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Chiral symmetry breaking effects of Wilson fermions
Non-perturbative renormalisation & improvement
SymEFT sea fermion action (on-shell)

Lsymp = VPP + pMyp + p Te[M]
+a"/;|:o—()'auuFuu+ M2+ TI'[M}M—{-
+0(a?)

- Tr[M?] +
Complicated renormalisation and improvement pattern:

different renorm. for flavour singlet and non-singlet components of M
= finite renormalisation p at O(1)
+1 mass-independent counterterm (o¢ ~ Csw)

counterterms (01,2,3.4)

6 EFT parameters to achieve O(a)-improvement of massive fermion action

Effective mass-improvement of heavy valence Wilson quarks
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Chiral symmetry breaking effects of Wilson fermions
Non-perturbative renormalisation & improvement
SymEFT sea fermion action (on-shell)

Lsymp = VPP + pMyp + p Te[M]
+a"/;|:o—()'0uVFuy+ M2+ TI'[M}M—{-
+0(a?)

- Tr[M?] +
Complicated renormalisation and improvement pattern:

different renorm. for flavour singlet and non-singlet components of M
= finite renormalisation p at O(1)
+1 mass-independent counterterm (o¢ ~ Csw)

counterterms (01,2,3.4)

[

Effective mass-improvement of heavy valence Wilson quarks

6 EFT parameters to achieve O(a)-improvement of massive fermion action

Let’s focus on valence sector at M = 0.
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Chiral symmetry breaking effects of Wilson fermions
Non-perturbative renormalisation & improvement
SymEFT valence fermion action (on-shell)
LSym,val = 7;11 [JZ) + ao'Oo'w/F,uy]quv

+ Py - mq[l + bmamg)
+ 0(a?)

bare subtracted valence quark mass: mq = mg — Me;
Only 1 improvement coefficient by,

b non-perturbatively determinable

where mey = Mo sea, Mo = 1/(25) — 4
= O(a)-improved mass mq = mq[1 + bamg]
/¢ = 0: [hep-1at/0009021], Ny = 2: [1004.3978], Ny = 3: [1906.03445], ...
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Chiral symmetry breaking effects of Wilson fermions )

Non-perturbative renormalisation & improvement

SymEFT valence fermion action (on-shell)

LSym,val = 77[;11 [JZ) + aUOU;/,VFuy]d}U

+ ythy - Mgl + bnamg + a(amq)? + &3(amy)? + Ea(amy)* + .. ]
+ 0(a?)

Basis operator 1,1, reappears at higher orders in a!

single relevant operator for quark mass = 1hq = Mg[l + bmamqg + &a(amg)® + &(amq)® + .. ]
(mass improvement of valence quark propagator)

Theory & SymEFT parameters &; € {bm, &2, &3, &, - . .} defined using massless scheme.
This is a (convenient) choice!
Order by order determination in amq
Efficiency depends on value of amg.
Heavy quarks require 0.1 < amq < 0.5 = higher orders important!

Non-pert. determination of b,,, contaminated by higher orders until amq — 0 (;ambiguities*)
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Chiral symmetry breaking effects of Wilson fermions )

b
Non-perturbative renormalisation & improvement
SymEFT valence fermion action (on-shell)

LSym,val = 77[;1] [m =+ aUOU“VFW]d;U
+ Pyt - ML + by (amg)amyg]
+ 0(a?)

Let’s turn interpretation around and define

b (amq) = b (0) + &2(amq) + Eg(amq)2 + 54(amq)3 + ...

Provides a massive valence scheme!

Determining by, (amy) at relevant amq cancels higher orders too.
No need to determine &9, €3, &y,

Requires direct method

(no fitting)
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THE
PROCEDURE
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Axial ward identity

Well-established method in new shape

match renormalised & improved subtracted and current quark masses
subtracted quark mass (flavour %)

mi,R(M) = Zm(u) [1 + bmamq,i] Mg, + O(GQ)

current quark mass (flavour i, 7)

5[mir (1) +mir(p)]
B Zxn 1+0ba aMy,ij
mij (1) = Zp(p) 14 bp amg 4j

m4; + O(GQ) s

mij,R(H)

