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Space-time symmetry breaking on the lattice
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Outline

® Motivation — Space-time symmetry breaking on the lattice

® From the world-line formalism to a new action for classical fields (SCL)
® Summation-by-parts finite difference discretization

®| Classical scalar wave propagation in (1+1)d as proof-of-principle

H Summary
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Worldline Formalism in GR

H| Relativistic point particle motion: "shortest path in given space-time” = geodesic

X(tr)

X(t)
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H| Relativistic point particle motion: "shortest path in given space-time” = geodesic

® Equal treatment of space & time as dynamic coordinate maps:
from trajectory to world line [both t(y) and x(y) evolve dynamically] X(tr)

X(t)
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H| Relativistic point particle motion: "shortest path in given space-time” = geodesic

® Equal treatment of space & time as dynamic coordinate maps:
from trajectory to world line [both t(y) and x(y) evolve dynamically]
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Worldline Formalism in GR

H| Relativistic point particle motion: "shortest path in given space-time” = geodesic

® Equal treatment of space & time as dynamic coordinate maps:

from trajectory to world line [both t(y) and x(y) evolve dynamically] (t0vs),2(77))

Y

1d submanifold via
abstract parameter y

((7i); x(7:))
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Worldline Formalism in GR of Stavanger

H| Relativistic point particle motion: "shortest path in given space-time” = geodesic

® Equal treatment of space & time as dynamic coordinate maps: .
from trajectory to world line [both t(y) and x(y) evolve dynamically] (t0vs),2(77))

Sgeo = / dry (—mc){\/(Goo + V(Z) ) dX0 dX0 N Gmcz—): d;f'yz}

2me2/ dy dy

Y

1d submanifold via
abstract parameter y

((7i); x(7:))
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Worldline Formalism in GR of Stavanger

H| Relativistic point particle motion: "shortest path in given space-time” = geodesic

® Equal treatment of space & time as dynamic coordinate maps: .
from trajectory to world line [both t(y) and x(y) evolve dynamically] (t0vs),2(77))

Sgeo = / dry (—mc){\/(Goo + V(Z) ) dX0 dX0 N Gmcz—): d;f'yz}

2me2/ dy dy

Y
V(Z)/2mce? <« 1
» XH — 2\ U
P e =v]e < 1 (t, %) 1d submanifold via

abstract parameter y

1 .
S = / dt{ —mc® + §mf2(t) - V<f(t)>} (t(vi), z(v))
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Worldline Formalism in GR of Stavanger

H| Relativistic point particle motion: "shortest path in given space-time” = geodesic

® Equal treatment of space & time as dynamic coordinate maps: .
from trajectory to world line [both t(y) and x(y) evolve dynamically] (t0vs),2(77))

Sgeo = / dry (—mc){\/(Goo + V(Z) ) dX0 dX0 N Gmcz—):djyz}

2me2/ dy dy

Y
V(Z)/2mce? <« 1
» XH — 2\ U
P e =v]e < 1 (t, %) 1d submanifold via

abstract parameter y

1 .
S = / dt{ — mc® + §mf2(t) - V<f(t)>} (t(vi), z(v))
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Worldline Formalism in GR of Stavanger

H| Relativistic point particle motion: "shortest path in given space-time” = geodesic

® Equal treatment of space & time as dynamic coordinate maps: .
from trajectory to world line [both t(y) and x(y) evolve dynamically] (t0vs),2(77))

Sgeo = / dry (—mc){\/(Goo + V(Z) ) dX0 dX0 N Gmcz—): d;f'yz}

2me2/ dy dy

Y
V(Z)/2mce? <« 1
. XM — =\ 1
P je=v/c < 1 (¢, ) 1d submanifold via

abstract parameter y

1 .
S = / dt{ — mc® + §mf2(t) - V<f(t)>} (t(vi), z(v))
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Worldline Formalism in GR of Stavanger

H| Relativistic point particle motion: "shortest path in given space-time” = geodesic

® Equal treatment of space & time as dynamic coordinate maps: .
from trajectory to world line [both t(y) and x(y) evolve dynamically] (t0vs),2(77))

Sgeo = / dry (—mc){\/(Goo + V(Z) ) dX0 dX0 N Gmcz—):djyz}

2me2/ dy dy

~ Y
V(Z)/2mce? <« 1
= XM — (¢ \H
P e =v]e < 1 (t, %) 1d submanifold via

abstract parameter y

1 .
S = / dt{ — mc® + §mf2(t) - V<f(t)>} (t(vi), z(v))

