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Space-time symmetry breaking on the lattice

see e.g. D. Alvestad, A.R., D. Sexty PRD 109 (2024) 3, L031502
Machine Learning for Lattice QFT Energy Momentum Tensor
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vs.

see e.g. H. Suzuki PoS LATTICE2016 (2017) 002 
and references therein

T=0 hadron spectroscopy
see e.g. HadSpec Collaboration JHEP 07 (2021) 123

T>0 Spectral Functions
see e.g. R. Larsen, A.R. & HotQCD, PRD 
109 (2024) 7, 074504
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Outline

Motivation – Space-time symmetry breaking on the lattice

Summation-by-parts finite difference discretization

Classical scalar wave propagation in (1+1)d  as proof-of-principle

Summary

From the world-line formalism to a new action for classical fields (SCL) 
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Worldline Formalism in GR

Relativistic point particle motion: ”shortest path in given space-time” = geodesic

x(ti)

x(tf)

t
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Worldline Formalism in GR

Relativistic point particle motion: ”shortest path in given space-time” = geodesic

x(ti)

x(tf)

t

Equal treatment of space & time as dynamic coordinate maps: 
from trajectory to world line [both t(ɣ) and x(ɣ) evolve dynamically]
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Worldline Formalism in GR

Relativistic point particle motion: ”shortest path in given space-time” = geodesic

Equal treatment of space & time as dynamic coordinate maps: 
from trajectory to world line [both t(ɣ) and x(ɣ) evolve dynamically]
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Worldline Formalism in GR

Relativistic point particle motion: ”shortest path in given space-time” = geodesic

Equal treatment of space & time as dynamic coordinate maps: 
from trajectory to world line [both t(ɣ) and x(ɣ) evolve dynamically]
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(t(�f ), x(�f ))

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

<latexit sha1_base64="5EQnho31Z9LEGUDNsf7e5vKcPIo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJPtpl26uwm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqCG2RmMeqE6KmnEnaMsxw2kkURRFy2g7Ht7nffqJKs1g+mElCA4FDySJG0Fip3RuiEFjpV2te3ZvBXSZ+QWpQoNmvfvUGMUkFlYZw1Lrre4kJMlSGEU6nlV6qaYJkjEPatVSioDrIZudO3ROrDNwoVrakcWfq74kMhdYTEdpOgWakF71c/M/rpia6DjImk9RQSeaLopS7Jnbz390BU5QYPrEEiWL2VpeMUCExNqE8BH/x5WXyeFb3L+sX9+e1xk0RRxmO4BhOwYcraMAdNKEFBMbwDK/w5iTOi/PufMxbS04xcwh/4Hz+AMCgjzM=</latexit>�

1d submanifold via 
abstract parameter ɣ

<latexit sha1_base64="27Mhx9KsqzlUJqOk8JvioTqDg3g=">AAACLnicZVBLS0JBFJ7pafbSolWbSxIYiNwbYW0CqU1Lg3yAmswdRx2cuXOZOVeSiz+mbW36NUGLaNvPaK66SD0wnO98852nHwpuwHW/8Nr6xubWdmonvbu3f3CYyR7VjIo0ZVWqhNINnxgmeMCqwEGwRqgZkb5gdX94n/zXR0wbroInGIesLUk/4D1OCViqkzlpPLdkdJuHQmvEaPwyuUjiTibnFt2pOavAm4Mcmlulk8W41VU0kiwAKogxTc8NoR0TDZwKNkm3IsNCQoekz5oWBkQy046n80+cc8t0nZ7S9gXgTNnFDOjdtGMehBGwgM4SepFwQDnJUk6Xa0ZBjC0gVHPb06EDogkFu/r/SjGRxoylX7BeEhgkPulpEgADuTBonChAKWEWaX9J1p2WmNijecsnWgW1y6JXKpYer3Llu/n5UugUnaE88tA1KqMHVEFVRFGMXtEbescf+BN/45+ZdA3Pc47RguHfP5MQqUI=</latexit>

Xµ = (t, ~x)µ

<latexit sha1_base64="9US5J63NaOeN1uafIwXmsT7ta7Y="></latexit>
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Worldline Formalism in GR

Relativistic point particle motion: ”shortest path in given space-time” = geodesic

Equal treatment of space & time as dynamic coordinate maps: 
from trajectory to world line [both t(ɣ) and x(ɣ) evolve dynamically]

<latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

<latexit sha1_base64="5EQnho31Z9LEGUDNsf7e5vKcPIo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJPtpl26uwm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqCG2RmMeqE6KmnEnaMsxw2kkURRFy2g7Ht7nffqJKs1g+mElCA4FDySJG0Fip3RuiEFjpV2te3ZvBXSZ+QWpQoNmvfvUGMUkFlYZw1Lrre4kJMlSGEU6nlV6qaYJkjEPatVSioDrIZudO3ROrDNwoVrakcWfq74kMhdYTEdpOgWakF71c/M/rpia6DjImk9RQSeaLopS7Jnbz390BU5QYPrEEiWL2VpeMUCExNqE8BH/x5WXyeFb3L+sX9+e1xk0RRxmO4BhOwYcraMAdNKEFBMbwDK/w5iTOi/PufMxbS04xcwh/4Hz+AMCgjzM=</latexit>�

1d submanifold via 
abstract parameter ɣ

<latexit sha1_base64="27Mhx9KsqzlUJqOk8JvioTqDg3g=">AAACLnicZVBLS0JBFJ7pafbSolWbSxIYiNwbYW0CqU1Lg3yAmswdRx2cuXOZOVeSiz+mbW36NUGLaNvPaK66SD0wnO98852nHwpuwHW/8Nr6xubWdmonvbu3f3CYyR7VjIo0ZVWqhNINnxgmeMCqwEGwRqgZkb5gdX94n/zXR0wbroInGIesLUk/4D1OCViqkzlpPLdkdJuHQmvEaPwyuUjiTibnFt2pOavAm4Mcmlulk8W41VU0kiwAKogxTc8NoR0TDZwKNkm3IsNCQoekz5oWBkQy046n80+cc8t0nZ7S9gXgTNnFDOjdtGMehBGwgM4SepFwQDnJUk6Xa0ZBjC0gVHPb06EDogkFu/r/SjGRxoylX7BeEhgkPulpEgADuTBonChAKWEWaX9J1p2WmNijecsnWgW1y6JXKpYer3Llu/n5UugUnaE88tA1KqMHVEFVRFGMXtEbescf+BN/45+ZdA3Pc47RguHfP5MQqUI=</latexit>

Xµ = (t, ~x)µ

<latexit sha1_base64="9US5J63NaOeN1uafIwXmsT7ta7Y="></latexit>
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Worldline Formalism in GR