ZIII Z
my; =2 {mqyij + abmé(mf1 , + mid) —a(bs — bp)mf{)ij} + O(a2) , Z= w

Za
=
Effective mass-improvement of heavy valence Wilson quarks

3 unknowns 7, by, bap = ba — bp

1
3masses 0 =11, Mgz (free), mqsz = 5(mq,1 +mqz2)
Liverpool, Lattice 2024
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Axial ward identity

Well-established method in new shape

Calculate estimators

b (95, a)

2 (mag — ma3)

(mag — mq1) aAA
bap(g5, ald)

2my2 — M1 — Ma2

(g5, al)

(mgg — m11) G,A
ma2
where

mii1
2A

(bap (g5, alr)

b (go,aA)) (ami1 + amas)
amiz(al) = amy; + NiaA + Na(al)
aA) =

amaz(aA) = amiy + 2N1aA + Dy (2aA)

Effective mass-improvement of heavy valence Wilson quarks

+ N,(aA)™,
-+ Dp(2aA)
to smoothly represent PCAC quark masses and estimators in terms of single param A=

Liverpool, Lattice 2024
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Axial ward ide

045 vy :
L . mar e »
Well-established method o4 flmm e ]
[ om2 e o :
Calculate estimators 035 | e ]
03 [ o E
0.25 | yd E
2 — o L / 7]
brn(g()7 CI,A) - 02 F // ) P 3
0.15 | S/ e B
[ # o -~ ]
2 — E / - 3
bar(gp,al) = e S 1
0.05 - ]
2 — 0
Z(907 CI,A) = 4
—0.05 ] 1 1 1 1 1
0 01 02 03 04 05
where al

amia(aA) = amyy + NiaA+ Ny(aA)? +---+ N,(aA)"
amaz(aA) = amqy + 2N1aA + D2(2GA)2 + - 4 Dp(2aA)"

to smoothly represent PCAC quark masses and estimators in terms of single param A= %(T”q_g —Mg1)-
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SF simulations in Ly ~ 0.25fm and L; = 2L &

Light-quark line of constant physics (sea quark sector): géF(,uo) = 3.949, Lomi1 =0

LCP tuning very accurate, Za, Zp known to high precision

Lo
a

= < y Tn]S
B 1 Ger(Lo)  Lomn Zag)  Zelggia/Lo) New 3

12 43030 0.1359947 3.9461(43) —0.00024(33) 0.831798(50) 0.57835(32) 9669 &
16 4.4662 0.1355085 3.0475(58) +0.00043(30) 0.838819(53) 0.56072(45) 5887 10
20 4.6017 0.1352848 3.0493(63) -+0.00100(20) 0.844883(25) 0.56502(53) 8478 10
24 47165 0.1350181 3.9492(62) +0.00012(17) 0.849695(26) 0.56002(48) 7303 16
32 4.0000 0.1345991 3.9490(97) +0.00562(15) 0.857020(22) 0.55300(70) 5014 20

0.0078 < a/fm < 0.0208 = sufficiently fine for relativistic charm & bottom

Effective mass-improvement of heavy valence Wilson quarks Liverpool, Lattice 2024 =



) 0 g £
SF simulations in Ly ~ 0.25fm and L; = 2L, &
Light-quark line of constant physics (sea quark sector): géF(,uo) = 3.949, Lomi1 =0
LCP tuning very accurate, Za, Zp known to high precision

& o) K1 gé(Lo) Lomy Za(g2) Zp(gd,a/Ly) N, Tins

p 9GF Ald% 500 '8 MD

12 4.3030 0.1359947 3.9461(43) —0.00024(33) 0.831798(50) 0.57835(32) 9669 8

16 4.4662 0.1355985 3.9475(58) +0.00043(30) 0.838819(53) 0.56972(45) 5887 10

20 4.6017 0.1352848 3.9493(63) +0.00100(20) 0.844883(25) 0.56502(53) 8478 10

24 47165 0.1350181 3.9492(62) -+0.00012(17) 0.849695(26) 0.56002(48) 7303 16

32 4.9000 0.1345991 3.9490(97) +0.00562(15) 0.857020(22) 0.55390(70) 5014 20
0.0078 < a/fm < 0.0208 = sufficiently fine for relativistic charm & bottom