¥ mc denotes scale where motion through space and time becomes inseparable
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Advantages of the worldline formalism

B Discretizing the action in y leaves space-time coordinates X* = (¢, Z)" continuous
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Advantages of the worldline formalism

B Discretizing the action in y leaves space-time coordinates X* = (¢, Z)" continuous

M Discretized world-line action invariant under infinitesimal coordinate transforms:

Noether’s theorem holds! (t(’Yf)737<'Yf))’
y 4
//
/7 A~y
V 4
Y 4
/

ALEXANDER ROTHKOPF - UIS THE XVIST LATTICE CONFERENCE — JULY 29TH 2024, 11:35 — UNIVERSITY OF LIVERPOOL — UNITED KINGDOM 35



University

EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT
LI ; of Stavanger

Advantages of the worldline formalism

B Discretizing the action in y leaves space-time coordinates X* = (¢, Z)" continuous

M Discretized world-line action invariant under infinitesimal coordinate transforms:

Noether’s theorem holds! (t(vr), z(vs)) ’
4
V4
AE(y) /
2107 e [i21, Ny=32] SBP21 ’— pl P — ’,
1.5x1072 ,
-32 , A/y
1.x10 Y 4
5. 10 51 10C00ECC0COCC00CA00000 ,,
@ 02 04 06 08 10" ‘
Energy of the system preserved (t(v:), 2(;))

exactly at its continuum value
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Advantages of the worldline formalism

B Discretizing the action in y leaves space-time coordinates X* = (¢, Z)" continuous

M Discretized world-line action invariant under infinitesimal coordinate transforms:

Noether’s theorem holds! (t(’Yf)737<'Yf))’
4
i(y) //
AE(y) 20 NP

2.x107% o AE [f=1, Ny=32] SBP21 . AAAAAA ,— e R ’,
15x107% P Y 4 A
- 1.QMAAAAAAAAAA ,’ /Y
5. 10 51 10C00ECC0COCC00CA00000 00 /

5 o7 o5 o8 10’ 02 04 06 08 10" ‘,

Energy of the system preserved Resolution of the time grid (t(v), 2(7))
exactly at its continuum value adapts to dynamics of particle Vi), Vi
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A Field Theory Counterpart? U of Stavanger

Independent variables Dependent variables Discrete solution
¥ \ A P(tx)
/ Ll /

Conventional /\\/ ..... -
field theory L
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A Field Theory Counterpart? U of Stavanger

Independent variables Dependent variables Discrete solution
‘ A 0tx) Spacetime
. - TN symmetries
(?onventlonal T broken by
field theory <_ /S T, At and Ax
t g ..//
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A Field Theory Counterpart? U of Stavanger

Independent variables Dependent variables Discrete solution
‘ A 0tx) Spacetime
. - TN symmetries
(?onventlonal T broken by
field theory < /S At and Ax
t g ..//

(t(r, o), X(1;,03))

.
I\

Field theory with
dynamic coordinate fields
maps t(1,0)

coordinate maps
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A Field Theory Counterpart?

Independent variables Dependent variables Discrete solution

A b Ox) Spacetime

_ y - | %N symmetries

(?onventlonal /_/\\%\/ broken by

field theory « . At and Ax

s ..

Spacetime

. . symmetries
Field theOry Wlth .y unaffected by

dynamic coordinate fiSlds At and Ao?

maps t(r.o)

" T
coordinate maps
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A Field Theory Counterpart?

Independent variables Dependent variables Discrete solution
A b Ox) Spacetime
_ y - | %N symmetries
(?onventlonal /_/\\%\/ broken by
field theory « . At and Ax
a ..
Spacetime
. . symmetries
Field theOry Wlth .y unaffected by
dynamic coordinate figids At and Ac?
maps M
YES!

" T
coordinate maps
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A world ”"volume” action for fields?

H| Starting point is the standard reparameterization invariant action

S — / 4D X \/=det[G] (GH0,(X)0,8(X) ~ V(9))
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A world ”"volume” action for fields?
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H| Starting point is the standard reparameterization invariant action
1
S = / DX/~ det[G] (G“”@ugb(X)c’),,qﬁ(X) —~ V(¢))

® Are we perhaps overlooking a constant term, just as in the non-relativistic action?

S = / 4D x \/—det[G]{ T+ % (G””8“¢(X)8u¢(X) + V(¢)) }

ALEXANDER ROTHKOPF - UIS THE XVIST LATTICE CONFERENCE — JULY 29TH 2024, 11:35 — UNIVERSITY OF LIVERPOOL — UNITED KINGDOM 44



University

EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT
LI ; of Stavanger

A world ”"volume” action for fields?