Relativistic point particle motion: ”shortest path in given space-time” = geodesic

Equal treatment of space & time as dynamic coordinate maps: 
from trajectory to world line [both t(ɣ) and x(ɣ) evolve dynamically]

<latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

<latexit sha1_base64="5EQnho31Z9LEGUDNsf7e5vKcPIo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJPtpl26uwm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqCG2RmMeqE6KmnEnaMsxw2kkURRFy2g7Ht7nffqJKs1g+mElCA4FDySJG0Fip3RuiEFjpV2te3ZvBXSZ+QWpQoNmvfvUGMUkFlYZw1Lrre4kJMlSGEU6nlV6qaYJkjEPatVSioDrIZudO3ROrDNwoVrakcWfq74kMhdYTEdpOgWakF71c/M/rpia6DjImk9RQSeaLopS7Jnbz390BU5QYPrEEiWL2VpeMUCExNqE8BH/x5WXyeFb3L+sX9+e1xk0RRxmO4BhOwYcraMAdNKEFBMbwDK/w5iTOi/PufMxbS04xcwh/4Hz+AMCgjzM=</latexit>�

1d submanifold via 
abstract parameter ɣ

mc denotes scale where motion through space and time becomes inseparable

<latexit sha1_base64="27Mhx9KsqzlUJqOk8JvioTqDg3g=">AAACLnicZVBLS0JBFJ7pafbSolWbSxIYiNwbYW0CqU1Lg3yAmswdRx2cuXOZOVeSiz+mbW36NUGLaNvPaK66SD0wnO98852nHwpuwHW/8Nr6xubWdmonvbu3f3CYyR7VjIo0ZVWqhNINnxgmeMCqwEGwRqgZkb5gdX94n/zXR0wbroInGIesLUk/4D1OCViqkzlpPLdkdJuHQmvEaPwyuUjiTibnFt2pOavAm4Mcmlulk8W41VU0kiwAKogxTc8NoR0TDZwKNkm3IsNCQoekz5oWBkQy046n80+cc8t0nZ7S9gXgTNnFDOjdtGMehBGwgM4SepFwQDnJUk6Xa0ZBjC0gVHPb06EDogkFu/r/SjGRxoylX7BeEhgkPulpEgADuTBonChAKWEWaX9J1p2WmNijecsnWgW1y6JXKpYer3Llu/n5UugUnaE88tA1KqMHVEFVRFGMXtEbescf+BN/45+ZdA3Pc47RguHfP5MQqUI=</latexit>

Xµ = (t, ~x)µ

<latexit sha1_base64="9US5J63NaOeN1uafIwXmsT7ta7Y="></latexit>

Snr =
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Advantages of the worldline formalism

Discretizing the action in ɣ leaves space-time coordinates                      continuous 

<latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

<latexit sha1_base64="1sqm7cGQg4vubA9niSpu6CqvEzE=">AAACJHicZVDLSgMxFE181nerSzfBIriQMiO+lkVduKxgtdAOcidN22AyGZM7Qhn6HW5149e4Exdu/BYztQurB8I9nJz7jFMlHQbBJ52ZnZtfWCwtLa+srq1vlCubN85klosmN8rYVgxOKJmIJkpUopVaATpW4ja+Py/+bx+FddIk1zhMRaShn8ie5IBeijoXQiGwTh+0hrtyNagFY7D/JJyQKpmgcVehtNM1PNMiQa7AuXYYpBjlYFFyJUbLncyJFPg99EXb0wS0cFE+nnrEdr3SZT1j/UuQjdXpDOydRrlM0gxFwn8SepliaFixCutKKziqoSfArfQ9GR+ABY5+4d+VctDODXW876MGHBSx6OkKggM9NWheONAY5abl+I+tOy4x8kcL/57oP7k5qIXHtaOrw2r9bHK+EtkmO2SPhOSE1MklaZAm4eSBPJFn8kJf6Rt9px8/1hk6ydkiU6Bf35nppb0=</latexit>

��

<latexit sha1_base64="27Mhx9KsqzlUJqOk8JvioTqDg3g=">AAACLnicZVBLS0JBFJ7pafbSolWbSxIYiNwbYW0CqU1Lg3yAmswdRx2cuXOZOVeSiz+mbW36NUGLaNvPaK66SD0wnO98852nHwpuwHW/8Nr6xubWdmonvbu3f3CYyR7VjIo0ZVWqhNINnxgmeMCqwEGwRqgZkb5gdX94n/zXR0wbroInGIesLUk/4D1OCViqkzlpPLdkdJuHQmvEaPwyuUjiTibnFt2pOavAm4Mcmlulk8W41VU0kiwAKogxTc8NoR0TDZwKNkm3IsNCQoekz5oWBkQy046n80+cc8t0nZ7S9gXgTNnFDOjdtGMehBGwgM4SepFwQDnJUk6Xa0ZBjC0gVHPb06EDogkFu/r/SjGRxoylX7BeEhgkPulpEgADuTBonChAKWEWaX9J1p2WmNijecsnWgW1y6JXKpYer3Llu/n5UugUnaE88tA1KqMHVEFVRFGMXtEbescf+BN/45+ZdA3Pc47RguHfP5MQqUI=</latexit>

Xµ = (t, ~x)µ
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Advantages of the worldline formalism

Discretizing the action in ɣ leaves space-time coordinates                      continuous 

<latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

<latexit sha1_base64="1sqm7cGQg4vubA9niSpu6CqvEzE=">AAACJHicZVDLSgMxFE181nerSzfBIriQMiO+lkVduKxgtdAOcidN22AyGZM7Qhn6HW5149e4Exdu/BYztQurB8I9nJz7jFMlHQbBJ52ZnZtfWCwtLa+srq1vlCubN85klosmN8rYVgxOKJmIJkpUopVaATpW4ja+Py/+bx+FddIk1zhMRaShn8ie5IBeijoXQiGwTh+0hrtyNagFY7D/JJyQKpmgcVehtNM1PNMiQa7AuXYYpBjlYFFyJUbLncyJFPg99EXb0wS0cFE+nnrEdr3SZT1j/UuQjdXpDOydRrlM0gxFwn8SepliaFixCutKKziqoSfArfQ9GR+ABY5+4d+VctDODXW876MGHBSx6OkKggM9NWheONAY5abl+I+tOy4x8kcL/57oP7k5qIXHtaOrw2r9bHK+EtkmO2SPhOSE1MklaZAm4eSBPJFn8kJf6Rt9px8/1hk6ydkiU6Bf35nppb0=</latexit>

��

Discretized world-line action invariant under infinitesimal coordinate transforms:
Noether’s theorem holds! (for a detailed study of point mechanics see

A.R., J. Nordström, J.Comput.Phys. 498 (2024) 112652)

