = 3.3μ

Local potential approximation will give a Schordinger equation, , 

where ,  

and  is the coupling(interaction) constant and  is the mass of the exchanged particle. 

(−
∇2

2m
+ V(r)) ψ (r) = Eψ (r)

V(r) = − α
e−μr

r
α μ
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Toy Model-II
Yukawa Potential
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VNN(r) ≡ fθ(r)

minθℒ = ∑
r

∑
k

[(Ek − H0) ϕk(r) − VNN(r)ϕk(r)]
2

A practical set-up for training, 
, 

.
k = [0,1,2,3]

r = [0.01,5μ], Nr = 2000