H| Starting point is the standard reparameterization invariant action
1
S = / DX/~ det[G] (G“”@uqb(X)&,qb(X) — V(¢))

® Are we perhaps overlooking a constant term, just as in the non-relativistic action?
1
S = / D x \/—det[G]{ ~T+; (G“”am(X)aucb(X) + V(¢)) }
®| Consider as low energy limit of another more general action

Spve = / a4 X /~3etfC](~ T) {1~ o (G 8,6(X)8,6(X) + V(#)) } + O(x?)
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A world ”"volume” action for fields?

H| Starting point is the standard reparameterization invariant action
1
S = / DX/~ det[G] (G“”@uqb(X)&,qb(X) — V(¢))

® Are we perhaps overlooking a constant term, just as in the non-relativistic action?
1
S = / D x \/—det[G]{ ~T 2 (G“”am(X)auqb(X) + V(¢)) }
®| Consider as low energy limit of another more general action

Sove = [ a4 DX /=detlG( - T){1 - 5 (6"9,8(X)0,6(X) + V(®)) } + Ol?)
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H| Starting point is the standard reparameterization invariant action
1
S = / DX/~ det[G] (G“”@uqb(X)&,qb(X) — V(¢))

® Are we perhaps overlooking a constant term, just as in the non-relativistic action?
1
S = / D x \/—det[G]{ ~T 2 (G“”a“¢(X)au¢(X) + V(¢)) }
®| Consider as low energy limit of another more general action

Sove = [ a4 DX /=detlG( - T){1 - 5 (6"9,8(X)0,6(X) + V(®)) } + Ol?)

_ / A X \/=det[G]( —T) \/ 1 % (G””Buqb(X)@u(b(X )+ V(¢))
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Towards the SCL action

®| Crucial next step: elevate spacetime coordinates to dynamical coordinate maps

worldline: ¢ — t(y) here: X* — X" (%) X = (1,6)" = (1,01,...,04)"
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Towards the SCL action

®| Crucial next step: elevate spacetime coordinates to dynamical coordinate maps

worldline: ¢ — t(y) here: X* — X" (%) X = (1,6)" = (1,01,...,04)"
Sgvp = / d TV |det[J]|y/—det[G]( — T)

(1= L (600X (2)p.00x(S) + V()
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Towards the SCL action

®| Crucial next step: elevate spacetime coordinates to dynamical coordinate maps

worldline: t = t(v) here: X* — X*(X)  X%=(1,8)% = (1,01,...,04)"
SBvp = /d(dH)E |det[J]|\/—det|G]( — T)

(1= L (600X (2)p.00x(S) + V()

®| Can absorb the Jacobian into new induced metric g on the space of parameters

v/ —det[J]det[G]det[J] = \/—det[JT]det[G]det[J] = \/—det[JTGJ] = 4/ —det][g]
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Towards the SCL action
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®| Crucial next step: elevate spacetime coordinates to dynamical coordinate maps

worldline: t = t(7y) here: X* — X*(X) Y= (1,0)" = (1,01,...,04)"
SBVP = /d(d+l)2 \/ —det[g]( = T)

1 A (G B,6(X (2)0.H(X (D) + V(@)

®| Can absorb the Jacobian into new induced metric g on the space of parameters

v/ —det[J]det[G]det[J] = \/—det[JT]det[G]det[J] = \/—det[JTGJ] = 4/ —det][g]
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Towards the SCL action

®| Crucial next step: elevate spacetime coordinates to dynamical coordinate maps

worldline: ¢ — t(y) here: X* — X" (%) X = (1,6)" = (1,01,...,04)"

V(g) —1)detlg] + 7:0u9(2)Bb9(2)adllglas

adjlg] = g~ 'det|g]
®| Can absorb the Jacobian into new induced metric g on the space of parameters

v/ —det[J]det[G]det[J] = \/—det[JT]det[G]det[J] = \/—det[JTGJ] = 4/ —det][g]
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Towards the SCL action

®| Crucial next step: elevate spacetime coordinates to dynamical coordinate maps

worldline: ¢ — t(y) here: X* — X" (%) X = (1,6)" = (1,01,...,04)"