<latexit sha1_base64="27Mhx9KsqzlUJqOk8JvioTqDg3g=">AAACLnicZVBLS0JBFJ7pafbSolWbSxIYiNwbYW0CqU1Lg3yAmswdRx2cuXOZOVeSiz+mbW36NUGLaNvPaK66SD0wnO98852nHwpuwHW/8Nr6xubWdmonvbu3f3CYyR7VjIo0ZVWqhNINnxgmeMCqwEGwRqgZkb5gdX94n/zXR0wbroInGIesLUk/4D1OCViqkzlpPLdkdJuHQmvEaPwyuUjiTibnFt2pOavAm4Mcmlulk8W41VU0kiwAKogxTc8NoR0TDZwKNkm3IsNCQoekz5oWBkQy046n80+cc8t0nZ7S9gXgTNnFDOjdtGMehBGwgM4SepFwQDnJUk6Xa0ZBjC0gVHPb06EDogkFu/r/SjGRxoylX7BeEhgkPulpEgADuTBonChAKWEWaX9J1p2WmNijecsnWgW1y6JXKpYer3Llu/n5UugUnaE88tA1KqMHVEFVRFGMXtEbescf+BN/45+ZdA3Pc47RguHfP5MQqUI=</latexit>

Xµ = (t, ~x)µ
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Advantages of the worldline formalism

Discretizing the action in ɣ leaves space-time coordinates                      continuous 

<latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

<latexit sha1_base64="1sqm7cGQg4vubA9niSpu6CqvEzE=">AAACJHicZVDLSgMxFE181nerSzfBIriQMiO+lkVduKxgtdAOcidN22AyGZM7Qhn6HW5149e4Exdu/BYztQurB8I9nJz7jFMlHQbBJ52ZnZtfWCwtLa+srq1vlCubN85klosmN8rYVgxOKJmIJkpUopVaATpW4ja+Py/+bx+FddIk1zhMRaShn8ie5IBeijoXQiGwTh+0hrtyNagFY7D/JJyQKpmgcVehtNM1PNMiQa7AuXYYpBjlYFFyJUbLncyJFPg99EXb0wS0cFE+nnrEdr3SZT1j/UuQjdXpDOydRrlM0gxFwn8SepliaFixCutKKziqoSfArfQ9GR+ABY5+4d+VctDODXW876MGHBSx6OkKggM9NWheONAY5abl+I+tOy4x8kcL/57oP7k5qIXHtaOrw2r9bHK+EtkmO2SPhOSE1MklaZAm4eSBPJFn8kJf6Rt9px8/1hk6ydkiU6Bf35nppb0=</latexit>

��

Discretized world-line action invariant under infinitesimal coordinate transforms:
Noether’s theorem holds! (for a detailed study of point mechanics see

A.R., J. Nordström, J.Comput.Phys. 498 (2024) 112652)

<latexit sha1_base64="27Mhx9KsqzlUJqOk8JvioTqDg3g=">AAACLnicZVBLS0JBFJ7pafbSolWbSxIYiNwbYW0CqU1Lg3yAmswdRx2cuXOZOVeSiz+mbW36NUGLaNvPaK66SD0wnO98852nHwpuwHW/8Nr6xubWdmonvbu3f3CYyR7VjIo0ZVWqhNINnxgmeMCqwEGwRqgZkb5gdX94n/zXR0wbroInGIesLUk/4D1OCViqkzlpPLdkdJuHQmvEaPwyuUjiTibnFt2pOavAm4Mcmlulk8W41VU0kiwAKogxTc8NoR0TDZwKNkm3IsNCQoekz5oWBkQy046n80+cc8t0nZ7S9gXgTNnFDOjdtGMehBGwgM4SepFwQDnJUk6Xa0ZBjC0gVHPb06EDogkFu/r/SjGRxoylX7BeEhgkPulpEgADuTBonChAKWEWaX9J1p2WmNijecsnWgW1y6JXKpYer3Llu/n5UugUnaE88tA1KqMHVEFVRFGMXtEbescf+BN/45+ZdA3Pc47RguHfP5MQqUI=</latexit>

Xµ = (t, ~x)µ
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Discretized world-line action invariant under infinitesimal coordinate transforms:
Noether’s theorem holds! (for a detailed study of point mechanics see

A.R., J. Nordström, J.Comput.Phys. 498 (2024) 112652)
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A Field Theory Counterpart?

Conventional
field theory
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A Field Theory Counterpart?

Conventional
field theory

Spacetime
symmetries
broken by
Δt and Δx 
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A Field Theory Counterpart?

Conventional
field theory

Field theory with
dynamic coordinate
maps

Spacetime
symmetries
broken by
Δt and Δx 
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A Field Theory Counterpart?

Conventional
field theory

Field theory with
dynamic coordinate
maps

Spacetime
symmetries
broken by
Δt and Δx 

Spacetime
symmetries

unaffected by
Δτ and Δσ? 
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A Field Theory Counterpart?

Conventional
field theory

Field theory with
dynamic coordinate
maps

Spacetime
symmetries
broken by
Δt and Δx 

Spacetime
symmetries

unaffected by
Δτ and Δσ? 

YES!
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A world ”volume” action for fields?

Starting point is the standard reparameterization invariant action
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A world ”volume” action for fields?

Starting point is the standard reparameterization invariant action

Are we perhaps overlooking a constant term, just as in the non-relativistic action?
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A world ”volume” action for fields?

Starting point is the standard reparameterization invariant action

Are we perhaps overlooking a constant term, just as in the non-relativistic action?

Consider as low energy limit of another more general action ( κ = action density/T )
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A world ”volume” action for fields?

Starting point is the standard reparameterization invariant action

Are we perhaps overlooking a constant term, just as in the non-relativistic action?

Consider as low energy limit of another more general action ( κ = action density/T )
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A world ”volume” action for fields?

Starting point is the standard reparameterization invariant action

Are we perhaps overlooking a constant term, just as in the non-relativistic action?

