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Our result

e Stochastic optimisation of a matrix has universal features
described by Random Matrix Theory.

 The stochasticity of the system scales as a/|Bj.

« : Step size  |B| : Batch size

.-+ Linear Scaling Rule [Goyal et al, arXiv:1706.02677]
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Stochastic Optimisation

Robbins - Monro algorithm

Imagine we have a stochastic variable x and a function
f(x) with an extremum at x = x*. We can find the value
x* by following iterative algorithm.

Xpp1 = X, — Qy ( E |f(0)] —f(x*)>

o0 o0
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Eg) Stochastic Gradient Descent
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Langevin Dynamics

Stochastic optimisation Langevin equation
d
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Stochastic optimisation can be described by Langevin dynamics.



Random Matrix Theory
Gaussian Orthogonal Ensemble

Imagine we have an ensemble of symmetric matrices,
where the elements are Gaussian random variables.

P <M-

lj> x e"7"M; invariantunder M’'= 07MO, 07O =1

Because of the symmetry, there is degeneracy in the
representation and it is convenient to choose eigenvalues
as the basis.

P(Mlj) = P(x)

s Jacobian




Properties of
Random Matrix eigenvalues

Some useful statistical properties of the eigenvalues
are known for these types of matrices.

Spectral density Level spacing
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Stochastic optimisation of Matrices
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At each time slice, matrix elements are randomly distributed!
=> Random Matrix Theory!



Dyson, J. Math. Phys. 3 (1962) 1191

Dynamics of eigenvalue

Dyson-Brownian motion

When a matrix is stochastically optimised,

dM ... 0F

i -
At - Kij + 8iillij> Kij — aMij

Change of variable introduces Jacobian (Vandermonde
determinant),

P (M) = P (xi) X H | x; —lee‘ff _ e—3+2i<j1°g<xi_xj>

)
i<j
Dynamics of eigenvalues can be derived.
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Stochastic Gradient Descent (SGD)

Stochastic Gradient Descent is one of the Stochastic
optimisation algorithms.

n

PED nip

Stochasticity is introduced from the finite batch size,
and its strength can be extracted using the CLT.
1, 0L
V [Ap] o g°, =V
pEA ‘ % ‘ I oM

n

Where g is a variance of the gradient.
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Langevin equation for SGD

Corresponding Langevin equation for stochastic
gradient descent can be written as,

x = x.+ alE.. _A _ Z + 2§;7
l l i |“=p i
B \%\]#lx—xj \/‘gg‘
MN

= K©D(y)
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Universal scaling factor

Stationary limit distribution
The distribution of the eigenvalues is obtained by

solving the Fokker-Planck equation.

, _
aP {x} t 20 (laggl gizaxi_Ki(ieff)) P({Xi}at)

Stationary limit solutlon' Coulomb gas distribution

dV(x)

_ >, Vilx)/of x) = — LA

{x} g\x x\e , Ku(xl) a i
and al.2=

Universal scaling .. Model-specific factor
(SGD) 12 (Loss function, architecture, etc.)
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Experiment KANTZTING)

1. Ensembles of the model are trained with different
values of @ and | % |.

2. Random matrix behaviour of the stochastic
optimisation is checked by comparing eigenvalue
distributions to Wigner surmise and semi-circle.
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3. Universal scaling factor is checked by observing
the scaling behaviour of Wigner surmise and semi-

circle according to different,values of @ and | % |.
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Scalar field RBM

Gaussian Restricted Boltzmann Machine

Information forwarding & retrieval ® RBM |S an energy_

>

based generative
model.
ha, a € (1, Np)
 Each layer is sampled
based on the energy
Visible  Hidden function.

p(p.h) = %e‘H(‘ﬁ’h) with an energy function H (¢,h) .
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Learning scalar field theory

RBM is trained to learn a distribution representing a
lattice scalar field theory.

el s . 27l
Target distribution eigenvalue: ;= m* + 2 — 2 cos <7
50 | | (‘.%?'()Cfllilloo()'(;);o —
_______ , .
RBM eigenvalue distribution: ]
D -
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Spectral density
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Eigenvalue distribution follows
the Wigner semi-circle.
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The width of the distribution
scales with the universal
scaling factor a/|B|.



Level spacing
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—  Wigner surmise 1

Mean level spacing
collapses into the universal
curve.
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Level spacing scales with
the universal scaling factor

a/|B|.
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Summary and Outlook

 The Linear Scaling Rule of the stochastic gradient descent

can be derived from the random matrix theory.

 Stochasticity of the model scales with the universal scaling

1.04
factor a/|B|. Loa)
JRTTI al —
e Training error (precision) is Toosr e
bounded below by the fluctuation. oo} ¢ 15 e
Co0 o002 0004 0.006 0.008

a/|B|

 Extending the experiment to the general neural network is

INn process.
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More nice plots
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