V(g) —1)detlg] + 7:0u9(2)Bb9(2)adllglas

adjlg] = g~ 'det|g]
®| Can absorb the Jacobian into new induced metric g on the space of parameters

v/ —det[J]det[G]det[J] = \/—det[JT]det[G]det[J] = \/—det[JTGJ] = 4/ —det][g]

¥ The scale T denotes where field and coordinate dynamics become inseparable
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Summation-by-parts finite differences

® Derivation of Noether theorem or governing equations rely on integration by parts

ALEXANDER ROTHKOPF - UIS THE XVIST LATTICE CONFERENCE — JULY 29TH 2024, 11:35 — UNIVERSITY OF LIVERPOOL — UNITED KINGDOM

54



University

EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT
LI ; of Stavanger

Summation-by-parts finite differences

® Derivation of Noether theorem or governing equations rely on integration by parts

® Mimetic discretization needed to preserve IBP in discrete setting:
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Summation-by-parts finite differences

® Derivation of Noether theorem or governing equations rely on integration by parts

® Mimetic discretization needed to preserve IBP in discrete setting:

D= H_l Q finite difference
stencil

Q+Q =Ex - Eg
= diag[—1,0,...,0,1]

ty
/ dtu(t)v(t) ~ ' Hv
t;

quadrature rule
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Summation-by-parts finite differences

® Derivation of Noether theorem or governing equations rely on integration by parts

® Mimetic discretization needed to preserve IBP in discrete setting:

D=H"! Q finite difference
stencil

Q+Q =Ey—IE
= diag|—1,0,...,0,1]

tf
/ dtu(t)v(t) ~u'Hv
t;

quadrature rule
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Summation-by-parts finite differences

u| Derivation of Noether theorem or governing equations rely on integration by parts

® Mimetic discretization needed to preserve IBP in discrete setting:

D=H"! Q finite difference
stencil

Q+Q =Ey—IE
= diag|—1,0,...,0,1]

tf
/ dtu(t)v(t) ~u'Hv
t;

quadrature rule

(Du)'Hv = —u’' HDv
+unvy
— UpVo
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Summation-by-parts finite differences

u| Derivation of Noether theorem or governing equations rely on integration by parts

® Mimetic discretization needed to preserve IBP in discrete setting:

D=H"! Q finite difference
stencil

Q+Q =Ey—IE
= diag|—1,0,...,0,1]

tf
/ dtu(t)v(t) ~u'Hv
t;

quadrature rule

5 -1 1 0 0
b At| 0 =3 0 4 (Du)'Hv = —u’' HDv
| 5 | i 0 0 _]. ]. i _l_ uNVN
21 D21 — UpVo
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Summation-by-parts finite differences

u| Derivation of Noether theorem or governing equations rely on integration by parts

® Mimetic discretization needed to preserve IBP in discrete setting:

D=H"! Q finite difference
stencil

Q+Q =Ey—IE
= diag|—1,0,...,0,1]

tf
/ dtu(t)v(t) ~u'Hv
t;

quadrature rule

5 -1 1 0 0
b At| 0 =3 0 4 (Du)'Hv = —u’' HDv
| 5 | i 0 0 _]. ]. i _l_ uNVN
21 D21 — UpVo
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LI ; of Stavanger

A necessry alternative to the Wilson term

® Symmetric stencil leads to appearance of doubler modes when naive SBP is used

® Wilson term trick not applicable: derivative acts on real-valued functions

¥ Modern approach in PDE community: weakly enforced boundary data
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EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT
LI ; of Stavanger

A necessry alternative to the Wilson term

® Symmetric stencil leads to appearance of doubler modes when naive SBP is used

® Wilson term trick not applicable: derivative acts on real-valued functions

¥ Modern approach in PDE community: weakly enforced boundary data
5:/&@@ﬂm 2(0) = z;
S ~ (Dx) HDx

Dx = Dx + H'E, (X — xi)

constant
shift
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EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT
LI ; of Stavanger

A necessry alternative to the Wilson term

® Symmetric stencil leads to appearance of doubler modes when naive SBP is used

® Wilson term trick not applicable: derivative acts on real-valued functions

L

Modern approach in PDE community: weakly enforced boundary data

S:/ﬁ@@ﬂm 2(0) = z;

S ~ (Dx) HDx

Dx = Dx + H'E, (X — xi)

| J | J + all zero modes are lifted
_ constant + physical constant mode
shift with correct IC as unit EV
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EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT g