Consider as low energy limit of another more general action ( κ = action density/T )
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<latexit sha1_base64="sAtOUP4tN1ORnW2P2RwVb4f9j5U=">AAACJXicZVDLSgMxFE3qq9ZXq0s3g0WoIGVGpLosunFZwT6grSWTpm1oMhmSO0IZ+h9udePXuBPBlb9iZjoL2x4I93ByH+dePxTcgOv+4NzG5tb2Tn63sLd/cHhULB23jIo0ZU2qhNIdnxgmeMCawEGwTqgZkb5gbX96n/y3X5g2XAVPMAtZX5JxwEecErDSM/RAOVDpjYmU5GJQLLtVN4WzTryMlFGGxqCEcW+oaCRZAFQQY7qeG0I/Jho4FWxe6EWGhYROyZh1LQ2IZKYfp7bnzrlVhs5IafsCcFJ1uQJGt/2YB2EELKCLglEknMSz3cUZcs0oiJklhGpuZzp0QjShYDf+3ykm0piZ9C9tlAQmSUxmmoTARC4ZjZMMUEqYZdlfSRumLeb2aN7qidZJ66rq1aq1x+ty/S47Xx6dojNUQR66QXX0gBqoiSjS6BW9oXf8gT/xF/5epOZwVnOCloB//wAaWqX6</latexit>

t ! t(�)
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Towards the SCL action

Crucial next step: elevate spacetime coordinates to dynamical coordinate maps

worldline:
<latexit sha1_base64="WULCixpoht7LdToq2lFue054K5c=">AAACMHicZZDLSgMxFIYTr/VedeHCTbAIFaTMiKjLohuXFa0WnFoyadqGJpMhOSOUYZ7GrW58Gl2JW5/CzLQLaw+E8/Hn3MNYCgue94nn5hcWl5ZLK6tr6xubW+XtnXurE8N4k2mpTSuklksR8SYIkLwVG05VKPlDOLzK/x+eubFCR3cwinlb0X4keoJRcFKnvNd6ClRCAtCkoGpwK/qKHnXKFa/mFUZmwZ9ABU2s0dnGOOhqligeAZPU2kffi6GdUgOCSZ6tBonlMWVD2uePDiOquG2nxQYZOXRKl/S0cS8CUqjTGdC7aKciihPgERsn9BJJ3Nz5WqQrDGcgRw4oM8L1JGxADWXglv9bKaXK2pEKj51XFAa5z3vaHGCgpgZN8wjQWtppOfwX1i1KZO5o/v8TzcL9Sc0/q53dnFbql5PzldA+OkBV5KNzVEfXqIGaiKEMvaBX9Ibf8Qf+wt/j0Dk8ydlFU4Z/fgFTxqmT</latexit>

Xµ ! Xµ(⌃)here:
<latexit sha1_base64="hmZn7dkEw6b5Bxb27LKh/21odYs="></latexit>

⌃a = (⌧,~�)a = (⌧,�1, . . . ,�d)
a
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t ! t(�)
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Xµ ! Xµ(⌃)here:
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⌃a = (⌧,~�)a = (⌧,�1, . . . ,�d)
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Can absorb the Jacobian into new induced metric g on the space of parameters 

<latexit sha1_base64="sAtOUP4tN1ORnW2P2RwVb4f9j5U=">AAACJXicZVDLSgMxFE3qq9ZXq0s3g0WoIGVGpLosunFZwT6grSWTpm1oMhmSO0IZ+h9udePXuBPBlb9iZjoL2x4I93ByH+dePxTcgOv+4NzG5tb2Tn63sLd/cHhULB23jIo0ZU2qhNIdnxgmeMCawEGwTqgZkb5gbX96n/y3X5g2XAVPMAtZX5JxwEecErDSM/RAOVDpjYmU5GJQLLtVN4WzTryMlFGGxqCEcW+oaCRZAFQQY7qeG0I/Jho4FWxe6EWGhYROyZh1LQ2IZKYfp7bnzrlVhs5IafsCcFJ1uQJGt/2YB2EELKCLglEknMSz3cUZcs0oiJklhGpuZzp0QjShYDf+3ykm0piZ9C9tlAQmSUxmmoTARC4ZjZMMUEqYZdlfSRumLeb2aN7qidZJ66rq1aq1x+ty/S47Xx6dojNUQR66QXX0gBqoiSjS6BW9oXf8gT/xF/5epOZwVnOCloB//wAaWqX6</latexit>

t ! t(�)
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Towards the SCL action

Crucial next step: elevate spacetime coordinates to dynamical coordinate maps

worldline:
<latexit sha1_base64="WULCixpoht7LdToq2lFue054K5c=">AAACMHicZZDLSgMxFIYTr/VedeHCTbAIFaTMiKjLohuXFa0WnFoyadqGJpMhOSOUYZ7GrW58Gl2JW5/CzLQLaw+E8/Hn3MNYCgue94nn5hcWl5ZLK6tr6xubW+XtnXurE8N4k2mpTSuklksR8SYIkLwVG05VKPlDOLzK/x+eubFCR3cwinlb0X4keoJRcFKnvNd6ClRCAtCkoGpwK/qKHnXKFa/mFUZmwZ9ABU2s0dnGOOhqligeAZPU2kffi6GdUgOCSZ6tBonlMWVD2uePDiOquG2nxQYZOXRKl/S0cS8CUqjTGdC7aKciihPgERsn9BJJ3Nz5WqQrDGcgRw4oM8L1JGxADWXglv9bKaXK2pEKj51XFAa5z3vaHGCgpgZN8wjQWtppOfwX1i1KZO5o/v8TzcL9Sc0/q53dnFbql5PzldA+OkBV5KNzVEfXqIGaiKEMvaBX9Ibf8Qf+wt/j0Dk8ydlFU4Z/fgFTxqmT</latexit>

Xµ ! Xµ(⌃)here:
<latexit sha1_base64="hmZn7dkEw6b5Bxb27LKh/21odYs="></latexit>

⌃a = (⌧,~�)a = (⌧,�1, . . . ,�d)
a



ALEXANDER ROTHKOPF - UIS

Can absorb the Jacobian into new induced metric g on the space of parameters 

<latexit sha1_base64="sAtOUP4tN1ORnW2P2RwVb4f9j5U=">AAACJXicZVDLSgMxFE3qq9ZXq0s3g0WoIGVGpLosunFZwT6grSWTpm1oMhmSO0IZ+h9udePXuBPBlb9iZjoL2x4I93ByH+dePxTcgOv+4NzG5tb2Tn63sLd/cHhULB23jIo0ZU2qhNIdnxgmeMCawEGwTqgZkb5gbX96n/y3X5g2XAVPMAtZX5JxwEecErDSM/RAOVDpjYmU5GJQLLtVN4WzTryMlFGGxqCEcW+oaCRZAFQQY7qeG0I/Jho4FWxe6EWGhYROyZh1LQ2IZKYfp7bnzrlVhs5IafsCcFJ1uQJGt/2YB2EELKCLglEknMSz3cUZcs0oiJklhGpuZzp0QjShYDf+3ykm0piZ9C9tlAQmSUxmmoTARC4ZjZMMUEqYZdlfSRumLeb2aN7qidZJ66rq1aq1x+ty/S47Xx6dojNUQR66QXX0gBqoiSjS6BW9oXf8gT/xF/5epOZwVnOCloB//wAaWqX6</latexit>

t ! t(�)