Heavy LCP (fix dimensionless RGI quark mass of heavy valence flavour)

(98) Z( 2

2n = Lh(p)mnr(p), mnr(p) = lim 98, aAn) {1+ b (g5,

a—0 ZP (907 aﬂ)
— Pure theory relationship, no input from spectrum yet!
— Ay, fixes scheme: (massless), or (massive) from

Effective mass-improvement of heavy valence Wilson quarks Liverpool, Lattice 2024 =
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Bare mass parameters (massless vs massive scheme) &

Zc b 22z
¥ ¥

F : : : : : :
0.7 M Lo/fa=12 —-— -
[ Lo/a=16 —-- 1
[ Lo/a =20 ]
0.6 [ Lojfa=24 — — N
[ Lo/a=32 A 1
= Ve 4
0.5 - s N
r e 1
= Ve 4
E r s - ]
¥ 03 - =8 ]
. [~ 7 . -
[ v /'/ ]
[ z Z = ]
0.2 - P /./ - .
[ z L~ — i
[ -7 .~ - 1
0.1[ PRt ]
L R ]
L L= ]
Qe ]

0 5 10 15 20

2n = LoMy

it
©
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Test |, current quark masses (in L) &

PCAC relation & bap

Za
2
mij R (1) = Zo (1) (1+ amq,ij) - Mij Z(hs) = 22n; — 255 = 2n + O(a”) ,
massless valence scheme massive valence scheme

mw ——— 14—
[ 2w A ® [ Zom F=d ]
1.12 + Zuy — 1.12 - Zwy Fed —
L] zmy ] L] 2my ]
11 } Zoy e { 1.1 } Zuy {
1.08 [ < 1.08 [ ]
& L =18 L ]
~ [ A~ [ ]
= 1.06 ="+ =106 + -
° [ = = 1 r = ]
1.04 | e 3 104 F -
B = 1 B PRt ]
1.02 [ = 1 102 L L ]
[ el ] [ il ]
[ & ] [ o= 1
1 = 2 = 2 fixed 1 — 2 = 2 fixed
SRR I SRR R R B S SR SR B L]

0 0.002 0.004 0.006 0 0.002 0.004 0.006

(a/Lo)? (a/Lo)?
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Test Il, effective masses (in L, = 2L)

a/fm = 0.008

Bottomium system 26 ‘-‘N‘r‘]b-‘me;o‘n‘ 7

I = LiTh! (massless) ]

massless scheme 055 | bei LiR! (massive) 1
significant O(a™2?2) effects :
10% effect at coarsest a/L I
2-pt linear extrapolation v 25 L
other extrapolations fail X I
massive scheme i
pure O(a?) scaling observed 2451
0.6% effect at coarsest a/L r
a?-effects significantly reduced o i

25 00005 0.001 0.0015 0002
(a/L1)?

Effective mass-improvement of heavy valence Wilson quarks Liverpool, Lattice 2024

heavy-heavy (bottom-like) systems (z, = 8.7, Ly = 0.5 fm)

26

23.5

<@
Bread
a/fm = 0.021
¥
]
b LiTEP (massless) q
Fv4 LiIB® (massive) E
IR IR SN R
0 0.0005 0.001  0.0015 0.002
(a/L1)?
= = = 12



Test Ill, effective masses (in L1 = 2L) &

Wi —000s  heavy-light (bottom-like) systems (z, = 8.7, Ly = 0.5 fm)

a/fm = 0.021

(%) 15 — e e e 15— e
B system f f f f

F LiTh! (massless) q r L1T2 (massless) q
massless scheme r Ly T (massive) 1 r LyTY! (massive) h
oo 14.5 - 14.5 + A
significant O (a™=7) effects H A r /1
i/ 7
L /] L /]
9% effect at coarsest a/L L /A L /o
L / L , ]
3-pt linear extrapolation v 14+ S 14 P B
L ] L , ]
other extrapolations fail X L /// i 5 J 4
massive scheme [ / ) I / ]
vz T B L
pure O(a?) scaling observed 1351 ST 13.5 - ]
a?-effects significantly reduced r ‘ ‘ 1 e i - 1
1BE~o s . 13 .
12‘57\\\\\\\\\\\\\\\\\\\\7 12‘57\\\\\\\\\\\\\\\\\\\\7
0 0.0005 0.001 0.0015 0.002 0 0.0005 0.001  0.0015 0.002