The discretized action

B Due to mimetic nature of SBP operator simply replace derivatives by ID

Egve[X{, DX, ¢1,Do¢p1] = 1
1(/1 ] . : 2
5{(TV(¢1) — 1) o det[g1] + f(mfﬁbl) o (D ¢1) adJ[gl]“b} h
gab = GMV(]D/&LX'M) ° (]DZXV)’ det[g] = z €4 90,i0 © " 0 Gd,ig
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The discretized action

B Due to mimetic nature of SBP operator simply replace derivatives by ID

]EBVP [Xf7 ]_DZX{L7 ¢1’ ]]_)Zﬁbl] -

1

%{(%V(dn) B 1) o det[ga] + %(]]‘)gqsl) o (DY 1) o adj[gl]ab}2 h

9ab = G,w(]l_)g‘X“) o (D¥X"), det[g] = z €ip---i490,ip © " ** © Gd,ig

’I:o,...,id

® Discrete action remains manifest invariant under Poincare transformations
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The discretized action

B Due to mimetic nature of SBP operator simply replace derivatives by ]D

]EBVP [Xf7 ]DZX{L7 ¢1’ ]I_)g:(bl] -

1

A (FV (@) ~1) odetlgn] + 7 (Dfbr) o (BF ) o acilglas ) b

9gab = GMV(]DZLX“) © (]DZXV)’ det[g] = Z €4 90,i0 © " 0 Gd,ig
¥ Discrete action remains manifest invariant under Poincare transformations

H| |ntegration by parts exactly mimicked: Noether current & charge as in continuum

OER OFE 3
L= BV g = (o 0[] 4 % o230 .
OEgvp

o e oD (M0 + (hT5,)0°[No] ) 5X*
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Proof-of-principle in (1+1)d

®| Scalar wave propagation is numerically challenging (stability, accuracy)

Spvp = /dea (- T)\/ — det[g] + %(%gb(i?)abgb(ﬁ)adj [9]ab
= /dea (-7) {cz(i:c' — it')?

+% (¢2(62(t/)2 _ (m/)z) + 2<]£¢’(:i::c' — czit') u (¢l)2(02t'2 B w2)> }1/2
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Proof-of-principle in (1+1)d

®| Scalar wave propagation is numerically challenging (stability, accuracy)

Spvp = /dea (- T)\/ — det[g] + %8a¢(2)8b¢(2)adj [9]ab

= /dea (-7) {cz(i:c' — it')?

P4 (@) - @) + 290/ (6’ - i) + ()23 - )}
® Simplify by considering only time as dynamical mapping (trivial x[1,0]= 0)

eave =7 [drdo 3 {0 + 1 (#((¢)? - 1) - 2088 + (#)2()) }
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EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT
University

Classical wave propagation in (1+1)d ) of Stavanger

® Numerical search for critical point (¢4[T,0], t4[T,0]) of the classical action

field evolution ¢[T1,0] temporal map {[1,0] trivial spatial map x[1,0]= 0
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Classical wave propagation in (1+1)d ) of Stavanger

® Numerical search for critical point (¢4[T,0], t4[T,0]) of the classical action

1.0 0.0

field evolution ¢[T1,0] temporal map {[1,0] trivial spatial map x[1,0]= 0
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EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT g

Classical wave propagation in (1+1)d

® Numerical search for critical point (¢4[T,0], t4[T,0]) of the classical action

1.0 0.0

field evolution ¢[T1,0] temporal map {[1,0] trivial spatial map x[1,0]= 0

® Here T=10.000, choice to obtain effects on the coordinate maps on percent level
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Automatic spacetime mesh refinement ) of Stavanger

¥ Temporal map automatically adapts resolution according to wave dynamics
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Automatic spacetime mesh refinement

T derivative of t[1,0]

¥ Temporal map automatically adapts resolution according to wave dynamics
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Automatic spacetime mesh refinement ) of Stavanger

1.0 0.0 10%0.0

T derivative of {[1,0] o derivative of {[1,0]

¥ Temporal map automatically adapts resolution according to wave dynamics
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Automatic spacetime mesh refinement ) of Stavanger

1.0 0.0

1.0 0.0

T derivative of t[1,0] o derivative of t[1,0] field evolution ¢[r,0]

¥ Temporal map automatically adapts resolution according to wave dynamics
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Automatic spacetime mesh refinement ) of Stavanger

o
B
G
e
SR

1.0 0.0

1.0 0.0

T derivative of t[1,0] o derivative of t[1,0] field evolution ¢[r,0]

¥ Temporal map automatically adapts resolution according to wave dynamics
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Automatic spacetime mesh refinement ) of Stavanger