THE XVIST LATTICE CONFERENCE – JULY 29TH 2024, 11:35 – UNIVERSITY OF LIVERPOOL – UNITED KINGDOM

EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT

51

Towards the SCL action

Crucial next step: elevate spacetime coordinates to dynamical coordinate maps

worldline:
<latexit sha1_base64="WULCixpoht7LdToq2lFue054K5c=">AAACMHicZZDLSgMxFIYTr/VedeHCTbAIFaTMiKjLohuXFa0WnFoyadqGJpMhOSOUYZ7GrW58Gl2JW5/CzLQLaw+E8/Hn3MNYCgue94nn5hcWl5ZLK6tr6xubW+XtnXurE8N4k2mpTSuklksR8SYIkLwVG05VKPlDOLzK/x+eubFCR3cwinlb0X4keoJRcFKnvNd6ClRCAtCkoGpwK/qKHnXKFa/mFUZmwZ9ABU2s0dnGOOhqligeAZPU2kffi6GdUgOCSZ6tBonlMWVD2uePDiOquG2nxQYZOXRKl/S0cS8CUqjTGdC7aKciihPgERsn9BJJ3Nz5WqQrDGcgRw4oM8L1JGxADWXglv9bKaXK2pEKj51XFAa5z3vaHGCgpgZN8wjQWtppOfwX1i1KZO5o/v8TzcL9Sc0/q53dnFbql5PzldA+OkBV5KNzVEfXqIGaiKEMvaBX9Ibf8Qf+wt/j0Dk8ydlFU4Z/fgFTxqmT</latexit>

Xµ ! Xµ(⌃)here:
<latexit sha1_base64="hmZn7dkEw6b5Bxb27LKh/21odYs="></latexit>

⌃a = (⌧,~�)a = (⌧,�1, . . . ,�d)
a



ALEXANDER ROTHKOPF - UIS

Can absorb the Jacobian into new induced metric g on the space of parameters 

<latexit sha1_base64="sAtOUP4tN1ORnW2P2RwVb4f9j5U=">AAACJXicZVDLSgMxFE3qq9ZXq0s3g0WoIGVGpLosunFZwT6grSWTpm1oMhmSO0IZ+h9udePXuBPBlb9iZjoL2x4I93ByH+dePxTcgOv+4NzG5tb2Tn63sLd/cHhULB23jIo0ZU2qhNIdnxgmeMCawEGwTqgZkb5gbX96n/y3X5g2XAVPMAtZX5JxwEecErDSM/RAOVDpjYmU5GJQLLtVN4WzTryMlFGGxqCEcW+oaCRZAFQQY7qeG0I/Jho4FWxe6EWGhYROyZh1LQ2IZKYfp7bnzrlVhs5IafsCcFJ1uQJGt/2YB2EELKCLglEknMSz3cUZcs0oiJklhGpuZzp0QjShYDf+3ykm0piZ9C9tlAQmSUxmmoTARC4ZjZMMUEqYZdlfSRumLeb2aN7qidZJ66rq1aq1x+ty/S47Xx6dojNUQR66QXX0gBqoiSjS6BW9oXf8gT/xF/5epOZwVnOCloB//wAaWqX6</latexit>

t ! t(�)
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Towards the SCL action

Crucial next step: elevate spacetime coordinates to dynamical coordinate maps

worldline:
<latexit sha1_base64="WULCixpoht7LdToq2lFue054K5c=">AAACMHicZZDLSgMxFIYTr/VedeHCTbAIFaTMiKjLohuXFa0WnFoyadqGJpMhOSOUYZ7GrW58Gl2JW5/CzLQLaw+E8/Hn3MNYCgue94nn5hcWl5ZLK6tr6xubW+XtnXurE8N4k2mpTSuklksR8SYIkLwVG05VKPlDOLzK/x+eubFCR3cwinlb0X4keoJRcFKnvNd6ClRCAtCkoGpwK/qKHnXKFa/mFUZmwZ9ABU2s0dnGOOhqligeAZPU2kffi6GdUgOCSZ6tBonlMWVD2uePDiOquG2nxQYZOXRKl/S0cS8CUqjTGdC7aKciihPgERsn9BJJ3Nz5WqQrDGcgRw4oM8L1JGxADWXglv9bKaXK2pEKj51XFAa5z3vaHGCgpgZN8wjQWtppOfwX1i1KZO5o/v8TzcL9Sc0/q53dnFbql5PzldA+OkBV5KNzVEfXqIGaiKEMvaBX9Ibf8Qf+wt/j0Dk8ydlFU4Z/fgFTxqmT</latexit>

Xµ ! Xµ(⌃)here:

<latexit sha1_base64="5wt4LiYcuYoZAyB1opdyoXjb4xA=">AAACOHicZVC7TsMwFLV5lneBkQGLCokBqgQhYEGqYGEEiQJSGyrHcVtTO47sG6QqysjXsMLCn7CxIVa+ACd0oHAl6x4d33MfJ0yksOB5b3hicmp6ZrYyN7+wuLS8Ul1du7Y6NYw3mZba3IbUcili3gQBkt8mhlMVSn4TDs6K/5sHbqzQ8RUMEx4o2otFVzAKjupUN7O2UYRG93mrF5z07rI9Py+piENBdao1r+6VQf4DfwRqaBQXnVWM25FmqeIxMEmtbfleAkFGDQgmeT7fTi1PKBvQHm85GFPFbZCVl+Rk2zER6WrjXgykZMcV0D0OMhEnKfCY/Qi6qSSgSXEeiYThDOTQAcqMcDMJ61NDGTgTfnfKqLJ2qMJdlxWFfpGLmbYA0Fdji2ZFBWgt7Tgd/imLyha5M83/a9F/cL1f9w/rh5cHtcbpyL4K2kBbaAf56Ag10Dm6QE3E0CN6Qs/oBb/id/yBP39KJ/BIs47GAn99AwYsrYY=</latexit>

adj[g] = g�1det[g]