(a/Ly)? (a/iLl)2

it
=
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Test IV, effective masses (in L1 = 2L)

B(*) system

massless scheme
significant O(a™2?2) effects
7% effect at coarsest a/L

2-pt linear extrapolation v

other extrapolations fail X
massive scheme

pure O(a?) scaling observed

a?-effects significantly reduced

Effective mass-improvement of heavy valence Wilson quarks

17.5

17

16

15.5

15

a/fm

‘\\*\\\\\\\\\\‘\\\\

= LiTRS (massless)
o4 LIRS (massive)

0 0.0005  0.001
(a/Ly)?
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0.0015  0.002

oo0s  bottom-charm-like systems (z, = 8.7, z. = 1.9, L1 = 0.5fm)

17.5

17

16

15

a/fm = 0.021

T T T T L L B \+ T
~ B-meson 7

a4 LiTRC (massless) q
Fv4  LiI'2° (massive) q

0 0.0005  0.001

0.0015 0,002
(a/L1)?



Test V, mass-splittings (in L; = 2L)

i _qeff eff
v/ps — Mvv — Mpp

for flavour combinations

ij € {cc,bb, bc, bl}

massless vs massive scheme

no problematic extrapolations in
general

cont. limits agree very well

reduced cutoff effects for massive
case

Effective mass-improvement of heavy valence Wilson quarks

0.35

0.3

0.2

0.15

0.1

a/fm

0.008

)

4 LiT{S (massless)

L1T{% (massive)
LiTPhs (
(

L.Tbb

V/PS

massless)

it

massive)

\\I‘}‘Q&\\:\ﬂ} 1
T P I B
0 0.0005 0.001 0.0015 0.002

(a/L1)?
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mass-splittings (21, = 8.7, 2c = 1.9, L; = 0.5 fm)

0.35

0.3

0.2

a/fm

0.021

LiTPg (massless)
LlFP},PS (massive)
LiTBS%, (massless)
LiTP5, (massive)

T
il

0 0.0005 0.0l 0.0015
(a/Ly)?

0,002



Test VI, vector renormalisation factor

Zy = h 1.3
fv(@o) leo=1/2 I
. — 1.2 |-
flavour-diagonal determination L
Zv (0): massless scheme 11 [
Zy/(%c) : massive charm scheme r
Zv (zp) : massive bottom scheme N> 1 r
0.9
0.8

,_.
L
Qo
]

S

A vy Py by b

o
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Test VI, vector renormalisation factor

fi

Z =]
V'™ v (@o) lzo=1y2

flavour-diagonal determination

Zv(0): massless scheme
Zy/(%c) : massive charm scheme

Zv (zp) : massive bottom scheme

a—0

check Zv(Z},)/Z\/(O) — 1

fit ansatz: co + c1(a/L) + c2(a/L)?

—0

Zv(2e) ) Zv (0) == 0.9984(2)

a—0

Zv (2)/Zv (0) 2225 1.0029(23)

Effective mass-improvement of heavy valence Wilson quarks

—
w
LA I L L B L L L

Zv(ze) ) Zv(0) e
1+ bv(0)amq,c

Zv(z)/Zv(0) e
1+ bv(0)amg, - )
Zy(20,0)/Zv(0) F

\\*

|||||E"‘|||||||||4‘:|||||||||\‘||

0
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Conclusions

Massive improvement of valence Wilson quarks

Renormalisation & improvement problem solved for heavy valence Wilson quarks.
Improve the quark (fermion action) at the physical mass value, not in chiral limit!

Employed method provides good separation of by (aA) and bap (aA).
Cancels dominant mass-dependent cutoff effects.
Gives excellent O(a?) scaling behaviour.

ba — bp approximation limits applicability range.
ToDo:

Better understanding of limitations (coarse lattice spacing, ...).
Extend procedure to heavy valence quarks on Mgea 7 O.

Extend procedure to heavy sea quarks.
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