R
%

1.0 0.0

1.0 0.0

T derivative of t[1,0] o derivative of t[1,0] field evolution ¢[r,0]

¥ Temporal map automatically adapts resolution according to wave dynamics
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EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT

Noether Charge — Time Translations

® Due to mimetic SBP discretization: continuum expression with

Q¥ = H, {(Drt1) + 7. (Do) 0 (Dr2) — (Dr1) 0 (Dopr) o (Do) }

L ]
JOERN+ XNy

+{ (REX7[0] + (hI507 [N},

Lagr. mult. contrib.
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Noether Charge — Time Translations

® Due to mimetic SBP discretization: continuum expression with

Q¥ = H, {(Drt1) + 7. (Do) 0 (Dr2) — (Dr1) 0 (Dopr) o (Do) }

L ]
JOERN+ XNy

+{ (RTAY7[0] + (RT3 07 [N]}, ot
L ' 2.510
Lagr. mult. contrib.
2.505
. R O A R S O R B 3 0 G B A A I I Sy G I BB H NN
®| Exact conservation of the Noether 2.500
charge associated with time
translations! 2.495
0 10 20 30 40 50 60
ALEXANDER ROTHKOPF - UIS THE XVIST LATTICE CONFERENCE — JULY 29TH 2024, 11:35 — UNIVERSITY OF LIVERPOOL — UNITED KINGDOM

/AT

79



EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT

Summary LS of Stavanger
®| World-line formalism suggests dynamical coordinate maps essential ingredient
®| SCL action incorporates dynamical coordinate maps with field d.o.f.s
H| Discretization via summation-by-parts mimetic finite difference scheme
®| Discretization of abstract parameter action retains space-time symmetries

® Dynamical emergence of time-mesh & exact conservation of Noether charge
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EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT

Summary LS of Stavanger
®| World-line formalism suggests dynamical coordinate maps essential ingredient
®| SCL action incorporates dynamical coordinate maps with field d.o.f.s
H| Discretization via summation-by-parts mimetic finite difference scheme
®| Discretization of abstract parameter action retains space-time symmetries

® Dynamical emergence of time-mesh & exact conservation of Noether charge

Thank you for your attention
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Next steps

Spvp = /d(dﬂ)2 (- T)\/(%V(Qb) - 1)det[9] + %3a¢(2)3b¢(2)adj (9] ab-

¥ Formulate an initial value problem version of the SCL action

®| Discretize the action and show that Noether’s theorem holds for Poincare group

® Demonstrate numerically feasibility of locating critical point of the action:
classical field solution without the need to solve Euler-Lagrange equations
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Next steps

Spvp = /d(dﬂ)23 (—=17) \/(%V(ﬁb) - 1)det[9] + %6a¢(2)8b¢(2)adj (9] ab-

¥ Formulate an initial value problem version of the SCL action

®| Discretize the action and show that Noether’s theorem holds for Poincare group

® Demonstrate numerically feasibility of locating critical point of the action:
classical field solution without the need to solve Euler-Lagrange equations

EBVp = /al(d“)Z Epvp = /d(dH)E %{ (%V((ﬁ) - 1)det[9] + %%(b(E)@bgb(E)adj [g]ab}
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Classical Schwinger Keldysh (Galley)

H| Doubling of all degrees of freedom by introducing forward and backward branches

EBve = /d(dH)E {EBVP[XlaaaX17¢1aaa¢1] — EBVP[X278aX2a¢2aaa¢2]}
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Classical Schwinger Keldysh (Galley)

H| Doubling of all degrees of freedom by introducing forward and backward branches

EBve = /d(dH)E {EBVP[XlaaaX17¢1aaa¢1] — EBVP[X278aX2a¢2aaa¢2]}

connecting X{(r=1,8)=X{(r=7,0d), $1(1 =1',3) = do(r = 7', )
conditions aOX“"T' f = a0‘)( |'r =rf a0¢1|'7'='7'f = 80¢2|'r:'rf'
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Inclusion of initial & boundary conditions

®} |n contrast to implicit analytic treatment make explicit via Lagrange multipliers
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Inclusion of initial & boundary conditions

®} |n contrast to implicit analytic treatment make explicit via Lagrange multipliers

Elvp = /d(dH)Z {EBVP[Xl,aaX1,¢1,3a¢1] - EBVP[XZ,aaX27¢278a¢2]}

/Hdz W (XT(7,3) = Xio) + Ap(01(7,5) — ¢nc)