<latexit sha1_base64="hmZn7dkEw6b5Bxb27LKh/21odYs="></latexit>

⌃a = (⌧,~�)a = (⌧,�1, . . . ,�d)
a



ALEXANDER ROTHKOPF - UIS

Can absorb the Jacobian into new induced metric g on the space of parameters 

<latexit sha1_base64="sAtOUP4tN1ORnW2P2RwVb4f9j5U=">AAACJXicZVDLSgMxFE3qq9ZXq0s3g0WoIGVGpLosunFZwT6grSWTpm1oMhmSO0IZ+h9udePXuBPBlb9iZjoL2x4I93ByH+dePxTcgOv+4NzG5tb2Tn63sLd/cHhULB23jIo0ZU2qhNIdnxgmeMCawEGwTqgZkb5gbX96n/y3X5g2XAVPMAtZX5JxwEecErDSM/RAOVDpjYmU5GJQLLtVN4WzTryMlFGGxqCEcW+oaCRZAFQQY7qeG0I/Jho4FWxe6EWGhYROyZh1LQ2IZKYfp7bnzrlVhs5IafsCcFJ1uQJGt/2YB2EELKCLglEknMSz3cUZcs0oiJklhGpuZzp0QjShYDf+3ykm0piZ9C9tlAQmSUxmmoTARC4ZjZMMUEqYZdlfSRumLeb2aN7qidZJ66rq1aq1x+ty/S47Xx6dojNUQR66QXX0gBqoiSjS6BW9oXf8gT/xF/5epOZwVnOCloB//wAaWqX6</latexit>

t ! t(�)
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Towards the SCL action

Crucial next step: elevate spacetime coordinates to dynamical coordinate maps

worldline:
<latexit sha1_base64="WULCixpoht7LdToq2lFue054K5c=">AAACMHicZZDLSgMxFIYTr/VedeHCTbAIFaTMiKjLohuXFa0WnFoyadqGJpMhOSOUYZ7GrW58Gl2JW5/CzLQLaw+E8/Hn3MNYCgue94nn5hcWl5ZLK6tr6xubW+XtnXurE8N4k2mpTSuklksR8SYIkLwVG05VKPlDOLzK/x+eubFCR3cwinlb0X4keoJRcFKnvNd6ClRCAtCkoGpwK/qKHnXKFa/mFUZmwZ9ABU2s0dnGOOhqligeAZPU2kffi6GdUgOCSZ6tBonlMWVD2uePDiOquG2nxQYZOXRKl/S0cS8CUqjTGdC7aKciihPgERsn9BJJ3Nz5WqQrDGcgRw4oM8L1JGxADWXglv9bKaXK2pEKj51XFAa5z3vaHGCgpgZN8wjQWtppOfwX1i1KZO5o/v8TzcL9Sc0/q53dnFbql5PzldA+OkBV5KNzVEfXqIGaiKEMvaBX9Ibf8Qf+wt/j0Dk8ydlFU4Z/fgFTxqmT</latexit>

Xµ ! Xµ(⌃)here:

The scale T denotes where field and coordinate dynamics become inseparable

<latexit sha1_base64="5wt4LiYcuYoZAyB1opdyoXjb4xA=">AAACOHicZVC7TsMwFLV5lneBkQGLCokBqgQhYEGqYGEEiQJSGyrHcVtTO47sG6QqysjXsMLCn7CxIVa+ACd0oHAl6x4d33MfJ0yksOB5b3hicmp6ZrYyN7+wuLS8Ul1du7Y6NYw3mZba3IbUcili3gQBkt8mhlMVSn4TDs6K/5sHbqzQ8RUMEx4o2otFVzAKjupUN7O2UYRG93mrF5z07rI9Py+piENBdao1r+6VQf4DfwRqaBQXnVWM25FmqeIxMEmtbfleAkFGDQgmeT7fTi1PKBvQHm85GFPFbZCVl+Rk2zER6WrjXgykZMcV0D0OMhEnKfCY/Qi6qSSgSXEeiYThDOTQAcqMcDMJ61NDGTgTfnfKqLJ2qMJdlxWFfpGLmbYA0Fdji2ZFBWgt7Tgd/imLyha5M83/a9F/cL1f9w/rh5cHtcbpyL4K2kBbaAf56Ag10Dm6QE3E0CN6Qs/oBb/id/yBP39KJ/BIs47GAn99AwYsrYY=</latexit>

adj[g] = g�1det[g]

<latexit sha1_base64="hmZn7dkEw6b5Bxb27LKh/21odYs="></latexit>

⌃a = (⌧,~�)a = (⌧,�1, . . . ,�d)
a
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Summation-by-parts finite differences

Derivation of Noether theorem or governing equations rely on integration by parts
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Summation-by-parts finite differences

Derivation of Noether theorem or governing equations rely on integration by parts

Mimetic discretization needed to preserve IBP in discrete setting: 
for a review see D. Fernández, J. E. Hicken, and D. W. Zingg, Comp. & Fluids 95 171 (2014)
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Summation-by-parts finite differences

Derivation of Noether theorem or governing equations rely on integration by parts

<latexit sha1_base64="BnMaibl4NswkZ/s2HB5hHHWGR+g="></latexit>

D = H�1
Q

<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]
<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]
<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]

<latexit sha1_base64="3EkJjzdGSPCUIQRHHtlqNF++/wY="></latexit>Z tf

ti

dt u(t) v(t) ⇡ ut
Hv

quadrature rule

finite difference
stencil

Mimetic discretization needed to preserve IBP in discrete setting: 
for a review see D. Fernández, J. E. Hicken, and D. W. Zingg, Comp. & Fluids 95 171 (2014)
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Summation-by-parts finite differences

Derivation of Noether theorem or governing equations rely on integration by parts

<latexit sha1_base64="BnMaibl4NswkZ/s2HB5hHHWGR+g="></latexit>

D = H�1
Q

<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]
<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]
<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]

<latexit sha1_base64="3EkJjzdGSPCUIQRHHtlqNF++/wY="></latexit>Z tf

ti

dt u(t) v(t) ⇡ ut
Hv

quadrature rule

finite difference
stencil

Mimetic discretization needed to preserve IBP in discrete setting: 
for a review see D. Fernández, J. E. Hicken, and D. W. Zingg, Comp. & Fluids 95 171 (2014)
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<latexit sha1_base64="G2QU2PCi5lQwkEtfgMs/GQ+T37Q="></latexit>

Dut
Hv = �ut

HDv + uNvN � u0v0
<latexit sha1_base64="G2QU2PCi5lQwkEtfgMs/GQ+T37Q="></latexit>

Dut
Hv = �ut

HDv + uNvN � u0v0

<latexit sha1_base64="cYbyhqdYhZKIdu2T6dy5ysUA2MM="></latexit>

(Du)tHv = �ut
HDv + uNvN � u0v0
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Summation-by-parts finite differences

Derivation of Noether theorem or governing equations rely on integration by parts

<latexit sha1_base64="BnMaibl4NswkZ/s2HB5hHHWGR+g="></latexit>

D = H�1
Q

<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]
<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]
<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]

<latexit sha1_base64="3EkJjzdGSPCUIQRHHtlqNF++/wY="></latexit>Z tf

ti

dt u(t) v(t) ⇡ ut
Hv

quadrature rule

finite difference
stencil

Mimetic discretization needed to preserve IBP in discrete setting: 
for a review see D. Fernández, J. E. Hicken, and D. W. Zingg, Comp. & Fluids 95 171 (2014)
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<latexit sha1_base64="G2QU2PCi5lQwkEtfgMs/GQ+T37Q="></latexit>