A (B0 X (T ) X#c) + X (80¢1(7', ) — drc)
(XY (', 7 X“( ,8)) + 70 (61(71,3) — da(7', 7))
3, (00 XE (7, 3) — o XL (75, 3)) + 76 (901 (77, ) — Bopa (7", 5))}

d d
+Zl/ H dxa{nZ(X{‘(a;)—X:BCL(a;))+§i(X5(U;)_X:BCL(U;))

L (XY (o) = Xlpor(0)) + z( < 3) = Xibon(5))
+I€é(¢1(0’ ) quBCR ) ( ¢SBCR )
+fsé(¢1( ) — ¢SBCL(af))+€ (¢2(0;) — dseL(o )},
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Inclusion of initial & boundary conditions

®} |n contrast to implicit analytic treatment make explicit via Lagrange multipliers

Elvp = /d(dH)Z {EBVP[X17aaX1a¢laaa¢l] = EBVP[XQ,aaX2,¢2,5’a¢2]}

/Hdz ,3) = X{o) + X (¢1(7',3) — dic)
+\ (Do X1 (7, ) Xfc) + X (Do (7, 5) — QBIC)
+7M (XH(T X'u( )) + 7¢(¢1(Tf76) - ¢2(Tfa 5))
+3 (00 X5 (7', 3) — X5 (75, 3)) + T (D01 (71, ) — 30¢2(Tfa5))}

d d
+§_:1/ H dZa{nﬂ(Xf(a})—Xs“BCL(a;)) + &) (XE (o) — Xthop (o))

L (XY (o) = Xlpor(0)) + z( < 3) = Xibon(5))
+I€é(¢1(0) ¢sper(0))) + ( — ¢sBer(0)))
17 (61(0}) — dapcr (o)) + & (62(08) — duncr () },
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Inclusion of initial & boundary conditions

®} |n contrast to implicit analytic treatment make explicit via Lagrange multipliers

Elpyp = /d(dﬂ)Z {EBVP[X17aaX1a¢laaa¢l] = EBVP[XQ,aaX2,¢2,3a¢2]}

d

+/Hd2 {AM(Xf(Ti,&')—XI“C) + X (61(7',5) — ¢10)

+Xu (B0 X (7, 8) — X{i) + Ao (B0 (7, 5) — )
3 (X (7,6) = X (7,5)) + 70 (01, 8) = (7", 5))
5, (Q0XE (1, 8) = 00 X5 (77, 5)) + 75 (9061 (71, &) — Aogal(r", @) |

d d
+Z/ 11 dEa{nj’;(X{L@)—XﬁBCL(U;))+fﬁ(X5L(U})—XﬁBCL(U§‘))

j=1

+5], (XY (o)) — Xs”BCR( a;)) + ﬁ( ( 5) - XsHBCR( a5))
+I€é (¢1(0%) — dsper(0})) + ( — ¢sBer(0)))
17 (61(0}) — dapcr (o)) + & (62(08) — duncr () },
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L ; of Stavanger

Inclusion of initial & boundary conditions

®} |n contrast to implicit analytic treatment make explicit via Lagrange multipliers

Elpyp = /d(dﬂ)Z {EBVP[X17aaX1a¢178a¢1] = EBVP[XQ,aaX2,¢2,3a¢2]}

d

+/Hd2 {AM(Xf(Ti,&')—Xfc) + X (61(7',5) — ¢10)

+Au (‘;OX“( &) — Xi6) + Ao (001(7", ) — d1c)

(Xt (7", 0) = X5(r",3)) +76(61(7",5) — pa(+", 7))

T (D0 X5 (7,) — D XE(77,5)) + F5 (8001 (75, 8) — Do (+', 7)) |

d d

+30 [T = s (Xt (o)) = Xper (7)) + A (XF (o) = Xl ()
L (X (o)) - Xs”BCR( ;) + ﬁ(X“( ) — XsHBCR( a5))

+f€é(¢1(0 ) — dsBer(0})) + ( — ¢sBer(0)))
i(fﬁl( )= ¢sBCL(Uf))+f ( 2(0 — ¢seL(o )},
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L ; of Stavanger

Inclusion of initial & boundary conditions

®| |n contrast to implicit analytic treatment make explicit via Lagran%e multi Pllers
see also A.R., J. Nordstrom JCP 511 (2024) 113138

Ehvp = / 2Dy {_} Forward.& backward branch

., Lagrangian
o Tt 6h) = Xk) 5o ) o)
_ Initial conditions for coordinate maps and fields

Connecting conditions for maps and fields

_ from calssical Schwinger-Keldysh
2 [T s (e 0}) = X (o) + 4(X5) = Kb (3)

ey

Spatial boundary conditions for the coordinate
maps and fields
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Inclusion of initial & boundary conditions

®} |n contrast to implicit analytic treatment make explicit via Lagrange multipliers

Elpyp = /d(dH)E {EBVP[XlaaaX1>¢laaa¢1] — EBVP[X278aX2a¢2a6a¢2]}

d
[ TLam X 3) = Xto) + Ao(61(+,5) = énc)
a=1

X0, (B0 X1 (7, 8) — X)) + Ap (B0 (7, &) — dhic)
(X5, 3) — XB (77, 8)) + 7 (01(rF, 8) — ¢2(r', 7))

(
+~ll' (aOX;(Tfa E) _ aOXéL(va E)) + ;774) (60¢1 (va 6:) = 80¢2(Tfa &'))}

Spatial boundary conditions for the coordinate
maps and fields

z/d(dﬂ)2 {E{iVP[XlaaaXl,%,aa(ﬁl] _EIéVP[X276aX27¢27aa¢2]} .Redef.med Lagrangians
including Lagrange mult.
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EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT
LI ; of Stavanger

Discretized IBVP action

¥ Introduce forward and backward branch (classical Schwinger-Keldysh)
Blave =5 { (001)” + 7 ((B261)? o (Dota)? — 1)
— 2(D¢1) o (D) o (Dits) o (DLtr) + (Debr)” o (Ditr)?) }
o {BLto)? + 7 ((D262) o (D,8)” ~ 1)

— 2(Depa) 0 (D¥epa) o (D) o (Dhta) + (Depa)” o (DLta)?) } o
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EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT

Discretized IBVP action

¥ Introduce forward and backward branch (classical Schwinger-Keldysh)

Efzvp __{(]Dfrtl)2 + %((Efﬁbl)z o ((Dyt1)* —1)

— 2(D¢1) o (D) o (Dits) o (DLtr) + (Debr)” o (Ditr)?) }

o {BLto)? + 7 ((D262) o (D,8)” ~ 1)

— 2(D2¢hs) o (Do) o (Dlts) o (Dhts) + (DEepa)? o (DLt )} h

™

University
of Stavanger

® Enforce initial (temporal), Dirichlet boundary (spatial) and connecting conditions

+(A) "o (BY[t1] — trc) + (A%) "o (P[h1] — rc) +(3) " ha (P (D) - P (D:22)])
+(X) by (BO(D, 41)] — x0) + (%) ", (B2(D, 1)) - ) (%) bo(B “D @] = B (D, 42)])

N hy (PN [ty] — PN [t, ) hy (PN [¢h1] — PN~ (b, +H(s) b (BS[61) ~0) + (5°) e (B [61] ~0)
(7)o (P [ta] = PY7[t]) + (7)o (P[] — P [2]) e h, (]Pg[¢2 )+ ()0 (B 6]
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EXACT SPACE-TIME SYMMETRY CONSERVATION & AUTOMATIC MESH REFINEMENT FOR CLASSICAL LFT

Discretized IBVP action

¥ Introduce forward and backward branch (classical Schwinger-Keldysh)

Efzvp __{(]Dfrtl)2 + %((Efﬁbl)z o ((Dyt1)* —1)

— 2(D¢1) o (D) o (Dits) o (DLtr) + (Debr)” o (Ditr)?) }

o {BLto)? + 7 ((D262) o (D,8)” ~ 1)

— 2(D2¢hs) o (Do) o (Dlts) o (Dhts) + (DEepa)? o (DLt )} h

™

University
of Stavanger

® Enforce initial (temporal), Dirichlet boundary (spatial) and connecting conditions

+(A) "o (BY[t1] — trc) + (A%) "o (P[h1] — rc) +(3) " ha (P (D) - P (D:22)])
+(X) by (BO(D, 41)] — x0) + (%) ", (B2(D, 1)) - ) (%) bo(B “D @] = B (D, 42)])

N hy (PN [ty] — PN [t, ) hy (PN [¢h1] — PN~ (b, +H(s) b (BS[61) ~0) + (5°) e (B [61] ~0)
(7)o (P [ta] = PY7[t]) + (7)o (P[] — P [2]) e h, (]Pg[¢2 )+ ()0 (B 6]

-0).

B/ [ocate extremum via numerical optimization (Interior Point Optimization)
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