Dut
Hv = �ut

HDv + uNvN � u0v0
<latexit sha1_base64="G2QU2PCi5lQwkEtfgMs/GQ+T37Q="></latexit>

Dut
Hv = �ut

HDv + uNvN � u0v0

<latexit sha1_base64="cYbyhqdYhZKIdu2T6dy5ysUA2MM="></latexit>

(Du)tHv = �ut
HDv + uNvN � u0v0
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Summation-by-parts finite differences

Derivation of Noether theorem or governing equations rely on integration by parts

<latexit sha1_base64="BnMaibl4NswkZ/s2HB5hHHWGR+g="></latexit>

D = H�1
Q

<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]
<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]
<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]

<latexit sha1_base64="3EkJjzdGSPCUIQRHHtlqNF++/wY="></latexit>Z tf

ti

dt u(t) v(t) ⇡ ut
Hv

quadrature rule

finite difference
stencil

Mimetic discretization needed to preserve IBP in discrete setting: 
for a review see D. Fernández, J. E. Hicken, and D. W. Zingg, Comp. & Fluids 95 171 (2014)

<latexit sha1_base64="Yc/TYmda5wa+clwgUcww+qCr2JI="></latexit>

H
[2,1] =

1

�t

2

664

1
2

1
1

1
2

3

775
<latexit sha1_base64="Yc/TYmda5wa+clwgUcww+qCr2JI="></latexit>

H
[2,1] =

1

�t

2

664

1
2

1
1

1
2

3

775

<latexit sha1_base64="1A0Qm3YDMfVwvyVjNcMAKtQD0ts="></latexit>

D[2,1] =
1

�t

2

664

�1 1 0 0
� 1

2 0 1
2

0 � 1
2 0 1

2
0 0 �1 1

3

775
<latexit sha1_base64="1A0Qm3YDMfVwvyVjNcMAKtQD0ts="></latexit>

D[2,1] =
1

�t

2

664

�1 1 0 0
� 1

2 0 1
2

0 � 1
2 0 1

2
0 0 �1 1

3

775

<latexit sha1_base64="Yc/TYmda5wa+clwgUcww+qCr2JI="></latexit>

H
[2,1] =

1

�t

2

664

1
2

1
1

1
2

3

775
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<latexit sha1_base64="G2QU2PCi5lQwkEtfgMs/GQ+T37Q="></latexit>

Dut
Hv = �ut

HDv + uNvN � u0v0
<latexit sha1_base64="G2QU2PCi5lQwkEtfgMs/GQ+T37Q="></latexit>

Dut
Hv = �ut

HDv + uNvN � u0v0

<latexit sha1_base64="cYbyhqdYhZKIdu2T6dy5ysUA2MM="></latexit>

(Du)tHv = �ut
HDv + uNvN � u0v0

THE XVIST LATTICE CONFERENCE – JULY 29TH 2024, 11:35 – UNIVERSITY OF LIVERPOOL – UNITED KINGDOM

EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT

60

Summation-by-parts finite differences

Derivation of Noether theorem or governing equations rely on integration by parts
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ti

dt u(t) v(t) ⇡ ut
Hv

quadrature rule

finite difference
stencil

Mimetic discretization needed to preserve IBP in discrete setting: 
for a review see D. Fernández, J. E. Hicken, and D. W. Zingg, Comp. & Fluids 95 171 (2014)
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for SBP operator as momentum operator for particle in a finite box see S.Kim, A.R. 2403.13558 
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A necessry alternative to the Wilson term

Wilson term trick not applicable: derivative acts on real-valued functions
Symmetric stencil leads to appearance of doubler modes when naïve SBP is used 

Modern approach in PDE community: weakly enforced boundary data
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A necessry alternative to the Wilson term

Wilson term trick not applicable: derivative acts on real-valued functions
Symmetric stencil leads to appearance of doubler modes when naïve SBP is used 

Modern approach in PDE community: weakly enforced boundary data
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ẋ(t)ẋ(t)

�
x(0) = xi

<latexit sha1_base64="QtyMIxnVHF2wc4QqXT1wasvfwaY="></latexit>

S ⇡ (Dx
�t
HDx

Modification acting
on the path x itself

constant
shift 

<latexit sha1_base64="PKXi8qtO+Y2MVxVb6ubBc7dcSEk="></latexit>

D̄x = Dx+H�1
E0

�
x� xi

�



ALEXANDER ROTHKOPF - UIS THE XVIST LATTICE CONFERENCE – JULY 29TH 2024, 11:35 – UNIVERSITY OF LIVERPOOL – UNITED KINGDOM

EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT

63

A necessry alternative to the Wilson term

Wilson term trick not applicable: derivative acts on real-valued functions
Symmetric stencil leads to appearance of doubler modes when naïve SBP is used 

Modern approach in PDE community: weakly enforced boundary data
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+ physical constant mode
   with correct IC as unit EV  
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The discretized action
Due to mimetic nature of SBP operator simply replace derivatives by 
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The discretized action
Due to mimetic nature of SBP operator simply replace derivatives by 
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Q

Discrete action remains manifest invariant under Poincare transformations
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The discretized action
Due to mimetic nature of SBP operator simply replace derivatives by 

<latexit sha1_base64="BnMaibl4NswkZ/s2HB5hHHWGR+g="></latexit>

D = H�1
Q

Discrete action remains manifest invariant under Poincare transformations
Integration by parts exactly mimicked: Noether current & charge as in continuum 
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Proof-of-principle in (1+1)d

Scalar wave propagation is numerically challenging (stability, accuracy) 
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Proof-of-principle in (1+1)d

Scalar wave propagation is numerically challenging (stability, accuracy) 

Simplify by considering only time as dynamical mapping (trivial x[τ,σ]= σ)
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Classical wave propagation in (1+1)d

Numerical search for critical point (ɸcl[τ,σ], t cl[τ,σ]) of the classical action

field evolution ɸ[τ,σ] temporal map t[τ,σ] trivial spatial map x[τ,σ]= σ

for more details on the IBVP formulation of the action see A.R., W.A. Horowitz, J. Nordström arXiv:2404.18676 
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Classical wave propagation in (1+1)d

Numerical search for critical point (ɸcl[τ,σ], t cl[τ,σ]) of the classical action

field evolution ɸ[τ,σ] temporal map t[τ,σ] trivial spatial map x[τ,σ]= σ

for more details on the IBVP formulation of the action see A.R., W.A. Horowitz, J. Nordström arXiv:2404.18676 
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Classical wave propagation in (1+1)d

Numerical search for critical point (ɸcl[τ,σ], t cl[τ,σ]) of the classical action

Here T=10.000, choice to obtain effects on the coordinate maps on percent level

field evolution ɸ[τ,σ] temporal map t[τ,σ] trivial spatial map x[τ,σ]= σ

for more details on the IBVP formulation of the action see A.R., W.A. Horowitz, J. Nordström arXiv:2404.18676 
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Automatic spacetime mesh refinement

Temporal map automatically adapts resolution according to wave dynamics 
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Automatic spacetime mesh refinement

Temporal map automatically adapts resolution according to wave dynamics 

τ derivative of t[τ,σ]
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Automatic spacetime mesh refinement

Temporal map automatically adapts resolution according to wave dynamics 

τ derivative of t[τ,σ] σ derivative of t[τ,σ]
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Automatic spacetime mesh refinement

Temporal map automatically adapts resolution according to wave dynamics 

τ derivative of t[τ,σ] σ derivative of t[τ,σ] field evolution ɸ[τ,σ]
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Automatic spacetime mesh refinement

Temporal map automatically adapts resolution according to wave dynamics 

τ derivative of t[τ,σ] σ derivative of t[τ,σ] field evolution ɸ[τ,σ]
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Automatic spacetime mesh refinement

Temporal map automatically adapts resolution according to wave dynamics 

τ derivative of t[τ,σ] σ derivative of t[τ,σ] field evolution ɸ[τ,σ]
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Noether Charge – Time Translations
Due to mimetic SBP discretization: continuum expression with 

A.R., W.A. Horowitz, J. Nordström arXiv:2404.18676  
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Noether Charge – Time Translations
Due to mimetic SBP discretization: continuum expression with 

Exact conservation of the Noether
charge associated with time 
translations!

0 10 20 30 40 50 60
τ/Δτ
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2.500
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2.510
Qt
L

A.R., W.A. Horowitz, J. Nordström arXiv:2404.18676  
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Summary

World-line formalism suggests dynamical coordinate maps essential ingredient

SCL action incorporates dynamical coordinate maps with field d.o.f.s 

Discretization of abstract parameter action retains space-time symmetries

Dynamical emergence of time-mesh & exact conservation of Noether charge 

Discretization via summation-by-parts mimetic finite difference scheme
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Summary

World-line formalism suggests dynamical coordinate maps essential ingredient

SCL action incorporates dynamical coordinate maps with field d.o.f.s 

Discretization of abstract parameter action retains space-time symmetries

Dynamical emergence of time-mesh & exact conservation of Noether charge 

Discretization via summation-by-parts mimetic finite difference scheme

Thank you for your attention



ALEXANDER ROTHKOPF - UIS THE XVIST LATTICE CONFERENCE – JULY 29TH 2024, 11:35 – UNIVERSITY OF LIVERPOOL – UNITED KINGDOM

EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT

82

Next steps

Formulate an initial value problem version of the SCL action

Discretize the action and show that Noether’s theorem holds for Poincare group

Demonstrate numerically feasibility of locating critical point of the action: 
classical field solution without the need to solve Euler-Lagrange equations 
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Next steps

Formulate an initial value problem version of the SCL action

Discretize the action and show that Noether’s theorem holds for Poincare group

Demonstrate numerically feasibility of locating critical point of the action: 
classical field solution without the need to solve Euler-Lagrange equations 
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Classical Schwinger Keldysh (Galley)
Doubling of all degrees of freedom by introducing forward and backward branches

<latexit sha1_base64="rKoDWjYsI/sg9gygb/8y+/jrrCU="></latexit>
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see C. Galley PRL 110 (2013) 17, 174301 and A.R., J. Nordström JCP 477 (2023) 111942 
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Classical Schwinger Keldysh (Galley)
Doubling of all degrees of freedom by introducing forward and backward branches

<latexit sha1_base64="rKoDWjYsI/sg9gygb/8y+/jrrCU="></latexit>
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connecting
conditions

see C. Galley PRL 110 (2013) 17, 174301 and A.R., J. Nordström JCP 477 (2023) 111942 
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Inclusion of initial & boundary conditions
In contrast to implicit analytic treatment make explicit via Lagrange multipliers 

see also A.R., J. Nordström JCP 511 (2024) 113138
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Inclusion of initial & boundary conditions
In contrast to implicit analytic treatment make explicit via Lagrange multipliers 
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Inclusion of initial & boundary conditions
In contrast to implicit analytic treatment make explicit via Lagrange multipliers 

Forward & backward branch
Lagrangian
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Inclusion of initial & boundary conditions
In contrast to implicit analytic treatment make explicit via Lagrange multipliers 

Forward & backward branch
Lagrangian

Initial conditions for coordinate maps and fields
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Inclusion of initial & boundary conditions
In contrast to implicit analytic treatment make explicit via Lagrange multipliers 

Forward & backward branch
Lagrangian

Initial conditions for coordinate maps and fields

Connecting conditions for maps and fields
from calssical Schwinger-Keldysh
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Inclusion of initial & boundary conditions
In contrast to implicit analytic treatment make explicit via Lagrange multipliers 

Forward & backward branch
Lagrangian

Initial conditions for coordinate maps and fields

Connecting conditions for maps and fields
from calssical Schwinger-Keldysh

Spatial boundary conditions for the coordinate
maps and fields

<latexit sha1_base64="tFn0QQFpfPZ/7I0fKLJeCe+KWk8="></latexit>

EL
IBVP =

Z
d(d+1)⌃

n
EBVP[X1, @aX1,�1, @a�1]� EBVP[X2, @aX2,�2, @a�2]

o

+

Z dY

a=1

d⌃a

n
�µ

�
Xµ

1 (⌧
i,~�)�Xµ

IC

�
+ ��

�
�1(⌧

i,~�)� �IC

�

+�̃µ

�
@0X

µ
1 (⌧

i,~�)� Ẋµ
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Inclusion of initial & boundary conditions
In contrast to implicit analytic treatment make explicit via Lagrange multipliers 

Forward & backward branch
Lagrangian

Initial conditions for coordinate maps and fields

Connecting conditions for maps and fields
from calssical Schwinger-Keldysh

Spatial boundary conditions for the coordinate
maps and fields

Redefined Lagrangians
including Lagrange mult.
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Discretized IBVP action
Introduce forward and backward branch (classical Schwinger-Keldysh)
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Discretized IBVP action
Introduce forward and backward branch (classical Schwinger-Keldysh)

Enforce initial (temporal), Dirichlet boundary (spatial) and connecting conditions 
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Discretized IBVP action
Introduce forward and backward branch (classical Schwinger-Keldysh)

Enforce initial (temporal), Dirichlet boundary (spatial) and connecting conditions 

Locate extremum via numerical optimization (Interior Point Optimization)


